Available online at www.sciencedirect.com

’ M M ADVANCES IN
.5 ScienceDirect M
ELS IE Advances in Mathematics 226 (2011) 840-886

www.elsevier.com/locate/aim

Double Schubert polynomials for the classical groups

Takeshi Ikeda®', Leonardo C. Mihalcea ®*, Hiroshi Naruse °

& Department of Applied Mathematics, Okayama University of Science, Okayama 700-0005, Japan
b Department of Mathematics, Baylor University, One Bear Place # 97328 Waco, TX 76798-7328, USA
¢ Graduate School of Education, Okayama University, Okayama 700-8530, Japan

Received 27 July 2009; accepted 26 July 2010
Auvailable online 19 August 2010
Communicated by Sara C. Billey

Abstract
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1. Introduction

A classical result of Borel states that the (rational) cohomology ring of the flag variety of
any simple complex Lie group G is isomorphic, as a graded ring, to the coinvariant algebra
of the corresponding Weyl group W, i.e. to the quotient of a polynomial ring modulo the ideal
generated by the W-invariant polynomials of positive degree. There is a distinguished additive
basis of the cohomology ring, given by Schubert classes, and indexed by the elements in the Weyl
group. Bernstein, Gelfand and Gelfand [3] (see also Demazure [9]) showed that if one starts with
a polynomial that represents the cohomology class of highest codimension (the Schubert class of
a point), one obtains all the other Schubert classes by applying a succession of divided difference
operators corresponding to simple roots. This construction depends on the choice of a polynomial
representative for the “top” cohomology class. For SL(n, C), Lascoux and Schiitzenberger [32]
considered one particular choice, which yielded polynomials — the Schubert polynomials — with
particularly good combinatorial and geometric properties.

It is a natural problem to extend the construction in [32] to the other classical Lie groups. To
this end, Fomin and Kirillov [11] listed up five properties that characterize the Schubert poly-
nomials in type A, but they showed that it is impossible to construct a theory of “Schubert
polynomials” in type B satisfying the same properties. For type B,, they constructed several
families of polynomials which satisfy all but one of these properties.

There is another approach to this problem due to Billey and Haiman [6]. If G, is a Lie group of
classical type B,,, C,, or Dy, there is an embedding G,, < G4+ which induces an embedding
of the corresponding flag varieties F, = G,/B,, — F,+1; here B, denotes a Borel subgroup
of G,. This embedding determines reverse maps in cohomology H*(F,+1, Q) — H*(F,, Q),
compatible with the Schubert classes alg)"), where w belongs to W, the Weyl group of G,.

Therefore there is a well-defined stable Schubert class alﬁ,oo) = 1(@05,") in the inverse system
lim H*(F,, Q); the stable classes are indexed by w in the infinite Weyl group W, = Un>1 W,.

A priori, the class JIE,OO) is represented by a homogeneous element in the ring of power series

QIllz1, z2, .. .11, but Billey and Haiman showed in [6] that it is represented by a unique element
G, in the polynomial subring?

Q[ZI,ZZ,...;PI(Z)v P3(Z)v pS(Z)v"']s (11)

where pi(z) = > 72, zf.‘ denotes the power-sum symmetric function. It is known that the im-
ages of the even power-sums p»;(z) in the limit of the coinvariant rings vanish for each of the
types B, C and D. The polynomials {S,,} are canonical: they form the unique solution of a sys-
tem of equations involving infinitely many BGG divided difference operators. These polynomials
will satisfy the main combinatorial properties of the type A Schubert polynomials, if interpreted
appropriately. In particular, the polynomial G, is stable, i.e. it represents the Schubert classes
alﬁ,”) in H*(F,, Q) simultaneously for all positive integers 7.

The flag varieties admit an action of the maximal torus 7, and the inclusion F,, < F;,4+1 is
equivariant with respect to 7,, < T,,4+1. Therefore one can define an equivariant version of the
stable Schubert classes, and one can ask whether we can ‘lift’ — in a canonical way — the poly-
nomials of Billey and Haiman to the equivariant setting. The major advantage in the equivariant

2 The elements {z1,22,--.3 P1(@), P3(2), p5(2), ...} are algebraically independent, so the ring (1.1) can also be re-
garded simply as the polynomial ring in z; and py (k=1,3,5,...).
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setting is that the equivariant classes are much more rigid, as they are specified by localization
conditions. However, the naive generalization of the Billey—Haiman results does not work, as the
BGG divided difference operators do not suffice. Fortunately — in equivariant cohomology only —
there exists another set of operators, defined by Knutson in [25] (see also [41]). The analogous
system formed by the two sets of operators has the double Schubert polynomials as unique solu-
tion. The terminology comes from type A, since these polynomials coincide with those defined
by Lascoux in [31] (see also [33]).

As shown by Fulton in [12], the type A double Schubert polynomials can also be constructed
as polynomials which represent the cohomology classes of some degeneracy loci. More recently,
two related constructions connecting double Schubert polynomials to equivariant cohomology
of flag manifolds, using either Thom polynomials or Grobner degenerations were obtained in-
dependently by Fehér and Rimanyi [10] and by Knutson and Miller [26]. The degeneracy locus
construction was extended to other types by Fulton [13], Pragacz and Ratajski [39] and Kresch
and Tamvakis [29]. The resulting polynomials are expressed in terms of Chern classes canon-
ically associated to the geometric situation at hand. Their construction depends again on the
choice of a polynomial to represent the “top class” — the diagonal class in the cohomology of a
flag bundle. Unfortunately different choices lead to polynomials having some desirable combina-
torial properties — but not all. In particular, the polynomials in [29,13] do not satisfy the stability
property, and the precise combinatorial relationship to the double Schubert polynomials in this
paper is unclear.

Rather than pursuing the degeneracy loci approach — which uses cohomology classes, defined
only up to the ideal of relations — we will use localization techniques, which yield (canonically
defined) polynomials. We study the basic properties of the double Schubert polynomials, and we
find a formula for the “top class” class of the point, surprisingly compact. A brief, and more
precise, description of the results, is given in the next subsection.

1.1. Infinite hyperoctahedral groups

To fix notations, let W, be the infinite hyperoctahedral group, i.e. the Weyl group of type C
(or Bso). It is generated by elements sp, s1, ... subject to the braid relations described in (3.1)
below. For each non-negative integer n, the subgroup W, of W, generated by so, ..., s,—1 is
the Weyl group of type C,. Woo contains a distinguished subgroup W/ of index 2 — the Weyl
group of Doo — which is generated by s3, s1, 52, . . ., where s; = s05150. The corresponding finite
subgroup W, = W, N W, is the type D, Weyl group. To be able to make statements which are
uniform across all classical types, we use W, to denote W, when we consider types C or B
and W/ for type D; similar notation is used for W, C W . Finally, set I« to be the indexing

set {0, 1,2,...} for types B, C and {i, 1,2,...} for type D.
1.2. Schubert polynomials via localization

A crucial part in the theory of Schubert polynomials of classical types is played by the Schur
P- and Q-functions [40]. These are symmetric functions P, (x) and Q; (x) in a new set of vari-
ables x = (x, x2,...), and are indexed by strict partitions A (see Section 4 below for details).
The Schur P- or Q-function corresponding to A with one part of length i is denoted respectively
by P;(x) and Q;(x). Define I' =Z[Q1(x), Q2(x),...] and I'" = Z[ P{(x), P2(x), ...]. Note that
I' and I’ are not polynomial rings, since Q;(x) respectively P;(x) are not algebraically inde-
pendent (see Section 4 for the relations among them), but they have canonical Z-bases consisting
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of the Schur Q- functions Q) (x) (respectively Schur P-functions P, (x)).> We define next the
Z[t]-algebras of Schubert polynomials

Roo =Z[t]1 ®7 I’ ®7 ZIz], R, =Z[t] ®z I'' ®z ZIz],

where Z[z] = Z[z1, 22, - . .] is the polynomial ring in z = (21, 22, .. .). We will justify the termi-
nology in the next paragraph. Again, in order to state results uniformly in all types, we use the
bold letter R, to denote Ry for type C and R/ for types B and D.

There exists a homomorphism

b =(Dy)vew,, : Roo— [ ZIt] Clim Hy, (Fp)

veWso

of graded Z[t]-algebras, where the last inclusion means that HveWoc Z[t] is identified with a
Z|t]-subalgebra of lim H}"n (Fn) using localization maps; we call this homomorphism the univer-
sal localization map. Its precise (algebraic) definition is given in Section 6 and it has a natural
geometrical interpretation explained in Section 10. One of the main results in this paper is that
@ is an isomorphism from R, onto the Z[t]-span of the stable Schubert classes alf,oo) (cf.
Theorem 6.3 below). Then the stable Schubert polynomial G, = G, (z, t; x) is defined to be

o~ (o).
1.3. Divided difference operators

Alternatively, {S,,(z, t; x)} can be characterized purely algebraically by using the divided dif-
ference operators. There are two families of operators 9;, 8; (i € I ) on R, such that operators
from one family commute with those from the other (see Section 2.5 for the definition). Then:

Theorem 1.1. There exists a unique family of elements &, = Gy (z,t;x) in Ry, where
w € W, satisfying the equations

6ws,- if tL(ws;) < £(w),

0 otherwise,

Ssw  ift(siw) < L(w),

. (1.2)
0 otherwise,

aiGwZ{ 8iGwZ{

foralli € I, and such that &, has no constant term except for G, = 1.

