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Abstract

Let G be a finite solvable group andχ ∈ Irr(G) be a faithful character. We show that the deriv
length ofG is bounded by a linear function of the number of distinct irreducible constituents oχχ .
We also discuss other properties of the decomposition ofχχ into its irreducible constituents.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Let G be a finite group. Denote by Irr(G) the set of irreducible complex characte
of G. Let 1G be the principal character ofG. Denote by[Θ,Φ] the inner product of the
charactersΘ andΦ of G. Through this work, we will use the notation of [1].

Let χ ∈ Irr(G). Defineχ(g) to be the complex conjugateχ(g) of χ(g) for all g ∈ G.
Thenχ is also an irreducible complex character ofG. Since the product of characters is
character,χχ is a character ofG. So it can be expressed as an integral linear combina
of irreducible characters. Now observe that

[
χχ,1G

]= [χ,χ] = 1,

where the last equality holds sinceχ ∈ Irr(G). Assume now thatχ(1) > 1. Then the
decomposition of the characterχχ into its distinct irreducible constituents 1G, α1,
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α2, . . . , αn has the form

χχ = 1G +
n∑
i=1

aiαi, (1.1)

wheren > 0 andai > 0 is the multiplicity ofαi .
Set η(χ) = n, so that η(χ) is the number of distinct non-principal irreducib

constituents ofχχ . The numberη(χ) carries information about the structure of the gro
For example, ifη(χ) is an odd number, then the order of the group has to be an
number. To see this, notice thatχχ is a real character. Whenη(χ) is odd, at least one o
the irreducible charactersαi has to be real. ThenG has a non-principal irreducible re
character. So the order ofG has to be even.

The purpose of this work is to give some answers to the following questions:

Question 1. Assume that we knowη(χ) for someχ ∈ Irr(G). What can we say about th
structure of the groupG and about the characterχ?

Question 2. Knowing the set{ai | i = 1, . . . , η(χ)}, what can we say about the groupG?

Denote by dl(G) the derived length of the groupG. The main results of this wor
regarding the first question are the following

Theorem A. There exist constantsC andD such that for any finite solvable groupG and
any irreducible characterχ

dl
(
G/Ker(χ)

)
� Cη(χ)+D.

Theorem B. LetG be a finite solvable group andχ ∈ Irr(G). Thenχ(1) has at mostη(χ)
distinct prime divisors.

If, in addition,G is supersolvable andχ(1) > 1, thenχ(1) is a product of at mos
η(χ)− 1 primes.

The main result of this work regarding the second question is

Theorem C. Assume thatG is a finite solvable group andχ ∈ Irr(G) with χ(1) > 1. Let
{αi ∈ Irr(G)# | i = 1, . . . , n} be the set of non-principal irreducible constituents ofχχ . If
Ker(αj ) is maximal under inclusion among the subgroupsKer(αi) for i = 1, . . . , n, ofG,
then[χχ,αj ] = 1. Thus1 ∈ {[χχ,αi ] | i = 1, . . . , n}.
Notation. SetV # = V \ {0} and Irr(G)# = Irr(G) \ {1G}.

2. Preliminaries

Definition 2.1. Let V be a finiteFG-module for some finite fieldF. Thenm(G,V ) is the
number of distinct sizes of orbits ofG onV #.
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Lemma 2.2 (Keller). There exist universal constantsC1 andC2 such that for any finite
solvable groupG acting faithfully and irreducibly on a finite vector spaceV we have

dl(G)� C1 log
(
m(G,V )

)+C2.

Proof. See [2]. ✷
Definition 2.3. We define the function

h(n)= C1 log(n)+C2,

whereC1 andC2 are as in Lemma 2.2.

3. The function η(χ)

Given a finite groupG and a characterχ ∈ Irr(G), we defineη(χ) as the number o
non-principal irreducible constituents of the productχχ . We give examples showing th
there is no relation between induction of characters andη.

