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1. Introduction and main results

The final goal of this paper is to obtain a comparison principle using symmetrization techniques
in order to get sharp estimates for solutions to some elliptic boundary value problems involving the
fractional Laplacian operator. If u : RN — R is a function in the Schwartz space of rapidly decaying
functions, the fractional Laplacian (—A)%/2 of u, with « € (0, 2), is defined in a standard sense, that
is either by the Riesz potential

N7 u(x) —u(é)
(=A)*“u(x) := Cn,o PV. e

RN

dg,
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where P.V. denotes the principal value and Cy 4 is a suitable normalization constant, or as a pseudo
differential operator through the Fourier transform on the Schwartz class

FI(=2)*2u] &) = E|* Flul®),

where F[g] denotes the Fourier transform of a function g. As for the equivalence between these two
notions, as well as a detailed description and properties concerning more general integro-differential
operators, we refer to the book of Landkof [29] and the paper [38].

It is well known (see for instance [17]) that to any function u smooth enough on RN we
can associate its «-harmonic extension, namely a function w defined on the upper half-space
Rﬁ“ :=RN x (0, +00) which is a solution to the local (degenerate or singular) elliptic problem

—div(y'*vw) =0 inR}", 1

w(x,0) = u(x) inRV.
Moreover, Caffarelli and Silvestre give in [17] an interpretation of the fractional Laplacian (—A)*/2 as
a Dirichlet to Neumann map:

(~0)*Pu( =~ lim y1—“88—vyv<x,y), @)

o y—0t

where ky is a suitable constant, whose exact value is

_27ra-9)
Ko = T (3)
2

In order to define the fractional Laplacian in bounded domains §2 the above characterization has to be
suitably adapted. This has been done in the papers [13] and [15], where formula (2) allows to define
the fractional Laplacian (—A)%/2 over a proper function space on §2, as we shall see in Section 2.

The fractional Laplacian appears in several contexts. For instance, it arises in the study of various
physical phenomena, where long-range or anomalous diffusions occur. Just to give few examples, this
kind of operator can be found in combustion theory (see [19]), in dislocations processes of mechanical
systems (see [25]) or in crystals (see [22]). Moreover, as it is well known in the theory of probability,
the fractional Laplacian is the infinitesimal generator of a Lévy process (see for instance [37]). Due
to all of that, lots of authors devoted their interest to the subject. We just mention [38,20,16,19]
dedicated to the obstacle problem and the free boundaries for the fractional Laplacian, the papers
[15,14] regarding some aspects of nonlinear equations involving fractional powers of the Laplacian,
the convex-concave problem for the fractional Laplacian described in [13], the work [27] in which
a critical exponent problem for the half-Laplacian in an annulus is investigated, the study [41] of a
nonlocal energy variational problem, and the papers [8,11,12,9]. Obviously this list is very far from
being exhaustive.

In order to describe our main result let us consider the nonlocal Dirichlet problem with homoge-
neous boundary condition

A2y = in £2,
(=A)*“u=f(x) in )
u=0 onos2,

where £2 is an open bounded set of RN and f is a smooth function on 2. Roughly speaking, following
for instance [13], a solution to problem (4) is defined as the trace of a suitable Dirichlet-Neumann
problem. Namely, if w is a weak solution to the local problem
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—div(y'™*Vw) =0 inCg,

w=0 on d;Cyp, (5)
1 d

—— lim yl_“—wzf(x) in 2,
Kg y—0t ay

where Cg := 2 x (0, +00) is the cylinder of basis §£2 and 9;Cq := 952 x [0, +00) is its lateral bound-
ary, then its trace on 2, tro(w) = w(-,0) =: u is a solution to problem (4) (see also Section 3 for
precise definitions).

Following [39], the idea is to get sharp estimates for the solution u to (4) by comparing it with a
solution ¢ to the radial problem

6
$=0 on 32%, ©®

{ (—0)*¢ = f* in2*,
where £2% is the ball centered at 0, having the same measure as 2 and f* is the Schwarz rearrange-
ment of f. Since ¢ is the trace on 2% of a solution v to the problem

—div(y'"*Vv) =0 inCh,
v=0 on 8LC?Z, 7)
1 av
—— lim y'™*— = f*(x) in ¥
Ko y—0t ay

where C% := 2% x (0, +00), 3Cgo# := 32¥ x [0, +00), it makes sense to look for a comparison be-
tween concentrations of the functions w and v through their Schwarz rearrangements (see Section 2
for definitions). More precisely, we prove that

N S

[W*(o,y)da < / vi(o,y)do Vse[0,|]], (8)
0 0

where w*(-, y), v*(-, y) are the one dimensional rearrangements of w, v respectively, for any fixed
y € [0, +00). The achievement of such result looks reasonable because of the nature of problem (5),
for which a symmetrization with respect to x keeping the y variable fixed (i.e. Steiner symmetrization
with respect to the line x = 0) is available. The key role in this framework is played by a second order
derivation formula for functions defined by integrals, obtained in [1] for the smooth case and in [21]
for less regular functions.