The operators 9;,§; are the limits of the same operators on the equivariant cohomology
H;n (Fn), since the latter are compatible with the projections H;”H (Fnt1) — H;n (Fn). In this
context, the operator 9; is an equivariant generalization of the operator defined in [3,9], and it can
be shown that it is induced by the right action of the Weyl group on the equivariant cohomology
(cf. [28,25]). The operator §; exists only in equivariant cohomology, and it was used in [25,41]
to study equivariant Schubert classes. It turns out that it corresponds to a left Weyl group ac-
tion on H}“ﬂ (Fn). A different approach to define both these operators can also be found in the
unpublished notes [37].

3 However, I" and I'’ are polynomial rings when tensored with rational numbers: I' ® Q = Q[Q (x), Q3(x), ...] and
I''®Q=Q[P;(x), P3(x),...] —seee.g. [34, IIL8]. Since we will be interested in integral cohomology classes, we will
not use these facts later on in this paper.
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1.4. Combinatorial properties of the double Schubert polynomials
We state next the combinatorial properties of the double Schubert polynomials Gy, (z, ¢; x):

o (Basis) Gy (z, t; x) form a Z[t]-basis of Ro.
o (Symmetry) &, (z,t; x) = &1 (=1, —z; x).
o (Positivity) The double Schubert polynomial &,,(z, ¢; x) can be uniquely written as

Su(z,1;0) =) filz, NFA(x),
A

where the sum is over strict partitions A = (A1,...,A,) such that A 4+ --- + X, < £(w),
fo.(z, t) is ahomogeneous polynomial in N[z, —¢], and F) (x) is the Schur Q-function Q) (x)
in type C, respectively the Schur P function P, (x) in types B, D. For a precise combinatorial
formula for the coefficients f;(z, t) see Corollary 8.10 and Lemma 8.11 below.

o (Restriction) When all #; = 0, the polynomial &,,(z, 0; x) equals the Billey—Haiman poly-
nomial G, (z; x).

The basis property implies that we can define the structure constants cj;, (t) € Z[t] by the
expansion

Gu(z, )8, 1 X) = Y el (DG (2, 15 x).

weW

These coincide with the structure constants in equivariant cohomology of 7, written in a stable
form. The same phenomenon happens in [32,6].

1.5. Grassmannian Schubert classes

To each strict partition A one can associate a Grassmannian element wy € W . Geometrically
these arise as the elements in W, which index the pull-backs of the Schubert classes from the
appropriate Lagrangian or Orthogonal Grassmannian, via the natural projection from the flag
variety. For the Lagrangian Grassmannian, the first author [16] identified the equivariant Schubert
classes with the factorial analogues of Schur Q-function defined by Ivanov [20]. This result was
extended to the maximal isotropic Grassmannians of orthogonal types B and D by Ikeda and
Naruse [18]. See Section 4 for the definition of Ivanov’s functions Q; (x|t), Py (x|t). We only
mention here that if all #; = 0 they coincide with the ordinary Q or P functions; in that case, these
results recover Pragacz’s results from [38] (see also [21]). We will show in Theorem 6.6 that the
polynomial &, (z, t; x) coincides with Q; (x|t) or Py (x|t), depending on the type at hand. In
particular, the double Schubert polynomials for the Grassmannian elements are Pfaffians — this
is a Giambelli formula in this case.

1.6. Longest element formulas
Perhaps the most unexpected result of this paper is a very compact combinatorial formula for

the double Schubert polynomial indexed by w(()”), the longest element in W, (regarded as a sub-
group of W). This formula has a particular significance since this is the top class mentioned
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in the first section, and all the other polynomials can be obtained from it, using the appropriate
sequence of divided difference operators. We denote by 8B,,, €,,, ®,, the double Schubert poly-
nomial &, for types B, C, and D respectively. Note that B,, = 275 ¢,, where s(w) is the
number of signs changed by w (cf. Section 3.3 below).

Theorem 1.2 (Top classes). The double Schubert polynomial associated with the longest element
w(()”) in W, is equal to:

(D @w(()m(z,t;x): O pptppy Xlt1, =21, 02, =22, .., tnm1, —Zn—1),
() @w(()")(zvt;x):P2p,,_1(x|tls_Zl,t2,_ZZvn-vtn—l»_Zn—l),

where pp = (k,k—1,...,1).
1.7. Comparison with degeneracy loci formulas

One motivation for the present paper was to give a geometric interpretation to the factorial
Schur Q-function by means of degeneracy loci formulas. In type A, this problem was treated
by the second author in [35], where the Kempf-Laksov formula for degeneracy loci is identified
with the Jacobi—Trudi type formula for the factorial (ordinary) Schur function. To this end, we
will reprove a multi-Pfaffian expression for o, (see Section 11 below) obtained by Kazarian [23]
while studying Lagrangian degeneracy loci.

1.8. Organization

Section 2 is devoted to some general facts about the equivariant cohomology of the flag va-
riety. In Section 3 we fix notation concerning root systems and Weyl groups, while in Section 4
we give the definitions and some properties of Schur Q- and P-functions, and of their facto-
rial analogues. The stable (equivariant) Schubert classes {615)00)} and the ring Hy, spanned by
these classes are introduced in Section 5. In Section 6 we define the ring of Schubert polyno-
mials R and establish the isomorphism @ : R, — H. In the course of the proof, we recall
the previous results on isotropic Grassmannians (Theorem 6.6). In Section 7 we define the left
and right action of the infinite Weyl group on ring R, and then use them to define the di-
vided difference operators. We also discuss the compatibility of the actions on both Ry, and Hy
under the isomorphism @. We will prove the existence and uniqueness theorem for the double
Schubert polynomials in Section 8, along with some basic combinatorial properties of them. The
formula for the Schubert polynomials indexed by the longest Weyl group element is proved in
Section 9. Finally, in Section 10 we give an alternative geometric construction of our universal
localization map @, and in Section 11, we prove the formula for Q; (x|t) in terms of a multi-
Pfaffian.

1.9. Note

After the present work was completed we were informed that A. Kirillov [24] had intro-
duced double Schubert polynomials of type B (and C) in 1994 by using Yang—Baxter operators
(cf. [11]), independently to us, although no connection with (equivariant) cohomology had been
established. His approach is quite different from ours, nevertheless the polynomials are the same,
after a suitable identification of variables. Details will be given elsewhere.
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This is the full paper version of ‘extended abstract’ [17] for the FPSAC 2008 conference held
in Vifa del Mar, Chile, June 2008. Some results in this paper were announced without proof
in [19].

2. Equivariant Schubert classes of the flag variety

In this section we will recall some basic facts about the equivariant cohomology of the flag
variety F = G/B. The main references are [2] and [28] (see also [30]).

2.1. Schubert varieties and equivariant cohomology

Let G be a complex connected semisimple Lie group, 7 a maximal torus, W = Ng(T)/T its
Weyl group, and B a Borel subgroup such that 7 C B. The flag variety is the variety 7 = G/B of
translates of the Borel subgroup B, and it admits a T -action, induced by the left G-action. Each
Weyl group element determines a T'-fixed point e, in the flag variety (by taking a representative
of w), and these are all the torus-fixed points. Let B~ denote the opposite Borel subgroup. The
Schubert variety X,, is the closure of B~ ey, in the flag variety; it has codimension £(w) — the
length of w in the Weyl group W.

In general, if X is a topological space with a left T -action, the equivariant cohomology of X is
the ordinary cohomology of a “mixed space” (X)7, whose definition (see e.g. [15] and references
therein) we recall. Let ET — BT be the universal 7T-bundle. The T-action on X induces an
action on the product ET x X by t- (e, x) = (et~ ', tx). The quotient space (X)r = (ET x X)/T
is the “homotopic quotient” of X and the (7 -)equivariant cohomology of X is by definition

HL(X) = H' (X71).

In particular, the equivariant cohomology of a point, denoted by S, is equal to the ordinary
cohomology of the classifying space BT. If x is a character in T = Hom(T, C*) it determines
a line bundle L, : ET x7 C,, — BT where C, is the 1-dimensional 7-module determined
by x. It turns out that the morphism T— H% (pt) taking the character x to the first Chern class
c1(Ly) extends to an isomorphism from the symmetric algebra of T to HY(pt). Therefore, if
one chooses a basis t1, ..., t, for f, then S is the polynomial ring Z[t1, ..., t,].

Returning to the situation when X = F, note that X,, is a T -stable, therefore its fundamental
class determines the (equivariant) Schubert class o, = [Xy]r in H%e(w) (F). It is well known
that the Schubert classes form an H}‘ (pt)-basis of H; (F).

