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When All Solutions of
x'=-=>"q,(t) x(t — T,(t)) Oscillate*
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In this paper the long-term behavior of solutions to the equation in the title are
examined, where ¢,(t) and T,(t) are positive. In particular, it is shown that if
liminf,, 37, T{r) q,(t) > 1/e, all solutions oscillate about 0 infinitely often.

1. INTRODUCTION

Ladas and Stavroulakis [4] observe that all nonzero solutions (for £ > 0)
to the scalar differential delay equation

x'(t)=—gqx(t —T), (1.1)

(where ' means d/dt, and T and ¢ are positive constants) must oscillate
about 0 (and must, in fact, have infinitely many zeroes) if and only if

Tg > 1/e. (1.2)

We call Tq the “torque” for Eq.(l.1), for in a sense g represents the
magnitude of a force and T represents from how far away (in time rather
than space) this force is applied.

Ladas, Sficas, and Stavroulakis [3, 5] study an extension of Eq. (1.1) to

KO =— N gx(t - T)), (1.3)

i=1

where g, and T, are positive constants. In this paper we examine a further
extension to
n
x'(0) == q(6) x(t — T(1)), (1.4)

i=1
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where T; and g, are continuous and positive-valued on [0, o). In mechanics,
the total torque is obtained by summing the individual torques. Letting
7,(t) = T(t) g,(t) be the torque due to the ith term in Eq. (1.4), we define the
total torque for Eq.(1.4) to be 7(t)=3'% 7). Our main result is
Theorem 1.1.

THEOREM 1.1. If there is a uniform upper bound T, on the T;s and
L. 1
lim inf z(z) > —, (1.5)
tooo e

then all solutions to Eq. (1.4) must oscillate.

The theorem is sharp in that the lower bound 1/e cannot be improved.
However, even when the T,’s and g,’s are constant there are cases in which
Eq. {1.5) does not hold but all solutions do oscillate.

In Section 2 we study the special case in which the g;/s and T;s are
constants. Theorem 1.1 is proved in Section 3. Before we proceed, though, we
should clarify what we mean by “solutions” to Eq. (1.4). “Solutions” are
assumed to be defined on [T, o0 ) and Eq. (1.4) must be satisfied for ¢ > 0.

2. THE CONSTANT CASE

In this section we assume all 7, and g; are constant and, as before, 7; =
T,q; and =7 7;. Then Eq. (1.5) becomes

> 1/e (2.1)

and T, =max T;.
One might try to find a counterexample to Theorem 1.1 for which there is
a “real exponential” solution, ie., x(f)=exp(—Af) for some real A.
Substituting x(¢) in Eq. (1.3) we get
e M _Yn“ q‘eﬂl(t—m — —% q~elT“e_'“
a4 pa i »
i i=1

—

i=

or, equivalently,

[]=

A=Y geri (2.2)

i
-

i

Thus, if Eq. (2.2) has a real solution 4, Eq. (1.3) has a nonoscillatory
solution. Tramov [10] has proven that the converse is also true. Another
proof appears in {3].
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To prove Theorem 1.1 in the constant case we shown that Eq. (2.1)
implies the nonexistence of a real solution A to Eq. (2.2). Equation (2.2) is
equivalent to

ui:

q_ et
7 . (2.3)

T [\4:

1 n
j=— N\
A tqe

Each (g,/A)exp(AT,) is minimized by setting A= 1/T, and, thus, has its
minimum equal to T,q,e = r;e. So if Eq. (2.1) holds,

n

" g
\_TA >N re=rte> 1,

{

[

i

and Eq. (2.3) has no solution.

Ladas and Stavroulakis |[5] obtain four conditions which imply that all
solutions to Eq. (1.3) oscillate. Three of these are spcial cases of Eq. (2.1) in
fact, but the fourth is independent of Eq. (2.1). This condition,

(Ii T,.> (ﬁ q,-) ’/" > i, 24)

=1 i=

does, however, imply that no real solution to Eq. (2.2) exists. We see this by
using the arithmetic mean-geometric mean inequality:

1/n n

4 ([1a) "o (25 7).

i=1

NEAETS (” % i)
szl

This expression as a function of A has minimum (3_7_, T)(J 7. ¢,)""e, so
if Eq. (2.4) holds, then Eq. (2.3), and, hence, Eq. (2.2) has no real solution.