We point out that through inequality (8) we easily get a comparison result between the traces on
2 x {0} of w and v, namely an integral comparison between u and ¢:

Theorem 1.1. Let u and ¢ be the weak solutions to problems (4) and (6), respectively, and f € L% (£2), with
o € (0, 2). Then we have:

S

N
/u*(o)do </¢*(o)do vse[0,]82]].
0 0
We emphasize that since for o =2 the fractional Laplacian coincides with the classical Laplacian,

for which comparison and regularity results via symmetrization methods are well known (see e.g.
[39,40,2]), in the following we consider only the case 0 <o < 2.
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In this setting the comparison result proved in Theorem 1.1 allows us to prove a priori estimates
for solutions of problem (4) in terms of the data f, providing several regularity results which extend
the well-known ones for the classical Laplacian (see Section 4).

We also want to remark that the application of symmetrization techniques to general Lévy pro-
cesses is not new, as it is shown for example in [6] and [4] where several isoperimetric-type issues
are investigated. Moreover, our approach is completely “PDE oriented” and it is not based on a prob-
abilistic setting.

This paper is organized as follows. In Section 2 we give some basic definitions and properties con-
cerning the functional setting we are going to work with. In particular, in Subsection 2.1 we recall
some fundamental definitions concerning the fractional Laplacian in bounded domains and properties
of weak solutions to the related Dirichlet problem. Subsections 2.2 and 2.3 introduce the notion of
Schwarz rearrangement and Lorentz space, together with some related properties. In Subsection 2.4
we define the Green function for the fractional Laplacian, an essential tool to write down an explicit
integral representation of the solution ¢ to the radial problem (6). In Section 3 we prove the compar-
ison results stated above. Furthermore, in Section 4 we exhibit some regularity results of the solution
u in terms of the source data f. Finally in Section 5 we give some comments about the best constant
in the L°° estimate. In particular, the optimal constant is computed on the unit ball, considering only
the case « =1 and N =3.

2. Preliminaries
2.1. Function spaces and definitions

As we pointed out in the introduction, formula (2) given in [17] connects the nonlocal character
of (—A)?/? to local problems of the form (1). This interpretation can be extended to the case of
bounded domains. To this aim, it is convenient to introduce here a suitable functional setting and
basic definitions. For all the details and proofs of the following definitions and properties, we refer to
the papers [15,13,14,28].

If £2 is a bounded open subset of RN, the half-cylinder with base £2 and its lateral boundary will
be respectively denoted by

Co:=%2 x(0,400) and 0;Cq :=0352 x [0, +00).
We introduce then the weighted energy space
X§(Co) = {w e H'(Co), w=00nd.Co: /yl_“Ww(x, y)|2dxdy < oo]
Co
equipped with the norm
5 1/2
Iwlixg == (/ Y VW, )| dxdy) :
Co

Thus we define the trace space by

Vo (R2)={u=trow:=w(,0): weX§(Ca)} (9)

where trp is the trace operator on the space w € X{(Cp). Then the fractional Laplacian in §2 is
well defined for function in Vy(£2). Indeed it is well known (see e.g. [15,13]) that for any function
u € Vy, (£2) there exists a unique minimizer w to the problem
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inf[ / v Vw, y)‘zdxdy: we X3 (Ca), w(-,0)=uin .Q}
Co
By standard elliptic theory such minimizer w is smooth for y > 0 and satisfies
— div(yl_"‘Vw) =0 inCgq,

w=0 on 0;Cg, (10)
w(,0)=u in £2.

This yields to consider an extension operator in the following sense:

Definition 2.1. Given a function u € V,(£2), the solution w to problem (10) will be said the «-
harmonic extension of u on the cylinder Cg; and will be denoted by Ext, u.

Then the fractional Laplacian operator can be defined through the Dirichlet to Neumann map as
follows (see e.g. [15,13]):

Definition 2.2. For any u € V,(£2) we define the fractional Laplacian (—A)%/? acting on u as the
following limit (in the distributional sense)

1 aw
—A a/2 — i 1-a " , ,
(=A)" u®) koY Gy *, y)

where w = Ext, (1) and k, is given by (3).

