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Abstract 

We show that for all positive E, an integer N(E) exists such that if G is any graph of order n>N(s) 

with minimum degree 63324 then G contains a cycle of length 21 for each integer 1, 
2<1<~/(16+s). 

1. Introduction 

“Almost any sufficient condition on a graph which implies that the graph is 
Hamiltonian also implies that the graph is pancyclic. (There may be a simple family of 
exceptional graphs.)” Bondy’s metaconjecture [ 6,7]. 

Bondy [4] and Woodall [15] have obtained sufficient conditions for a graph to 
contain cycles of each length 2, 3 < I < m, where m is a constant. Subsequently, several 
authors [3, 5, 12-141 proved results which support Bondy’s metaconjecture. 

We state sufficient conditions in terms of minimum degree for a graph to contain 
cycles of specified lengths. 

We start with a result due to Dirac. 

Theorem 1.1 (Dirac [9]). Let G be a graph of order n > 3, with minimum degree 6 2 n/2. 

Then G is Hamiltonian. 

The following result of Bondy generalizes Theorem 1.1. 

Theorem 1.2 (Bondy [ 51). Let G be a graph of order n> 3, with minimum degree 

6 >n/2. Then G is pancyclic unless n is even and G is the complete bipartite graph 

K./z, n/2. 
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Amar et al. [3] lowered the bound on the minimum degree by making the 
additional assumption that G is Hamiltonian. 

Theorem 1.3 (Amar et al. [S]). Let G be a Hamiltonian graph of order n> 162, with 
minimum degree 6 >(2n + 1)/5. Then G is either pancyclic or bipartite. 

We next state Dirac’s result about cycles with at least a specified length. 

Theorem 1.4 (Dirac [ 91). Let G be a graph with minimum degree 6 2 2. Then G con- 
tains a cycle of length at least 6 + 1, 

We extended Theorem 1.4, for large 6, to the following one. 

Theorem 1.5 (Ait-Djafer [2]). Let G be a nonbipartite graph of order n> 143, with 
minimum degree 6 >(n + 5)/3. Then G contains a cycle of length 1, for each integer 1, 
4<1<:6+1. 

The bound on the minimum degree could be reduced, and we have the following 
conjecture. 

Conjecture 1.6 (Ait-Djafer [2]). Let p Z 2 be an integer and G be a nonbipartite 
graph of order n, with minimum degree S>2n/(2p+3). Then G contains a cycle of 
length I, for each integer 1, 2p < 1 d 6 + 1. 

In this paper, we consider the question of how much the minimum degree bound 
might be reduced when we consider cycles of even lengths. 

Bondy and Simonovits [S] solved a conjecture of ErdGs [lo] by showing the 
following theorem. 

Theorem 1.7 (Bondy and Simonovits [ 81). If a graph G has n vertices and at least 100 
kn’i”k edges, then G contains a cycle of length 21 for each integer lE[k, knlik]. 

Using the same proof technique as in [2], we prove the following three theorems. 

Theorem 1.8 (Ait-Djafer [ 11). For all positive E, an integer N(E) exists such that if G 

is any graph on nk N(E) vertices, with minimum degree 62 32&, then G contains 
a cycle of length 21 for each integer 1, 2<1<~56/( 16+&). 

Theorem 1.9 (Ait-Djafer [ 11). For all positive E, an integer N(E) exists such that if G is 

any bipartite graph on n 2 N(E) vertices with minimum degree 6 > 16& then G contains 
a cycle of length 21 for each integer 1, 2 < 1 <S/(8 + E). 
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Theorem 1.10 (Ait-Djafer [ 11). Let 132 be an integer, and let G be a bipartite graph 
on n vertices in which every vertex has degree at least s = 81n”‘. Then G contains a cycle 
of length 21. 

We also have the following conjectures. 

Conjecture 1.11 (Ait-Djafer [ 1)). There exists a positive constant c such that, if G is 

any graph on n vertices with minimum degree 6 ac&, then G contains a cycle of 

length 21 for each integer Z, 2 < I< (6 + 1)/2. 

The following related conjecture is due to Mitchem and Schmeichel [16]. 

Conjecture 1.12 (Bondy [16]). Let G be a Hamiltonian bipartite graph of minimum 

degree 6 on n vertices, where n < 2(6’ - 6 + 1). Then G has a cycle of length 21 for each 

integer I, 2 < l< n/2. 