Example 3.1. If χ = θG is induced from someθ ∈ Irr(H), whereH � G, then we need
not haveη(χ)� η(θ).

Proof. LetE be an extra-special group of exponentp and orderp3 for some odd primep.
Let a ∈ Aut(E) be an element of prime orderq that dividesp−1. Assume thata acts fixed
point free onE.

SetG = 〈a〉E. Let θ ∈ Irr(E) be a non-linear character. Sincea acts fixed point free
we have thatθG = χ ∈ Irr(G).

Observe thatG hasq linear characters, namely the irreducible characters ofG/E.
Also G has(p2 − 1)/q irreducible characters of degreeq , the characters that are induc
from linear non-principal characters ofE. And finally there are(p− 1)/q irreducible
characters of degreepq . We conclude thatG hasq + (p2 − 1)/q + (p− 1)/q distinct
irreducible characters. Thusη(χ)� q − 1+ (p2 − 1)/q + (p − 1)/q.

We can check that

q − 1+ p2 − 1

q
+ p − 1

q
< p2 − 1.

Observe thatθθ = (1Z(E))
E . Thusη(θ)= p2 − 1> η(χ). ✷

Example 3.2. If χ = θG is induced from someθ ∈ Irr(H), whereH � G, then we need
not haveη(χ)� η(θ).

Proof. LetG be an extra-special group. Letχ ∈ Irr(G) be a non-linear character. Letθ be
a linear character of some subgroupH of G such thatχ = θG. Thenη(χ) > η(θ)= 0. ✷
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4. Proof of Theorem C

Let G be a finite group andχ ∈ Irr(G). Consider the expression (1.1) forχχ . We will
see in this section that ifG is solvable, then 1∈ {ai}. That may not be true in general. F
example, considerA6, the alternating group on 6 letters, andχ5 ∈ Irr(A6) with χ5(1)= 10.
Using the notation of p. 289 of [1], we can check that

χ5χ5 = χ1 + 2χ2 + 2χ3 + 3χ4 + 2χ5 + 2χ6 + 2χ7.

Thus{ai} = {2,3}.
Lemma 4.1. Let L andN be normal subgroups ofG such thatL/N is an abelian chief
factor ofG. Letθ ∈ Irr(L) be aG-invariant character. Then the restrictionθN is reducible
if and only if

θ(g)= 0 for all g ∈L \N. (4.2)

Also if θN is reducible, then

θθ = (1N)L +Φ, (4.3)

whereΦ is either the zero function or a character ofL, and[ΦN,1N ] = 0.

Proof. Let ϕ ∈ Irr(N) be a character such that[ϕ, θN ] = 0. If θN is reducible, by Theo
rem 6.18 of [1] we have that eitherθN = eϕ, wheree2 = |L : N |, or θ = ϕL. If θN = eϕ,
wheree2 = |L : N |, by Exercise 6.3 of [1] we have thatθ vanishes onL \N . If θ = ϕL,
sinceN is a normal subgroup ofL we have thatθ(g) = 0 for all g ∈ L \ N . Thus (4.2)
holds.

Now assume that (4.2) holds. Then

[θN, θN ] = 1

|N |
∑
g∈N

θ(g)θ(g)

= 1

|N |
∑
g∈L

θ(g)θ(g) by (4.2)

= 1

|N | |L|[θ, θ ] = |L|
|N | ,

where the last equality holds sinceθ ∈ Irr(L). Because|L|/|N |> 1, it follows thatθN is a
reducible character.

For anyγ ∈ Irr(L/N) we have that

[θθ, γ ] = [θ, θγ ]
= 1

|L|
∑

θ(g)θ(g)γ (g)
g∈L
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|L|
[ ∑
g∈L\N

θ(g)θ(g)γ (g)+
∑
g∈N

θ(g)θ(g)γ (g)

]

= 1

|L|
[ ∑
g∈L\N

θ(g)θ(g)+
∑
g∈N

θ(g)θ(g)γ (g)

]
by (4.2)

= 1

|L|
[ ∑
g∈L\N

θ(g)θ(g)+
∑
g∈N

θ(g)θ(g)

]
since Ker(γ )�N andγ (1)= 1

= [θ, θ ] = 1.