Let {¢y} be an orthonormal basis of L?(£2) made by eigenfunctions of —A in §2 with zero Dirichlet
boundary conditions and {)\;} the corresponding Dirichlet eigenvalues. It is classical that the powers
of a positive operator in a bounded domain, evaluated on a certain function u, are defined through

the spectral decomposition of u using the powers of the eigenvalues of the original operator. So in
the case of the fractional Laplacian (—A)%/2, if

o
u= Z APk
k=1

we must have
o0
2
8 Pu=3"au g (1)
k=1

This definition is coherent with Definition 2.2, since it is possible to give the following characterization
of the trace space V, (£2):

Proposition 2.1. The space Vy (£2) defined in (9) coincides with the space
o0 o
H:= :ueLz(.Q) ‘u:Zakgok satisfying Zaﬁkg/z <oo!. (12)
k=1 k=1

Moreover if u € Vo (£2) admits the decomposition u = Y o ; gy, then its c-harmonic has the following
explicit representation
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o
Exte u(x.y) = Y aegr@)p (3% y) (13)
k=1

where p solves the problem

11—«
p"(s) + Tp’(s) =p(s), s>0,
lim y'=%p'(s) = —kq,
y—0t

p(0)=1.

Therefore, using (13) and Definition 2.2, equality (11) easily follows.
According to [13], we have the following definition of weak solution to problems of the type (5):

Definition 2.3. Let f € L% (£2), where a € (0,2). We say that w € X{ (Cg) is the weak solution to
problem (5) if for any test function ¢ € X§ (Cg) the following identity holds:

f YOV W, ) - Ve (x, y) dxdy = ke f F0p(x, 0)dx. (14)
Co 2

We note that for any test function ¢ € X§ (Cg), by the Sobolev trace inequality (see [13]) it follows

that the trace ¢(-,0) on §2 x {0} belongs to LNZfNa(.Q), hence the integral at the right-hand side of
(14) makes sense. Besides, the classical Lax-Milgram theorem ensures that a unique weak solution
w € X§ (Ce) to problem (5) exists.

Then the definition of weak solution to problem (4) is strictly related to the solution of (5) in the
following sense:

2N
Definition 2.4. Let f € LN+« (§2), where « € (0, 2). We say that u € H is the weak solution to (4) if
u=trp w, and w is the weak solution to problem (5).

We observe that if u is the weak solution to (4), its & harmonic extension Exty u is smooth for
y > 0 and decays to zero as y — oo (see [13]).

Finally we point out that the space H defined in (12) is an interpolation space and it is possible
to prove that (see [15] for the case @ =1 and [31,28] for the general case)

H*2(2) ifa e (0,1),
H=1{ Hl (@) ifa=1,
HY? (@) ifae(l,2),

where H*/%2(£2) is the usual fractional Sobolev space, Hg/z(.Q) is the closure of C3°(£2) with respect

to the norm || - || yes2(g) and

u(x)>

d(x)

1/2

Hpy (£2) := {u e H'2(2): /

2

dx<oo},

with d(x) := dist(x, 0§2).
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2.2. Basic facts about rearrangements

Let £2 be a bounded open subset of RN and u be a real measurable function on £2. We will denote
by |- | the N-dimensional Lebesgue measure. We define the distribution function (@, of u as

pu®) =[{xe2: lu|>t}], t=o0,

and the decreasing rearrangement of u as

u*(s) =sup{t >0: uu(t) >s}, se(0,]82]).

Furthermore, if wy is the measure of the unit ball in RY and §2* is the ball of RN centered at the
origin having the same Lebesgue measure as 2, the function

u* (o =u*(onlxN), xe Q¥

is called spherical decreasing rearrangement of u. For an exhaustive treatment of rearrangements we
refer to [3,26] and to the appendix of [40]. Here we just recall the well-known Hardy-Littlewood
inequality (see [24])

1£2]

/|u(x)v(x)}dx§/u*(s)v*(s)ds:/u#(x)v#(x)dx (15)

2 0 Q#

where u, v are measurable functions on §2. We point out that as we will deal with two variable
functions of the type

u:(x,y)eCo —>u,y)eR (16)

defined on the cylinder Cg, := £2 x (0, +00), measurable with respect to x, we can define the Steiner
symmetrization of Cp; with respect to the variable x, namely the set Cg = 2% x (0, +00). In addition,
we will denote by w,(t,y) and u*(s, y) the distribution function and the decreasing rearrangements
of (16), with respect to x for y fixed, and we define the function

u¥(x, y) = u*(onlx", y)

which is the Steiner symmetrization of u, with respect to the line x = 0. Obviously u* is a spherically
symmetric and decreasing function with respect to x for any fixed y.

