TOPOLOGY
AND ITS
APPLICATIONS

ELSEVIER Topology and its Applications 71 (1996) 217-225

Recurrence and the shadowing property ¥

Chin-Ku Chu?, Ki-Shik Koo®b*

4 Department of Mathematics, Chungnam National University, Taejon, 302-764, South Korea
b Department of Mathematics, Taejon University, Taejon, 300-716, South Korea

Received 13 March 1995; revised 10 August 1995

Abstract

In this paper, we study the relationship between the recurrent set and the shadowing property.
We give a necessary condition for a homeomorphism restricted to its nonwandering set to have
the shadowing property. Also, we consider a condition for an arbitrary homeomorphism to be
a nonwandering homeomorphism. Finally, we consider homeomorphisms which cannot have the
shadowing propefty.
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1. Introduction and definitions

As an attempt to approach some problems of stability theory in dynamical systems,
homeomorphisms of metric spaces with the shadowing property (also called pseudo-
orbit-tracing property) are studied together with the related concepts of various recurrent
properties such as periodicity, recurrence and nonwanderingness.

We know the problem of which recurrent sets can accept the shadowing property of
homeomorphisms. This problem was suggested by Morimoto [5], and Aoki [2] proved
that if f is a homeomorphism with the shadowing property of a compact space, then its
restriction to its nonwandering set also has the shadowing property. He proved for f the
existence of the spectral decomposition of £2(f) under the condition Per(f) = 2(f). We
shall prove that if f is a homeomorphism of a relatively compact space X and f|g(s) has
the shadowing property, then so does f IEC’S (Theorem 2.2). As a corollary of this result
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we obtain that if f is an expansive homeomorphism of a compact metric space which
has the shadowing property, then C'(f) has a local product structure (this definition is
from Shub’s book [7]) (Theorem 2.7).

It is a good problem to find various conditions for when a homeomorphism is to be a
nonwandering homeomorphism [3,4,7]. In [4], Hurley claimed that if f is topologically
stable, X is connected and §2(f) has interior, then 2(f) = X. Moreover, it was shown
that if f is an expansive homeomorphism of a compact metric space X which has the
shadowing property and f|(s) is topologically transitive, then X = £2(f) [3]. We extend
this result to the case of arbitrary homeomorphisms (Theorem 2.8). Finally, we consider
some homeomorphisms which cannot have the shadowing property (Theorem 3.1).

Throughout this paper we will assume that X is a metric space with a metric d and
f:X — X is a homeomorphism. For z in X, O¢(z) ={..., f~'(z), =, f(z),...} and
O}*(x) = {z, f(z), f*(z),...} is called the f-orbit and positive f-orbit of x, respec-
tively. Let C(f) and £2(f) be the recurrent set and nonwandering set of f, respectively.
Recall that

C(f) ={z € X: zcws(z)Nag(z), where ws(z) and ay(z) denote the
positive and negative limit set of x for f, respcctively},
R = {m € X: for every neighborhood U of z and integer ng > 0
there exists an integer n > no such that f*(U)NU # 0}.

A sequence of points {z;}ic(ap) (—00 < a < b < 00), is called d-pseudo-orbit of
fif d(f(z:),ziy1) < 8 for i € (a,b— 1). A pseudo-orbit {z;} is called periodic if
T, = zo for some integer n. A sequence {z;};c(q) is called e-shadowed by z € X if
d(fi(z),z;) < ¢ holds for i € (a,b). We say that f has the shadowing property if for
every € > 0 there is § > 0 such that every d-pseudo-orbit of f can be e-shadowed by
some point z € X.

A homeomorphism f of X is called nonwandering if 2(f) = X and is called ex-
pansive if there exists a number e > 0 such that d(f™(z), f*(y)) < e for all integer n
implies z = y.

A homeomorphism f is called minimal if orbit of every point in X is dense in X and
a closed subset M of X which is f-invariant is called a minimal set for f if f|pr is
minimal.

X is called relatively compact if every closure of bounded subset of X is compact.
Let B(z,¢) denote {y € X: d(z,y) < €} and M denote the closure of M C X.

2. Recurrent set and the shadowing property

First, we give a necessary condition for a homeomorphism restricted to its nonwan-
dering set to have the shadowing property. For the proof we need the following lemma.
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Lemma 2.1. Let f be a homeomorphism of a relatively compact space X. If f has
the shadowing property, then for every € > O there is & > 0 such that every periodic
§-pseudo-orbit of f can be e-shadowed by some point in C(f).

Proof. Let € > 0 be given, and let § = §(J¢) > O be the number with the property
of the shadowing property for f. Let {x;} = {xo,%1,...,Zn = T} be a periodic -
pseudo-orbit of f. Since f has the shadowing property there is a point y in X such
that

d(f™H(y), z;) < e, (*)

for every integer i and j (0 < j < n). In particular, f*(y) € B(zo, 3¢) for every integer
t and hence we have

Oy (y) C B(zo, 5¢).