As we have already remarked, Eq. (2.1) and (2.4) are independent; we
give two numerical examples to demonstrate this. If 7, = T, =1, ¢, = 4, and
g, = 1, Eq. (2.1) holds but Eq. (2.4) does not. If T, =1, T, = 45, ¢, = %, and
g, =1, Eq. (2.4) holds but Eq. (2.1) does not. The advantage of working with
these two equations rather than Eq.(2.2) directly is that Eq.(2.1) and
Eq. (2.4) are explicit, while determining whether or not a real solution to
Eq. (2.2) exists may be quite a problem in itself. But the existence of a
solution to Eq. (2.2) is a sharper condition than the others.

3. PrROOF OF MAIN RESULT

Now we prove Theorem [.1. Assume the contrary, that there is a
nonoscillatory solution x(¢) to Eq. (1.4) although Eq. (1.5) holds. Since the
negative of a solution to Eq. (1.4) is also a solution, we may assume that x(¢)
is positive for ¢ sufficiently large. We may further assume, without loss of



142 HUNT AND YORKE

generality, that x(¢) is positive and decreasing on all of |7, o), translating
the original solution to the left if necessary. Since Eq. (1.5) holds, we may
also assume that there exists a 7, > 1/e such that 7(¢) > 7, for ¢t > 0, again
translating to the left if necessary. Then y(f)=—Inx(¢) exists and is
increasing on [—T,, o), and

y'(t) — z q,-(t) ey W —yu—Tdn (31)
i=1

We wish to construct a “delay” T(¢) < T, for which a solution y,(¢) exists for
0 0
Yo(t) = q(£) e¥o'0 Yol =T,

where g(t)= T,/T(¢) and y, grows as slowly as possible. In particular, we
will have py(t)< p(t) when both are defined, and we will reach a
contradiction when we show that y,(t)— oo for ¢ — ¢, < co. Specifically, let

yo(t) satisfy
yi()= inf L0y (45 0) (3.2)

o<1ty T

where on |—T,, 0], yo(¢) is constant and less than y(¢). Then letting
f(t, n = E;‘—eyo(t)*)’o(t'T)

and observing that for all ¢ for which yy(¢) is defined f(t, T) - oo as T 0,
we see that there is, in fact, a function T(¢) on (0, c0) for which

Yoy =10 T) = %e”""”’“‘“’” (t>0) (3.3)
and 0 < T(t) < T.

Since y is increasing and yp{(t)=0 on [—T,,0], y'(t) > ys(t) on this
interval. Assume that for some ¢ 2> 0, y(¢) and y,(¢) are defined and y'(t) <
yo(t). Let ¢, be the infimum of all such z Then y'(¢,) < yy(t,) while
y'(t) > yo(t) on [—T,, t,). But then

n n
y’(t0)= E: qi(t)ey(to)—y(tg—T,-(t)) > N\ q.(t)ey"“U)_y"(""T"(m
a4

i=1 i=1
& i

N g, ) i LYol ~yolto—=T)
2 P q:(t) T(1) 0<1¥£r0 e

- 211 T) 942)

T Yolto) = yo(to),
0

a contradiction. So y’(t) > y(¢t) whenever the two are defined.
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The continuous function yo(f) satisfies yo(t)=0 on [-T,,0) while
y5(t)> 0 on (0, c0). Suppose that yi(f) is not an increasing function on
(0, ). Let ¢, be the supremum of all ¢ for which y; is increasing on (0, ¢}.
Since y,(¢) is continuous, f is continuous, so yj(¢) is continuous on (0, co).
Therefore, there exists £, > ¢, such that yj(t) < 2pi(t,) for t € |t,, t;]. Now if
T < T,, where T, =1,/(2p{(¢,)), then