Now we recall two derivations formulas, that will turn out very useful in the proof of the main
result. The following proposition can be found in [32], and it is a generalization of a well-known
result by Bandle (see [3]).

Proposition 2.2. Suppose that w € H' (0, T; L2(£2)) for some T > 0. Then

w* e H'(0,T; L*(0, |$2]))
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and if |{w(x, t) = w*(s, t)}| = 0 for a.e. (s,t) € (0, |£2|) x (0, T), the following derivation formula occurs

S

/ aw(x )dx—/aw*
ay V=
0

W(x,y)>w*(s,y)

(17)

Moreover, what follows is a second order derivation formula due to Mercaldo and Ferone (see
[21]), which is a suitable generalization of that contained in [1], where only analytic functions are
considered.

Proposition 2.3. Let w € W2°°(Cy,). Then for almost every y € (0, +-00) the following derivation formula
holds:

2
w
Tz > (x, y)dx
w(x,y)>w*(s,y)
S
92 (22 (x, y))?
= —wa*(o,y)da — / 8)17 dHN 1 (%)
y ) [Vxw|

W(X,y)=w*(s,y)

w 2

5y %, ¥) 1

ay N-1 N-1
+< / [Vxw| a# (X)) ( / IVxWIdH (X))

WX, y)=w*(s,y) WX, y)=w*(s,y)

-1

2.3. Lorentz and Orlicz spaces

As we will deal with some sharp regularity results of the solution u to (4) in terms of the data f,
we introduce here basic notions regarding the functional spaces where f will be supposed to belong
to.

Let £2 be a bounded open subset of RN. We say that a measurable function u : 2 — R belongs to
the Lorentz LP9(£2) for 0 < p, q < +oo0 if the quantity

( 0+°°[s%u*(s)]q‘i—s)%, 0<q< oo,

lullLra2) = (18)

1
SUPseo, 12 SPUT(S),  g=o00,

is finite. We remark that for p > 1, and q > 1, the quantity in (18) can be equivalently defined replac-
ing u*(t) with

N

u**(s) = %/u*(o)do.

0

We stress that the LP-9-norm, for every 1 < p, g < 400, is rearrangement invariant, that is

lullrac2) = H“# ”Lp-,q(o#)'

Besides, we emphasize that LP-9(£2) = LP(£2), LP*°(£2) = M,, (the Marcinkiewicz space) for any
1<p<ooand, for 1 <q<p<r<oo the following inclusion occurs:

L®(2) c L'(2) c LP1(2) c LP9(2) C LPP(2) = LP(2) C LPT(2) C LP®°(2) C LI(R2).
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Furthermore, for any r € (1, 00], if 1’ € [1, 00) is the conjugate exponent of r, we define the Orlicz
Lg, (£2) generated by the N-function

@ (t) =exp(|t]") — 1

as the space of all measurable functions u on £2 such that there is a constant ¢ = c(u) for which

/@(cu)dx < 00.

2

According to [5], we can characterize the Orlicz space Lg,(£2) in terms of rearrangements, as the
space made by all measurable functions u on §2 for which the following norm

sup & (19)

s0.12D) (1+ log 121y 7

is finite.

Now we provide some convolution inequalities due to O'Neil [33], which will play a key role to
obtain some a priori estimates (hence regularity results) for solutions to problems of the type (4) in
terms of data belonging to Lorentz spaces (see Theorems 4.3-4.4):

Lemma 2.1. If f, g are two measurable functions on 2, then

1£2]

(f*g)**(5)</f**(ff)g**(a)d(f Vs € (0, |£2]).

N

Theorem 2.1. Suppose that f € LP1-91($2), g € LP2-92(2) where

1 1
—+—>1
p1 P2
Then f x g € LP3-93(§2) where
1 1
—+——1=—,
p1 P2 p3
and t > 1 is any number such that
1 1 1
— I > —
91 492 (3

Moreover

I f * gllirsas 2y < 3p3ll fllrria @) l&lILp2a2 (2)-
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2.4. Spectral decomposition of the solution