Since Oy~ (y) is compact and invariant for the homeomorphism f™ : X — X, it contains
a minimal set M for f™. Let zy € M. Then we get

Opn(20) = wyn(20) = ayn(20) = M.
Therefore, we have
20 € wyn(z0) Nag(20) C wy(2zo) Nos(20),

which implies zp € C(f). The lemma will be established if we can show that {z;} is
e-shadowed by z9. We check this. When 2y € Ogn(y) we are done. So assume that
29 € wyn(y) and d(f7(20), zj,) > € for some integer jo (0 < jo < n). By the continuity
of f there is an open set G containing zp such that f(G) C X\B(zj,¢). Since
20 € wyn(y) it follows that there is a sequence {f™:(y)} which converges to z for
some I; — +oo. Therefore, there is sufficiently large L in {l;} satisfying f**(y) € G
and d(f"L+9(y), z;,) > €. But this contradicts (*). This shows that {z;} is e-shadowed
by zp € C(f) as required. O

Theorem 2.2. Let f be a homeomorphism of a relatively compact space X . If f : £2(f) —

02(f) has the shadowing property, then so does f:C(f) — C(f).

Proof. Let € > 0 be arbitrary and choose a = aL;—i)_ > 0 as in Lemma 2.1. Let
0 < § < o and {z;}$2_, be any é-pseudo-orbit in C(f) of f. We have to find a point
in C(f) e-shadowing the &-pseudo-orbit {z;}.

Take and fix a positive integer n. Here, we assert the existence of an a-pseudo-orbit
of f which contains {z;}}_,.. To see this, for each integer | (—n < I < n), let us
choose a number 3; with 0 < 3; < 4, an integer k{I) and a point y; € C(f) N B(z;, 3;)
as follows:

Forl =mn:

d(z1,y) < B, implies d(f(z1), f(y)) < §,
d(fFOT ), z) < By, k() > 1.



220 Chin-Ku Chu, Ki-Shik Koo / Topology and its Applications 71 (1996) 217-225

For -n<l<n:
d(z1,y) < B implies d(f*(z1), f2(v)) < 6,
d(fk(l)ﬂ(yl),mz) <G, k() >2

Forl = —n:
d(z1,y) < B; implies d(f*(z1), f*(y)) < 6,
d(F* O ), @) < B, k() > 2.

Then we can define a sequence {al} by putting

Af4j = Tontis i=-n, 0<j<2n,

aty; = 1 (yn), i=n+1, 0<j<k(n) -1,

o} = f(zn1), i=n+k(n)+1,

al; = F7 2 (yn), i=n+km)+2, 0<j<k(n—1)-2,

al = f(zn-2), t=n+k(n)+kn-1)+1,

aly; = P Yont),  i=ntk(n)+kn -1+ k(-n+2)+2,

0<j<k(-n+1)-2,
al! = f(z_n), i=n+kn)+k(n—-D+ - +k(-n+1)+1,
afy; = 7 (Y-n), i=n+kn)+ - +k(-n+2)+k(-n+1)+2,
0<j<k(-n) -2,
al =T_n, i=n+kn)+--+k(-n)+1.

Obviously, the sequence {a?}X _  where K =n+1+ Eijﬁn k(1), defined as above is
a periodic a-pseudo-orbit of f in £2(f) which contains {z;}?__, . Since f|q(s) has the
shadowing property, by the above lemma there is a z,, € C(f) with d(f*(25),a]) < 3¢

for every integer ¢ (—n < ¢ < K). In particular, we have
d(fi(zn),zi) < %E, —n<i<n.

Let a subsequence {zy,, } of {z,} converge to z as ngy — oo. Then z € C(f). Using
the continuity of f it is easy to see that d(f*(z),z;) < e < € for all integer 7. Thus

f:C(f) = C(f) has the shadowing property and this completes the proof. O

It is well known that for an expansive homeomorphism f with the shadowing property,
Per(f) = £2(f) holds.

Corollary 2.3. Let f be a homeomorphism of a compact space X which has the shad-
owing property. Then we have C(f) = 2(f).
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Proof. C(f) C £2(f) is clear. For every € > 0, let § = §(¢) > 0 be as in Lemma 2.1.
Then every z € £2(f) can be a member of a periodic d-pseudo-orbit of f and which is
e-shadowed by a point in C(f). Thus z € C(f) since ¢ is arbitrary.

Now, we point out that from Lemma 2.1 and by using a method similar to the one
used in the proof of the above theorem we can show that the result due to Aoki [2] also
holds on relatively compact spaces. Here, we will omit the proof of this result.