2.2. Localization map

Denote by F! = {e, | v € W} the set of T-fixed points in F; the inclusion ¢ : F! < F
is T-equivariant and induces a homomorphism ¢* : H(F) — Hj (F = [Toew Hj (ey). We
identify each HJ (e,) with S and for n € H}.(F) we denote its localization in Hj (e,) by n|,. Let
R™ denote the set of positive roots corresponding to B and set R~ = —R*, R=RT UR™. Each
root & in R can be regarded as a linear form in S. Let s, denote the reflection corresponding
to the root «. Remarkably, the localization map ¢* is injective, and the elements n = (n|,), in
[T,ew S in the image of «* are characterized by the GKM conditions (see e.g. [2]):
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Nly —Nls,v 15 a multiple of o
forall vin W and « € R, where s, € W is the reflection associated to «.
2.3. Schubert classes

We recall a characterization of the Schubert class o,,. Let < denote the Bruhat—Chevalley
ordering on W; then e, € X,, if and only if w < v.

Proposition 2.1. (See [2,28].) The Schubert class o, is characterized by the following condi-
tions:

(1) owly vanishes unless w < v,
(2) if w < v then oy |y is homogeneous of degree £(w),

3) owlw= l_[aeRerwR* O[.4

Proposition 2.2. Any cohomology class n in Hy.(F) can be written uniquely as an HJ.(pt)-linear
combination of oy, using only those w such that w > u for some u with n|, # 0.

Proof. The corresponding fact for the Grassmann variety is proved in [27]. The same proof
works for the general flag variety also. O

2.4. Actions of Weyl group
There are two actions of the Weyl group on the equivariant cohomology ring H7.(F), which
are used to define corresponding divided-difference operators. In this subsection we will follow

the approach presented in [25]. Identify n € H’T" (F) with the sequence of polynomials (1]y)yew
arising from the localization map. For w € W define

wrn)|, =nlw.  W0)[, =w- (1l,-1,).

It is proved in [25] that these are well-defined actions on H}En (F»), and that w¥ is H; (pt)-linear,
while w’ is not (precisely because it acts on the polynomials’ coefficients).

2.5. Divided difference operators

For each simple root «;, we define the divided difference operators 9; and §; on H}" (F) by

77|v_(SI-RTI)|U’ Gy 7I|v_(u'9,‘l‘77)|v

@imle = o) ”

(veW).

These rational functions are proved to be actually polynomials. They satisfy the GKM conditions,
and thus give elements in H; (F) (see [25]). We call 0;’s (resp. §;’s) right (resp. left) divided

4 Explicit formulas for the more general localized class oy, |, have been obtained independently in [1, App. D.3] and
[5, Theorem 3]. We will not use these formulas in the present paper.
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difference operators. The operator 9; was introduced in [28]. On the ordinary cohomology, anal-
ogous operators to 9;’s are introduced independently by Bernstein et al. [3] and Demazure [9].
The left divided difference operators §; was studied by Knutson in [25] (see also [41]). Note that
0; is H} (pt)-linear whereas §; is not. Both these operators appeared in the unpublished notes of
D. Peterson [37], in the disguise of a left and a right action of the nil-Hecke ring from [28] on the
equivariant cohomology. The next proposition was stated in [25, Proposition 2] (see also [28,41,
37D).

Proposition 2.3.

(1) Operators 9; and §; are well defined on the ring H; (F).
(2) The left and right divided difference operators commute with each other.
(3) We have
Ows; if L(ws;) = L(w) — 1, Os;w ifl(siw) = £€(w) — 1,
0ioy = . 8ioy = . 2.1
0 ifl(ws;) =£L(w) + 1, 0 if L(siw) =£(w) + 1.

Proof. We only prove (2.1) for §; here, as the rest is proved in [25]. By Proposition 2.1 (8; o)y
is non-zero only for {v | v > w or s;v > w}. This implies that the element §;0,, is an H}(pt)-
linear combination of {0}, | v > w or s;v > w} by Proposition 2.2. Moreover ¢, appearing in
the linear combination have degree at most £(w) — 1. Thus if £(s; w) = £(w) + 1 then §;0,, must
vanish. If £(s;w) = £(w) — 1 the only possible term is a multiple of oy,,,. In this case we calculate

Uw|s,-w —si(owlw) si(owlw)
(aigw)|siw = = - s
o o

where we used oy, |5, = 0 since s;w < w. Here we recall the following well-known fact that
w>sw = S (R+ N wR_) = (R+ ﬁs,'wR_) U{—a;}.

So we have

si(oplw) = l_[ B=(—a;) 1_[ ﬂ:(_ai)'asiwsw

Besi(RTNwR™) Be(RTNs;wR™)
By the characterization (Proposition 2.1), we have 6;0y, = 0,y. O
3. Classical groups

In this section, we fix the notations for the root systems, Weyl groups, for the classical groups
used throughout the paper.

3.1. Root systems

Let G,, be the classical Lie group of one of the types B,,, C,, and D,,, i.e. the symplectic group
Sp(2n, C) in type C,, the odd orthogonal group SO(2n + 1, C) in type B,, and SO(2n, C) in
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type D,,. Correspondingly we have the set R, of roots, and the set of simple roots. These are
subsets of the character group T, = @ —1 Zt; of T,, the maximal torus of G,.

The positive roots R, (set R, := —R;’ the negative roots) are given by
Type B,: R ={11<i<n)U{; 24 11<i<j<n},
Type Cu: R =1{24; | 1 <i<n}U{tj £ |1<i<j<n},

Type D,: R+—{tj:|:t,|1 i <j<n}

The following are the simple roots:

Type B,: «ap=1, ai=tir1—t (AI<i<n—-1),
Type C,:  «ap =21, agi=tiy1—t (A<i<n-1),
Type Djy: a; =1+, ai=tir1—t (AI<i<n—-1).

We introduce a symmetric bilinear form (-,-) on f"n ®z Q by (t;,t;) =6, ;. The simple co-
roots o’ are defined to be o = 20 /(e;, ;). Let w; denote the fundamental weights, i.e. those

elements in 7;, @z Q such that (;, ;") = 8; ;. They are explicitly given as follows:

Type By: wo=%(t1+tz+~~+tn), wj=tiy1+--+t, (I<i<n-—1),
Type Cp: wi=tix1+---+t, O<L<i<n—-1),
Type Dy: w1=%(t1+tz+~--+tn), w1=—(—t1+t2+-~-+tn),
wi=tiq1+---+t 2<i<n—1).
3.2. Weyl groups

Set Ioo =1{0,1,2,...} and IC/)O = {i, 1,2, ...}. We define the Coxeter group (W, Ixo) (resp.
(WL, I~o)) of infinite rank, and its finite parabolic subgroup W, (resp. W,) by the following
Coxeter graphs:

C, CCx (B, CBx)

oO—O0—O0—0—0—0 o——0—O0—0—O0—O0—0—
—
S0 s1 82 Sn—1 S0 s1 82 Sn—1  Sn
D, C Dy
8§37 857
1 1 —_—
O>>—o—o—v—o N O>>—o—o—o—o—o
o §2 83 Sn—1 o 2 83 Sn—1  Sn
S1 S1

More explicitly, the group W, (resp. W.,) is generated by the simple reflections s; (i € I5o)
(resp. s; (i € 1)) subject to the relations:
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P=c (el
S0S15051 = S1505150,

sisiv1si =sip15isit1 (i € Ino \ {0}),
sisj =sjsi (i —jl>2),

st=e (iell),

1

575287 = $25752,

sisiv18i = Sip18isiv1 (i € I\ {1}), 3.1
578i = 58i83 (i erl,, i ;AZ),

sisj=sjsi (i, j € I\ {1} li = j1 >2).

For general facts on Coxeter groups, we refer to [7]. Let < denote the Bruhat—Chevalley order
on Wy, or W.. The length £(w) of w € Wy (resp. w € W) is defined to be the least number &
of simple reflections in any reduced expression of w € W.

The subgroups W,, C W, W, C W/ are the Weyl groups of the following types:

Types B, Cp: W, = (50, 51,52, ..., Sp—1), Type D,: W, = (5§, 51,52, ..., 8—1).

It is known that the inclusion W, C W (resp. W, C W) preserves the length and the Bruhat—
Chevalley order, while W/, C W (resp. W,, C W,) is not (using terminology from [7] this says
that W, is a parabolic subgroup of W, while W/ is not). From now on, whenever possible, we
will employ the notation explained in Section 1.1, and use bold fonts W, respectively W, to
make uniform statements.

3.3. Signed permutations

The group Wa is identified with the set of all permutations w of the set {1,2,...}U{1,2,...}
such that w(i) # i for only finitely many i, and w(i) = w() for all i. These can also be
considered as signed (or barred) permutation of {l1,2,...}; we often use one-line notation
w = (w(l), w(2),...) to denote an element w € W,. The simple reflections are identified with
the transpositions so = (1, Dands; =@ +1,i)({,i +1) fori > 1. The subgroup W, C W, is
described as

W, ={w e Woo |w(i) =i fori > n}.
In one-line notation, we often denote an element w € W,, C Wy by the finite sequence
(w(l), ..., wn)).