In this section we highlight some properties concerning the representation of the solution to the
fractional Poisson equation by the Green function and the link with its spectral decomposition. Ac-
cording to what we have said in Subsection 2.1, it is always possible to get a spectral decomposition
of the solution u to (4) in terms of the Fourier coefficients of the source term f. Indeed, suppose
that {¢y} is an orthonormal basis of L?(£2) made by eigenfunctions of —A in §2 with zero Dirichlet
boundary conditions and {A;} the corresponding Dirichlet eigenvalues. Therefore, if u € H is the weak
solution to problem (4), having the decomposition

o0
U=> ap (20)
k=1

then the fractional Laplacian of u has the spectral decomposition (11). Thus if

o
F=Y ap
k=1

where ¢y = (f, @k)12(s) are the Fourier coefficient of f, the Fourier coefficients of u are

Ck
ak = 0{/2 .
)‘k

(21)
Now, let us denote by Gp(x, y) the Green function of a bounded domain D € RN for the fractional
Laplacian (—A)?/2. Then we have (see [29,10])

—(=M)?Gp(x, y) =8(x—y) inD'(D). (22)

Next, suppose that the function G, has the following expansion, for any fixed y € £22:

Gox y) =Y (@)

k=1

Then equality (11) provides the following spectral decomposition for the fractional Laplacian of Gg:

0262 1) =Y e (23)

k=1

If we multiply both sides of Eq. (22) by ¢, and integrate over £2 with respect to x, Eq. (23) links to

> a ) / PP () dxX = — g (y)
k=1 Q

Om(y)
28/2

m(y) =—
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that is
Galx.y) = Z"’"(");f’z‘(y ). 24)
Hence from (20), (21) and (24) we easily infer that
u= ';(/2) /f(J/)‘Pk(J’)dJ/— /gg(x V) dy. (25)
k 1 k

When D is a ball B(0, R), we shall frequently use the following explicit expression of the Green
function (see [7,36,29,10,7])

PR

T L fa\7? _ s2
gB(O,R)(Xv ,V)=_2 anNiz F(E) |x_y|a N
0

Gz )

where x, y € B(0, R) and

_ (R AR - |y P)
Ix—yl? '

We stress that (26) coincides with the Green function of classical Laplacian for o = 2. Clearly we have

ab

X, < — 27
|GB0.r) (%, )| PR (27)
for x, y € B(0, R) s.t. x# y, where
o0
r(ﬂ) [(2)—2 s3-1
—g—a” 2277 227 N R
=2 N3 , b:= GIDVE ds. (28)

3. Comparison result

The aim of this section is to obtain a comparison result between the solutions of problems (5)
and (7). The symmetrization method allows to obtain a priori estimates which are the main tools to
obtain regularity results.

Theorem 3.1. Let w and v be the weak solutions to problems (5) and (7), respectively, and f € L Vi (£2), with
o € (0, 2). Then we have:

S

/w*(o,z)dag/v*(a,z)da vs e [0,]%2]] (29)
0 0

for any fixed z € [0, +00).



2604 G. Di Blasio, B. Volzone / ]. Differential Equations 253 (2012) 2593-2615
Proof. We first observe that actually there is a clever way to rewrite equation in problem (5), that is

AW_i_l—ou‘iw_i_azw_0
* y dy  ayr

As a matter of fact, if we follow [18] and make the change of variable

we find that problem (5) is equivalent to the Cauchy-Dirichlet problem

ﬁazw )

zZF— 4+ Axw =0 inCg,
922

w=0 on d;Cp, (30)
ow

E(X, 0) =k 1 f(x) in 2,

where B :=2(a — 1)/«. The aim is to compare problem (30) with the corresponding symmetrized
one:

92v
B _ P
z ) + Ayv=0 inCg,
v=0 OnaLC?z, (31)

av
—E(X, 0) = kea® 1 f#(x) in 2%,

Now we recall that w is smooth for any z > 0, so if for a fixed z > 0 we consider the test function

sign(w(x, 2)) if [ w(x,2)| >t+h,
grx) = WD sion(w(x,2)) ift < |w(x,2)| <t+h,
0 iflw(x,2)| <t,

we can multiply the first equation in (30) by ¢/ (x) and integrate over £2. A simple integration by
parts yields the identity

1 1 92
N / |wa|2dx—zﬂ— / —de

h 922
t<|w|<t+h |w|>t+h
1 3w [|w| —t
-7 b f 2 ( | |h sign(w)) dx=0.
t<|w|<t+h

Letting h — 0 and using the isoperimetric inequality, by standard arguments (see e.g. [39]) we get

2w duw\ ', 2 22
P ¥ ax— (22w 2
z / o7 0 ( o ) N°of (uw ()" V¥ <0.