Corollary 2.4. If f is a homeomorphism of a relatively compact space X which has the
shadowing property, then f| g 1) also has the shadowing property.

Remark 2.5. In general, the converse of the above theorem does not hold. For example,
X = {(z,y) € R%: 2% 4+ y* < 1}. Define a continuous real flow g: X x R — X on
X using an autonomous system of differential equations satisfying: the points (0, 1) and
(0, —1) are fixed for g. For p = (z,y) € S', let wy(p) = (0,—1) and a,(p) = (0,1)
if £ < 0 and wy(p) = (0,1) and a4(p) = (0,—1) if £ > 0. The phase portrait of g in
{(z,y) € X: 2% + y* < 1} is the same as that of the flow defined by the differential
equations (polar coordinate)

dr dG_]

= (1 - = =
o= g

Consider a homeomorphism f: X — X defined by f(z) = g(x, 1). For this homeomor-
phism f, we have 2(f) = S'U{(0,0)} and C(f) = {(0,0), (0, 1), (0, —1)}. Obviously,

F:02(f) — 2(f) does not have the shadowing property though f:C(f) — C(f) has
the shadowing property.

For z € X, let W&(x), WX(z) be the local stable set and local unstable set for =
defined by

We(z)={y € X: d(f'(z), f'(y)) < € for all integer i > 0},
Wae) = {y € X: d(fi(z), £'(v)) <o},

For sufficiently small €,§ > 0 and z,y € X with d(z,y) < 4, let us define {z,y}° by
{z,y}’ = {zeX: ze Wi (z)nWE(y)}.

<
< ¢ for all integer i

Note that if f has the shadowing property, then for every € > 0 there is 4 > 0 such that
{z,y}? is nonempty.

Lemma 2.6. Let f be a homeomorphism of a relatively compact space X which has the

shadowing property. Then, for every € > 0 there is § > O such that for every z,y € C(f),
we have {x,y}S N C(F) # 0.

Proof. Let ¢ > 0 be given and & = &'(1e) > 0 be a number with the property of the
shadowing property for f. Let 0 < § < %5’ and d(z,y) < 4, z,y € C(f).
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For each integer n > 0, we can choose points
zn € Bz, 30) NC(f),  yn € B(y,16) NC(f)
and integers k(n) > n, [{(n) < —n satisfying that
d(fi (@), f(zn)) < %e, d(F 7' (W), f ")) < ke, 0<i<n, (1)
and
d(FF ™ (@n),z0) < $6, d(F1 M (yn), yn) < L0 @
(1) and (2) ensure the existence of the periodic §-pseodo-orbit of f in C(f) defined by

k(n n -
{ai}iil()n) = {fl(n)(y")v fl( AL (yn)v o f I(yn)v
T, f(@n), fP(2n)s o ST @n), 1O ()}
Applying Lemma 2.1, we can find z, € C(f) ¢/3-shadowing {a;}. Further, a straight-

forward calculation yields

d(f(za), /(@) <&, d(f (), ') <& 0<i<n

Let a subsequence {z,, } of {z,} converge to z as ny — oo. Then z € C(f) and

d(f'(2), fi(x) <e,  d(f7U2), fTiy) <e

for every nonnegative integer 4. So, z € {x,y}>NC(f) and this completes the proof. O

If f [5(7) is expansive and has the shadowing property, then, for every € > 0 there is

8 > 0 such that for every x,y € C(f) the set {z,y}! is a singleton. So the above result
ensures the existence of the function

ae,s:Us(A,C(f)) = {(z,9) € C(f) x C(f): d(z,y) < 8} = C(f),
(z,y) ~ {z, y}?.
Further, this function is continuous on compact spaces [6,7].

Hence, from the above lemma we have:

Theorem 2.7. If f is an expansive homeomorphism of a compact space X which has
the shadowing property, then C(f) has a local product structure.

A homeomorphism f is topologically transitive if, for every pair of nonempty open
set U and V, there is an integer n such that f™(U) NV is nonempty. Note that a
homeomorphism f of a compact space X is topologically transitive if and only if there
is a point z in X whose orbit is dense.

Theorem 2.8. Let f be a homeomorphism of a compact space X which has the shad-
owing property and f| o5y be topologically trasitive, then X = 20).