T
S T) > 2> 25,

so, in fact, for all ¢ € [t,, t,], yo(t) = Inf f(¢, T), where the infimum is taken
over all T€ [T, T,]. We may choose ¢, € (t,, {,) close enough to ¢, so that
t,— T, <t, and y{(t) > yit, — T,) for t € [t,,1,], because y{ is increasing
on [0, t,] and continuous on [0, o). Since y; is continuous, gf/dt exists and
is continuous. If T € [T, T,| and ¢ € [¢,, t,}, then

o To _yo(h—yoit—T)
= ) —yse—T
o o T e (o) — yo( ))

T polt — I 4
> %eyo(l)f.\o“ T’(yo(t) — yo(tz - Tl)) > 0.

Thus yg(¢) is increasing on |¢,,,}, and, therefore, on [0, ¢,], contradicting
the definition of z,. We conclude that y;(¢) is increasing on [0, o0).
Recall that we defined T(#) < T, on (0, 00) so that

S T@) = inf  f2.T)

Since yy(¢) is continuous, &f/oT exists and is continuous. So if T(¢) # T,

0__@: __ Y
8T £, T(0)) (T(Z))Z

eyo(t)v.vo(t—T(t))(T(t) y()(t _ T(t)) — 1)’

and

T(t) = /ot — T(1)).

IE7(t) =T, (@f16T)| 1,7y < 0, 50 To < 1/(y5(t — Ty))- By Eq. (3.3),

T0__ ,y0(To) = yo(To=T(To) Ty

(T,) ~ T(Ty)
2 1oeyo(Ty — T(Ty)) 2 10€y5(0),

T(T9) yo(To—T(Tg))

yo(To) = e
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where y¢(0) is the right-hand derivative of y at 0. Similarly,

Y6(2T,) 2 toeyi(To) > (to€)” 15(0)

and, in general, if k is an integer,

Yo(kTy) > (z4€)* 14(0).
Since t,e > 1, there exists ¢, for which yj(¢,) > 1/T,. Let a = p{(t,), b =148,

t,=t,+T,, and

1
tn+l=zn+W
for n> 1. Then if t > ¢,

Lo pro0-vett—Te) 5, _T0_ 10 ygut—1(»

T(@) 0
2 toeyo(t — T(1)) 2> byo(t,) = ab.

Yo(t)=

Since yi(t—T@))>a, T(t)< 1/a. Similarly, if t>¢, then —7(t)>
th—1ja=t, so yyt)>byyt)>ab® and T()< 1/yy(ty) < 1/(ab).
Reasoning inductively, we conclude that for all n, y{(¢,) > ab”. But as
n— oo,

1/a

BT ()

while y{(z,) > ab" - .
Equation (3.2) implies that y,(¢) » oo when yy(¢) does. Thus y(t) > oo as ¢
approaches some f, < co; and we are finished. [

A stronger condition than Egq. (1.5), analagous to Eq.(2.2) for the
constant case, is

inf % S g (0)erT O > 1. (3.4)
i=1

A,te(0,00)

However, there may be a positive solution to Eq. (1.4) with Eq. (3.4) being
satisfied. An example follows. Choose b > 0, and let @ = b/(1 — exp(—b)) > L.
Let 7,(2) =0, T,(¢)=1, and

g(t) = ebt(l - eb)s
9,()=a(g@®)—1)
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and
q,(t) = ae *©.

Differentiating (1/4)(g,(¢) + g,(t)e*) with respect to 4 we find that for given
t it is minimized at 4 = g(¢) and the minimum is a. Thus Eq.(3.4) is
satisfied. But substituting x(¢) = exp(—exp(bt)) into Eq. (1.4) we find that it
is a solution. Notice, though, that g,(¢) - oo as t — oo0. This example is one
motivation for the

Conjecture. If there are constants g, and T, for which 0  g,(f) < g, and
0L T(t)< T, for 1<i<n and ¢>0, then Eq.(3.4) implies that all
solutions to (1.4) oscillate.
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