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Abstract

We describe the design and use of Distributed Maple, an environment for executing parallel
computer algebra programs on multiprocessors and heterogeneous clusters. The system embeds
kernels of the computer algebra system Maple as computational engines into a networked
coordination layer implemented in the programming language Java. On the basis of a comparatively
high-level programming model, one may write parallel Maple programs that show good speedups in
medium-scaled environments. We report on the use of the system for the parallelization of various
functions of the algebraic geometry library CASA and demonstrate how design decisions affect the
dynamic behaviour and performance of a parallel application. Numerous experimental results allow
comparison of Distributed Maple with other systems for parallel computer algebra.

(© 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

This paper gives a comprehensive overview on the design and the use of “Distri-
buted Maple”, an environment for parallel computer algebra on multiprocessors and
heterogeneous computer clusters. The starting point of our work was in 1998, the goal—to
parallelize parts of the software library CASA (computer algebra software for constructive
algebraic geometry). CASA has since 1990 been developed by various researchers at
RISC-Linz (Mnuk and Winkler, 199%0n the basis of the computer algebra system Maple
(Maple, 200).

Thus we have developed Distributed Maple as a work platform for parallel and
networked environment$ghreiner, 1998 In contrast to some other related approaches,
the underlying technological basis should be “time-safe” and widely accessible such that
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the developed applications remain useable for the foreseeable future. In particular, the
system should be portable to any new commercial version of Maple, i.e. not require any
special kernel extensions, such that the system and applications can be easily distributed
to other researchers. Furthermore, our goal was to provide an environment where parallel
programming is possible within Maple such that the mathematical programmer does not
have to leave the familiar environment of the computer algebra system.

We have tackled this goal by developing a configurable coordination program that starts
and connects external computation kernels on various machines and schedules concurrent
tasks for execution on them. This program is written in the programming language Java and
can be executed on any machine running some implementation of the Java Virtual Machine.
We have written a small Maple package that implements an interface to the scheduler and
provides a high-level parallel programming model for Maple.

Starting from the initial designSchreiner, 1999 we have gradually refined and
extended the system, analysed its performance on various platfSomse{ner, 2000 and
started to introduce fault tolerance featur8skreiner et al., 2001Also an interface of
the coordination program to the computer algebra system Mathematica has been developed
(Pau and Schreiner, 2000

For the time being, we have used the Distributed Maple environment for developing
parallel versions of the following CASA functiongacPlot for the reliable plotting of
algebraic plane curveS¢hreiner et al., 2000b; Mittermaier et al., 2D0iPlot for the
reliable plotting of surface to surface intersectioslt{reiner et al., 200QmeighbGraph
for the neighbourhood analysis of algebraic curv@shfeiner et al., 200QaThe initial
versions of these algorithms were developed in the frame of the diploma thesis
(Mittermaier, 200D and later refined and partially replacectireiner, 2001 They also
required the parallelization of various subalgorithms, in particular standard problems
of computer algebra like multivariate resultant computatiGoliins, 197) or real root
isolation Collins and Akritas, 1976

While we have based our work on a substantial body of knowledge on systems for
parallel computer algebra (s&ection 3, Distributed Maple incorporates a number of
original ideas:

Time-safety and portability. Distributed Maple is built on top of a state of the art
commercial computer algebra system. In contrast to other developments, the system
only relies on basic interfaces to the Maple kernel and does not require any
kernel extensions. Consequently, Distributed Maple has since 1998 survived four
release changes (Maple 4—7) without major changes. The environmentis so portable
that applications can be executed in many different environments (from wide-area
heterogeneous clusters to shared-memory multiprocessors). It is so general that it can
be applied to schedule tasks of other computer algebra systems (e.g. Mathematica).

Abstraction level. Distributed Maple provides a programming model which is based on
functional/logic/dataflow parallelism. Thus it allows the creation of a large humber
of implicitly scheduled tasks with automatic resolution of data dependencies and of
globally shared data structures with implicit synchronization. The model therefore
operates on a much higher level of abstraction than other models that only allow
one process per processor and support communication/synchronization by explicit
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message passing. Consequently, Distributed Maple programs can be much more
concise and elegant (i.e. close to the mathematical description of the problem
solution) than programs in other systems.

Fault tolerance. Distributed Maple incorporates extensive support for fault-tolerance
which is novel in this application area in particular and under the restrictions of a
hybrid parallel computing environment in general. This allows us to write programs
that take many days without risking computational loss by the failure of a computing
node or of a communication link. The mechanisms reported in this paper include
the logging of all computed results on stable storage and rescheduling of tasks that
are computed on a failed non-root node. Current developments (not reported in this
paper) deal with mechanisms that even tolerate the failure of the root node.

Applications. We have used Distributed Maple to develop the first parallel versions for
a number of non-trivial applications from algebraic geometry (parallel curve and
surface plotting and parallel neighbourhood analysis). The sequential versions were
available as legacy libraries implemented in Maple; their parallel versions include
multiple parallel subalgorithms and nested parallelization. This is one of the few
examples of the parallelization of complex computer algebra solutions composed
from various algorithms.

Both the Distributed Maple system itself and the library of parallel versions of CASA
respectively Maple algorithms are in stable versions freely available under the GNU
Library General Public License at

http://www.risc.uni-linz.ac.at/software/distmaple

The rest of this paper is organized as follows. $ection 2 we sketch relevant
work of other researchers on parallel computer algebresdotion 3 we describe the
architecture and programming interface of the system, analyse its performance on multiple
architectures, and outline its support for fault toleranceSéttion 4we describe the
use of the system for the parallelization of various computer algebra algorithms and
give numerous experimental results on several architectureSedtion 5 we draw our
conclusions. Appendix contains the input data for the benchmasdtion 4

2. Related work

Distributed Maple has evolved from our own experience in the development of parallel
computer algebra environments and from learning from the work of other researchers.
In the following, we only cite research that is more or less directly relevant for the
work described in this paper. Many papers on parallel computer algebra can be found in
Della Dora and Fitch (1989), Zippel (1990), Hong (1984¥ Hitz and Kaltofen (1997)
summaries are also available Rdch and Villard (1997andGautier et al. (2001)

The programming interface of Distributed Maple is based on a para-functional model
as adopted by the PARSAC-2 systeliithlin, 1990 for computer algebra on a shared
memory multiprocessor. The model was refined in PACLH®Iig et al., 199bon which
a para-functional language was bas8dHhreiner, 1996

An early approach to use Maple as an engine for parallel computer algebra was
“Sugarbush” Char, 1999that used the coordination language Linda to manage concurrent
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activities on multiprocessors and computer networks. Unlike Distributed Maple, the Maple
kernel was extended by C/Linda primitives for tuple space access and provided a native
Maple/Linda programming interface; similar to Distributed Maple, Sugarbush used the
internal linear expression for communicating task descriptions and results. The system
was used e.g. for parallelizing big number arithme@b#r and Johnson, 199 because

of its special kernel it was not distributed and fell out of use with the decline of
Linda support.

Without any special parallel programming suppdffang (1991)used Maple in a
workstation cluster to parallelize the characteristic set algorithm. Maple kernels were
directly started on various machines and communicated by reading and writing to files
in a global network file system. Because of the large process granularity, this approach
nevertheless achieved good speedups.

The ||MAPLE]| (“Parallel Maple”) environmentSiegl, 1993 used the Guarded Horn
Clause language Strand for coordinating the activities of multiple Maple kernels running
on multiprocessors and computer networks. The programmer wrote programs in Strand
with constructs for evaluating Maple expressions by the Maple kernel linked to the runtime
system on the current processor. The programmer thus dealt with two programming
languages, Strand for writing the parallel program and Maple level for writing the actual
computations. Since the system depended on a special linkable version of the Maple kernel,
it could not be distributed; with the decline of Strand, it fell out of use.

Chan et al. (1994)describes an environment where Maple computations can be
distributed across a network of workstations by use of the DSC sy$d&m €t al., 1991
which on the basis of standard Internet services ships source code and input data to
computers for execution and retrieves the produced output. The parallel programming
model is based on the master—slave paradigm extended by a co-routine like distribution
mechanism; it uses files for communication and is thus close to the system level.
The system was used with good success for the parallelization of various polynomial
algorithms.

The parallel Maple system described Bernardin (1997)extended the kernel by
message passing primitives for the Intel Paragon distributed memory multiprocessor and
provided a corresponding Maple programming interface. On top of the message passing
model, it provided a limited version of a parallel functional model similar to that of
Distributed Maple; however it only allowed the main program to create other tasks (no
nested parallelism). The system was not distributed and is not in use any more.

The FoxBox systenfiaz and Kaltofen, 199&rovides via a Maple interface access to
parallel implementations of polynomial factorization algorithms implementedtin-©n
top of the message passing library MPI. This is a complementary approach to Distributed
Maple and the systems mentioned above, because it allows Maple to use an external parallel
program but not to write a parallel program that uses Maple.

