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In this report we show that, for each alphabet X, there exists a context-free
grammar G which satisfies the property that for each context-free language
L € XZ* a regular control set C can be found such that Lo(G) = L.

The notion of control set was first introduced by Ginsburg and Spanier
(1968), and farther investigated by Moriya (1973a, 1973b), Salomaa (1970)
and Mayer (1972). The reader is referred to Salomaa (1973) for background
material and additional details.

The language generated by a grammar G with control set C, denoted
by L(G), is the set of those words generated by leftmost derivations in G
whose corresponding string of productions is an element of C. A context-free
grammar G over an alphabet 2 is said to be universal if for every context-free
language L over 2, there exists a regular control set C such that L(G) = L.
In this paper we show that there exists a universal context-free grammar G
for each alphabet 2.

First we shall need some definitions.

Dermnition. Let G = (N, 2, P, S) be a context-free grammar with the
set of nonterminal symbols N, the set of terminal symbols %, the set of
productions P and the initial symbol S. We conventionally denote N U X
by V. Let

1 Ta K]
IT: wy = wy = =+ = ay,

be a leftmost derivation in G, where in the transition from w; ; to
w; (1 < 7 < k) the production =; is applied. Then the word mmy *** 7, is
called the associate of II. If IT is a derivation of length zero (i.e., k = 0),
then the associate of IT will be considered to be the empty word e.
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For » and y in V* and « in P¥, the notation & = y means that there exists
a leftmost derivation
771 Tg Tfk

X =Wy W = D Wy =Y

such that o = mym, 7, . Thus, x = x for all ¥ in V*. Let C be a subset
of P*, Let

L(G) = {win ¥ | § > w, « in P¥},
A(G) = {win P*| S = w, w in ¥}, and
Lo(G) = {win Z*| S = w, «in C}.

The set I{G) is the context-free language generated by G. The set A(G)
will be called the associate language of G. L (G) is called the language generated
by G with control set C.

Notation. Let X be a given alphabet.Intherestof the paper we shall assume
that X' is fixed. Let ¢, ¢, d, d be symbols notin X, and let 4 = X U {¢, ¢, d, d}.
Let ~ be the binary relation on 4* defined by

xCEy ~ xy, xddy ~ xy, xay ~ xy

for all &, y in 4% and a in 2. Let ~ be the reflexive transitive closure of ~.
Let

D::{winﬁ*]wr*ve}.

Note that if 2 = ¢, then D is a Dyck language. Let % be the homomorphism
defined on 4* by k(c) = WZ) = h(d) = h(d) = ¢ and h(a) = a for each
ain 2.

We now prove a stronger version of Chomsky and Stanley’s theorem
which will be used to demonstrate the main result of this paper.

Lemma. For every context-free language L C 2%, there exists a regular
set R C A% such that L = A(D N R).

Proof. Suppose that ¢ is not in L. Without loss of generality we may
assume that L = L(G) for some grammar G = ({Xi,..., X,;}, &, P, X}),
where each production of P is of the form X, — a, a in 2, or X; — X, X,
(Chomsky, 1959). Let g be the homomorphism of P* into 4* defined by
HX; — a) = &di%a and g(X; — X,;X;) = td'cd*ccd’c. Let

R = cde{g(m) | = in P}*.
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It can be proved by induction on # that for = ,..., 7, in P.

X, "= X X, o X, tin Z¥,

if and only if
cdeg(my ++* ) X cdime - edPeede
and

h(g(my - my)) = 1.
Thus, w is in L = L(G) if and only if X; & w, w in Z*, for some « in P*,
This occurs if and only if cdeg(er) is in D and A(g(e)) = w. Hence
L = h(cdcg(P*) N D)
= h(R N D).
Now suppose that € is in L. Let R" = R U {e}. Then
MR N D) = k(RN D)V hfe)
= (L —{e})U{e} =L.

THuEOREM There exists a context-free grammar G with the property that for
each context-free language L C 2* a regular control set C can be found such that
L(G) = L.

Proof. Let G = ({X,Y}, 2, P, X), where P is defined below. Let

P,={Z—>aZ|Zin{X, Y}, foreach ain 2,
P,={X—>XX,YV—>XY}, P;={X—¢,
P;={X->YX,Y—>YY} P;={Y —¢}
and let P = (Jyin 4P - Let f be the homomorphism from P* into 4* defined
by f(m) = xif misin P,.
We now show that f(A4(G)) = De. First we show that:
(@) IfZ 2 wZ, Zin{X, Y}, win Z*, ain P*, then f(x) ~ e.

The proof of (a) will be by induction on the length of o. If | « | = 0, then
« = ¢, and (a) is trivially satisfied. Now suppose (a) is true for all « with
|a| < # and consider a derivation Z & tZ = wZ, t in N U 2. Such a
derivation can be of one of the three following forms.

(a-i) Z > XZ 2 uXZ 2 uZ % wZ, where u and v are in
2% a=2Z—>XZ and # = X->e From the inductive hypothesis,
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1B X e and f®) ~ e. Since f{@) = ¢ and (&) = ¢, we have f(afay) =
S (B) ef(y) ~ ez~ e.

(a-il) Z = YZ 2uwvzZuz wvZ, where « and v are in 2%, An
argument analogous to (i) shows that f(zfiy) = df (B) df(y) ~ dd ~ e.

(a-il)) Z 5 aZ & awZ where a is in X and @ is in 2, From the
inductive hypothesis f(x) ~ e. Since f(7) = a ~ ¢, we have f(wc) e

Thus, the statement (a) is valid for all « in P*. Now let o be in A(G).
Then there exists 8 in P* such that « = 7 and X £ awXxZ w, where
7 = X — ¢ and wis in 2*. By (a), f(B) is in D. Hence f(x)} = f(B) ¢ is in
De. Thus f(4(G)) C De.

Let % be in 4%, It can be proved by induction on the length of x that if
x ~ ¢, then for each Z in {X, Y}, there exists « in P* such that f(o) = «,
Z = wZ for some w in Z*. The details are left for the reader.

Thus, for each x in D, there exists « in P* such that X & %X > w,
win 2%, 7 = X — ¢, and f(o) = x. Thus, «¢ is in f(4(G)), from which
De C f(A(G)).

By the previous lemma, for each context-free language L C 2*, there exists
a regular set R C 4* such that L = A(D N R). Let C = f~(R¢). Then

L = WD N R) = k(D& N Ré)
= h(f(A(G)) N Re) = Kf(A(G) N f~(Re))
= Bf(A(G) N C).

Since X = kf(«) for each « in A(G), we have
L = If(A(G) N C) = L(G).

Since L(G) is context-free for every regular control set C (Ginsburg and
Spanier, 1968), we have the following result.

CoROLLARY.  There exists a context free grammar G such that {L(G)| C
is regular} is identical to the class of context-free languages over I*.

Recerven: May 31, 1974
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