Thus (4.3) follows. ✷
Lemma 4.4. Let G be a finite solvable group andχ ∈ Irr(G). Let {αi | i = 1, . . . , η(χ)}
be the set of non-principal irreducible constituents of the productχχ . LetN be a normal
subgroup ofG. ThenχN ∈ Irr(N) if and only ifN � Ker(αi) for i = 1, . . . , η(χ).

Proof. Observe that

[χN,χN ] = [
χNχN,1N

]
=
[(

1G +
n∑
i=1

aiαi

)
N

,1N

]
by (1.1)

=
[

1N +
n∑
i=1

ai(αi)N ,1N

]

= [1N,1N ] +
n∑
i=1

ai
[
(αi)N ,1N

]

= 1+
n∑
i=1

ai
[
(αi)N ,1N

]
.

Thus[χN,χN ] = 1 if and only if
∑n

i=1 ai[(αi)N ,1N ] = 0. Sinceai > 0 for i = 1, . . . , n,
we have[χN,χN ] = 1 if and only if [(αi)N ,1N ] = 0 for all i. Since[(αi)N ,1N ] = 0 if and
only if N � Ker(αi), the result follows. ✷
Proof of Theorem C. SetN = Ker(αj ). LetL be a normal subgroup ofG such thatL/N
is a chief factor ofG. SinceN = Ker(αj ) � Ker(αi) for i = 1, . . . , n, we haveL � Ker(αi)
for i = 1, . . . , n. By Lemma 4.4 we have thatχL ∈ Irr(L). Setθ = χL. SinceN = Ker(αj ),
we have that[(αj )N ,1N ] = αj (1). Thus

[χN,χN ] = [(
χχ
)
,1N

]
� 1+ ajαj (1) > 1.
N
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ThereforeχN is reducible. By Lemma 4.1 we have that(
χχ
)
L

= θθ = 1LN +Φ, (4.5)

whereΦ is either the zero function or a character ofL and[ΦN,1N ] = 0. Also, by (1.1)
we have that

(
χχ
)
L

= 1L +
n∑
i=1

ai(αi)L.

Let γ ∈ Irr(L/Ker(αj )) be such that[(αj )L, γ ] = 0. Then

0< aj
[
(αj )L, γ

]= [
(ajαj )L, γ

]
�
[(
χχ
)
L
,γ
]= 1,

where the last equality follows from (4.5). Thereforeaj = 1.
Since there is somej ∈ {1, . . . , n} such that Ker(αj ) is maximal among the Ker(αi) for

all i, the last part of Theorem C follows from that.✷

5. Proof of Theorem B

Lemma 5.1. AssumeG is a finite group andχ ∈ Irr(G) is a faithful character. Le
{αi ∈ Irr(G)# | i = 1, . . . , n} be the set of non-principal irreducible constituents ofχχ .
Then

Z(G)=
n⋂
i=1

Ker(αi).

Proof. By Lemma 2.21 of [1],

Ker
(
χχ
)= Ker(1G)

n⋂
i=1

Ker(αi)=
n⋂
i=1

Ker(αi).

Since(χχ)(g) = χ2(1) if and only if g ∈ Z(χ), it follows that Ker(χχ)= Z(G), and the
result follows. ✷
Definition 5.2. LetG be a group andL be a subgroup ofG. We say that

(N, θ)� (L,φ)

if N � L, φ ∈ Irr(L), θ ∈ Irr(N) and[φN, θ ] = 0. We say that

(N, θ) < (L,φ)

if N <L, φ ∈ Irr(L), θ ∈ Irr(N) and[φN, θ ] = 0.
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LetX be a family of normal subgroups ofG with G ∈X. We say that a chain

(N0, θ0) > (N1, θ1) > (N2, θ2) > · · ·> (Nk, θk),

whereN0 =G andχ = θ0, is an(X,χ)-reducing chainif Ni ∈X and(θi)Ni+1 is reducible
for i = 0, . . . , k.