The computer algebra system “muPad” is on the surface similar to Maple. Its kernel
can be dynamically extended by a package for “macro parallelism” implemented in
PVM (Metzner et al., 1999 This package allows us to write master—worker programs
for distributed environments based on the concepts of message passing, global variables
and work groups. The parallel programming model is on a considerably lower level than
Distributed Maple.
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The system “PVMaple” was developed for solving systems of differential equations
(Petcu, 200D Similar to the Intel Paragon Maple and to muPad, it provides a Maple
interface for writing message passing programs. However, inspired by Distributed Maple,
it uses an external process for performing the actual inter-process communication on top of
PVM; Maple and this process communicate via shared files. The system runs on clusters
of PCs under Microsoft Windows.

An ongoing activity attempts to combine the para-functional language Glasgow Parallel
Haskell (oidl etal., 1999 with Maple such that (in analogy tOMAPLE|) parallel
Haskell programs can coordinate the activities of multiple Maple kernels. Similar to
Distributed Maple and PVMaple, the runtime system is connected via a pipe to a separate
Maple processchreiner and Loidl, 2090

Other activities on parallel computer algebra in distributed environments include
the following ones:Hong (1993 gives a parallel implementation of the quantifier
elimination algorithm for workstation networks on the basis of a distributed version of
SACLIB. Bubeck et al. (1995)lescribes the DTS distributed thread system which was
implemented on top of PVM and extended the functionality of PARSAC-2 to distributed
environments; it was for instance used to implement a parallel version of multivariate
resultant computation on a workstation clusBertoli et al. (1994escribes a distributed
multiprocessor kernel for the computer algebra library STURM on top of PVM. The
very efficient PAG-+ runtime kernel Gautier and Roch, 1994upports load balancing in
distributed environments; it has e.g. been used to solve problems with algebraic numbers.
Cooperman (19983ombines the message passing library MPI with the GAP system for
writing parallel GAP programs.

3. The software system

The user interacts with Distributed Maple via a conventional Maple frontend (text
or graphical), i.e. she operates within the familiar Maple environment for writing and
executing parallel programs. Maple commands establish a distributed session in which
tasks are created for execution on any connected machine. The session trace below
demonstrates the use of the environment:

aquila!33> maple

N~/ Maple 6 (IBM INTEL LINUX22)
._INI I/1_. Copyright (c) 2000 by Waterloo Maple Inc.
\ MAPLE / All rights reserved. Maple is a registered trademark of
| > Waterloo Maple Inc.

| Type 7 for help.
> read ‘dist.maple;
Distributed Maple V1.1.7 (c) 1998-2001 Wolfgang Schreiner (RISC-Linz)
See http://www.risc.uni-linz.ac.at/software/distmaple
> dist[initialize] ([[virgo,linux], [andromeda,octanel]l);
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connecting virgo...
connecting andromeda. ..

okay
> t1 := dist[start] (int, x"n, x):
> t2 := dist[start] (int, x"n, n);
> dist[wait] (t1) + dist[wait](t2);
(n+ 1) n
X X
________ 4 o
n+1 1n(x)
> dist[terminate] );
okay

> quit;

We first load the filedist .maple which implements the interface to the distributed
backend by a Maple packagest. By dist[initialize], we ask the system to start
the distributed backend and create two additional Maple kernels on maskirié a
of type linux and on machinendromeda of type octane, respectively. The machine
types are used to lookup the system-specific startup information which is located in a file
dist.systemns in the working directory.

After the distributed session has been successfully established, two calls of
dist[start] create two tasks evaluating the Maple expressibms(x~n, x) and
int(x"n, n), respectively. The twalist[wait] calls block the current execution
until the corresponding tasks have terminated and then return their results. Finally, the
distributed session is closed Byst [terminate].

3.1. Software architecture

The core of Distributed Maple is a scheduler program which is completely independent
and everunawareof Maple; it can in fact embed and schedule tasks from any kind of
computation kernels that implement a specific communication protocol. Correspondingly
each node connected to a Distributed Maple session comprises two components
(seeFig. 1):

Scheduler. The Java programist . Scheduler coordinates node interaction. The initial
scheduler process (created by the Maple kernel attached to the user frontend) reads
all system information from filedlist.systems; it then starts instances of the
scheduler on other machines.

Mapleinterface. The file dist.maple read by every Maple kernel implements the
interface between kernel and scheduler. Both components use pipes to exchange
messages (which may embed any Maple objects in the compact linear format that
Maple uses for library files).
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Fig. 1. Software architecture.

After a session has been established, every scheduler instance accepts tasks from the
attached computation kernel and schedules these tasks among all machines connected to
the session. During the execution, additional socket connections between remote scheduler
instances are created on demand.

3.2. Programming interface

Session initialization

In addition to the commandglist[initialize] and dist[terminate] that
establish respectively end a distributed session, we need a possibility to initialize the Maple
kernels on all machines by loading the code of user-defined functions and the contents of
application-specific Maple libraries.

dist[all] (command) lets the Maple statemecbmmandie executed on every Maple
kernel connected to the distributed session.

If dist[all] refers to a particular file, (a copy of) this file must be visible on every
machine participating in the session. Thus e.g. a session-wide library may be loaded on
every kernel.

However, based on this command, the application library also defines

‘dist/load‘ (fun) loads the code of the functidon (defined in the current kernel) to
every Maple kernel connected to the session.
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With this command, we can directly disseminate function code from the current kernel to
all remote kernels (“mobile code”).

Functional parallelism
The parallel programming model is based on functional principles which is sufficient
for many computer algebra algorithms:

dist[start] (f,a,...) creates atask evaluating the expresdiga, ...) and returns a
referencd to this task.

dist[wait] (t) blocks the execution of the current task until the task representéd by
has terminated and returns its result. Multiple tasks may independently wait for and
retrieve the result of the same task

The execution of a task may take place on any machine connected to the distributed session
and must therefore not rely on any global Maple variables. When and on which machine
a task is scheduled for execution is entirely in the responsibility of the underlying runtime
system. Tasks may freely create other tasks; arbitrary Maple objects may be passed as task
arguments and returned as task results (including references to other tasks).

However, if a task takes a task identifier as its arguments, it should be created by the
following call:

dist[process](f,a,...) creates a task evaluatifga, ...) and returns a referente
to this taskThe task is executed on a kernel of its own.

The rationale for this command is as follows: tasks created Jitht [start] are
scheduled on a fixed number of Maple kernels. If a task is suspended, another task may be
executed on the respective kernel. Since the kernel is single-threaded, the last suspended
task must be the first one to resume execution, i.e. a kernel hosts a whole stack of tasks of
which only the task on top is active. It waits for the results of a tagk suspended on the

kernel (which may only happenifwas passed the referenceas its argument), program
execution deadlocks. The use difst [process] ensures that such deadlock cycles are
avoided.

Non-determinism and speculation

The performance of a parallel program may be improved by processing the results of a
set of tasks not in a predetermined order but in the order in which they happen to arrive.
Therefore we need a non-deterministic form of task synchronization; this is especially
useful in speculative algorithms where some task results may become obsolete.

dist[select] (tlist) blocks the execution of the current task umtily taskt in the
list of task handledlist has terminated and returns a lissuch that [1] is the result
of t andr[2] is the index oft in tlist.

dist[delete] (t) announces that the result of tassks not required any more. If this
task has not yet started execution, it is deleted from the system (however, if it has
already started, it continues execution until termination).

The usefulness afist [delete] is currently rather limited because it does not abort an
already executing task. We will in the future investigate mechanisms to abort tasks created
through calls ofiist [process] and of tasks created by aborted tasks.
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Shared objects

If a parallel program processes large data in multiple phases with task interaction
between phases, it may be more efficient to let tasks preserve their states across phases
rather than creating for every phase new tasks to which the corresponding data have to be
passed. Therefore we introduce a concept that allows tasks to interact in a safe way by side
effects.

dist[datal () creates aemptyshared object and returns its handlény task may use
d to read from or write to the shared object no matter on which machine the task is
executed.

dist[get] (d) blocks the execution of the current task until the object referencet by
is non-empty and then returns its content. Multiple tasks may independently wait for
and retrieve the result of the same object

dist[put] (d,v) writes the value (which may be any Maple object including tasks and
data handles) into the shared data object referenceddwyerwriting any previously
written value). All tasks blocked othget released.

dist[clear] (d) empties the shared object referencediby

Shared objects may be used to implement various forms of inter-task communication, such
as shared memory, single assignment objects, communication channels and non-strict lists
(streams).

Management functions

The programming interface provides a number of functions for managing a distributed
session, e.g. by setting program parameters, generating visualization information (see
Section 3.3.3 or setting the fault tolerance mode (sBection 3.%. For details, see
Schreiner (1998)

Program skeleton

We demonstrate some of the parallel program constructs introduced in the previous
section by a widely used program skeleton, a data-parallel program where the main
program spawns a number of worker tasks to process part of the input; it then waits for
the results and constructs from them the overall output:

main := proc(input)
local fun, data, tasks, task, result, index, output;

fun := proc(arg)
RETURN (result) ;
end;

inttD (input, data);
tasks := [];
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while not termD (data) do
task := dist([start] (fun, argD (data));
tasks := [op(tasks), task];
updateD (data) ;

od;

init0 (output) ;

while tasks <> [] do
result := dist[wait] (tasks[1]);
tasks := tasks[2..nops(tasks)];
updatel (output, result);

od;

RETURN (output) ;

end:

If the output can be constructed from the task results in any order, we may replace the
second loop by

while tasks <> [] do
task := dist[select] (tasks);
result := task[1]; index := task[2];
tasks := [op(tasks[l..index-1]), op(tasks[index+1, nops(tasks)])];
updatel (output, result, index);
od;

Especially if there are large variations in the execution times of the individual tasks
(or in the performance of the individual machines), this non-deterministic form of
synchronization is advantageous.