The group W/, as a (signed) permutation group, can be realized as the subgroup of W
consisting of elements in Wy with even number of sign changes. The simple reflection s; is

identified with sos1s0 € Woo, 0 as a permutation s; = (1, 22, 1).
3.4. Grassmannian elements
An element w € W is a Grassmannian element if

wD)<w@)<---<w@)<---
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in the ordering --- <3 <2 <1<1<2<3<---.Let WY denote the set of all Grassmannian
elements in W,. For w € Wgo, let r be the number such that

w()<--<w@r)<1l and I<w@r+D<wr+2)<---. (3.2)

Then we define the r-tuple of positive integers A = (A1, ..., A;) by A; = m for 1 <i <r. This
is a strict partition i.e. a partition with distinct parts: A1 > --- > A, > 0. Let SP denote the set of
all strict partitions. The correspondence gives a bijection Wgo — SP. We denote by w;, € Wgo
the Grassmannian element corresponding to A € SP; then £(w;) = |A| = ) _; A;. Note that this
bijection preserves the partial order when S/P is considered to be a partially ordered set given by
the inclusion A C p of strict partitions.

We denote by W, the set of all Grassmannian elements contained in W/,. For w € W.,, the
number r in (3.2) is always even. Define the strict partition 1’ = (1] > --- > A}, > 0) by setting
A; = uTz) — 1 for 1 <i < r. Note that k; can be zero this time. This correspondence gives also a

bijection WoiO — SP. We denote by w) € Woio the element corresponding to & € SP. As before,
E(w’k) = |A| where £(w) denotes the length of w in W/_.

Example. Let A = (4,2, 1). Then the corresponding Grassmannian elements are given by w; =
4213 = 505150853528150 and wﬁ\ =53214 = SiS2S1S4S352Si.

The group W (resp. W,,) has a parabolic subgroup generated by s; (i € Ino \ {0}) (resp. s;
(el \ {i})). We denote these subgroups by Soo = (s1, 52, ...) since it is isomorphic to the
infinite Weyl group of type A. The product map

WO X Soo = Woo  (resp. WL x Soo — WL),

given by (4, w) — uw is a bijection satisfying £(uw) = €(u) + £(w) (cf. [7, Proposition 2.4.4]).
As a consequence, w;, (resp. w’k) is the unique element of minimal length in the left coset wy Seo
(resp. wj Soo).

4. Schur’s Q-functions and their factorial analogues
4.1. Schur’s Q-functions

Our main reference for symmetric functions is [34]. Let x = (x1, x2, ...) be infinitely many
indeterminates. Define Q; (x) as the coefficient of u* in the generating function

fa =T+ T3 o,

1—x
i=1 ! k>0

Note that Q¢ = 1. Define I" to be Z[Q1(x), Q2(x), ...]. The identity f(u) f(—u) =1 yields

0i()2+2) (~1) Qi1 ;(0)Qi—;j(x)=0 fori>1. @.1)

j=1
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It is known that the ideal of relations among the functions Qy(x) is generated by the previous
relations. For i > j > 0, define elements

J
Qi j(X) = 0i(0)Q;(xX)+2) (=1 Qitx(x)Qj x(x).

k=1

Note that Q; o(x) = Q;(x) and Q;;(x) (i = 1) is identically zero. For A a strict partition we
write A = (A1 > A2 > --- > A, 2> 0) with r even. Then the corresponding Schur’s Q-function
0; = QOj(x) is defined by

Oi(x) = Pf(Q)L,‘,)»j (x))l<l'<j<r’
where Pf denotes the Pfaffian. It is known then that the functions Q; (x) for A € SP form a Z-

basis of I". The Schur P-function is defined to be P; (x) = 2~¢™ Q, (x) where £(}) is the number
of non-zero parts in A. The next lemma shows that the Schur Q-function is supersymmetric.

Lemma 4.1. Each element ¢(x) in I satisfies
@(t, —t,x1,x2,...) =@(x1,x2,...)
where t is an indeterminate.

Proof. It suffices to show this for the ring generators Q; (x). This follows immediately from the
generating function. O

4.2. Factorial Schur Q- and P-functions

In this subsection we recall the definition and some properties of the factorial Schur Q- and
P-functions defined by V.N. Ivanov in [20]. Fix n > 1 an integer, X a strict partition of length
r <nanda = (a;);>1 aninfinite sequence. By (x|a)k we denote the product (x —ay) - - - (x —ag).
According to [20, Definition 2.10] the factorial Schur P-function Pf")(xl, ..., Xpla) is defined
by:

P)fn)(x1,...,xn|a) =

,
e Yi +Xj
LT (Mo T 22)
(n—r)t weS, i=1 i<ri<j<n KT

where w acts on the variables x;. If a; = O this function is stable, i.e. P}E"H)(xl, eoy X, 0la) =
P)f") (x1,...,xpla), therefore there is a well-defined limit denoted by Py (x|a). It was proved
in [18, Proposition 8] that if a; # 0, P (x1, ..., x,|a) is stable modulo 2, i.e. P""? (xy, ...,
Xn,0,0]a) = P)fn)(xl, ..., Xp|a); so in this case there is a well-defined even and odd limit. From

now on we will denote by P (x|a) the even limit of these functions. For a sequence a = (a;);>1,
define also the factorial Schur Q-function Q; (x|a) to be

0;.(x|a) =2 P, (x0, a),
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where £()) is the number of non-zero parts of A. The sequence a = (0, a) is defined to be a; =0
and a;11 = a; for i > 1. As explained in [18], the situation a; # 0 is needed to study type D; in
types B, C, the case a; = 0 will suffice. For simplicity, we will also denote P)fn)(xl, e Xpla)
by P, (x1,...,xn|a). For each strict partition A define two sequences ¢, and t)/\ as follows:

(41, -+ 1,41,0,0,...) if r is even,

=G ,....0.,0,0,..), t = o
(@ ' ) 7 (yats oo thya1. 11,0, .. if 7 is odd.

Let also w;, € Wgo (resp. w} € Wgo ) be the Grassmann element corresponding to A € SP. We
associate to A its shifted Young diagram Y, as the set of boxes with coordinates (i, j) such that
I<i<randi<j<i+A; —1 Weseti;=0for j>r by convention. Define

— S P / J— S—
mo= 1] Getmg.  HoO= [] tgG+agm
(i, J)EY (i, j)EY)

Example. Let > = (3, 1). Then w;, = 312, w} = 4213, and

H, (t) =41113(t3 + 11) (13 — 1), H(t) = (t4 + 1) (ts — 1) (14 — 13) (12 — 11).

3 1 2 2 1 3
Type C 3| 2n B+t |ta—1 TypeD 4 W+t (ta—1 |[4—13
1 2t 2 H—1
w) = 50525150 = 312 w;L = 51535287 = 4213

Proposition 4.2. (See [20].) For any strict partition X, the factorial Schur Q-function Q; (x|t)
(resp. Py (x|t)) satisfies the following properties:

(1) Qx(x|t) (resp. Py(x|t)) is homogeneous of degree |\| = Z?:l A,

(2) Ox(x|t) = Qx(x)+lower order terms in x (resp. Py (x|t) = Py (x)-+lower order terms in x),
(3) Ox(tult) =0 (resp. PA(I;L“) =0) unless . C u,

4) Ow(tilt) = Hy(t) (resp. Pi(t;|t) = H; (1))

Moreover Q; (x|t) (resp. P (x|t)) (A € SP) form a Z[t]-basis of Z[t1 Qz I" (resp. Z[t1 @z I'").

Proof. In the case 71 = 0 this was proved in [20, Theorem 5.6]. If #; # 0, the identity (3) follows
from the definition (cf. [18, Proposition 9]), while (4) follows from a standard computation. O

Remark 4.3. The statement in the previous proposition can be strengthened by showing that the
properties (1)—(4) characterize the factorial Schur Q- (respectively P-) functions. For #; = O this
was shown in [20, Theorem 5.6]. A similar proof can be given for 71 # 0, but it also follows from
Theorem 6.3 below. The characterization statement will not be used in this paper.
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Remark 4.4. The function Q; (x|t) belongs actually to I' ®z Z[t1, t2, ..., ty,—1] and Py (x]t) to
I'" ®z Z[t1, 12, ..., t,]. For example we have

i—1 i—1
Qixl =) (=DVej(t1,....ti i) Qi j(x),  PixIn=Y (=Diej(t1,.... ) Pi_j(x).

J=0 J=0

Remark 4.5. An alternative formula for Q) (x|t), in terms of a multi- Pfaffian, will be given below
in Section 11.

The following proposition will only be used within the proof of the formula for the Schubert
polynomial for the longest element in each type, presented in Section 9 below.

Proposition 4.6. (See [20].) Let .. = (A1 > --- > A, > 0) be a strict partition with r even. Then
Q)\()C|l‘) = Pf(Q)»,‘,)»j (x|t))l<i<j<r’ P)n(x|t) = Pf(P)»,',)»j (x|t))l<i<j<r'

Proof. Again, for #; = 0, this was proved in [20, Theorem 3.2], using the approach described
in [34, II1.8, Example 13]. The same approach works in general, but for completeness we briefly
sketch an argument. Lemma 6.5 below shows that there is an injective universal localization map
D71 Q7Z[t1 QI — Hwewgo Z[t]. The image of P, (x|t) is completely determined by the
images at Grassmannian Weyl group elements wl/L and it is given by P, (t; |t). But by the results
from [18, Section 10] we have that P; (f,ﬂf) = Pf(Py, 5, (t;|t))1<i<j<,. The result follows by
injectivity of . O

We record here the following formula used later. The proof is by a standard computation (see
e.g. the proof of [20, Theorem 8.4]).

