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Abstract 

In this paper, we study the relationship between the recurrent set and the shadowing property. 
We give a necessary condition for a homeomorphism restricted to its nonwandering set to have 
the shadowing property. Also, we consider a condition for an arbitrary homeomorphism to be 
a nonwandering homeomorphism. Finally, we consider homeomorphisms which cannot have the 
shadowing property. 
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1. Introduction and definitions 

As an attempt to approach some problems of stability theory in dynamical systems, 

homeomorphisms of metric spaces with the shadowing property (also called pseudo- 

orbit-tracing property) are studied together with the related concepts of various recurrent 

properties such as periodicity, recurrence and nonwanderingness. 

We know the problem of which recurrent sets can accept the shadowing property of 

homeomorphisms. This problem was suggested by Morimoto [5], and Aoki [2] proved 

that if f is a homeomorphism with the shadowing property of a compact space, then its 

restriction to its nonwandering set also has the shadowing property. He proved for f the 

existence of the spectral decomposition of Q(f) under the condition Per(f) = Q(f). We 

shall prove that if f is a homeomorphism of a relatively compact space X and fjncf) has 

the shadowing property, then so does fjm (Theorem 2.2). As a corollary of this result 
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we obtain that if f is an expansive homeomorphism of a compact metric space which 

has the shadowing property, then C(f) h as a local product structure (this definition is 

from Shub’s book [7]) (Theorem 2.7). 

It is a good problem to find various conditions for when a homeomorphism is to be a 

nonwandering homeomorphism [3,4,7]. In [4], Hurley claimed that if f is topologically 

stable, X is connected and G’(f) has interior, then C?(f) = X. Moreover, it was shown 

that if f is an expansive homeomorphism of a compact metric space X which has the 

shadowing property and f/~(f) is topologically transitive, then X = n(f) [3]. We extend 

this result to the case of arbitrary homeomorphisms (Theorem 2.8). Finally, we consider 

some homeomorphisms which cannot have the shadowing property (Theorem 3.1). 

Throughout this paper we will assume that X is a metric space with a metric d and 

f : X -+ X is a homeomorphism. For 2 in X, Of(z) = {. . . , f-‘(z), 2, f(z), . . .} and 

Of(Z) = 12, f(X)> PC% 4 is called the f-orbit and positive f-orbit of x, respec- 

tively. Let C(f) and Q(f) be the recurrent set and nonwandering set of f, respectively. 

Recall that 

C(f) = {x E x: z E We n of(z), where wf(z) and of(z) denote the 

positive and negative limit set of z for f, respectively}, 

Q(f) = {z E x: f or every neighborhood U of x and integer no > 0 

there exists an integer rz > no such that f”(U) n U # @}, 

A sequence of points {z~},L~(~,~J (-00 < a < b < co), is called d-pseudo-orbit of 

f if d(f(zi),zi+l) < 6 f or i E (a., b - 1). A pseudo-orbit {zi} is called periodic if 

x - za for some integer n. A sequence {x~}~~(~,~,J is called E-shadowed by x E X if 

d&“(z), xi) < E holds for i E (a, b). We say that f has the shadowing property if for 

every E > 0 there is 6 > 0 such that every &pseudo-orbit of f can be e-shadowed by 

some point 5 E X. 

A homeomorphism f of X is called nonwandering if n(f) = X and is called ex- 

pansive if there exists a number e > 0 such that d(fn(x), f”(y)) < e for all integer 72 

implies J: = y. 

A homeomorphism f is called minimal if orbit of every point in X is dense in X and 

a closed subset M of X which is f-invariant is called a minimal set for f if f IM is 
minimal. 

X is called relatively compact if every closure of bounded subset of X is compact. 

Let B(z, E) denote {y E X: d(z, y) < E} and %? denote the closure of M C X. 