w(x,z)>t
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Now if we set

S

U(s,z):/w*(a,z)da,

0

using the second order derivation formula of Proposition 2.3, we find that U verifies the following
differential inequality

ﬁazu 92U
2V — —p) =

o <0 (32)

2
for a.e. s € (0,|£2|) and for any z € (0, +00), where p(s) = N2 wy 2R Moreover, the first order

derivation formula (17) implies

N
au ad d d
—=—/W*(a,z)da=— / w(x, z)dx = / —W(x,z)dx,
0z 0z 9z 9z

0

w(x,z)>Ww*(s,z) w(x,z)>Ww*(s,z)

hence making use of the Hardy-Littlewood inequality (15), we easily get

ﬂ(s, 0) = / a—w(x, 0)dx = —a* iy / f(x) dx
0z 0z

w(x,0)>w*(s,0) ux)>u*(s)

S
2—05“’1Kaff*(0)d0, s€(0,182]).
0

So the function U satisfies the following boundary conditions

U@,z2)=0 Vze]l0,+00),
10
g(IQI,Z) =0 Vze[0,+00),

S

au

S, 60> —ot"‘_lica/f*(a)da, se(0,1821).
0

Now if v is the solution of the symmetrized problem (31), being v radially decreasing with respect
to x, we obtain

502V 9%V

where

S

V(s,z):/v*(cr,z)da.

0
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Concerning the boundary conditions, we remark that in this case one has
aVv
5, 50 =—a""kq / f¥ o dx
v(IxD)>v*(s)
(s/n)/N
= —Noya® kg f f*(on™)yrN"1dr

0

S
:—a“*lfcaff*(a)do, se(0,1221),
0

therefore V satisfies the conditions

V(0,2)=0 Vzel0,+00),

v

—(1221,2) =0 Vz€[0,+00),

as
N

v a—1 *

E(s,0)=—o¢ ke [ f*(@)do, se(0,[R2]).
0

If we put

Z(s,2)=U(s,2) — V(s,2) = /[w*(a,z) —v¥(0,2)]do
0

by (32) and (33), one has

9%z (s)azz<0
a2z POHa S

L[Z]:=-7*
for a.e. (s,z) € D := (0, |£2]) x (0, +o00) and the following boundary conditions hold
Z0,z2)=0 Vzel0,400),

0z

¥(|Q|,z) =0 Vze[0,400),

%(so>0 s€(0,]82])
5, &0 >0, s€(0.182)).

In particular

0Z 0Z
— (5,00 =——(,0)<0, se(0,]82]),
81)( ) az( ) (0,1521)

(34)

(35)

where v is the outward normal to the line segment (0, |§2]). We observe that the operator L is elliptic
in any point (s, z) € D hence by Hopf's maximum principle (see [35]), Z attains its maximum on the
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boundary of D, and in the points where the maximum is attained we get

0Z
— > 0.
ov

Hence by (34), (35), this ensures that

Z(s,2) <0, selo0,[]],

that is

N

N
/w*(a,z)dogfv*(o,z)do, se(o0,]2]],
0 0

for any z € [0, +00). O

Obviously, since ¢ the trace on 2% of the solution v of (7) and u the trace on §2 of the solution
w of (5), by Theorem 3.1 we get Theorem 1.1.

4. Regularity results
In this section we are interested in regularity results for solution u of problem (4). Using Theo-
rems 1.1 and 3.1, we are able to prove some regularity results of the solution u in terms of the data f.

In the following we will use the integral form (25) for the solution ¢ to the symmetrized problem (6),
namely

600 == [ Gorix 1) f () dy. (36)
Q#
We start by generalizing a well-known result for the classical Laplacian:

Theorem 4.1. Let u be the solution to problem (4), where f € Lg*l (2) with0 < < 2. Then u € L*°(£2).

Proof. Let us consider the solution ¢ to problem (6). Since ¢ is radially decreasing, using (36) and
(27) we obtain that, for some constant C,

I¢lio ey = $(0) = /f#(y)}gg#(o y|dy < ab/|f|1\§yl )
Re 12|
:ab/raflf*(a)NrN)dr:ab/ f (s)ds_ab||f|| N 1oy
0 0

On the other hand, Theorem 1.1 gives

lullze(2) < NPllpoo 2ty

and the result follows. O
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Remark 4.1. We stress that if f € LP(£2), for some p > N/«, then according to Lorentz embedding
(see Subsection 2.3) by Theorem 4.1 we get u € L*°(£2).