The Levi graphs of finite projective planes, which have n = 2( d2 - 6 + 1) and contain 

no cycles of length four, show that the upper bound on n in Conjecture 1.12 cannot be 

increased, and also that Conjecture 1.11 would be false for c< l/J?. The graph 

consisting of several disjoint copies of k d+ 1 shows that the upper bound on 1 in 

Conjecture 1.11 cannot be increased. 

2. Definitions and preliminary results 

Definition 2.1. A colouring (not necessarily proper) of the vertices of a graph G is 

t-periodic if the end vertices of any path of length t in G have the same colour. 

Definition 2.2. Let t be a positive integer (t 22). Then a B(t)-graph consists of two 

adjacent vertices joined by two internally disjoint paths, each of length at least t. 

Lemma 2.3. Let t be a positive integer and let G be a connected bipartite graph for which 

IE(G)l>tl VG)l. (1) 

Then the number of colours in any t-periodic colouring of G is at most two. 

Proof. The proof technique is due to Bondy and Simonovits [ 8, Lemma 11. For t = 1, 

the graph must be unicoloured since G is connected. Hence, we assume t B 2. 

(i) First, we show that any bipartite graph with 1 E(G) I> t ) V(G) 1 and t 2 2 contains 

a B(t)-graph. The technique is due to P&a. 

In the case where each vertex has degree at least (t + l), we can find such a d(t)- 
graph in the following way. Let a longest path in G be x,y, ..s xpy, or x,y, ... xp. Then 

x1 is adjacent only to vertices yi of this path, say yi,,yi2, ... , yi,, where 

l=i,<i,< ... <i, and rat+ 1. 
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The path X~JJ~X~Y~ ... xi,+, yit+, together with the edges xiyit+, and xiyi, ,t+ ,,/2, form 

the desired 0( t)-graph. 

The general case, where there may be vertices of degree less than (t + 1 ), can now be 

proved by induction on 1 V(G) I. 

For 0 < 1 V(G) I< 4t, it is trivial that (1) cannot be satisfied and so there is nothing to 

prove here. If 1 V(G) I = 4t, G must be K 2t, 2t and clearly contains a 0( t)-graph. Suppose 

now that every graph that satisfies (1) and has k >4t vertices contains such a e(t)- 

graph and let G be a bipartite graph on k + 1 vertices with some vertex x of degree at 

most t. Then, jE(G-x)l>lE(G)I-t>tl V(G)I-t=tl V(G-x)1. Thus, by the induc- 

tion hypothesis, G-x contains a 0(t)-graph of the desired type and hence so does G. 

(ii) Let the three cycles of such a 0( t)-graph be Ci, C2, C3 with lengths Ii, 12, 13, 

respectively. Clearly, the restrictions of the t-periodic colouring of G to the Q( t)-graph 

and to each cycle Ci are t-periodic. Let ti be the smallest integer such that Ci is 

t,-periodic, i = 1,2,3. Suppose li = si ti + ri, 0 < ri < ti. Then, if ri # 0, this colouring is 

ri-periodic since ri = Zi -si ti. By the minimality of ti, we must have ri =O. Hence ti 

divides Ii, i= 1,2,3. 

Choose x1,x2 the vertices of C2 at distance ti around C2. Translate x1,x2 around 

the tI( t)-graph by multiples oft until images yl, y2 lie on C1 . Then y,, y2 have the same 

colour since C1 is ti-periodic and since the B(t)-graph is t-periodic, We deduce that 

x1, x2 also have the same colour. Hence t2 < tl. By symmetry, tI < t2. So, any period 

on one cycle induces the same period on the other cycles and, therefore, tl = t2 = t3. If 

C3 is the longest of the three cycles, then 1, + l2 - l3 = 2. Setting ti = t*, i = 1,2,3, we find 

that since t* divides 11,12 and 13, we have that t* divides 2, and hence that t*= 1 or 

t* = 2. The number of colours in any l-periodic colouring of a connected graph is one. 

The number of colours in any 2-periodic colouring of a connected bipartite graph is at 

most two, one colour for each side of the bipartition. Therefore, the number of colours 

in the Q( t)-graph is at most two. 