Lemma 4.7. We have
P (x|t) = Pe(x|0) Py (x[t) — Pryr (x]t) — (tk1 + 1) Pre(x[t) - fork > 1. (4.2)
4.3. Factorization formulas
In this subsection we present several factorization formulas for the factorial Schur P- and Q-
functions, which will be used later in Section 9. To this end, we first consider the case of ordinary

factorial Schur functions.

4.3.1. Factorial Schur polynomials
Let A = (A1, ..., A,) be a partition. Define the factorial Schur polynomial by

det((x; D% 1< i<a

53 (X105 - Xnlt) = ,
1_[1<i<j<n(xi — X))
where (xlt)k denotes ]_[5;1 (x — t;). It turns out that s (x|¢) is an element in Z[xq, ..., ] ®
ZIt1, ..., ty,+n—1]. For some basic properties of these polynomials, the reader can consult [36].

The following formula will be used to prove Lemma 9.5 in Section 9.



T. Ikeda et al. / Advances in Mathematics 226 (2011) 840-886 855

Lemma 4.8. We have s, _,(t1, ..., tlt1, —21, 12, =22, .. ., tn—1, —Zn—1) = H1<i<j<n(tj +z;).

Proof. When variables z;, #; are specialized as in this lemma, the numerator is an anti-diagonal
lower triangular matrix. The entry on the i-th row on the anti-diagonal is given by ]_[’j*]1 i —

tj)(ti +z;). The lemma follows immediately from this. O -
Next formula is a version of Lemma 4.8 which will be used in the proof of Lemma 9.7.

Lemma 4.9. If n is odd then we have

n

Sy i 1n1 (2 ottt =20, e 1, —Zn—1) = H(fj —11) 1_[ @ +zi).

j=2 I<i<j<n
Proof. Similar to the proof of Lemma 4.8. O
4.3.2. Factorial Schur P- and Q-functions
We need the following factorization formula.
Lemma 4.10. Let .. = (Aq, ..., Ay) be a partition. Then we have

n
Qpirxt,xal)=[]2x [ Gi4x) xsio,.xlb),

i=1 1<i<j<n

Proof. By their very definition

n
. i Xi +Xxj
Qa1 x| =2" Y " w| [ [l ™= ] =—|

Xi —Xj
weS, i=1 1<i<j<n ™t J

where w acts as permutation of the variables xi,...,x,. Since the polynomial

[T xi ngk j<n(Xi +xj) in the parenthesis is symmetric in x, the last expression factorizes
into

[Ta [] Gidxpx D w| [Tan® ™ [T @-xp™|

i=1 1<i<j<n wes, i=1 1<i<j<n
Then by the definition of s, (x1, ..., x,|t) we have the lemma. O
The following two lemmas are proved in the same way:

Lemma 4.11. Assume n is even. Let A = (A1, ..., Ay) be a partition. Then we have

Poyaxt,xalty = [ Gidx))-saGer .. xalo).
1<i<j<n
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Lemma 4.12. Assume n is odd. Let . = (71, ..., Ay—1) be a partition. Then we have
P, 142X, xq—1]t) = l_[ (i +x5) X 85 g1 (X5 - 00 Xn—110).
I<i<j<n—1

5. Stable Schubert classes

The aim of this section is to introduce stable Schubert classes indexed by the Weyl group of
infinite rank W .. Recall that the embeddings of Dynkin diagrams shown in Section 3.2 induce
embeddings i : W,, — W,y ; then Wy, = Un>1 Ww,.
5.1. Stable Schubert classes

Let us denote by Ulfjn) the equivariant Schubert class on F,, labeled by w € W,,.

Proposition 5.1. The localization of Schubert classes is stable, i.e.

al.(("u;l) i = (")| forall w,v e W,.

Proof. First we claim that ol("u; )|,(v) € Z[t]™ for any w,v € W,,. Let w(") be the longest

element in W,,. By Proposition 2.1, we have forv e W,

[lgerr B ifv= w(")
0 ifv£wl”.

(n+1)
i)

i(v)

In particular these polynomials belong to Z[¢]™ . For arbitrary w € W,,, any reduced expression
of i (w) contains only simple reflections so, ..., s,—1 (in type D, sg is replaced by si). Hence we

obtain the Schubert class ol((rij)l) by applying the divided difference operators dy, ..., d,—1 (in

type D, o is replaced by 9;) successively to the class U(("tnl)) In this process only the variables

f1,...,t, are involved to compute ol((wt )| i(v) (v e W,). Hence the claim is proved.

For w € W,,, we consider the element 7, in ]_[vew Z[t]™ given by 1y, = U,((wtl)|i(v)

(v € W,,). We will show the element n,, satisfies the condmons in Proposition 2.1 that char-
acterize ow) In fact, the vanishing condition holds since i (w) < i(v) if and only if w < v
Homogeneity and the degree condition is satisfied because £(i(w)) = £(w). The normalization
follows from the fact R;lIr NwR, = R:{H N i(w)R . Thus we have n,, = a( ™ and the propo-
sition is proved. O

Fix w to be in W ,. Then, by the previous proposition for any v € W, and for any suffi-
ciently large n such that w, v € W,,, the polynomial oy, )|v does not depend on the choice of n.
Thus we can introduce a unique element o( o) = (o (oo)l )y in HUEWQ@ Z[t] such that

o, =),

for all sufficiently large n. We call this element the stable Schubert class.
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Remark 5.2. As pointed out by a referee, the stability of the equivariant Schubert classes may
have a geometric interpretation using the cohomology of Kashiwara’s thick Kac—-Moody flag
variety defined in [22, Section 5]. We plan to investigate this elsewhere.

Definition 5.3. Let Hy, be the Z[t]-submodule of ]_[erOQ Z[t] spanned by the stable Schubert

(00)

classes oy, ', w € W, where the Z[¢]-module structure is given by the diagonal multiplication.

We will show later in Corollary 6.4 that H is actually a Z[¢]-subalgebra in the product ring
I, ew., ZIt]. The properties of the (finite-dimensional) Schubert classes extend immediately to

the stable case. For example, the classes O’(Oo) (w € Wyo) are linearly independent over Z[¢]
(Proposition 2.2), and they satisfy the properties from Proposition 2.1. To state the latter, define
R* ={J,>1 R, regarded as a subset of Z[¢]. Then:

Proposition 5.4. The stable Schubert class satisfies the following:

(1) (Homogeneity) olsjoo) |y is homogeneous of degree £(w) for each v > w.
(2) (Normalization) 047 11y = [1ger+ur-) B-

(3) (Vanishing) UIE,OO) |y vanishes unless v > w.

It is natural to consider the following stable version of the GKM conditions in the ring

Hvewoo Z[t]:

nly — Nls,v 18 a multiple of « for all @ € R, veWg.

Then the stable Schubert class azﬁf") is the unique element in ]_[v eWa Z[t] that satisfies the GKM
conditions and the three conditions of Proposition 5.4. It follows that all the elements from Hy,
satisfy the GKM conditions. In particular, the proofs from [25] can be retraced, and one can
define the left and right actions of W, on Hy, by the same formulas as in Section 2.4 but for
i € I . Using these actions, we define also the divided difference operators 9;, §; on Hso (see

Section 2.5). The next result follows again from the finite-dimensional case (Proposition 2.3).

Proposition 5.5. We have

oy Lws)=Ew) =1, ¢ oo _ o), Esiw) =ew) -1,

30\ = oy
0, L(ws;)) =L(w) + 1, 0, L(siw) = L(w) + 1.

5.2. Inverse limit of cohomology groups

Let H, denote the image of the localization map

»HY (F) — Hy (F) = ] zia®.
veW,

By the stability property for the localization of Schubert classes, the natural projections Hy, —
H, ~ H;n (F,) are compatible with the homomorphisms H;,m (Fus+1) — H;ﬂ (F,) induced by
the equivariant embeddings F,, — F;,+1. Therefore there is a Z[t]-module homomorphism
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j + Hoo = lim Hy. ().

The injectivity of localization maps in the finite-dimensional setting implies that j is injective as
well.

6. Universal localization map

In this section, we introduce a Z[t]-algebra R, and establish an explicit isomorphism from
R, onto Hy, the Z[t]-module spanned by the stable Schubert classes. This isomorphism will
be used in the proof of the existence of the double Schubert polynomials from Section 8.
6.1. The ring R and the universal localization map

Set Z[z] = Z[z1, 22, 23, - - -] and define the following rings:

Roo :=Z[1]®7 Z[z]®z I, and R, :=Z[t]®zZ[z]1Qz T

As usual, we will use R, to denote Ry for type C and R/, for types B and D.