We say that the above chain is amaximal(X,χ)-reducing chainif it is a (X,χ)-reduc-
ing chain with the following two properties:

(i) For anyi with 0< i � k, the groupNi is a maximal subgroup in the set

{
M ∈X |M �Ni−1 and(θi−1)M is reducible

}
.

(ii) For anyM ∈X such thatM <Nk , the restriction(θk)M is irreducible.

Remark. Given a familyX of normal subgroups ofG with G ∈ X and givenχ ∈ Irr(G),
there is always an(X,χ)-reducing chain, and a maximal(X,χ)-reducing chain. In fac
(G,χ) is already an(X,χ)-reducing chain. We find a maximal reducing(X,χ) chain by
induction. We start with(N0, θ0) = (G,χ). If (θ0)M is irreducible for anyM ∈ X, then
(N0, θ0) is our maximal(X,χ)-reducing chain. Assume we have found(Ni−1, θi−1) for
some integeri � 1. If the set

{
M ∈X |M �Ni−1 and(θi−1)M is reducible

}
is non-empty, we chooseNi to be any maximal element in this set, andθi to be any
character in Irr(Ni) such that[(θi−1)Ni , θi] > 0. Otherwise we stop our chain withk =
i − 1.

Hypotheses 5.3. AssumeG is a finite solvable group andχ ∈ Irr(G) is a faithful character.
Setn = η(χ). Let {αi ∈ Irr(G)# | i = 1, . . . , n} be the set of non-principal irreducibl
constituents ofχχ . Set

Ω =
{⋂
i∈S

Ker(αi) | S ⊆ {1,2, . . . , n}
}
, (5.4)

where
⋂

i∈S Ker(αi) is taken to beG whenS is empty.
Let

(G,χ)= (N0, θ0) > (N1, θ1) > · · ·> (Nk, θk)

be a maximal(Ω,χ)-reducing chain.

Lemma 5.5. Assume Hypotheses5.3. Then the maximal(Ω,χ)-reducing chain has the
following properties:
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(a) For any integeri = 1,2, . . . , k and any normal subgroupM ofG such thatNi <M �
Ni−1 we have that

(θi−1)M ∈ Irr(M). (5.6)

(b) Nk is abelian.
(c) k � n.
(d) If, in addition,G is supersolvable, thenk � n− 1.

Proof. (a) If M ∈ Ω , then(θi−1)M has to be irreducible. OtherwiseNi is not a maximal
element inΩ such that(θi−1)Ni reduces, a contradiction with property (i) in Definition 5

So we may assume thatM is not an element ofΩ . LetL be minimal among all elemen
K ∈Ω such thatM �K �Ni−1. By property (i) in Definition 5.2 we have that

φ = (θi−1)L ∈ Irr(L).

Observe that

1 = [φ,φ] = [
φφ,1L

]
�
[(
φφ
)
M
,1M

]= [φM,φM ], (5.7)

where equality holds if and only ifφM ∈ Irr(M).
Recall that[χNi−1, θi−1] = 0. Thus[χL,φ] = 0. Let T be the stabilizer ofφ in G and

Y be a set of coset representatives ofT in G. Thus if g,h ∈ Y andg = h, we have tha
φg = φh and therefore[φg,φh] = 0. By Clifford Theory we have thatχL = e

∑
g∈Y φg for

some integere > 0. Thus

[(
χχ
)
L
,1L

]= [χL,χL] =
[
e
∑
g∈Y

φg, e
∑
g∈Y

φg
]

= e2
∑
g∈Y

[
φg,φg

]
. (5.8)

SinceχM = (χL)M , we have that

[(
χχ
)
M
,1M

]= [χM,χM ] = e2
[∑
g∈Y

(
φg
)
M
,
∑
g∈Y

(
φg
)
M

]
. (5.9)

If φM /∈ Irr(M), then (5.7), (5.8) and (5.9) imply that

[(
χχ
)
L
,1L

]
<
[(
χχ
)
M
,1M

]
. (5.10)

By (1.1) and (5.10) there exists someαj such that Ker(αj ) � M but Ker(αj ) � L.
ThereforeL∩ Ker(αj ) is a proper subset ofL, containsM and lies inΩ . This contradicts
our choice ofL. Thus(θi−1)M = φM ∈ Irr(M).