(iii) Because G is connected, each vertex of G is joined to some vertex of this 

tI( t)-graph by a path of length kt, for some integer k, and hence has the same colour as 

this vertex. It follows that the number of colours in the whole graph G is also at most 

two. This completes the proof of the lemma. 0 

Proof of Theorem 1.10 (Bondy and Simonovits [ 8, Lemma 211). Choose an arbitrary 

vertex x of G and let Vi be the set of vertices at distance i from x. Since G is bipartite, 

each set Vi is an independent set. Suppose that G contains no cycle of length 21. We 

show that this implies that for 1~ i < 1, 

(2) 

thus leading to the contradiction that I V(G) I > n (since s = 8En”’ and, consequently, 

) Vil~n”‘l Vi_11, and SO cf=,l ViI>,l+n”‘+n”‘+ ... +n>n). 
We prove (2) by induction on i. It is trivial for i = 1 since the vertex x has degree at 

least s. Suppose that it is true for i- 1. Let H1, H2, .,. , H, be the components of the 
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subgraph H of G induced by Vi-r u Vi, and let Wj be the set of vertices of Hj that are 
on level i - 1, i.e. in vi- I (see Fig. 1). 

A path x1x2 ... x, in G will be called monotonic if the distance between x and xi is 
monotonic (this means that a monotonic path crosses any level at most once). We 
show that IE(H,)(<211 V(H,)I. This is trivial if WI has just one vertex (HI is then 
a star and IE(H,)I=I k’(/(H,)I-1<211 V(H,)I). 

So, assume that WI has at least two vertices. Let be VP be a vertex of G such 
that 

(i) there are two monotonic paths PI, P2 joining b to WI which have just the vertex 
b in common, 

(ii) p is the minimum subject to (i). 
First, we show that each vertex of WI is joined to b by a monotonic path. Vertex 

ye WI is joined to x by a monotonic path P3 and by the minimality of p, P3 must 
intersect P, in some vertex z. The path consisting of the section of P3 between y and 
z and the section of PI between z and b is a monotonic path from y to b. This is 
illustrated in Fig. 2. 

We now assign colours red and blue to the vertices of WI in such a way that if two 
vertices have different colours then they are joined to b by vertex-disjoint monotonic 
paths. This is done as follows. Each vertex of WI that can be joined to b by 
a monotonic path disjoint from Pz is coloured red; all other vertices of WI are 
coloured blue. To see that this colouring has the required property, let x1 and x2 be 
the vertices of WI coloured red and blue, respectively. Let Pi be a monotonic path 
from x1 to b disjoint from Pz and let Pi be a monotonic path from x2 to b. 
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Fig. 2. 

“i-4 

“P 
Fig. 3. 

Moving along Pi from x2 towards b, let u be the first vertex of (Pi u P2)- b 

encountered (see Fig. 3). Because x2 has the colour blue, such a u exists; u cannot 
belong to P; for then the section of Pi between x2 and u together with the section of 
Pi between u and b would constitute a monotonic path from x2 to b disjoint from P2, 
contradicting the assumption that x 2 is coloured blue. But then UEP, and we have 

a monotonic path x2P;uP2b disjoint from Pi. 
We now colour the vertices of HI in Vi green. Let t = 2( l- i + p + 1). We show that 

this colouring of HI is t-periodic. Since t is even, if one end-vertex of a path of length 
t in HI is green, then so is the other. Also, there can be no path of length t joining a red 
and a blue vertex, because, if a red x1 were joined to a blue x2 by such a path, this path 
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together with vertex disjoint monotonic paths from x1 to b and from x2 to b would 
form a cycle of length 21. Therefore, the colouring of HI is indeed t-periodic. Since 
three colours are used in this colouring, Lemma 2.3 implies that 

IHH,)l<rl VH1)1<2/1 VHI)I. 

Arguing similarly for H2, . . . , H,, we obtain 

IE(Hj)1<211 V(Hj)I j=l,...,q 

and since Hi are the components of H, 

IE(Wl<2~1 UWI. (3) 

Let H* denote the subgraph of G induced by Vi-2 u Vi_ 1. Then similarly, 

lE(H*)l<2Il J’(H*)I (4) 

and by the induction hypothesis, 

I vi-Il,S 
Ivi_2(‘81’ 

Clearly, since each vertex of G has degree at least s, 

IE(WI+IE(H*)l~4 K-II. 