2. Recurrent set and the shadowing property 

First, we give a necessary condition for a homeomorphism restricted to its nonwan- 

dering set to have the shadowing property. For the proof we need the following lemma. 
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Lemma 2.1. Let f be a homeomorphism of a relatively compact space X. If f has 

the shadowing property, then for every E > 0 there is 6 > 0 such that every periodic 

6-pseudo-orbit off can be &-shadowed by some point in C(f). 

Proof. Let E > 0 be given, and let 6 = S(~E) > 0 be the number with the property 

of the shadowing property for f. Let {xi} = {zrc,zi, ,x, = 20) be a periodic 6- 

pseudo-orbit of f. Since f has the shadowing property there is a point y in X such 

that 

d(f”i+qy), Xj) < $6 (*> 

for every integer i and j (0 < j < n). In particular, fni(y) E B(zo, ;E) for every integer 

i and hence we have 

Of%(y) c B(Q, ;e 1. 

Since Of” (y) is compact and invariant for the homeomorphism f n : X + X, it contains 

a minimal set M for f”. Let zo E M. Then we get 

Ofn(.zO) = Wan = crfn(zo) = M. 

Therefore, we have 

zo E Wf n (zo) n Q’f” (zo) c Wf (ZO) n “f (Zo), 

which implies zo E C(f). The lemma will be established if we can show that {xi} is 

&-shadowed by 20. We check this. When zo E Of%(y) we are done. So assume that 

za E wf” (g) and d(fj”(zo), z.jO) > E for some integer ~‘0 (0 < je < n). By the continuity 

of f there is an open set G containing zo such that fjO(G) c X\B(zj,,,&). Since 

zc E wfn(y) it follows that there is a sequence {f n’i (y)} which converges to za for 

some Zi -+ $00. Therefore, there is sufficiently large L in {Zi} satisfying fnL(y) E G 

and d( f nL+jo(y), zj,,) > E. But this contradicts (*). This shows that {xi} is &-shadowed 

by za E C(f) as required. 0 

Theorem 2.2. Let f be a homeomorphism of a relatively compact space X. If f : f2( f) + -- 
0(f) has the shadowing property, then so does f : C(f) + C(f). 

Proof. Let E > 0 be arbitrary and choose Q = a(&_ > 0 as in Lemma 2.1. Let 

0 < 6 < $cz and {~:i}z_~ be any &pseudo-orbit in C(f) of f. We have to find a point 

in C(f) c-shadowing the &pseudo-orbit {xi}. 

Take and fix a positive integer n. Here, we assert the existence of an a-pseudo-orbit 

of f which contains {xi}~=_,. To see this, for each integer 1 (-n < 1 < n), let us 

choose a number PI with 0 < /?l < 6, an integer k(Z) and a point yl E C(f) n B(xl, ,&) 

as follows: 

For 1 = n: 

d(zl, Y) < Pl implies d(f(xl), f (y)) < 6, 

d(f k(L)+‘(YI),xl) <PI, W) > 1. 
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For -n < 1 < n: 

d(xl, y) < PL implies d(f*(xl), f2(y)) < 4 

4f k(o+1 (Yl), Xl) < Pl, k(l) > 2. 

For 1 = -n: 

d(a, Y) < 0~ implies d(f*(a), f*(Y)) < 4 

4f k(L)+l(YL),Q) < PI, k(l) > 2. 

Then we can define a sequence {a;} by putting 

ay+j = x-n+j 7 

n 
ai+j = f’+‘hh>, 

a1 = f(xn-I), 

R. aa+j = fj+2(YTx-I )1 

al = f(xn-2), 

i = -71, 0 6 j < 2n, 

i=n+l, O<j<Ic(n)-1, 

i = n + k(n) + 1, 

i = n + k(n) + 2, 0 < j < Ic(n - 1) - 2, 

i=n+k(n)+Ic(n-1)+1, 

7% 

%+j = fj+2(Y-n+l 1, i = n + rc(n) + k(n - 1) f. ‘. + q-n + 2) + 2, 

0 < j < Ic(-n + 1) - 2, 

a: = f(G), i = n + k(n) + Ic(n - 1) + + k(-n + 1) + 1, 

12 
ai+j = fj+2(Y-7z), i = n + k(n) + . + k(-n + 2) + k(-n + 1) + 2, 

0 < j < Ic(-n) - 2, 

n-- ai -x_,, i = n + k(n) + . . + k(-n) + 1. 