(b) By Lemma 5.1 we have thatZ(G)⊆M for anyM ∈Ω . Thus(θk)Z(G) is irreducible
by property (ii) in Definition 5.2. That implies thatθk ∈ Irr(Nk) is a linear character. Sinc
Nk is normal inG and[χNk , θk] = 0, all the irreducible components ofχNk are linear. By
hypothesisχ ∈ Irr(G) is a faithful character. ThereforeNk must be abelian.
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(c) This follows from the definition ofΩ and the fact that the set{Ker(αj )} has at mos
n elements.

(d) Suppose thatNk = Z(G). LetL/Nk be a chief factor ofG with L�Nk−1. SinceG
is supersolvable,L/Nk is cyclic of prime order. Observe thatL is abelian because it ha
a central subgroupNk with a cyclic factor groupL/Nk . So θk extends toL. By (a) we
have that(θk−1)L ∈ Irr(L). Thus(θk−1)Nk = θk. That can not be by Definition 5.2(i). W
conclude thatNk = Z(G).

Since Nk = Z(G) = ⋂n
i=1 Ker(αi) and {Ker(αi) | i = 1,2, . . . , n} has at mostn

elements, we must have thatk � n− 1. ✷
Theorem B is an application of Lemma 5.5.

Proof of Theorem B. Working with the groupG/Ker(χ), by induction on the order ofG
we can assume that Ker(χ)= 1. Let

(G,χ)= (N0, θ0) > (N1, θ1) > · · ·> (Nk, θk)

be a maximal(Ω,χ)-reducing chain. For eachi = 1,2, . . . , k, letLi be a normal subgrou
of G such thatLi/Ni is a chief factor ofG andLi �Ni−1.

By Lemma 5.5 we have that(θi−1)Li ∈ Irr(Li). SinceLi/Ni is an elementary abelia
pi -group for some primepi , we have

θi−1(1)= θi(1)p
mi

i

for some integermi � 1. Here mi = 1 in the case thatG is supersolvable. By
Lemma 5.5(b), we have thatθk(1) = 1. By Lemma 5.5(c),k � n. We conclude thatχ(1)
has at mostk � n distinct prime divisors.

If G is supersolvable, by Lemma 5.5(d) we havek � n−1. Thusχ(1) has at mostn−1
prime divisors. ✷

6. Proof of Theorem A

Hypotheses 6.1. Assume Hypotheses5.3. For eachi, let Li/Ni be a chief factor ofG
whereLi �Ni−1.

Lemma 6.2. Assume Hypotheses6.1. There exists a subgroupU of Li and a character
φ ∈ Irr(U), such that

(Ni, θi)� (U,φ) < (Li,ψ). (6.3)

Proof. Suppose that the lemma is false. Then for anyU andφ ∈ Irr(U) such that (6.3)
holds, we have that(Li)φ = Li . Choose a chain

(Ni, θi)= (Us,φs) < · · ·< (U1, φ1) < (U0, φ0)= (Li,ψ)



314 E. Adan-Bante / Journal of Algebra 266 (2003) 305–319

e

e

oup

t

such that|Uj−1 : Uj | is a prime number for allj = 1,2, . . . , s. We can do that sinc
Li/Ni is an elementary abelian group. Since(Li)φj = Li for all j = 1,2, . . . , s, we have
(Uj−1)φj = Uj−1. Since|Uj−1 : Uj | is a prime number, it follows that(φj−1)Uj = φj for
j = 1, . . . , s. But then(θi−1)Ni ∈ Irr(Ni), a contradiction with Definition 5.2(i). Therefor
there existU <Li and a characterφ ∈ Irr(U) such that (6.3) holds and(Li)φ = Li .