A consequence of the comparison result of Theorem 3.1 is the boundedness of the a-extension w

of u in Cop when f e L (£2), for 0 <« < 2. To prove this result, we first compute the solution v to
the radial problem (31) by using the separation of variable method. We look for a function v, radial
with respect to x, such that

v(x,2) = X(Ix|)W (2).
Putting v inside the first equation of (31), we find there must be a value A such that

W//(Z) _

zP =
W(2)

—AX =2 (37)

that is the function X(x) = X(|x|) solves the classical eigenvalue problem for the Laplacian

—AX =2X in ¥, 38)
X=0 on 89#,
while W (z) verifies the problem
W (z) — AW (2) =0,
lim W(z)=0. (39)
Z——+00

Therefore (A, X) = (A, Xk), for some k, where {A;} and {X;(|x|)} are the eigenvalues and the radial
eigenfunctions of the Laplace operator in £2* with zero Dirichlet boundary values on 952%, namely

o 2
,\k:(i>, k=1,2,.... (40)
Rq

where

and

Xi(r) = ! 2 1/2r_¥]N_2 ir, k=1,2,..., (41)
Ral]y @l \Non T

where r := |x|. We recall that the system {Xj(|x|)} forms an orthonormal basis of the space Lfad(.Q#)
made by all radial functions in LZ.
Then, since the solution ¢ of (6) is radially decreasing, we can represent it by

P =Y aXpn), (42)

k=1
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where the gy are given by (21), and c; are the Fourier coefficients of f* with respect to (41), i.e

Ro

ck:NwN/rN’lf*(a)NrN)Xk(r)dr.
0

Now, to each eigenvalue A, we associate a solution Wy to problem (39). The first equation in (39) is
a modified Bessel equation (see [34,30]), whose solutions are combinations of Bessel functions of the
third kind. According to the asymptotic behavior at infinity of the Bessel functions (see [30]), we have
that

Wi(2) = CxHi(2), (43)

where

Hk(Z) —\/—K 1 (ﬂ kz¥>,

B =2(a —1)/a, the C are constants and K, (t) is a Bessel function of the third kind. We also notice
that

Hj(2)=-2'7 \ka ﬁ<2 ; ,g#). (44)

Finally, using the boundary condition of problem (31), we can write the following explicit expression
of v (here r = |x|):

v(r,2) = ZX(r)W @ = 1(2 )Uzr—”Tzfj G (6 )H(z) (45)
g T Now =1y @l T \Rg )"
with coefficients
(2N )]/2 1 Re
Iy — wN) Tk, y TN s N
CkH(0) = R.Ql]g(Qk)l O/ rz ] NT<0kRQ>f (wnt™)dr. (46)

Of course the trace v(r, 0) given in (45) coincides with the solution ¢ represented by (42). Indeed by
the asymptotic behavior (see [30])

2v-ir
1<V(r)mT(v), t—0, (47)
then by (44), (46) and (42) we find
o¢]
v(r,0) =Y Xi()CxH(0)

k=1

ANon 2 S Exun) P
_ WN k k N/2 ( k ) * N
= Ve v [ ==t ) f*(wnt" ) dt

R 2 Jy@l ) T \Re (nt”)

=¢(X).
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Now we are able to prove the following result.

Theorem 4.2. Let w the solution to problem (5), where f € Lol (2) with0 <o < 2.Then w € L®(Cg).

Proof. Let v be the solution of (7) as in (45). By the asymptotic behavior of the Bessel functions K,
at infinity (see [30]) we deduce that Hy(z) — 0 as z — oo, therefore v(r,z) — 0 as z — oo. Besides,
since v(x,0) = ¢(x), by Theorem 4.1 we find that v € L°°(Co#). Moreover, Theorem 3.1 ensures that

HW(.VZ) ||Lo<: Q g ”V(',Z) ||Loo Q# Vz e [O’ +OO), (48)
£2) (2%)
hence w e L®(Cp). O

We emphasize that the result of Theorem 4.2 is not new (see for instance [13,14]), although our
techniques make us able to achieve the sharper L* estimate (48).

Now we provide new regularity results when f belongs to Lorentz spaces L(p,r) for p < N/«,
obtaining the generalization of the corresponding classical regularity result for the Laplacian.

Theorem 4.3. Let u be the solution to problem (4), where f € LP-"(§2) with

2N N
<p<—
N+« o

andr > 1. Then u € L97(§2) with

Proof. Inserting inequality (27) into (36) we find

lpx)| <ab(f*«x|*~N).