Proof. Suppose that X # S2(f). Since ws(xo) and ay(zy) are contained in §2(f)
for zo € X\£2(f), we have Of (z0) N 2(f) # @ and O (z0) N L2(f) # 0. Let
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g0 = d(zo,2(f)) and § = &(gg) > O be the number with the property of the
shadowing property for f. Then for sufficiently large ng, d(2(f), f™(z)) < & and
d(82(f), f~™(x0)) < ¢ and hence there are points Tp,41,T—no—1 € $2(f) with
d(f™(@0), Tng+1) < & and d(f " (x0), f(Z_ne—1)) < 4. Since f|q(y) is topologically
transitive there is d-pseudo-orbit {Zn,41,21,. .., 2k, Lone—1} Of f from Xpy11 to T_pe—y
in £2(f). So we can obtain a periodic é-pseudo-orbit of f

{yl} = {I—nn—h f_no(:l:())v f_n0+1(zo)a <o 20, f($0)’ ey

fn0_1($0)7 Tno4+1y 215+ -5 Zky Tong—1 }

Since f has the shadowing property there is a y in C(f) C §2(f) eg-shadowing the
pseudo-orbit {y;} with d(y, zo) < €¢. This means d(xo, £2(f)) < £ and this contradicts
the fact that d(xo, 2(f)) =g0. O

3. Homeomorphisms without the shadowing property

In this section we consider homeomorphisms which cannot have the shadowing prop-
erty.

A homeomorphism f: X — X is called positively (negatively) recurrent if ¢ € wy(z)
(z € as(z)) for each z in X. An e-chain from z to y is a finite sequence {zp =
Z,21,...,2n =y} such that d(2;, z;11) < € for each 0 < i < n.

Theorem 3.1. Let f be a homeomorphism of a compact connected metric space X which
is not minimal. If X is not one point, and if f is positively or negatively recurrent, then
f does not have the shadowing property.

Proof. Suppose that f has the shadowing property. Since f is not minimal there is

Yo € X with Of(yo) # X. Let 29 € X\O¢(yo) and d(zo,Of(yo)) = 3¢. Let § = 6(¢)
with 0 < § < & be a number with the property of the shadowing property for f. By
connectedness of X there is a %é—chain {20 = 20, 21,22, ..., Zn1 = Yo} from o to yo.

First, assume that f is positively recurrent. Then, for each z;, z; € wy(z;). So there is
positive integer k(i) such that d(f¥V+1(z,), z;) < 16 for each 0 < i < n+ 1. Thus we
can construct a §-pseudo-orbit by putting

{ai}?io = {Z()a f(20)7 LRI fk(O)(ZO)v Zlaf(zl)v ceey fk(l)(zl)v
27, f(z2)a e ,fk(Z)(Z2)7z3a f(23), ey Zny
f(zn)a ey fk(n)(zn)v Zn+17f(y0)7 fz(y())v f3(y0)a s }

Since f has the shadowing property there is a in X such that d(f*(a),a;) < € for all
12 0. Let K = k(0) + k(1) + - - + k(n) + n. Then

d(a,a0) = d(a,z0) <& and
d(f5*(a), f(w)) <&, i20.
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So we have
+( 2K + Aty PSR
OF (f*(a)) € B(Of (m),¢) C B(OF (w0),€) € B(Os(wo), )
and hence

wela) = wf(fK(a)) C O}L(fK(a)) C B(Of(yo),s).

However, by the positive recurrence of f,a € wy(a) and therefore d(Of(yo),a) < €. So
we have

d(:U(), Of(yo)) < d(xp,a) + d(a, O}_(yo)) < 2e.

Thus contradicting that 3¢ = d(xo, Of(yo)).

Next, assume that f is negatively recurrent. Then for each point z; in the %6—chain
{20, 21, .., Zng1} from 2o to yo, there is negative integer c(7) such that d(f¢()(z,), z;) <
%5. Let us define a sequence {b;} by putting

{bi}?=—oo = { L) fﬁz(y0)7 f_l(yo)v fC(n+])(Zn+l)a fc<n+l)+](zn+])a ey
F7 ) £ (), £ ), 7 (), £ D (20m),
FTI () f TN @), £ (@), FO M (),
f_l(Zl);ZO}~
Obviously, {b;} is a d-pseudo-orbit. So there is a point b in X with d(f*(b),b;) < ¢ for
each i < 0. In particular, we have
d(b,by) = d(b,z0) <€ and
d(fEH®), Flw)) < i<,
where L = ¢(1) + ¢(2) + - - - + ¢(n + 1). Similarly, we can obtain the following fact that

be as(b) € B(O;(o)re).
That is d(O¢(y0),b) < €, so that

d(z0, O (o)) < d(wo,b) + d(b, Of(yo)) < 2.

Hence we can derive the same contradiction, and so completes the proof. O
Now in view of [1], our theorem yields the following,

Corollary 3.2. Let f be a homeomorphism of a compact connected space X which is
not one point. If all orbit closures are minimal sets, then f does not have the shadowing

property.

Corollary 3.3. Let f be a homeomorphism of a compact connected space X which is
not one point. If X = C(f), then f does not have the shadowing property.
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