While the above parallel program pattern is easy to use, it does not scale well because
the main program becomes a communication bottleneck. We may solve this problem by
distributing the synchronization by the use of shared data structures; this statiadibw
styleprogram is demonstrated Bection 4.4.2

3.3. Scheduler operation

The Maple kernel is a single-threaded process which communicates by a simple
communication protocol with the scheduler on the same node. All capabilities for parallel
and distributed program execution are embedded in this scheduler.

3.3.1. Session control

On execution ofdist [initialize], the Maple kernel starts the scheduler on the
current node (theoot) and passes to it the list of machines to be connected to the session.
The root scheduler reads the information in the configuratiod fite: . systems to startup
schedulers on the remote nodes; the remote schedulers establish socket connections to the
root scheduler and start the corresponding remote Maple kernels.
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Fig. 2. The task scheduler.

Initially, thus there exist only connections between the root node and each remote node.
However, all nodes know of each other, i.e. a node knows the address of a machine and the
number of a port on which (a thread of) the remote scheduler is listening for connection
requests. When a node needs to send a message to one of its peers, it can thus establish
a direct connection for message transfers. The connection remains persistent through the
rest of the session such that no more startup overhead is involved.

If a task is created by a callist [process] (seeSection 3.2, the scheduler starts an
additional kernel process to which it forwards this task for execution; if the task is blocked
the kernel remains idle until the task can resume execution. After termination of this task,
the additional kernel is retained in a “kernel pool” such that for a new task created by
dist [process], this kernel can be recycled without additional startup overhead.

A watchdog thread in every remote scheduler controls in regular intervals if messages
have been received from the central scheduler. If during the last control period no message
has been received, the watchdog sends a “ping” message to the central scheduler. If
during the subsequent control period no reply is received, the watchdog assumes that the
connection is broken and aborts the external application process and the scheduler process.
Thus we ensure that broken sessions do not lead to stalled remote processes.

3.3.2. Internal operation

The operation of the scheduler is implemented by a number of concurrent threads
as shown inFig. 2 Threads listening on all input channels put the received messages
into a central buffer from where a server thread takes them, processes them, and creates
new messages that are placed in some of the output buffers. Threads listening on the
output buffers take these messages and send them to the corresponding output channels.
This heavily multithreaded implementation of the communication interface simplifies the
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program design and maximizes the overall system throughput; the only synchronization
point between two tasks are the shared message buffers.

After a distributed session has been established, the scheduler accepts tasks from the
Maple process and schedules these tasks among any node connected to the session. A task
is a pair(t, d) wheret is an integer number identifying the task ahds a byte array to be
submitted to the Maple process describing the task to be executed. Initially, the scheduler
informs each Maple process about the range of task identifiers it may use for assignment
to new tasks such that each node in the system can independently create new tasks.

When a task is created, the scheduler allocates a corresponding “empty” slot in the
result table (which will be filled with the result value when the corresponding task will
have completed execution). Thus the result of a task is always stored on the machine where
the task has been created (not necessarily on the machine where it is eventually executed);
from the identifier of a task, the scheduler can determine the node holding a task result and
correspondingly route requests for its result. Additionally each scheduler holds a cache
of all results that it has ever seen such that after the first request to non-local task results
further requests can be immediately satisfied.

If the scheduler cannot immediately deliver a task result requested by the attached
computation kernel, it sends a new task for execution instead. The Maple kernel continues
with the execution of the new task (by recursive invocation of the server loop) until this task
has been completed. If the originally requested result is then available, the kernel continues
with the execution of the previous task; otherwise it receives another task for execution.
In this way every kernel (also the kernel connected to the user interface) permanently
computes as long as sufficiently many tasks are available. Since, the computation kernel is
not multithreaded, a task can only continue execution when all the tasks started later have
terminated (last-in first-out principle).

All remote schedulers send new tasks to the root node scheduler which distributes them
among all machines. Currently a simple load balancing scheme is used where the root node
scheduler assigns new tasks to remote schedulers until the number of not completed tasks
reaches an upper bound; a remote scheduler asks for new tasks whenever the number of
received but not yet started tasks falls below a lower bound. By this “watermark” scheme,
the communication latency for the transfer of a new task (after termination of a task) can
be masked by the execution of an already received task. The load balancing bounds for
each machine can be configured by the user inithe . systems configuration file.

3.3.3. Visualization

An important help for the performance tuning of parallel programs is a visual repre-
sentation of its dynamic behaviour. The Distributed Maple scheduler supports on-line
visualization as well as post-execution visualization.

If the user issues during the session a dakt [visualize], a window pops up in
which the scheduler on the root node displays his knowledge on the status of each machine
and on the total system utilization (sBig. 3). This allows us to get a quick overview on
the dynamic behaviour of the parallel program and on the overall state of the distributed
environment.

More information can be produced by issuing a commait [trace]. Then a trace
file with detailed event information is produced from which after program execution a tool
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Fig. 3. Session visualization.

dist.visual generates various diagrams in printable format (some examples are shown
in Section 3.

3.4. Performance analysis

The sequential performance of Distributed Maple is determined by Maple. For the
performance of parallel applications, the communication performance is relevant. We
model the communication system by multiple message exchange layers:

o Between Maple and the scheduler procelse Maple kernel linearizes an object in
the heap to a sequence of bytes which is written to a Unix named pipe from where it
is read by a thread of the scheduler process.

e Within the scheduler procesan input thread places the received message into a
memory buffer shared with the server thread.

o Between the scheduler processashread takes a message from the input buffer and
writes it to a socket connected to a scheduler process on a remote machine where a
thread reads the message.

The communication performance of the system is crucially determined bgtéreeyof
forwarding a message between two subsequent system layers. We restrict our observations
to the following key times (seEig. 4):

e Thread roundtrip: the minimum time it takes a message to travel from a thread via a
shared buffer to another thread and back.

e Local roundtrip: the time it takes to query the result of a task stored in the local
scheduler process.

e Remote roundtrip: the time it takes a message to travel from an output thread via a
socket to an input thread and back.

e Pipe out: the time it takes to write a small message to an output stream
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Table 1
Performance data
Time (ms)
Measurement Linux PC SGI Octane Sun E3000
Thread roundtrip <0.1 <0.1 <0.1
Local roundtrip 0.8 1.2-2 1
Remote roundtrip 31.0 150-300 100
Pipe out 05 0.7 0.1
Socket out <0.1 0.4 <0.1
Start overhead 0.2 0.4 0.3
Wait overhead 0.1 0.3 <0.1
Latency 0.5 10-12 0.8
Bandwidth pipe: 1030 kB s~1 853kB st 512kB st
Bandwidth socket: 3938 kB s~1 4100kB 571 5120kB s1

e Socket out: thetimeit takesfor an output thread to write a small message to a socket
connected to a remote machine.

Start overhead: the time for the linearization of acall dist [start] (f,0).

Wait overhead: the time the linearization of acall dist [wait] (0) takes.

Latency: the minimum time difference between two messages sent by a remote node
and received by the local Maple kernel.

In addition we capture thetime that it takes to transfer large objects between two Maple
kernels by two parameters:

o Pipe bandwidth: the amount of datathat can be communicated per time unit between
aMaple kernel and the Java scheduler (within a node).

e Socket bandwidth: the amount of data that can be communicated per time unit
between two instances of the Java scheduler (across nodes).

These times become critical (only) in applications where the linearized Maple objects
becomelarge, i.e. several hundreds of kBs or more.

The times in Table 1 refer to two Linux 2.2 PCs with PII1@500 MHz processors
connected by a 100 Mbit Ethernet, two SGI Octanes with R10000@250 MHz processors
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and connected by a 100 Mbit Ethernet, and a Sun E3000 bus-based shared memory
multiprocessor with 250 MHz UltraSPARC processors.
In total, the performanceis apparently determined by two parameters:

1. The remote roundtrip time, i.e. the time required for a message to cycle via sockets
between two Java processes. Thisroundtrip timeisan order of magnitudelarger than
the actual latency, i.e. the minimum time distance between subsequent elements of a

stream of messages.
2. The pipe bandwidth, i.e. the amount of data communicated per second between

Maple and the scheduler. This rate is much smaller than the socket bandwidth and
thus becomes a bottleneck for inter-Maple communication.

The first issue is the price we pay for the abstractions provided by the software layers
of the VM. The second issue shows that for the transfer of large objects between Maple
kernels the speed of the processor is the limiting factor rather than the capacity of the
network; this could only be overcome by letting the nodes within a process communicate
via shared memory rather than sockets.

3.5. Fault tolerance

The only mechanism originally available in Distributed Maple for dealing with faults
was the watchdog mechanism described in Section 3.3 for shutting down the system in
case of failures. However, as we begin to attack larger and larger problems, the meantime
between session failures (less than a day) becomes a limiting factor in the applicability of
the system.