Then applying Theorem 2.3 with the choices g = |x|*~N

have p3 =q=Np/(N —ap), g3 =r and

,D1=Dp, p2=N/(N—-a), g1 =1, g2 =00, we

Il aroe) <abl f*x x| s on)
< 3abQ||f||LP~r(_Q#) H |X|a7N ”LN/(N—at).oc(Q#)

=3abqll fllpro#)- -

Finally by Theorem 1.1 we get

lullar)y < ||¢||Lq,r(9#)
and inequality (49) allows to conclude. O

Just like in the classical case « =2, it is possible to show that whenever we choose the source

term f into the Lorentz space Lg'r(Q), the solution u to (4) belongs to a suitable Orlicz space. Indeed,
we have the following result:
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Theorem 4.4. Let u be the solution to problem (4), where f € Lg*r(.Q), withr e (1,o00] and 0 < o < 2. Then
ueLle ($2).

Proof. According to what explained in Subsection 2.3, we may interpret L, (£2) as made by all the
functions u measurable on §2, for which the quantity (19) is finite. Therefore, we can use Theorem 1.1,
Lemma 2.1 and identity (36) to obtain

U™ (s) < @™ (s)
SC(fF -1 N)™
er o
gC/aNf**(cr)?. (50)

Now, if r = co we have from (50)

u**(s) C og |£2]
1+ log £ \l—i—log'fsz—' s

N

<c

and we have done. If instead r € (1, 00), using Hélder inequality in (50) we easily obtain

] ur
* C(log Zhy1/r «
- (ir;\ - < og S‘Q)| , /[oﬁf**(a)]rd_a
(1 +log ZHr (1 +log ZHM\ Y o
=CIfl g g,

and the result follows for all r € (1,00]. O
5. Best constant in L* estimate

In virtue of Theorem 4.1, if f € LN/®1(£2) there is a constant C such that

< .
lulle <CIFI g1 0,

Due to the form of the Green function in (26), it seems quite difficult to face the problem of finding
the best value for C in (51). Nevertheless, we remark that this becomes reasonably easy when one
seeks the best C in the following inequality (see Remark 4.1)

ullee <CllfllLr(2) (51)

where f € LP(£2) for some p > N/«. In fact, since the solution ¢ is radially decreasing, in order to
get an L estimate of ¢ it is enough to look for a sharp upper bound of ¢(0). To this end, we first
observe that (36) yields

1£2]

$(0) =— / ¥ ((s/n)N) fF*(s) ds, (52)
0
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where

RS 22
—£ (RS, —t
2 (R =t9) o

o —a F(%) o - a—N S2
0

(53)

We remark that it is possible to write an explicit form of the integral at the right-hand side of (53).

Indeed, we know that (e.g. see [23])

w

/ ST oW N %y
GrON2Z T Ty PN\ Ty
0

where F1(-; -; -; z) denotes the Gauss hypergeometric function. Therefore by (53)

¥ ((s/con)'/N)

1 |9|2/N

=N 2 N «o o
— By oS W Q2N _ 2N a/ Fl= 2142, 2N _ | 02/N
N [sa/N(| | A A wi,/NSZ/N( 12177)

where

21y 2|n

BNo:i=— .
N, r @2, N/2 2%71
al'(5)*n™wy

So if we set

1 ) w2 (N a o |2V
— /N _ 2/N .. -
)= gy (122 s“%) 2F1<2, 2 TS g
N

using Holder inequality in (52) we have

1£2]

1/p’
|6 (0)] < IBN,aIIIfIILP(Q)(/S‘X'_VNpl[go(s)]p ds) )

0

(s2/N - |Q|2/N))

We point out that the function ¢ is bounded in [0, [£2]] (see also the picture below), so the integral

at the right-hand side of the last inequality converges if and only if p > N/«.
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1.0
0.8 -
0.6 -
Case: N=3, a=1, Q:Bl

04

02F

The best constant C(N, p, «, £2) in (51) is then

1£2

1/p’
C(N,p,a, 2):= |BN,a|(/5¥pl¢(5)p/ds> .

0

Example 5.1. Let us calculate the best constant C in the case of the square root of the Laplacian /—A
(i.e. the case ¢ =1), when N =3 and £ = B(0, 1). In this case, we have the following, explicit form
of the Gauss hypergeometric function:

Then

3N\13 [/4 \25
_(2 = 23
#es) (4n) (3”) ’

and we have, by a change of variable,

1 ’
2\ 1/P , , 1/p
cp =27 /r%—l’ 1-0%dt
272
0

B (Zn,)l/P/B p_3 3p_2 (p—1/p
T 2m? 20—-1"2(p—=1) ’

where B(-,-) is the Euler beta function.
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