We introduce next the most important algebraic tool of the paper. Let v be in W,. Set 1, =

(fy.1,ty2,...) to be

A 6] if v(7) is negative,
v, — .
0 otherwise,

where we set #; to be —#;. Define a homomorphism of Z[¢]-algebras

Dy iR, —Z[t] (x>t zi> b))
Note that since v(i) =i for all sufficiently large i, the substitution x — t, to Py (x) gives a
polynomial Py (t,) in Z[t] (rather than a formal power series). Since R is a subalgebra of R/,

the restriction map @, : Roc — Z[t] sends Q; (x) to O, (t,).

Definition 6.1. Define the “universal localization map” to be the homomorphism of Z[¢]-algebras
given by

®:Ro — l_[ Zlt], f'_>(¢v(f))vewoo'

veW

Remark 6.2. A geometric interpretation of the map @, in terms of the usual localization map,
will be given later in Section 10.

The main result of this section is

Theorem 6.3. The map @ is an isomorphism of graded Z[t] algebras from R~ onto its image.
Moreover, the image of @ is equal to Hwo.

Corollary 6.4. Hy, is a Z[t]-subalgebra in Huewm Z[t].
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The proof of the theorem will be given in several lemmata and propositions, and it occupies
the remaining part of Section 6. The more involved part is to show surjectivity, which relies on
the analysis of the “transition equations” implied by the equivariant Chevalley rule, and on study
of factorial Schur P- and Q-functions. The proof of injectivity is rather short, and we present it
next.

Lemma 6.5. The map @ is injective.

Proof. We first consider type B case. Write f € R, as f = ), ca(t,z) Px(x). Suppose
@ (f) =0. There are m, n such that

CkEZ[tls---stm,Zl,u-,Zn]

for all A such that ¢; # 0. Define v € Woo by v(@) =m+i (1 <i <n), vin+i) =i (1 <i <m),
vim+n+i)=m+n+i (1<i<N),andv(i)=1i (i > N), where N >m +n + 1. Then we

have ¢v(f) = Z)\ Ck(tl, s tmy s e tm+n)P)\(tm+n+lv 42y -+ s tm+n+N) = 0. Since
this holds for all sufficiently large N, we have

ch(tla vttt s b)) P (G100 tmpn g2, .. ) = 0.
s

Since Py (tm+n+1, tmtn+2, - - -) are linearly independent over Z (see [34, 111, (8.9)]), we have
Ck(tla~-~atm;tn1+la---atm+n) =0

for all A. This implies ¢, (t1,...,tm; 21,-..,2,) = 0 for all A. Since Ry, C R(’X,, type C case
follows immediately. Type D case is proved by a minor modification. Take N to be always even,
and consider the sufficiently large even N. O

6.2. Factorial Q- (and P-)functions and Grassmannian Schubert classes

Recall that there is a natural bijection between W2, Wgo and the set of strict partitions SP.
The next result was proved by Ikeda in [16] for type C, and Ikeda and Naruse in [18] for
types B, D.

Theorem 6.6. (See [16,18].) Let . € SP and w;, € Wgo and w;\ € Wgo be the corresponding
Grassmannian elements. Then we have

(1) @(0;.(x|t) =0\ for type C,
) D(P(x]0,1)) = o\ for type B,
(3) @(Pi(x|1) =0 for type D.

!
wy,

Proof. We consider first the type C case. The map on W, given by v — U,E)io) |y is constant on
each left coset of W 0 = S and it is determined by the values at the Grassmannian elements.
Let v € W and w, be the minimal length representative of the coset vSy, corresponding to a
strict partition . Then #, defined in Section 6.1 is a permutation of #,. Since Q; (x|t) is sym-
metric with respect to x we have @, (Q; (x[t)) = Qx(ty]t) = Qs (t4]?). In [16], it was shown that
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O, (t,lt) = aw# )|wu, which is equal to ow )|v This completes the proof of this case. Proofs
of the other cases are the same with approprlate identification of the functions and strict parti-
tions. O

6.3. Equivariant Chevalley formula

The Chevalley formula is a rule to multiply a Schubert class with a divisor class. To state it
we need some notation. For a positive root & € R™ and a simple reflection s;, set

CO(,S,‘ = (CL)[, a\/)’ a\/ = Za/(aa C(),

where w; is the i-th fundamental weight of one of the classical types A,-D,, for sufficiently
large n. The number c, 5, — called Chevalley multiplicity — does not depend on the choice of n.

Proposition 6.7. (Cf. [28].) For any w € W, the Chevalley multiplicity 6,°”|,, is given by
w; — w(w;), where w; is the fundamental weight for a classical type A,-D,, such that n > i.

Lemma 6.8 (Equivariant Chevalley formula).
GS(I_OO)U]E)OO) - Z Cas: wsa) + 0(00) 05}00)'
a€RT, L(wsy)=L(w)+1
Proof. The non-equivariant case is due to Chevalley [8], but the stable version of this formula

was given in [4]. An easy argument using localization shows that the only difference in the

equivariant case is the appearance of the equivariant term as )|w Ow (Oo) O

Remark 6.9. There are only finitely many non-zero terms in the sum in the right-hand side.
Lemma 6.10. The elements @ (z;) € Hoo are expressed in terms of Schubert classes as follows:

TypeB: @(z) =0 =200 +1,,  @@) =0 -0+ (i>2),

TpeC: @) =0, o) +1 (=1,

Stl

TypeD: @(z1) = os(loo) — os(ioo) +11, D(z7) = as(zoo) — US(IOO) — Us(ioo) +1t, and

(z) =0 =0+ (i 23).
Proof. This follows by localizing both sides of the formulas, and then using Proposition 6.7. 0O
Lemma 6.11. We have Im(®) C Hy

Proof. The ring Ry, has a Z[t]-basis z% Q; (x|t) where z* are monomials in Z[z] and A are
strict partitions. Since @ is Z[¢]-linear, it is enough to show that @ (z* O, (x|)) belongs to Hwo.
We use induction on degree d of the monomial z*. The case d = 0 holds by Theorem 6.6. Let
d > 1 and assume that @ (z% Q; (x|t)) lies in Hy for any monomial z* of degree less than d.
Note that, by Lemma 6.10, we have @ (z;) € Hso. Choose any index i such that z% = z; - ZP. By
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induction hypothesis @ (P 0, (x]t)) is an element in Hy, i.e., a linear combination of o&,oo)’s

with coefficients in Z[t]. Lemma 6.10 together with equivariant Chevalley formula imply that
dﬁ(zi)alf,oo) belongs to Ho. It follows that z* O, (x|¢) belongs to Hy. O

6.4. Transition equations

To finish the proof of surjectivity of @, we need certain recursive relations for the Schubert
classes — the transition equations — implied by the (equivariant) Chevalley formula. The argu-
ments in this subsection are very similar to those given by S. Billey in [4]. Let #;; denote the
reflection with respect to the root #; — f;, s;; the reflection with respect to ¢; +¢; and s;; the re-
flection with respect to #; or 2¢; (depending on type). From now on we regard Z[z] as subalgebra
of Hy via @ and we identify z; with its image @ (z;) in Hyo (cf. Lemma 6.11).

Proposition 6.12 (Transition equations). The Schubert classes o, of types B, C and D satisfy the
following recursion formula:

o = (z, —v(t,)) o™ + Z Ot T ZG:Sir + X055, (6.1)
1<i<r i#r

where r is the last descent of w, s is the largest index such that w(s) < w(r), v = wtyg, X =
2,1, 0 according to the types B, C, D, and for each o)), = 0 unless £(vt) = £(v) + 1 = £(w) for

v,t € Weo in which case o)), = a,ffo)

Proof. The same as in [4, Theorem 4] using the equivariant Chevalley formula (Lemma 6.8). O

Remark 6.13. The precise recursive nature of Eq. (6.1) will be explained in the proof of the next
proposition below.

Proposition 6.14. [f w € W, then the Schubert class 0,5,00) is expressed as a Z|z, t]-linear com-

bination of the Schubert classes of maximal Grassmannian type. More precisely we have

o =" guilz.00,™, (6.2)
A

Sfor some polynomials g, (2, t) in variables t; and z;, and the sum is over strict partitions X such
that |A| < n.

Proof. We will show that the recursion (6.1) terminates in a finite number of steps to get the
desired expression. Following [4], we define a partial ordering on the elements of W .. Given w
in W, let LD(w) be the position of the last descent. Define a partial ordering on the elements
of Weo by w <zp u if LD(u) < LD(w) or if LD(u) = LD(w) and u(LD(u)) < w(LD(w)). In [4]
it was shown that each element appearing on the right-hand side of (6.1) is less than w under this
ordering. Moreover it was proved in [4, Theorem 4] that recursive applications of (6.1) give only
terms which correspond to the elements in W, where r is the last descent of w. Therefore we
obtain the expansion (6.2). O
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6.5. Proof of Theorem 6.3

Proof. By Lemma 6.11 we know Im(®) C Hy. Clearly @ preserves the degree. So it remains

to show Hs C Im(@). In order to show this, it suffices to 015,00) € Im(¢). In fact we have

@ ( Y 2waz DO |t)) =0, (6.3)
A

since @ is Z[z, t]-linear. O
7. Weyl group actions and divided difference operators on R,

We define two commuting actions of W, on the ring R,. It is shown that the Weyl group
actions are compatible with the action on Hy, via @.