There are numerous possibilities for faults that may cause a session failure: a machine
becomes unreachable (usually a transient fault, i.e. the machine is rebooted or is
temporarily disconnected), a process in the scheduling layer or in the computation layer
crashes (abug in theimplementation of the Java Virtual Machine, of the Java Development
Kit, of Maple, or of Distributed Maple itself) or the computation itself aborts unexpectedly
(abug in the application). While the last issue can be overcome and the Distributed Maple
softwareitself is very stable, there certainly exist bugsin the lower software levelsthat are
out of our control; machine/network/operating system faults may happenin any case.

We have therefore started to investigate how to introduce fault tolerance mechanisms
that let the system deal with faultsin such away that the time spent in long running session
is not wasted by an eventual failure. We start with asimple version of the system model on
which the following explanations are based.

3.5.1. System and execution model

A session comprises of aset of nodes each of which holds a pair of processes. a kernel
and a scheduler. Initialy, asingle task runs on the root kernel; this task may subsequently
create new tasks which are distributed via the schedulers to other kernels and may in turn
create new tasks.

The programming model described in Section 3.2 gives rise to the execution model
depicted in Fig. 5: a kernel may emit a message task : (t, d) wheret is the identifier of
atask and d represents its description. This message needs to be eventually forwarded
to some idle kernel which then returns a message result : (t,r) wherer represents the
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Fig. 5. Execution model.

computed result. When akernel emitsawait : (t), the currently executing task is assumed
to be blocked until the scheduler respondswith the corresponding result. If thisresult is not
available, the kernel is blocked; therefore the scheduler may submit to this kernel another
task for execution. When this new task terminates, the scheduler may send the awaited
result to the kernel or again submit another task for execution.

A task identifier t isapair (n, i) where n refers to the node where the task was created
and i isacounter. The address n encoded in t serves as the rendezvous point between the
node n” computing the result r of t and any node n” requesting r. When a scheduler on n
receives atask : (t, d) fromits kernel, it allocates a result descriptor that will eventually
hold r; the task itself is scheduled for execution on n’. When a kernel on n” issues a
wait : (t), the scheduler on n” forwards arequest : (t, n”) ton. If r isnot yet available,
thisrequest is queued in the result descriptor. When the kernel on n” eventually returnsthe
result : (t,r), the scheduler on n” forwards this message to n, which sendsareply : {t,r)
ton”.

3.5.2. Logging results: first-order tasks

A first step towardsfault toleranceisto log task results on stabl e storage. We assumethat
the root has access to awritable file system. If a session fails, we can re-run it without re-
executing the tasks whose results have been logged. Our first focusis on programs whose
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Fig. 6. Logging results: fist-order tasks.

tasks arefirst order: no task description d and no task result r containsany task identifier t,
i.e. task identifiers are not passed as parts of task arguments/results (see Fig. 6):

Logging. Whentheroot receivesatask : (t, d), it computesahash code h(d) and appends
tofile taskid. h(d) thetask identifier t. Then the root starts an asynchronousthread
to write the task description d into a new file descr. t. When a node sends a
result : (t,r) to some node n different from the root, it forwards a copy to the
root. When the root receives this result, it creates an asynchronous thread to write
thetask resultr into anew fileresult. t.

All data are written in a format that enables a reader to recognize incomplete
writes. At any time, taskid. h(d) holds a sequence of task identifierst (the last
of which may be incomplete) for which there may exist description files descr. t
and/or result files result. t (both with possibly incomplete contents). When the
session terminates normally, the files are discarded.

Recovery. When a session is re-started after a failure, the root may receive from a node
n atask : (t,d) such that afile taskid. h(d) exists. If for some complete task
identifier t’ inthisfilethere exist filedescr. t’ with acomplete description identical
to d and file result. t’ with a complete result r, the root need not schedule t but
may immediately returnresult : (t,r) ton.

The mechanism is simple and efficient: the only overhead occurs on the root for writing
the log files and the potential sending of duplicate resultsto the root.

3.5.3. Logging results: higher-order tasks

Assume that a task t creates another task and embeds its identifier t’ in resultr. If r
is logged and the session fails, in the recovery session this result may be read from the
log such that task identifier t’ is re-created. A task may subsequently issue a wait : (t)
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referring to a no longer existing task or, even worse, to a task that computes a different
result than in the failed session.

In order to alow higher-order tasks, i.e. tasks which receive task identifiers as
arguments or return them as results, we introduce a session identifier which distinguishes
task identifiers from different sessions. In an original session, the session identifier is
initialized to 0 and a file session is written with content 0. In a recovery session, the
previous identifier s is read from session, the new identifier is taken as s + 1 and
overwrites the content of session. If the recovery session aso fails, a new recovery
session may beinitiated and thus the identifier may grow to an arbitrary size (subject to an
implementation limit).

A taskidentifier now isatriple (s, n, i) that refersto the session s in which the task was
created. We generalize the logging and recovery mechanism asfollows:

Logging. When anon-root kernel creates atask, the scheduler forwardsit to the root and,
until it receives an acknowledgment message from the root, does not process any
further messages from the kernel. On receipt of this message, the root creates an
entry in the corresponding hash file, writes synchronoudly the description and then
returns the acknowledgment which enables the scheduler to process further kernel
messages.

A task t that has created another task t” isthus not ableto disseminatetheidentifier
t’ before the description of t’ is appropriately logged on the root. Consequently, if a
logged task result contains a referenceto t/, it is guaranteed that the root holds the
description of t’ in the log.

Recovery. We now have to deal with task identifiers that may (vialogged descriptions or
results) refer to previous sessions: the root handles such tasks.

If akernel on node n issues await : (t) where the session identifier of t is not
that of the current session, the scheduler on n sendsarequest : (r, n) to theroot. If
the root receives this request, it |ooks up whether it holds a result descriptor for t; if
yes, it proceeds as usual, i.e. it respondswith the result or, if thisis not yet available,
gueues the request in the descriptor.

If the root does not hold a result descriptor for t, it creates one and queues the
request there. It then looks up file result. t for the result of t logged in a previous
session. If thisfile exists and holds a complete result r, the scheduler writesr into
the descriptor and respondswith reply : (t,r).

Otherwise, the scheduler looks up descr.t (which must exist by the above
logging mechanism) for the description d of t. The scheduler creates a new task :
(t, d) which ishandled as usual. When akernel issuesaresult : (t, r) for atask t of
aprevious session, the scheduler forwards this result to the root.

This mechanism guarantees that a recovery session s can complete the execution of a
previous session using all resultslogged in any sessions’ < s.

3.5.4. Tolerating node failures

The previous sections dealt with mechanisms to ensure that after a failure a recovery
session may reuse previously computed results. In this section, we sketch a mechanism
that enables a session to cope with faults without aborting. We restrict our attention to
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the following scenario: a machine executing a non-root node becomes unreachable (stop
failure) and the root continues operation with the remaining nodes (if the root fails, the
session also fails).

A necessary condition to detect this failure is that the root cannot contact a node for
a certain period of time. We thus let the root periodically check whether a message has
been recently received from every node and, if not, send a ping message that has to be
acknowledged. If no acknowledgment arrives within a certain time bound, this node is
considered as dead. This does not necessarily mean that the node is actually dead; it may
be dow in responding, the connection to the root may have been transiently interrupted
or connections to other nodes may still exist. We must therefore assume that even a dead
node may send messagesto the root or to any other node. Thus, when the root designates a
node as dead, it informsall other nodes correspondingly: every node closes the connection
to the dead node and ignores any remaining messages from this node (such messages may
arrive before the actual closing of the connection).

There are two main problem that the root now hasto deal with:

1. the management of all result descriptors that have been stored on the dead node, and
2. therescheduling of all tasks that were executing on the node at the time of its alleged
death.

Sincetheroot isin charge of task scheduling, the root sees every task created in the session.
Furthermore, by the logging mechanism discussed in the previous sections, the root sees
every result computed in the session. For every node n, the root can therefore maintain two
sets Tp and Sy:

1. T, denotes all tasks scheduled on n; for asubset T. the results are available (in the
logging files). All tasksin T, — T} haveto be executed again; the root puts them back
into the pool of tasks to be scheduled for execution.

2. S, denotesall tasks or shared objects whose descriptors are stored on n; for a subset
S, the results are available (in the logging files). The root becomes the owner of
edementsin &,; it allocates the corresponding result descriptors and, for all elements
of §, fillsthem with results.

Subsequently, every nodewill send requestsfor aresultin S, to theroot. However,
there may be still outstanding requests sent to n but not yet answered at the time of
its death. Every node n’ therefore holds atable R, of all request : ({t, n’) messages
sent to node n but not yet answered by areply : (t,r). When n is marked dead, the
node re-sends all messagesin R, to the root which will eventually answer them.

Thus all tasks scheduled on an eventually dead node n are executed (possibly on a
different node n’) and every descriptor originally housed by n finds anew home on the root
to which all open and all future requests are redirected.