SinceNi � (Li)φ < Li , andLi/Ni is an elementary abelian subgroup, the subgr
(Li)φ is normal inLi . By Clifford Theory ψ is induced from some characterψφ ∈
Irr((Li)φ). Since (Li)φ is normal inLi , and (ψφ)

Li = ψ , we haveψ(g) = 0 for any
g ∈Li \ (Li)φ . ✷
Lemma 6.4. Assume Hypotheses6.1. Let ri = |{αj |Ni � Ker(αj ) andNi−1 � Ker(αj )}|.
Then we have

dl
(
Ni−1/CNi−1(Li/Ni)

)
� h(ri),

whereh is as in Definition2.3.

Proof. By Lemma 5.5(a), we have that

ψ = (θi−1)Li ∈ Irr(Li). (6.5)

Let V (ψ) be the “vanishing-off subgroup ofψ” (see p. 200 of [1]), the smalles
subgroupV (ψ) of Li such thatψ vanishes onLi \ V (ψ). Sinceψ = (θi−1)Li and
θi−1 ∈ Irr(Ni−1), the subgroupV (ψ) is Ni−1-invariant. ThereforeNiV (ψ) is a normal
subgroup ofNi−1. LetU andφ ∈ Irr(U) be as in Lemma 6.2. Observe thatV (ψ) � (Li)φ
since for allg ∈ Li \ (Li)φ we have thatψ(g) = 0. Also observe thatNi � (Li)φ . Thus
NiV (ψ)� (Li)φ . ThereforeNiV (ψ) is a proper subgroup ofLi .

LetM be a subgroup such thatNiV (ψ)�M <Li andLi/M is a chief factor ofNi−1.
So we have the following relations:

Ni �NiV (ψ)�M <Li �Ni−1.

SinceLi is a normal subgroup ofG, the quotientLi/M
g is also a chief factor ofNi−1, for

anyg ∈G. Hence for anyg ∈G

MMg =M or MMg = Li. (6.6)

Lemma 4.1 gives us that

ψψ = 1Li

M +Φ,

whereΦ is either 0 or a character ofLi . Since[(χ)Li ,ψ] = 0, this implies that

(
χχ
) = 1Li +Θ,

Li M
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whereΘ is either 0 or a character ofLi . This and (1.1) imply that

1Li +
n∑

j=1

aj (αj )Li = 1Li

M +Θ.

Thus

Irr(Li/M)# =
n⋃

j=1

{
γ ∈ Irr(Li/M)# | [(αj )Li , γ

] = 0
}
.

Let X = {αj |[(αj )Li , γ ] = 0 for someγ ∈ Irr(Li/M)#}. Observe thatX is a subset of the
set

{
αj |Ni � Ker(αj ) andNi−1 � Ker(αj )

}
.

Thus

|X| � ri . (6.7)

Let γ, δ ∈ Irr(Li/M)#. Suppose thatγ andδ lie below the sameαj ∈X, i.e.,[(αj )Li , γ ] =
0 and[(αj )Li , δ] = 0 for somej = 1, . . . , n. SinceLi is a normal subgroup ofG and
αj ∈ Irr(G), by Clifford Theory there existsg ∈G such thatγ g = δ. By definition we have
thatM � Ker(δ). Observe that

Mg �
(
Ker(γ )

)g = Ker
(
γ g
)
.