7.1. Weyl group actions on R

We start from type C. We make W act as ring automorphisms on R, by letting s7 inter-
change z; and z;4+1, fori > 0, and letting sf) replace z1 and —z1, and also

5010 = Qi) +2) 2] Qi j ().
j=1

The operator s(z) was introduced in [6]. Let @ : R — Roo be an involutive ring automorphism
defined by

w(zi) = —1j, w(t) ==z, @(Qr(x)) = Qx(x).
Define the operators s/ on R by s/ = wsiw for i € Is. More explicitly, s/ interchange #;
and t; 41, for i > 0, and s(’) replace #; and —#; and also
i .
56Qi(0) = 0i(x) +2 ) (=1)! Qi (x).
j=I
Lemma 7.1. The action of operators s, s(’) on any ¢(x) € I' are written as
so@(x1, X2, ...) = @(z1, X1, X2, - . ), Sop (X1, X2, ...) = @(=11, X1, X2, ...).
Note that the right-hand side of both the formulas above belong to R.

Proof. We show this for the generators ¢(x) = Qx(x) of I'. By the definition of s(z) we have
o

ad 14+xju\1+ziu ad
ZséQk(X)'uk= l_[—l —=ZQk(Zl,x1,x2,---)Mk-
= 1—xjull—ziu pard

=

Thus we have the result for s§ Oy (x) for k > 1. The proof for s{ is similar. O
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Proposition 7.2.

(1) The operators sl.Z (i =2 0) give an action of We, 0n Ro.
(2) The operators sf (i = 0) give an action of We, o1 Reo.
(3) The two actions of Weo commute with each other.

Proof. We show that s; satisfy the Coxeter relations for Woo. The calculation for sl.’ is the

same. We first show that (s§)> = 1. For f(z) € Z[z], (s{)*f(z) = f(z) is obvious. We have
for p(x) € I,

2
(s5) (0(0) =s5@(z1, x1, X2, ..) = @(21, =21, X1, %2, ...) = @(x1, X2, ...),

where we used the super-symmetry (Lemma 4.1) at the last equality. The verification of the
remaining relations and the commutativity are left for the reader. O

In type B, the action of Wo, on R/ is obtained by extending in the canonical way the action

from R. Finally, we consider the type D case. In this case, the action is given by restriction the

. / / : AN AP AV 4 t__ Gttt
action of Wy, on R to the subgroup W/ . Namely, if we set 8= 505150 and 85 = 5051505 then

we have the corresponding formulas for s% and s% (in type D):
sTo(x1, x2, .. =9(21, 22, X1, X2, .., Sip(x1,x2, .. ) = (=11, —h, X1, X2, ..).
7.2. Divided difference operators

The divided difference operators on R, are defined by

— % — s.’
3if=7f lf, 3if=7f ’f,
w(aj) o
where s; and «; (i € 1) are the simple reflections and the corresponding simple roots. Clearly
we have §; = wdjw (i € I ).

7.3. Weyl group action and commutativity with divided difference operators

Proposition 7.3. We have (1) s} ® = @s!, (2) sk = &s7.

Proof. We will only prove this for type C; the other types can be treated similarly. We first
show (1). This is equivalent to s; (@, (f)) = Dy (sl.’f) for all f € Roo. If f € Z[z, t] the com-
putation is straightforward and we omit the proof. Suppose f = ¢(x) € I'. We will only show

50(Psgu () =Dy (s(’) f) since the case i > 1 is straightforward.
By Lemma 7.1, the right-hand side of this equation is written as

(=11, x1,%2, - )xj=1, ;- (7.1

Let k be the (unique) index such that v(k) =1 or 1. Then the string tsyv differs from #, only in
k-th position. If v(k) =1, then t, y =11, tsu,k =0 and #, ; =t5,,,; for j # k. In this case (7.1) is
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(=1, t 1, by k=15 H, ty kb 15 - - 2)-

This polynomial is equal to @(¢y.1, ..., ty,k—1, tv,k+1, - - .) because ¢(x) is supersymmetric. It is
straightforward to see that s9@y,, (¢ (x)) is equal to @(ty 1,..., ty k-1, tv k+1,-..). The case for
v(k) =1 is easier, so we left it to the reader.

Next we show (2), i.e. @y, (f) = <Dv(sff) for all f € Ry. Again, the case f € Z[z,t] is
straightforward, so we omit the proof of it. We show @, (¢ (x)) = @, (s(z)go(x)) for p(x) e I.
The right-hand side is

@(Zl:xl,xL-«~)|11:v(11),xj:tv,j, (72)

where t, ; = ) if v(j) is negative and otherwise t, ; is zero. If v(1) = —k is negative, the
above function (7.2) is

(p(_tk’ tkv Z‘U,29 tv,S, .. )

This is equal to ¢(0,0,1, 2,1, 3,...) because ¢ is supersymmetric. Then also this is equal
to ¢(0,0,t,2,t3,...) = @(0,,2,%3,...) by stability property. Now since v(l) is positive
we have t,5, = (0, 1,2, 1, 3, . ..). Therefore the polynomial (7.2) coincides with @, (¢(x)). If
v(1) is positive, then t, = (0, 1,2, #y3, ...) and tysy = (ty(1), tv,2, tv,3, - . .). Hence the substitu-
tion x > ty5, to the function ¢(xi, x2,...) gives rise to the polynomial (7.2). Next we show
Dy, (0(x)) = Dy (Siz(p(x)) for i > 1. First recall that sl.zgo(x) = @(x). In this case t,;, is obtained
from t, by exchanging t,,; and #, ;+1. So @(t,s;) = @(t,). This completes the proof. O

Using the above proposition, the next result follows:

Proposition 7.4. The localization map @ : Roo — Hoo commutes with the divided difference
operators both on Ry, and H, i.e.,

D0, =0;D, D6 =06;P.

Proof. Let f € Roo. Applying @ on the both hand sides of equation w(e;) - 8; f = f — 7 f
we have @ (—w(w;)) - @(0; f) =D (f) — s,.Rd>(f), where we used Proposition 7.3 and linearity.
Localizing at v we obtain v(e;) - @, (9; f) = Py(f) — Dys,; (f). Note that we used the defini-
tion of siR and @,(w(¢;)) = —v(e;). The proof for the statement regarding §; is similar, using
D(aj)=0w;. O

7.4. Proof of the existence and uniqueness Theorem 1.1

Proof. (Uniqueness) Let {S,,} and {&/,} be two families both satisfying the defining conditions
of the double Schubert polynomials. By induction on the length of w, we see 9;(&,, — &) =
8i(6y — &,,) =0 for all i € I. This implies that the difference &,, — &/, is invariant for
both left and right actions of W . It is easy to see that the only such invariants in R, are the
constants. So &,, — &/, = 0 by the constant term condition.

(Existence) Define &, (z,1;x) = qﬁ*l(alﬁf"”). By Proposition 7.4 and Proposition 5.5,
Gy (z, t; x) satisfies the defining equations for the double Schubert polynomials. The conditions
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on the constant term are satisfied since olﬁj’o) is homogeneous of degree £(w) (Proposition 5.4)

and we have 6, =1. O

Remark 7.5. By construction, G, (z, t; x) satisfies the transition equation (6.1) with G,E)OO) re-

placed by G,,(z, t; x). This equation provides an effective way to calculate the double Schubert
polynomials.

Remark 7.6. The ring Z[z] ®7 Z[t] is stable under the actions of the divided difference operators
d;,6; (i = 1) of type A, and the type A double Schubert polynomials 6{},(z, 1), w € S form the
unique family of solutions of the system of equations involving only 9;, §; for i > 1, and which
satisfy the constant term conditions.

7.5. Projection to the cohomology of flag manifolds

We close this section with a brief discussion of the projection from R, onto H?ﬂ (Fn). For
f € Z[t], we denote by f™ e Z[t]"™ the polynomial given by setting ; = 0 for i > n in f. Let
pr, : Hoo — H, be the projection given by (fy)vew,, > ( fv("))vewn. Consider the following
composition of maps

7n : Roo —> Hoo 5 H, = H; (F).

Explicitly, we have 7, (f)]y = @, ()™ (f € R, v e W,). We will give an alternative geo-
metric description for 7, in Section 10.

Proposition 7.7. We have 7,,(G&,,) = O,E)") for w e W, and 7,(Sy) =0 for w ¢ W,,. Moreover
1, commutes with divided difference operators

3(")

W omy =m0, 8 om=m08 (i€l

where 8i(n), (Si(n) are divided difference operators on H;ﬂ (F).
Proof. The first statement follows from the construction of 015,00) and the vanishing property

(Proposition 5.4). The second statement follows from Proposition 7.4 and the commutativity

8i(") opr, = pr, o ;, 31.(") o pr, = pr,, o §; which is obvious from the construction of 9;,8;. O

Corollary 7.8. There exists an injective homomorphism of Z[t]-algebras 7~ : Ry —
lim H, (F,).