3.5.5. Summary

In contrast to other approaches, the Distributed Maple environment that operateswith an
essentially functional parallel programming model can toleratefaultswith relatively simple
mechanisms, i.e. without global snapshots as required in message passing programs. The
runtime overhead imposed by the logging mechanism is very moderate; adding tolerance
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of node failures on top does then not require much extra overhead. One reason for this
simplicity is the delegation of al logging activitiesto a single root node that also performs
the task scheduling decisions (and remainsasingle point of failure); the model istherefore
not scalable beyond a certain number of nodes. However, it is suitable for the system
environments that we have used up to now (<30 nodes). Recently, we have extended the
model to avoid the still existing single point of failure (the root).

4. Applications

A major motivation for the development of Distributed Maple was the parallelization
of parts of CASA, a Maple library developed by various researchers at RISC-Linz for
solving problems in algebraic geometry (Mnuk and Winkler, 1996). The basic objects of
CASA are algebraic sets represented e.g. as systems of polynomial equations. Algebraic
sets represented by bivariate polynomials model plane curves. Algebraic sets represented
by trivariate polynomials model surfaces in space; intersections of such surfaces define
space curves.

We have developed novel parallel variants of various CASA algorithms, many of them
originating in the diploma thesis (Mittermaier, 2000). For this purpose, we have also
implemented known parallel variants of some basic Maple functions. We are going to
sketch these before we turn to the parallel CASA agorithms.

The exact inputs of al benchmarksare listed in the Appendix.

4.1. Parallel Maple functions

4.1.1. Bivariate resultant computation

In the context of CASA, we are interested in computing the resultant of two bivariate
polynomialsover theintegers. Thefollowing description of aparallel algorithm for solving
this problem is composed from material of Schreiner (1999).

Based on Collins (1971), various parallel versions of the modular algorithm have been
implemented on workstation networks (Seitz, 1990; Bubeck et al., 1995) and on shared
memory machines (Hong and Loidl, 1994; Schreiner, 1996). Their common idea is to
compute the resultants in the individual modular domains in parallel; they differ in their
approaches to combine the modular resultants to yield the integer resultant. We apply the
idea used by Hong and Loidl (1994) where the sequentia structure of the combination
phase is maintained but the individual resultant coefficients are computed in parallel.

The parallel algorithm is sketched in Fig. 7. In the actual implementation each task
computes multiple modular resultants respectively multiple coefficients of the integer
resultant. By adjusting the number of elements computed per task we can effectively
control its grain size. For estimating the execution time of a “mresultant” task we use
the complexity bound given in Collins (1971) multiplied by an experimentally determined
constant for the processor speed.

We have benchmarked the parallel resultant algorithm with three sample inputs (taken
from the plotting of algebraic plane curves, see Section 4.2) for which the sequential
program takes on a PlI1@450 MHz PC 448, 63, and 977 s respectively. The paralléel
variant was executed on a 24 processor heterogeneous computer cluster, an 18-processor
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C :=resultant(A,B) :
m := degree(A); n := degree(B)
cb := coeffBound(A, B); db := degreecBound(A, B)
C:=0P:=5T:=[]; L:=]]
while P < ¢b do
p = a new prime number;
if A, mod p#0 A B, mod p # 0 then
t ;= start(mresultant, p, db, A, B)
P=PspT=T| [ Li=L| [
end
end
R = waitAll(T)
T:=1]
for i € [0...db] do
t := start(cra, L, [R[j]; | 7 € [1...length(R)])

T:=TI|[t]
end
C = waitAll(T)
end
Fig. 7. Parallel resultant computation.

LT 1 n A
‘ 1 ! ‘\,:‘
11682; | | | 201052

Fig. 8. Bivariate resultant computation.

Sun HPC 6500 system, and a Linux-based Beowulf cluster with 16 compute nodes linked
by two 100 Mbit switched Ethernets. Relative to a PlI1 @450 MHz processor, the raw
computing powers of cluster, Sun and Beowulf are (for 16 processors) 8.95, 11.68, and
22.83, respectively.

The trace in Fig. 8 illustrates a sample execution in the heterogeneous cluster with 24
processors listed on the vertical axis; each line denotes a task executed on a particular
machine. We can clearly distinguish the modular resultant computation phase with many
tasks saturating all processors from the combination phase where only few tasks are
created.
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Example System 4 8§ 12 16 20 24

1 (448s)  Cluster 192 112 88 73 73 66
Sun 160 83 60 48 - -
Beowulf 89 45 31 23 -

2 (63s) Cluster 36 25 25 26 24 24
Sun 26 16 13 11 - -
Beowulf 13 7 6 5 - -

1 (977s) Cluster 370 204 143 111 93 84
Sun 330 167 117 94 - -
Beowulf 174 87 59 44 - -

1: Absolute Speedup 2: Absolute Speedup 3: Absolute Speedup

22 | %4 ] 1 1 1 1 - 22 | 1 1 1 1 |
18 - 10 C 18 A L
14 - . L 14 A -
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Fig. 9. Bivariate resultant computation: experimental results.

Fig. 9 lists the execution times for each input in each system environment with a
varying numbers of processors. The subsequent row of diagrams visualizes the absolute
speedups Ts/ Ty, (where Ts denotes the sequential execution time and T, denotes the



W. Schreiner et al. / Journal of Symbolic Computation 35 (2003) 305-347 327

parallel execution time with n processors), the second row visualizes these speedups
multiplied withn/ 31", pi (where p; denotesthe relative performance of processor i), the
third row visualizes the scaled efficiency, i.e. Ts/ Tn > i, pi, which compares the speedup
we actually got to an upper bound of the speedup we could have got. The markers [J,
+, and x, denote execution on cluster, Sun, and Beowulf, respectively. We see that for
Example 3 al three environmentsgive similar scaled speedupswhile in the small Example
2 the heterogeneous cluster environment significantly lags behind. On the other hand, the
Beowulf cluster with itsfast communication fabric givesin all examplesthe best speedups.

We may contrast the above figures to other results from literature: Seitz (1990) reports
for a problem whose sequential execution took 1153 s a speedup of 12 with a cluster
of 16 Sun workstations. Bubeck et a. (1995) reports for a problem whose sequential
execution took 2500 s a speedup of 5.5 on a cluster of 13 Sun workstations. The PACLIB
implementation on a shared memory machine achieved with 16 processors a speedup of
11.5 for aproblem whose sequential execution took 180 s(Hong and Loidl, 1994). The pD
implementation on a shared memory processor achieved a speedup of 11.5 for a problem
whose execution took 160 s (Schreiner, 1996). Thus our results seem to be better than the
ones reported for clusters and comparative to those reported for shared memory machines.

4.1.2. Real root isolation

The problem of isolating the real roots of A € Q(x) can be efficiently solved by
the modified Uspensky agorithm (Collins and Akritas, 1976). The major idea for the
parallelization of this algorithm is based on its divide and conquer structure by executing
each recursive branch in parallel. However, as has been noted in Collins et al. (1990), for
most concrete polynomialsthis “search tree” is very unbalanced with afew long branches
and a small average number of nodes (about 2) in every level. To utilize the available
computing resources, we thus apply speculative parallelism resources. In each recursive
step, we split the interval not only into two subintervals but into 25 subintervals for some
s > 1. The case s = 1 corresponds to the standard method; if s > 1, we widen the search
tree by a factor of 25~1 and flatten it by a factor of s. This strategy increases the potential
for parallelism but also the amount of work done in the algorithm. The core of the parallel
algorithm is depicted in Fig. 10.

We have benchmarked the program on a cluster of 20 Linux-PCs linked by 100
Mbit Ethernet lines and on a 128 processor SGI Origin 3800 distributed shared memory
multiprocessor. We benchmarked four sample inputs for which the execution of the
sequential CASA function realroot_sb (which is 2-5 times faster than the Maple
function realroot) takes on a Pentium |11@640 MHz 20, 26, 85, 104 s and on the Origin
23, 33, 109, 107 s, respectively. Examples 1 and 2 are polynomials of degrees 73 and
81 taken from runs of pacPlot described in Section 4.2; Example 3 is the Chebyshev
polynomial T110 (Where T1(x) = x and Tp4+1(X) = 2XTnh(X) — Th—1(X)) which has awide
and deep search tree; Example 4 is the Mignotte polynomial x1%© — 2(5x — 1)? whose
search treeis narrow and deep. Examples 3 and 4 thus describe the best and the worst-case
scenario for real root isolation; Examples 1 and 2 are typical intermediate cases. Fig. 11
shows the trace of Example 2 with s = 2 and 8 processors on the cluster.