Sinceγ g = δ, we haveMMg � Ker(δ). By (6.6) we have thatMg =M, i.e.,g ∈NG(M).
We conclude thatγ andδ lie below the sameαj if and only if γ g = δ for someg ∈NG(M),
i.e., the set{γ ∈ Irr(Li/M)# | [(αj )L, γ ] = 0} is an NG(M)-orbit in Irr(Li/M)#. Set
H = NG(M). EachH -orbit in Irr(Li/M)# lies under at least one characterαj in X, and
any eachαj lies over a singleH -orbit Irr(Li/M). HenceH acts on Irr(Li/M)# with at
most |X| orbits. By (6.7) we conclude thatH acts on Irr(Li/M)# with at mostri orbits.
By Lemma 2.2 we have that

dl
(
H/CH(Li/M)

)
� h(ri).

SinceNi−1 �H =NG(M) andCH (Li/M)∩Ni−1 = CNi−1(Li/M), we have

dl
(
Ni−1/CNi−1(Li/M)

)
� h(ri).

For anyg ∈G, we can check that

(G,χ)= (
N0, (θ0)

g
)
>
(
N1, (θ1)

g
)
> · · ·> (Nk, (θk)

g
)
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is a maximal(G,Ω)-reducing chain. Thus, as before we can conclude that

dl
(
Ni−1/CNi−1

(
Li/M

g
))

� h(ri). (6.8)

SinceLi/Ni is a chief factor ofG andNi �M <Li , we have that

coreG(M)=
⋂
g∈G

Mg =Ni.

Therefore

⋂
g∈G

CNi−1

(
Li/M

g
)= CNi−1(Li/Ni). (6.9)

Observe that the lemma follows from (6.8) and (6.9).✷
Lemma 6.10. Assume Hypotheses5.3.

dl(Ni−1/Ni)� dl
(
Ni−1/CNi−1(Li/Ni)

)+ 1.

Proof. SetC = CNi−1(Li/Ni). Observe thatLi � C and thatC is a normal subgroup ofG.
We want to prove thatC/Ni is abelian. We may assume thatC > Li . Observe that ifU
is a group andNi � U � Li , thenU is normal inC. By Lemma 6.2, there existU and
φ ∈ Irr(U), where

(Ni, θi)� (U,φ) < (Li,ψ) (6.11)

and (Li)φ < Li . In particular we have thatCφ = C. Since(θi−1)Li = ψ ∈ Irr(Li) and
U <Li � C �Ni−1, we have that(θi−1)C ∈ Irr(C) and(θi−1)C lies aboveφ. By Clifford
Theory, there existsζ ∈ Irr(Cφ) such thatζC = (θi−1)C . Since(ζC)Li ∈ Irr(Li), we have
thatC = CφLi (see Exercise 5.7 of [1]). Observe thatCφ is normal inC sinceLi/Ni is
central inC = CNi−1(Li/Ni). SinceLi/Ni is abelian, so isC/Cφ . SinceC is normal inG,
for anyg ∈G we have thatC/Cg

φ is abelian.
Since(θi−1)C ∈ Irr(C), while [(θi−1)U ,φ] = 0 and(Li)φ < Li , we have that(θi−1)Cφ

is a reducible character. SetP =⋂
g∈GC

g
φ . Observe thatP is a normal subgroup ofGwith

Ni � P < Ni−1. Observe also that(θi−1)P is reducible sinceP � Cφ . By Lemma 5.5(a)
we have thatP =Ni . ThereforeC/Ni is abelian and the lemma follows.✷
Lemma 6.12. Assume Hypotheses6.1. Then

dl(Ni−1/Ni)� h(ri)+ 1.

Proof. It follows from Lemmas 6.4 and 6.10✷
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Lemma 6.13. Letn > 1 be an integer. SetN = {1,2, . . .}. Define

p(n)= max{n1 · n2 · · · · · ns | n1, n2, . . . , ns ∈ N andn1 + n2 + · · · + ns = n}. (6.14)

Then

p(n+ 1)� 2p(n).