Obviously, the sequence {af}E_,, where K = n+ 1 +x:-T”_, It(Z), defined as above is 

a periodic a-pseudo-orbit of f in R(f) which contains {~:i}~=_~. Since f/n(f) has the 

shadowing property, by the above lemma there is a z, E C(f) with d(fi(zn), a?) < ;E 

for every integer i (-n < i < K). In particular, we have 

d(fi(z,),xi) < ;E, -n < i 6 n. 

Let a subsequence {.znk} of {zn} converge to .z as nk + co. Then z E C(j). Using 

the continuity of f it is easy to see that d(f”(z), xi) < i& < e for all integer i. Thus - - 
f : C(f) -+ C(f) has th e s a h d owing property and this completes the proof. 0 

It is well known that for an expansive homeomorphism f with the shadowing property, 

Per(f) = n(f) holds. 

Corollary 2.3. Let f be a homeomorphism of a compact space X which has the shad- 

owing property Then we have C(f) = n(f). 
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Proof. C(f) c L?(f) is clear. F or every E > 0, let 6 = b(~) > 0 be as in Lemma 2.1. 

Then every 5 E n(f) can be a member of a periodic &pseudo-orbit of f and which is 

&-shadowed by a point in C(f). Thus x E C(f) since E is arbitrary. 

Now, we point out that from Lemma 2.1 and by using a method similar to the one 

used in the proof of the above theorem we can show that the result due to Aoki [2] also 

holds on relatively compact spaces. Here, we will omit the proof of this result. 

Corollary 2.4. If f is a homeomorphism of a relatively compact space X which has the 

shadowing property, then fin(f) also has the shadowing property. 

Remark 2.5. In general, the converse of the above theorem does not hold. For example, 

x = { (2, y) E lR2: x2 + y2 < 1). Define a continuous real flow g : X x R + X on 

X using an autonomous system of differential equations satisfying: the points (0, 1) and 

(0, -1) are fixed for g. For p = (z, y) E S’, let wg(p) = (0, -1) and crs(p) = (0,l) 

if x < 0 and w,(p) = (0,l) and as(p) = (0, -1) if x > 0. The phase portrait of g in 

((2, y) E X: x2 + y2 < 1) is the same as that of the flow defined by the differential 

equations (polar coordinate) 

dr 
- =r(l-T), 

d0 

d0 
-$ = 1. 

Consider a homeomorphism f : X --t X defined by f(x) = g(x, 1). For this homeomor- 

phism f, we have Q(f) = S’ U { (O,O)} and C(f) = { (O,O), (0, l), (0, - 1)). Obviously, __- 
f : Q(f) + L?(f) does not have the shadowing property though f : C(f) + C(f) has 

the shadowing property. 

For z E X, let W:(x), W:(x) be the local stable set and local unstable set for x 

defined by 

W:(x) = {y E X: d(fi(x), fi(y)) < E for all integer i 3 0}, 

W:(x) = {y E X: d(fi(x), fi(y)) < s for all integer i < O}. 

For sufficiently small E, 6 > 0 and x, y E X with d(x, y) < 6, let us define {x, y}: by 

{z,y}i = {z E x: z E W,s(a) n W,“(y)}. 

Note that if f has the shadowing property, then for every E > 0 there is 6 > 0 such that 

{z, g}f is nonempty. 

Lemma 2.6. Let f be a homeomorphism of a relatively compact space X which has the 

shadowing property. Then, for every E > 0 there is 6 > 0 such thatfor every x, y E C(f), 

we have (5, y}: n C(f) # 8. 