Therefore, by (3) and (4), 

21lV/i-11+/ Kl+ 

=21(1 V(H)I+ 
and, so, 

I K-21+ 

I V(H*)I 

IKII 

)>lE(H)I+IE(H*)l>sl K-,1 

Using (5), we obtain 

and, therefore, since s 2 8 lnlir > 8 1, 

as desired. 0 
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Proof of Theorem 1.9. Let f( 1) = 81 n I” Using Theorem 1.10, we need only to show . 
that we may choose N(E) such that f(l,S)< 1 for all integer 1, 2<I<6/(8 +a) and 
ri>N(&). 

Since f( 1,6) is a convex function of 1, we have f( I, 6) d max(f( 2, a), f(S/(S + E), 6)). 

In the first case, we may use the hypothesis that 63 16& to deduce that 

f(2,6)=16&%1. 

In the second case, we may again use 6 > 16,/i to give 

j-(6/(8+4,6)=(8 n@+E)‘6/(8 +~))<(8n@+~)“~~~/(8+E)). 

Since 

lim #+4/16J~ = 1 > 
“--‘Xl 

we may choose N(E) such thatf(6/(8+&),6)61 for n>N(&). 0 

Proof of Theorem 1.8. It has been shown by Erdiis [lo] that any graph G contains 
a bipartite spanning subgraph H such that each vertex of G has degree in H at least 
half its degree in G. So, let H be such a bipartite spanning subgraph of G with 

6(H) > iS( G) > 16&. The theorem now follows from Theorem 1.9. 0 

References 

Cl1 

121 

c31 

c41 

c51 

C61 

c71 

C81 

c91 

Cl01 

Clll 

Cl21 

Cl31 

Cl41 

Cl51 

Cl61 

H. Ait-Djafer, Paths and cycles in graphs, Ph.D. Thesis, University of London, Goldsmiths’ College, 

1987. 

H. Ait-Djafer, Minimum degree and cycles of given lengths in non-bipartite graphs, Eleventh British 
Combinatorial conf., London, July 1987, preprint. 

D. Amar, E. Flandrin, I. Fournier and A. Germa, Hamiltonian pancyclic graphs, Discrete Math. 46 

(1983) 327. 

J.A. Bondy, Large cycles in graphs, Discrete Math. 1 (1971) 121-132. 

J.A. Bondy, Pancyclic graphs, I, J. Combin. Theory Ser. B 11 (1971) 80-84. 

J.A. Bondy, Pancyclic graphs, Proc. second Louisiana Conf. on Combinatorics, Graph Theory and 

Computing (1971) 167-172. 

J.A. Bondy, Pancyclic graphs: recent results, Coil. Math. Sot., Janos Bolyai 10, Infinite and Finite Sets 

(Kerzthely, Hungary, 1973) 181-187. 

J.A. Bondy and M. Simonovits, Cycles of even length in graphs, J. Combin. Theory Ser. B 16 (1974) 

97-105. 

G.A. Dirac, Some theorems on abstract graphs, Proc. London Math. Sot. 2 (1952) 69-81. 

P. Erdiis, On the structure of linear graphs, Israel J. Math. 1 (1963) 1566160. 

P. ErdSs, On some extremal problems in graph theory, Israel J. Math. 3 (1965) 113-116. 

R. Hlggkvist, R.J. Faudree and R.H. Schelp, Pancyclic graphs - connected ramsey number, Ars 
Combin. 11 (1981) 37-49. 
E.F. Schmeichel and S.L. Hakimi, Pancyclic graphs and a conjecture of Bondy and Chvatal, 

J. Combin. Theory Ser. B 17 (1974) 22-34. 
E.F. Schmeichel and J. Mitchem, Bipartite graphs with cycles of all even lengths, J. Graph Theory 

6 (1982) 429-439. 

D.R. Woodall, Sufficient conditions for circuits in graphs, Proc. London Math. Sot. 24 (1972) 
739-755. 

J. Mitchem and E.F. Schmeichel, Pancyclic and bipancyclic graphs - a survey, in: F. Harary and 
J.S. Maybee, eds., Graphs and Applications (Wiley, New York, 1985) 271-278. 