Therefore

p(n)� 2n−1. (6.15)

Proof. Observe thatn � p(n) since we can takes = 1 and n1 = n in (6.14). Thus
if p(n + 1) = m1 · m2 · · · · · mt , wherem1,m2, . . . ,mt are non-zero positive intege
andm1 + m2 + · · · + mt = n + 1, thenmi > 1 for somei ∈ {1, . . . , t}. Assume tha
m1 � 2. Thenm1 − 1 � 1, (m1 − 1) + m2 + · · · + mt = n. By definition we have tha
(m1 − 1) ·m2 · · · · ·mt � p(n). Thus

p(n+ 1) = m1 ·m2 · · · · ·mt

= (m1 − 1) ·m2 · · · · ·mt + 1 ·m2 · · · · ·mt

� p(n)+ 1 ·m2 · · · · ·mt

� p(n)+ (m1 − 1) ·m2 · · · · ·mt

� p(n)+p(n) = 2p(n).

Sincep(2)= 2, inequality (6.15) follows. ✷
Proof of Theorem A. Working with the groupG/Ker(χ), by induction on the order ofG
we can assume that Ker(χ)= 1. So we may assume Hypotheses 5.3. Let

(G,χ)= (N0, θ0) > (N1, θ1) > · · ·> (Nk, θk)

be a maximal(Ω,χ)-reducing chain. Setn = η(χ). By Lemma 5.5(b) and (c), we hav
thatNk is abelian andk � n. By Lemma 6.12, we have that, fori = 1, . . . , k,

dl(Ni−1/Ni)� h(ri)+ 1,

where ri = |{αj | Ni � Ker(αj ) and Ni−1 � Ker(αj )}|. The definition of a maxima
reducing chain and the definition ofri implies that

r1 + r2 + · · · + rk � n. (6.16)
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By Lemma 6.13 we have that

k∏
i=1

ri � 2n−1.

Thus

dl(G)�
k∑

i=1

dl(Ni−1/Ni)+ dl(Nk)�
k∑

i=1

(
h(ri)+ 1

)+ 1.

Sinceh(ri)= C1 log(ri)+C2 by Definition 2.3, we have that

dl(G) �
k∑

i=1

(
C1 log(ri)+C2 + 1

)+ 1 = C1

[
k∑

i=1

log(ri)

]
+ (C2 + 1)k + 1

� C1 log

(
k∏

i=1

ri

)
+ (C2 + 1)k+ 1.

Let s =∑k
i=1 ri . By (6.16) we haves � n. By Lemma 6.15 we have that

k∏
i=1

ri � 2s−1 � 2n−1.

Thus

dl(G)� C1 log
(
2n−1)+ (C2 + 1)k+ 1 � (n− 1)C1 log(2)+ (C2 + 1)n+ 1,

where the last inequality follows fromk � n (see Lemma 5.5(c)). SetC = C1 log(2) +
C2 + 1 andD = 1+C1 log(2). Then

dl(G)� Cn+D. ✷
Theorem 6.17. Let G be a supersolvable group. Letχ ∈ Irr(G) be such thatχ(1) > 1.
Then

dl
(
G/Ker(χ)

)
� 2η(χ)− 1.

Proof. Working with the groupG/Ker(χ), by induction on the order ofG we can assum
that Ker(χ)= 1.

Let

(G,χ)= (N0, θ0) > (N1, θ1) > · · ·> (Nk, θk)
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be a maximal(Ω,χ)-reducing chain. LetLi/Ni be a chief factor ofG, whereLi �Ni−1.
SinceG is a supersolvable group,Li/Ni is a cyclic group of prime order. SetH =
Ni−1/CNi−1(Li/Ni). Observe thatH acts faithfully onLi/Ni as automorphisms. Sinc
Li/Ni is cyclic,H is abelian, i.e.,

dl
(
Ni−1/CNi−1(Li/Ni)

)
� 1.

By Lemma 6.10 we conclude that

dl(Ni−1/Ni)� 2.

By Lemma 5.5(d) we have thatk � η(χ) − 1. Also Nk is abelian by Lemma 5.5(b
Thus

dl(G)� 2
(
η(χ)− 1

)+ 1. ✷
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