Proof. Let E > 0 be given and 6’ = 6’(;~) > 0 be a number with the property of the 

shadowing property for f. Let 0 < 6 < ib’ and d(z, y) < S, x, y E C(f ). 
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For each integer n > 0, we can choose points 

2% E B(G $6) r- C(f), Y7L E B(Y, $6) n c(f) 

and integers k(n) > n, Z(n) < -n satisfying that 

Qi(4fi(GJ) < $, d(f-TyWi(Yn)) < +, O<iin, (1) 

and 

d(fk(n)(GJ,%) < $6, d(P(y,), y,) < $5. (2) 

(1) and (2) ensure the existence of the periodic b-pseodo-orbit of f in C(f) defined by 

{a&J& = {f9Yln), f@)+‘(Yln), . , fP(YrJ> 

G&i f(G)> f2(%), . . , P+‘(GJ, fl(n)(YV,)}. 

Applying Lemma 2.1, we can find Z~ E C(f) E/3-shadowing {ui}. Further, a straight- 

forward calculation yields 

d(f%n), P(4) < E, d(f%), ?(Y)) < E, O<i<n. 

Let a subsequence {znk } of {zn} converge to z as nk --t 00. Then z E C(f) and 

Q%), P(4) G E, d(P(4, P(Y)) G E 

for every nonnegative integer i. So, z E {z, y},bnC(f) and this completes the proof. 0 

If f[m is expansive and has the shadowing property, then, for every E > 0 there is 

6 > 0 such that for every z, Y E C(f) th e set {z:, y},” is a singleton. So the above result 

ensures the existence of the function 
- - 

a,,6 : u6 (4 C(f)) = {(xc, Y) E C(f) x C(S): d(~> Y) < S} -+ C(f), 

(xc, Y) --+ IX> YE 

Further, this function is continuous on compact spaces [6,7]. 

Hence, from the above lemma we have: 

Theorem 2.7. If f is an expansive homeomorphism of a compact space X which has 

the shadowing property, then C(f) has a local product structure. 

A homeomorphism f is topologically transitive if, for every pair of nonempty open 

set U and V, there is an integer n such that f”(U) n V is nonempty. Note that a 

homeomorphism f of a compact space X is topologically transitive if and only if there 

is a point z in X whose orbit is dense. 

Theorem 2.8. Let f be a homeomorphism of a compact space X which has the shad- 

owing property and f In(f) be topologically trasitive, then X = L?(f). 

Proof. Suppose that X # 0(f). S ince We and off are contained in Q(f) 

for 50 E x\Q(f), we have of(~) n Q(f) # 0 and Os(zo) n O(f) # 0. Let 
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&o = d(sa, 6’(f)) and 6 = 6(&a) > 0 be the number with the property of the 

shadowing property for f. Then for sufficiently large no, d(6)(f), fnO(zc)) < S and 

d(Q(f), V”(ZO)) < 6 and hence there are points znO+t, x-,,_I E n(f) with 

d(fnc’(zo),xCno+~) < 6 and ~(f-““(~o),~(~_,,_I)) < 6. Since fin(f) is topologically 

transitive there is &pseudo-orbit {~,~+i, ~1,. . , Zk, CL,,_~} of f from z,,+r to z_,~_-] 

in n(f). So we can obtain a periodic &pseudo-orbit of f 

{Yyi) = {x-no--l, f-no(xO), f-nO+‘(ZO)r ‘. . ,x0, f(zo), . ‘. , 

fn”-‘(20), %+I, 21 I. . , zk, =q-l 1. 

Since f has the shadowing property there is a y in C(f) c L?(f) &a-shadowing the 

pseudo-orbit {yi} with d(y, za) < ~0. This means d(za, Q(f)) < EC, and this contradicts 

the fact that d(za, n(f)) = ea. q 

3. Homeomorphisms without the shadowing property 

In this section we consider homeomorphisms which cannot have the shadowing prop- 

erty. 