Fig. 12 gives the execution times for the four examples in both environments
(cluster and origin) with a varying number of processors and speculation parameter s
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r := uspensky(p. i, c,d)

// 1 is set of isolating intervals for the roots of p(x + 1) in (0,1]
// where interval bound b is transformed to (b+ c)/25¢

A(x) = get(p) // get polynomial and
A(x) == Az +1) // complete transformation
if A(1) =0 then // is right boundary a root?

rim U {1+ /2, (1 4+ 0)/20))

A(z) = A/(x - 1)
end
A*(x) := 2t A(1/z) // termination case?
v = signvars(A*(z + 1))
if v = 0 then return end
if v = 1 then 7 :=r U {(¢/2°%, (1 + ¢)/2*9)}; return end
p' = data() // recursion case:
put(p/, 25 de8(4) 4 (/2%)) // prepare transformation
t := {start(uspensky,p’,j,cx2° 4+ d+1):0<j < 2% -1}
r:=rU{wait(u) : u € t}

end
Fig. 10. Perallel real root isolation.
n | — | |
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(1, 2, 3, 4 denoted by markers +, x, 1, B in the subsequent diagrams). All in al, the
examples suggest that speculating too much in real root isolation usually hurts; limited

Fig. 11. Real root isolation.

speculation with s = 2 may improve the results a bit (but also deteriorate them a hit).
However, for isolating very close roots, speculation is essential to gain any speedupsat all.
A prosaic reason for the limited speedups is that the chosen examples are not very big;

thisreflectsthe fact that realroot isolation is a subalgorithm typically applied in the context
of larger applications (as shown in the following sections). If the inputs were larger, these

applications would usually run into other time or memory limits.
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Example (C/O) s 4 8 12 16 20
1 (20s/23s) 1 12/18  8/12 7/11  7/10  7/10
2 9/17 7/12  6/10  6/11  7/10
3 14/23  7/12 6/9 6/10  6/10
4 29/35 15/17 1113  9/11  8/13
2 (26s/33s) 1 13/18  8/13  7/12  6/13  7/12
2 13/19  9/12  7/15  7/11 7/12
3 18/25 10/13  8/11  7/10  6/11
4 29/43 15/23 11/17  9/16  8/15
3 (85s/109s) 1 29/41 19/30 11/21 12/14 11/12
2 37/50 23/42 17/29 16/22  17/32
3 43/59 24/31  22/23 17/14  20/16
4 91/130 59/71  40/43  33/37  33/30
4 (104s/107s) 1 79/117 77/103 75/102 77/100 80/100
2 37/103  23/74 17/69  16/69  17/69
3 91/116  42/58  43/53  44/52  49/52
4 117/176 78/127  45/55  39/44  44/43
1: Cluster 2: Cluster 3: Cluster 4: Cluster
2 2 z g
14 14 34 70
9 9 23 56
6 6 15 45
4 4 10 36
14 8 1216 20 14 8 1216 20 14 8 1216 20 14 8 121620
1: Origin 2: Origin 3: Origin 4: Origin
] 51 %
3 22 41
. 16 26
4 11 16
_ 8 10
14 8 1216 20 14 8 1216 20 14 8 121620 14 8 121620

Fig. 12. Real root isolation: experimental results.

Collins et a. (1990) describes ashared memory parallel implementation of the bisection
method. On a 20 processor Encore Multimax, aspeedup of 2.5 was achieved for arandomly
generated polynomial of degree 40 (sequential execution time about 4 s) and a speedup of
about 4.6 for an artificial polynomial of degree 20 with 20 roots (sequential execution time

about 5 s). Our parallel implementation compares favourably with this one.
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Fig. 13. Maple implicitplot versus CASA pacPlot.

The distributed memory implementation of Decker and Krandick (1999) parallelizes
polynomial arithmetic in each node of the search tree. With 20 Cray T3E processors,
speedups of 15 and 13 are reported for random polynomials with 2000 bit integer
coefficients (sequential execution time 80 s respectively 40 s); a speedup of 15 is reported
for a Chebyshev polynomial for which sequential execution takes 25 s; a speedup of 3
with four processorsis reported for a Mignotte polynomial for which sequential execution
takes 70 s. This C-based implementation uses arbitrary precision floating point interval
arithmetic which is much more efficient than our Maple-based version. It thus achieves
its speedups with polynomials that are orders of magnitudes larger than those in our
benchmark.

The origina presentation of speculative real root isolation in Mittermaier (2000) is
based on a more complex task management scheme. However, the above scheme is not
only simpler but also gives considerably better speedups.

4.2. Plotting of algebraic plane curves

One problem in algebraic geometry is the reliable plotting of algebraic curves.
Conventional methods often yield qualitatively wrong solutions, i.e. plots where some
“critical points’ (e.g. singularities) are missing. For instance, the left diagram in Fig. 13
shows a plot of the plane curve 2x* — 3x2y + y* — 2y® + y? generated by Maple's
implicitplot. The numerical approximation fails to capture two singularities; even if
we improve the quality of the diagram by refining the underlying grid, only one of the
missing singularities emerges. On the other hand, CASA’s pacPlot produces the correct
diagram shown to the right. This is achieved by a hybrid combination of exact symbolic
algorithms for the computation of al critical points and of fast numerical methods for the
interpolation between these points (Nam, 1994). Our presentation of the parallelization of
this algorithm is based on Schreiner et a. (2000b) and Mittermaier et al. (2000).

pacPlot proceedsin three stepsto plot an algebraic curve a:

1. Compute the critical points of a in the y-direction and sort them according to their
y-coordinates.

2. Intersect a with the horizontal lines that lie in the middle of the stripes determined
by the y-coordinates of the critical points.
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P := criticalPoints(a(x,y)):
P:=90
S =A{{pW),a(x,y)) | W'(y) :
' (y),q(x,y)) € triangulize(a(x,y), 8“((;;’?’)),])@) € factor(p'(y))}
for (p(y),q(z,y)) € S do
r(x) := resultant, (p(y), ¢(z,y))
X := realroot(r(x))
Y := realroot(p(y))
for x € X do
q'(y) := squarefree(q(z, y), =.0, p(y))
q"(y) = squarefree(q(z,y), x.1, p(y))
fory €Y do
if test(q'(y), ¢"(v), y, p(y)) then P :=PU {(z,y)}
end
end
end
for p € P do refine(p) end
end

Fig. 14. Computation of critical points.

3. Trace a from each intersection point in both directions towards the border points of
the stripe.

The algorithm spends virtually all computation time in Step 1, the computation of the
critical points of a. The problem of this step is, given some a(x, y) € QI[x, y], to find
every real solution (“root”) (X, y) € R x R of thesystem S:= {a = 0, da/dx = 0}. Since
exact arithmetic in R is not possible, each root (x, y) is actually “isolated” by a pair of
intervals ([x’, x"1, [y, y'1) with X', x”,y', y" € Q such that (x, y) isthe only root of S
withx < x <x"andy <y < V"

The algorithm computing the set of al intervals that isolate the critical points
is sketched in Fig. 14. This agorithm contains various improvements introduced by
Mittermaier (2000); they already reduce the computation time by an order of magnitude.
Our experimental results thus measure the parallelization speedups against this improved
version.

We have parallelized this algorithm on various levels (underlined in Fig. 14):

1. parallel resultant computation,
2. parallel real root isolation,

3. pardllel solution test,

4. parallel interval refinement.
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Fig. 15. Plotting of algebraic plane curves.

Parallel resultant computation and parallel real root isolation were discussed in
Section 4.1. The tests which of the candidates (x, y) are indeed solutions of the given
system can be performed in parallel in a straightforward fashion. Likewise, we can
apparently refine all isolating intervalsin parallel to the desired accuracy.

We have benchmarked the parallel variant of pacPlot with four randomly generated
algebraic curves for which the sequential program on a PI11@450 MHz PC takes 6870,
470, 155, and 11,748 srespectively. The parallel variant has been executed in three system
environmentsconsi sting of 24 processors each: acluster of four SGI Octane dual-processor
machines and 16 Linux PCs, a SGI 2000 multiprocessor, and a cluster of four dual-
processor Octanes and 16 processors of the Origin multiprocessor. The raw computing
powers of cluster, Origin, and mixed configuration relative to a PlI1@450 MHz processor
are 18.3,17.1, and 18.7, respectively.

The profile in Fig. 15 illustrates the execution of Example 2 in a cluster with 16
processors listed on the vertical axis (eight Octane processors above eight Linux PCs)
and each line denotes a task executed on a particular machine. We can clearly distinguish
the real root isolation phase followed by the phases for resultant computation, the second
real root isolation, the solution checks and the solution refinements (their relative weights
are very different for other inputs).

The table in Fig. 16 lists the execution times measured in each environment for each
input with varying numbers of processors,; the following diagrams display the same
information as described in Section 4.1.1. The markers +, x, and (] denote execution on
cluster, Origin, and in the mixed configuration, respectively.

Analysing the experimental data gives some interesting results. Most obviously, the
speedup for larger examples is better than with smaller ones; for instance, in Example 1
the Cluster/mixed configuration gives an absolute speedup of 16 but only a speedup of 5
for Example 2. The Origin operates in Example 1 with scaled efficiencies close to 1 and
gives in Example 4 (which has very large intermediate data) due to its high-bandwidth
interconnection fabric for smaller processor numbers significantly better results than the
other environments. Especially with 16—-24 processors, however, in al examplesthe scaled
speedups/efficiencies of the cluster compete with (are equal or higher than) those of the
Origin. Moreover, the cheap Linux PCsin the cluster give overall better performance than
the much more expensive Silicon Graphics machines.

When we consider the execution times of the parallel subalgorithms (not listed due to
lack of space) individually, we realize that the speedups are partially much higher than
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Example  System 1 2 4 8 16 24
1 (6870s)  Cluster 14992 8035 2732 1186 552 488

Origin 7290 4217 1789 872 446 513
Mixed 14992 8035 2732 1368 597 519
2 (470s) Cluster 810 648 328 173 95 108
Origin 667 541 297 166 112 116
Mixed 810 648 328 210 116 127
3 (155s) Cluster 267 191 112 67 46 45
Origin 196 147 90 63 54 54
Mixed 267 191 112 74 58 56
4 (11748s) Cluster 25178 15559 6820 3562 1915 1563
Origin 13397 8223 4009 2281 1726 1420
Mixed 25178 15559 6820 4042 2004 1599

1: Absolute Speedup

2: Absolute Speedup

3: Absolute Speedup

4: Absolute Speedup
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Fig. 16. Plotting of algebraic plane curves: experimental results.

the speedup of the overall algorithm. In Example 2 with 24 processors, the parallelization
of resultant computation gives absolute speedups of 10.2 (cluster), 10.2 (Crigin), and 7.9
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(mixed). The paralelization of the checking phase gives absolute speedups of 12.3, 14.1,
and 16.1 of the respective configurations. Although both phasestogether account for almost
80% of the total work, the less efficient parallelization of the remaining (much shorter)
phases limits the overall speedup.

In Schreiner (2000) we give additional timings on a Sun HPC 6500 shared memory
multiprocessor and on a dedicated Beowulf cluster; they are in some cases significantly
better than the above figures.

4.3. Plotting of surface to surface intersections

The CASA function ssiPlot generalizes pacPlot to the three-dimensional case: it
solvesthe problem of reliably plotting algebraic space curves defined by surface to surface
intersections. The following presentation of the parallelization of this algorithm is based
on Schreiner et al. (2000c).

The solution idea is analogous to the one sketched in Section 4.2 for the two-
dimensional case: we first determine the critical points of a in one coordinate direction,
say z. These points define planes along the other two coordinate directions. The collection
of these planes partition the space into a number of subsequent layers. Within each layer,
we determine starting points on the curve from which we may safely trace the simple
branches of a by numerical methods.

Again, the algorithm spends most of the execution time on the computation of the
critical points which is crucially different from the two-dimensional case. Now the
problem is, given two surfaces f (X, Y, 2), 9(X, Y, 2) € Q[X, Y, z], to find every real root
(X,y,2) € R3 of thesystem {f = 0,g = 0, J(f,g) = 0}, where Jy(f, g) is the
Jacobian of f and g with respect to y and z. Since exact arithmetic is not possible in
R, each root (X, y, z) is actually isolated by atriple of intervals ([x', X"1, [Y/, Y"1, [Z, Z'T)
where x’, x”,y',y", 2, 2" € Q such that (x, y, z) isthe only root of the system for which
X <x<x"\y<y<y,andZ <z< 7"

Isolating intervals for the z-coordinates of the critical points are determined by first
computing the determinant j (x,y,2) € Q[X,Y,z] of Jx, then computing the Dixon
resultant d(z) € Q(z) of f, g, and j, and finally isolating the real roots of d. The most
time-critical part is the computation of d(z) which at once eliminates several variables
of apolynomial system while preserving the common roots. The d(z) is computed from a
matrix D by fraction-free Gaussian elimination as depicted in Fig. 17. After each reduction
step, the entries of D represent rational functions; they have to be normalized to smple
polynomials. In this subalgorithm, ssiPlot spends 60-80% of the total execution time.

To speed up ssiPlot, we apply paralelism in various subalgorithms, the most
significant one is the computation of d(z) from D. In iteration k of the outer loop,
we compute al the (k — r) * (k — ¢) new elements of D in paralel (the underlined
part in Fig. 17). Having selected the number of tasks t (which is usually greater than
the number of processors to improve load balancing), we thus start a task for every
(r —Kk) % (c — k)/t elements. While the number of matrix elements per task thus decreases
with increasing k, the coefficient sizes of the corresponding polynomials increase and
polynomial simplification becomes more complex. Thusthe overall task grain size actually
grows which allows usto exploit the available parallelism efficiently.
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d(z) := dresultant(D):

r:=rows(D)
¢ := columns(D)
d(z) =1

for k from 1 to min(r,c¢) do
d(z) :=d(z) * Dy, 1(2)
for : from k£ +1 to r do

t(z) := 51mphfy(Dk”’Z((z)))

for j from k + 1 to c do
D; j(2) := normal(D; j(z) —t * Dy, ;(2))

end
D;;(2) =0
end
end
end
Fig. 17. Computation of Dixon resultant.
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Fig. 18. Plotting of agebraic space curves.

We have benchmarked the parallel variant of ssiPlot with four random curves for
which the sequential program takes on a Pl11 @450 MHz PC 2119, 475, 1523, and 5973 s,
respectively. The parallel variant was executed in the same environment as described
in Section 4.2. The diagram in Fig. 18 generated from a trace file illustrates a sample
execution in the cluster configuration with 24 processors, we see the Dixon resultant
computation phase followed by the phasesfor real root isolation, initial point computation,
and branch computation. The number of tasks in the later stages of the first phase is
limited by the number of matrix elements to be updated. The increased complexity of
each matrix element computation however yields tasks of much larger grain size than in
the beginning.

The table in Fig. 19 lists the execution times for each input in each environment
with varying processor numbers; the following diagrams display the same information as
described in Section 4.1.1. Sometimes, the benchmarks apparently yield too good results:
for processor numbers up to four or even eight, we get scaled efficiencies between 1 and 2.
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Example  System 1 2 4 8§ 16 24
1 (2119s) Cluster 4166 935 522 280 216 184

Origin 2053 784 459 330 269 242
Mixed 4166 935 499 280 241 200
2 (475s)  Cluster 677 237 143 98 96 104
Origin 420 227 172 169 156 155
Mixed 677 237 146 95 93 98
3 (1523s) Cluster 2725 649 332 213 178 163
Origin 1430 696 370 312 245 223
Mixed 2725 649 334 242 175 157
4 (5973s) Cluster 12026 2152 1089 638 639 560
Origin o764 2297 1228 754 543 493
Mixed 12026 2152 1028 683 601 478

1: Absolute Speedup

2: Absolute Speedup

3: Absolute Speedup

4: Absolute Speedup
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Fig. 19. Plotting of algebraic space curves: experimental results.

These superlinear speedups are caused by the increased amount of heap memory in all
Mapl e kernel swhich reduces the garbage collection times correspondingly. Only for larger
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Fig. 20. Computation of derivatives of total order i + 1.

processor humbers, the parallelization overhead outweighs these gains. In most cases the
cluster/mixed configuration gives results that are as good as or even better than on the
Origin. This indicates that the capacity of the 100 Mbit switched Ethernet is for this
computation sufficiently high and/or that Distributed Maple on the Origin is comparatively
less efficient.

4.4. Neighbourhood analysis of algebraic curves

A singularity of an algebraic curve is called ordinary, if its multiplicity denotes
the number of tangents through this point. An important subproblem in the rational
parameterization of algebraic curves (Sendraand Winkler, 1990) is to transform a curve
C; that has non-ordinary singularities into a curve Cj;1 where a non-ordinary singularity
is resolved into ordinary ones. The following presentation of the parallelization of the
transformation of C; to Cj1 isbased on Schreiner et al. (2000a, 2001).

The most time-consuming part of the transformation is the computation of all
singularities of a homogeneous polynomial p(x, y, 2) in two steps:

1. (b, n) :=derivatives(p)

Letd? € Q(x, 2) be ap(x, 1, 2)"*?/9xYz" of total order u + v. We compute a
sequence [bi]{_, where by is the greatest square free divisor (gsfd) of p(x, 1,0),
bi+1(x) is the greatest common divisor (gcd) of bj(x) and of al dY(x, 0) with
Uu+v =i+ 1, and n is the smallest order such that degb, = 0. The roots of
b; (x) are the x-coordinates of all singularities (x, 1, 0) of order at leasti + 1. The x-
coordinatesof al singularities (x, 1, 0) of order i arethusthe roots of bj_1(x)/bj (x)
for 1 < i < n. The partia derivatives of total order i + 1 are generated from (and
overwrite) the derivatives of order i as shown in Fig. 20.

2. S :=singularities(b, n)

Let g denote bj_1/b; for 2 < i < n. Every root a of g; isthe x coordinate of a

singularity (a, 1, 0) of multiplicity i; Sisthe set of al such (i, (a, 1, 0)).

Thefirst step accounts for most of the computation time of each curve transformation.
Our goal isthereforeto speed it up by parallelization.

4.4.1. Parallel algorithm: manager—worker style
Fig. 20 suggests to organize the computation of all d; in atriangular matrix shown in
Fig. 21: each linei contains all d}j with u + v = i, each column j contains all dJV, i.e.
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derivation w.r.t. x J

derivation w.r.t. z

/\/

Fig. 21. The matrix of partial derivations.

the matrix holds at position (i, j) the derivative d}’J . The basic parallelization idea is to
compute all those positions (i, j) withi > j in parallel whose data dependencies have
been resolved, i.e. for which (i — 1, j) isavailable (ifi > j) respectively i — 1, j — 1) is
available (ifi = j).