A homeomorphism f : X + X is called positively (negatively) recurrent if II: E We 

(x E of(z)) for each x in X. An E-chain from 5 to y is a finite sequence {za = 

Ic,zt,...,z,=y } such that d(zi, zi+t) < E for each 0 < i < n. 

Theorem 3.1. Let f be a homeomorphism of a compact connected metric space X which 

is not minimal. If X is not one point, and if f is positively or negatively recurrent, then 

f does not have the shadowing property. 

Proof. Suppose that f has the shadowing property. Since f is not minimal there is 

yo E X with Of(yo) # X. Let xo E X\O,(yo) and d(zu,Of(ya)) = 3~. Let b = b(~) 
with 0 < b < E be a number with the property of the shadowing property for f. By 

connectedness of X there is a $&chain {za = 20, ZI, 22,. . , z,+i = ya} from 20 to yo. 

First, assume that f is positively recurrent. Then, for each zi, zi E wf(zi). So there is 

positive integer k(i) such that d( f Ic(‘)+’ (zi), zz) < $6 for each 0 < i 6 n + 1. Thus we 

can construct a S-pseudo-orbit by putting 

{oi)Eo = {ZO>f(~O), . . . ,fk’o’(~O),~lif(~l), . . . ,fk%), 

zz,f(zz),...,f (Z2),%f(Z3),... 
‘42) 

,Z,, 

f (4,. . . , fk(n)(&), &+I, f (Y0),f2(Y0),f3(YO/0),'. . }. 

Since f has the shadowing property there is a in X such that d( f ‘(a), ai) < E for all 

i 3 0. Let K = k(O) + k(1) + . . . + k(n) + n. Then 

d(a,ao) = d(a,zo) < E and 

d(fK+i(a), fi(y0)) < E, i 3 0. 
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So we have 

0; V(4) c B(Of k/O)> 4 c B(Of+(Yo), &> C qOf(Yo), E) 

and hence 

wf(4 = Wf(f-%)) c Of’(f%)) c ~(0,(!/0)>&). 

However, by the positive recurrence of f, a E wf (a) and therefore d(O/(ya), a) < e. So 

we have 

d(zo, O,(YO)) < d( 20, a) + d(a, Of(Y0)) < 2E. 

Thus contradicting that 3~ = d(za, O,(yo)). 

Next, assume that f is negatively recurrent. Then for each point zi in the id-chain 

{zo, Zl , . . . , &+I} from rcg to yo, there is negative integer c(i) such that d(fcci)(zi), ,zi.) < 

is. Let us define a sequence {bi} by putting 

{b$-, = {. . J-%/o), f-‘(~~),f~(~+‘)(~,+,),f~(~+‘)+‘(~,+,), . . , 

fP(&+,), F(Z,), fc(n)+‘(Z7J,. , f-‘(h), p-‘)(Z,-,), 

f +-‘)+‘(&_,), ,f-‘(Z*),fC(‘)(Z,),fC(‘)+‘(Zl), , 

f_‘(Zl), zo}. 

Obviously, {bi} IS a &pseudo-orbit. So there is a point b in X with d(fi(b), bi) < E for 

each i < 0. In particular, we have 

d(b, bo) = d(b, zo) < E and 

d(fLfi(b), ?(yo)) < E, i < - 1, 

where L = c( 1) + c(2) + . . + c(n) + 1). Similarly, we can obtain the following fact that 

b E of(b) c B(OJ(GJO),+ 

That is d(Of (yo), b) < E, so that 

d(zo, WYO)) < 4x0, b) + d(b, Q(Yo)) < 2~. 

Hence we can derive the same contradiction, and so completes the proof. •I 

Now in view of [l], our theorem yields the following. 

Corollary 3.2. Let f be a homeomorphism of a compact connected space X which is 

not one point. If all orbit closures are minimal sets, then f does not have the shadowing 

property. 

Corollary 3.3. Let f be a homeomorphism of a compact connected space X which is 

not one point. If X = C(f), then f d oes not have the shadowing property. 
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