However in order to increase its granularity, a task should compute multiple matrix
elements, i.e. we have to block the computation accordingly. We achieve this by
partitioning the triangular matrix into square blocks of size m x m (for some blocking
factor m) that comprise all partial derivatives that are computed by the same task. The
blocks along the diagonal boundary of the triangular matrix are themselves triangular and
only have to compute (m? — m)/2 elements.

The tasks are created by a main program which computes iteratively the dS, i.e. the
derivatives along the diagonal boundary of the matrix. When it has computed the diagonal
boundary of atriangular block, it starts a corresponding task that computes the remainder
of thisblock. When atask hasterminated, the main program startsanew task for computing
that square block that is adjacent to the lower boundary of the result block.

Actually, the result of atask need not be the values of al dj in the corresponding block
because we are only interested in

1. thelast line of the block which is required by the task computing the adjacent block;
2. the ged of each line of the block which is required by the main program to compute
the greatest common divisor of the whole matrix line.

Since the ged is commutative and associative, the program may receive in any order the
results computed by the tasks of linei and combine them with the current value of b;. Ina
final step, b1 isthen combined with by;.

To let the algorithm efficiently execute on a machine with a limited number of
processors, we have to adopt an appropriate scheduling strategy: initially, tasks are created
for computation of thefirst p triangular blocks. Whenever a task terminates, we “enable’
the adjacent square block whose computation thus becomes possible; if the terminated



W. Schreiner et al. / Journal of Symbolic Computation 35 (2003) 305-347 339

(b,n) := derivatives(p)
T := {task (im,im):i=0...p—1}
n := deg(p)
while T # () do
wait for some task (i,7) € T and remove it from 7'
update b;...bjym—1 and n
enable (i +m, j)
if © = j then enable (i +m,j + m) end
disable all (i,j) with i > n
if there is some enabled (i, 7) with minimum ¢ then
disable it and add task (i,7) to T
end
end
for i from 0 ton — 1 do
bip1 := ged(by, biy1)
end
end

Fig. 22. The parallel agorithm: manager—worker style.

| LUl

29961 56701 29961 56701
Fig. 23. Manager—worker parallelism.

task has computed a triangular block (and it was not one of the p initial tasks), we aso
enabl e the subsequent triangular block. Among all enabled blocks, we choose a block with
minimum line index, because its computation may make the computation of blocks with
larger indices superfluous. When the termination criterion is detected in linei, only those
tasks will be started that operate on lines with indices less than i; when no more task is
active, the algorithm terminates.

We have benchmarked the program with four examples for which the sequential
computation on a Pl @450 MHz Linux PC takes 552, 198, 402, and 1798 s, respectively.
The examples were extracted from the resolution of the singularities of four artificially
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Example System 1 2 4 8§ 16 24
1 (552s = 88%)  Origin 560 294 190 113 83 80
Cluster 817 436 233 155 100 101
2 (198s = 85%)  Origin 192 123 70 44 41 45
Cluster 214 142 91 64 45 49
3 (402s = 95%)  Origin 371 218 128 70 59 62
Cluster 518 265 153 107 71 73
4 (1798s = 95%) Origin 2199 928 574 348 239 228
Cluster 3015 1222 703 469 275 241
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Fig. 24. Experimental results.

generated curvesin which they represented the most time-consuming part (88, 85, 95, and
95% of the total runtime). The program has been executed in two environments. a SGI
Origin 2000 multiprocessor (64 R12000@300 MHz, 24 processors used) and a cluster of
four SGI Octanes (2 R10000@250 M Hz each) and of 16 of the Origin processors. Thetable
in Fig. 24 lists the execution times; the subsequent diagrams display the same information
as described in Section 4.1.1.
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Fig. 25. Data dependencies.

While the parallelization achieved some speedup, the utilization diagram of a sample
run in the right of Fig. 23 shows that there is much room for improvement: rarely al
machines are busy, in average only about 50% of the computing resources are utilized.
Apparently, the manager is not abletoissue parallel tasks at aratethat is sufficiently highto
provide idle machines with work, i.e. the explicit task scheduling becomes a performance
bottleneck.

4.4.2. Parallel algorithm: dataflow style

Because of the low utilization of the manager—worker solution, Schreiner (2001)
explores a solution where tasks are created whenever their data dependencies have been
resolved. This “dataflow” solution exhibits all parallelism inherent in the problem and
leaves the scheduling details to the runtime system.

We decompose the triangle matrix of partial derivatives as shown in Fig. 25: the
decomposition yields uniform square blocks of size m? (for some m) such that each block
can be identified by the coordinate (i, j) of its upper point denoting diJ and contains all

diwith0 <u <i+mand0 < v < j+m. Onced’ isknown, al other elements of
the block can be determined by derivation with respect to x or z, respectively. Asin the
original algorithm, we compute within a block the gcd of al d with the sasmesumu + v
which then contributes to the result vector by,. However, now the lines/columns of each
block run diagonal to the computation of the derivatives as sketched by the grey arrow in
Fig. 25.

Since al elements in a block can be computed from the first element d’, we can start
the computation of a block when one of the following condition holds:

ei=0and dij_1 is known.
e j=0andd’ ,; isknown.
ei>0andj>0and

- dij:’l is known or

— d)_, isknown.

The main program starts the tasks in some order compatible with the task dependencies
and passes to each task the references to those tasks that the new task potentially depends
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(b,n) := derivatives(p)
n = min(n,, n,)
for k£ from 0 to n by m do
for (i,7) in tasks(k) do
if i =0Aj =0 then t; ; := start task(, j, m, p)
else if i =0 then t; ; := start taskgr (i, j, m, t; ;1)
else if j = 0 then ¢; ; := start tasky (i, j, m, t;_1 ;)
else t; := start taski(i, j, m, t; j—1, ti—1;)
end
end
for k& from 0 to n by m do
tset := {t; ; : (i,7) € tasks(k)}
while tset # 0 A n = min(n,,n,) do
t := select tset
(o, -, g) = wait ¢
update biyj ... 0 m)t(j+m) and n
tset := tset-{t}
end
end
for k from n +m to min(n,,n,) by m do
for (i,j) € tasks(k) do stop t; j; end
end
for t € tset do stop t end
end

tasks(k) := {(i,7) :i+j=kAimod m =0Aj mod m =0}

Fig. 26. The parallel agorithm: dataflow style.

on. Then the program waits for all tasks (i, j) in the order of increasingi + j, combines
the computed geds with the vector b and signals by updating n whether the computation
can be prematurely terminated. All tasks whose results are not required any more are then
stopped. The main program is depicted in Fig. 26.

We have benchmarked the program in a cluster of Linux PCs with problems 1, 2, and
4 described in Section 4.4.1. Fig. 27 illustrates an execution of Example 1 with block size
m = 4. In the new agorithm, all machines get saturated for 65% of the computation time.
The overdl utilization is about 75%.

The actual executiontimes of the new a gorithm in comparison with the executiontimes
of the old algorithm are listed in Fig. 28: the top row of diagrams shows the execution time
of the programs, the bottom row shows the speedup that the new algorithm gains over the
original one with the following variants:
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61895 47259 61895

Fig. 27. Dataflow parallelism.
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Fig. 28. Execution times and speedups.

e O: theorigina agorithm.

o N4, N5: the new algorithm with non-deterministic task selection in the main program
with block sizesm = 4 and 5.

e D4, D5: the new agorithm with deterministic selection in the main program (t :=
first(tset)) with block sizesm = 4 and 5.

All variants of the new algorithm are considerably faster than the original version
with an average improvement of 1.8 (Example 1) respectively 2.2 (Examples 2 and 3).



344 W. Schreiner et al. / Journal of Symbolic Computation 35 (2003) 305-347

We could thus reduce the sequential execution time from 552, 198 s, respectively 1798 s
on aPlll@450 MHz PC down to aparallel executiontime of 14, 6 s, respectively 29s. The
fact that the speedups are drastically superlinear is caused by the changed order in which
the greatest common divisors are computed (also in the original parallel algorithm); thisis
ahint for ageneral algorithmic improvement of the sequential algorithm.

5. Conclusions

The main advantage of Distributed Maple is that it represents on the basis of a wide-
spread commercial computer algebra system areliable, portable and easy to use platform
for the development of parallel computer algebra algorithms. Provided that the algorithms
exhibit sufficient parallelism with medium to large grain size (at least 1 s), we can
expect reasonable speedupsin environmentswith up to 30 machines/processors or so. The
comparatively high-level parallel programming model and the supporting visualization
tools allow us to experiment with little effort on different parallelization strategies for a
given problem and to investigate the effects on dynamic behaviour and performance.

On the other hand, the hybrid nature of the environment and its high level of abstraction
require a number of compromises such that we cannot expect to get the fastest possible
parallel solution for a given problem. Given enough time and manpower, a native C
implementation on the basis of a message passing library such as MPI or PVYM will
alwaysyield a more efficient implementation. Neverthelessfor the many computer algebra
programmers that want to get rather good parallelization success with limited efforts on
the basis of existing Maple code, Distributed Maple provides a powerful work platform.
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Appendix

Theinputsfor the benchmarks presented in Section 4 are available at
http://www.risc.uni-linz.ac.at/software/distmapl e/benchmarks
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