Proof. The proof follows from the above construction and Section 5.2. 0O
8. Double Schubert polynomials
8.1. Basic properties

Recall that the double Schubert polynomial S,,(z,t; x) is equal to the inverse image of the

stable Schubert class olfjoo) under the algebra isomorphism @ : Ry, — Hy. In the next two

sections we will study the algebraic properties of these polynomials.
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Theorem 8.1. The double Schubert polynomials satisfy the following:

(1) (Basis) The double Schubert polynomials {Gy }yew ., form a Z[t]-basis of Rx.
(2) (Relation to Billey—Haiman’s polynomials) For all w € W o, we have

Guw(z,0;x) =Gy (z; x), (8.1)

where Sy, (z; x) denotes Billey—Haiman’s polynomial.
(3) (Symmetry) We have &,,(—t, —z; x) = &1 (2, t; x).
Proof. Property (1) holds because the stable Schubert classes O',E,OO) form a Z[t]-basis for Hy (cf.
Section 1.2). Property (2) holds because S, (z, 0; x) € Z[z] ® I'’ satisfies the defining conditions
for Billey—Haiman’s polynomials involving the right divided difference operators 9;. Then by the
uniqueness of Billey-Haiman’s polynomials, we have the results. For (3), set X, = w(&,,-1).
Then by the relation §; = wd;w we can show that {X,,} satisfies the defining conditions of the
double Schubert polynomials. So the uniqueness of the double Schubert polynomials implies
Xw = 6,. Then we have w(6,,)) = w(Xy) =0 (@S,-1) =6 ,-1. O

Remark 8.2. For type D we have s§s,D,, =D where @ is the image of w under the involution
of W/, given by interchanging s; and si. This is shown by the uniqueness of solution as in
the proof of the symmetry property. See [6, Corollary 4.10] for the corresponding fact for the
Billey—Haiman polynomials.

8.2. Relation to type A double Schubert polynomials

Let G4 (z, 1) denote the type A double Schubert polynomials. Recall that W, has a parabolic
subgroup generated by s; (i > 1) which is isomorphic to So.

Lemma 83. Let w € Wy, If w € Sy then Sy (z,t;0) = 63,(z,t) otherwise we have
Gy(z,t;0)=0.

Proof. The polynomials {S,,(z,#;0)}, w € Sxo, in Z[t] ®7z Z[z] C R satisfy the defining di-
vided difference equations for the double Schubert polynomials of type A (see Remark 7.6).
This proves the first statement. Suppose w ¢ Seo. In order to show Sy, (z, t; 0) = 0, we use the
universal localization map o4 7[7] ® Z[t] — I, €S Z|[t] of type A, which is defined in the
obvious manner. A similar proof to Lemma 6.5 shows that the map ®“ is injective. For any
v € Seo We have @,(S,(z,1; 0)) = @,(Gy(z,t; x)), which is equal to oﬁ)oo)h) by construction
of G (z,t; x). Since v ? w, we have U,E,oo) |y = 0. This implies that the image of &,, under the
universal localization map @4 is zero, thus G, (z,7;0) =0. O

8.3. Divided difference operators and the double Schubert polynomials

We collect here some properties concerning actions of the divided difference operators on the
double Schubert polynomials. These will be used in the next subsection. The next proposition
seems well known (see e.g. unpublished notes [37]), but we could not find a proof in the literature.
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Proposition 8.4. Let w = s;, - - - 5;, be a reduced expression of w € W . Then the operators

awzail..nair’ (Sw:Sl-l...(Si

r

do not depend on the reduced expressions and are well defined for w € W . Moreover we have

aweuz{ﬁuw-l if Cw™") = ) — L(w), 62

0 otherwise,

3w6u={6“’” ) = L) = L), (8.3)
0 otherwise.

Proof. Since {G,} is a Z[t]-basis of R, Eq. (8.2) uniquely determines a Z[¢]-linear operator,
which we denote by ¢,,. One can prove 9;, ---9;, = ¢,, by induction on the length of w. The
proof for §; is similar. O

Remark 8.5. The argument here is based on the existence of {S,,}, but one can also prove it in
the classical way — using braid relations (cf. e.g. [3]) — by a direct calculation.

The next result will be used in the next subsection (Proposition 8.7).

Lemma 8.6. We have @,(0,5,) = 6y.uw-

Proof. First note that ®,(Sy,) = 0™, = 8y If £(wu™") = €(w) — £(u) is satisfied then by
Proposition 8.4, we have @,(0,&,,) = ®.(6,,,-1) = 8y,,. Otherwise we have 9,&,, = 0 again
by Proposition 8.4. O

8.4. Interpolation formulas and their applications

In this subsection we obtain an explicit combinatorial formula for the double Schubert poly-
nomials, based on the explicit formulas for the single Schubert polynomials from [6]. The main
tool for doing this is the interpolation formula, presented next.

Proposition 8.7 (Interpolation formula). For any f € R, we have

f=2" ®(0u()Guz t; %),

weW

Proof. Since the double Schubert polynomials {S,,} form a Z[¢]-basis of the ring R, we write
f= Zweww CwOuw, Cu(t) € Z[t]. As 0y, is Z[t]-linear we obtain by using Lemma 8.6

PP f)= Y cu®Pe(@u®)= Y cu®)dpu=cu(®). O

ueWeyo ueWy

Remark 8.8. Let y = (y1, 2, ...) be formal parameters. On the extended ring Z[y] ® Rso, We
can introduce the Weyl group actions, divided difference operators, and the localization map in
the trivial way such that they are Z[y]-linear. Since the elements &,, (w € W) clearly form a
Z[y] ® Z[t]-basis of Z[y] ® R, the interpolation formula holds also for any f € Z[y] ® Roo.
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Proposition 8.9. Let y = (y1, 2, . ..) be formal parameters. Then

Su(z. ;1) =) 671y, D6,(z, y; x)

u,v
summed over all u € Soo, vV € W o such that w = uv, £(u) + £(v) = £(w).

Proof. By the interpolation formula (see Remark 8.8), we have

Gu(z y:iX) =Y @ (0,80(2. y: %)) G,y (2. 15 ).

By Proposition 8.4, we see 9,5,,(z, y; x) is equal to &,,,-1(z, y; x) if L(wv™h) = L(w) — £(v),
and zero otherwise. Suppose £(wv~!) = £(w) — £(v), then D (6,,,-1(2,y; %) =6,,-1(,y;0)
by the definition of @,. By Lemma 8.3 this is 6&}_1 (t,y) if wv™! = u € S and zero otherwise.
Then interchanging ¢ and y we have the proposition. O

Making y = 0 in the previous proposition, and using that Gf y,t)= Gl’;‘_, (—t, —y) (cf. The-
orem 8.1(3) above, for type A double Schubert polynomials) we obtain

Corollary 8.10. Let Gg(z) denote the (single) Schubert polynomial of type A. We have

Su(z1;0) =) 64, (=G, (z; x)

summed over all u € Sxo, v € W o such that w = uv and £(w) = £(u) + £(v).

There is an explicit combinatorial expression for the Billey—Haiman polynomials G,,(z; x)
in terms of Schur Q-functions and type A (single) Schubert polynomials (cf. Theorems 3 and 4
in [6]). This, together with the above corollary implies also an explicit formula in our case.
Moreover, the formula for G, (z; x) is positive, and therefore this yields a positivity property for
the double Schubert polynomials (see Theorem 8.13 below). We will give an alternative proof
for this positivity result, independent of the results from [6].

8.5. Positivity property

To prove the positivity of the double Schubert polynomials, we begin with the following
lemma (compare with Theorems 3 and 4 in [6]):

Lemma 8.11. We have &,,(z; x) = Zu’v 6,’;‘ (2)6,(0, 0; x) summed over all u € Wy, v € Soo
such that w = uv and £(w) = £(u) + £(v).

Remark 8.12. The function G, (0, 0; x) is the Stanley’s symmetric function involved in the com-
binatorial expression for Gy, (z; x) from [6]. This follows from comparing the present lemma and
the Billey—Haiman’s formulas (4.6) and (4.8).
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Proof. By (8.1) and symmetry property we have G,,(z; x) = Gy (z,0;x) = &,,-1(0, —z; x).
Applying Proposition 8.9 with y = 0 we can rewrite this as follows:

Y 8A0.-26,-100,0:x)= Y &()6,(0,0; x),

wl=y—1p-1 w=vu

where the sum is over v € Wao, u € Sa such that w=! = u~1v~!, and £(w™") = @w™") +
£(v~"). The last equality follows from symmetry property. O

We are finally ready to prove the positivity property of G, (z, t; x). Expand &,,(z, t; x) as

Su(@ )= Y furz DF(X),
reSP

where F (x) = Q, (x) for type C and P; (x) for type D.

Theorem 8.13 (Positivity of double Schubert polynomials). For any w € W, the coefficient
Jwa(z, t) is a polynomial in N[—t1, ..., —ty—1,21, ..., Zn—1]

Proof. The proof follows from the expression on Corollary 8.10, Lemma 8.14 below, combined
with Lemma 8.11 and the fact that G2 (z) e N[z]. O

Lemma 8.14. G, (0, 0; x) is a linear combination of Schur’s Q- (respectively P-) functions with
non-negative integral coefficients.

Proof. This follows from the transition equations in Section 6.4 (see also Remark 7.5). In fact,
the functions &,,(0, 0; x) satisfy the transition equations specialized at z =t = 0 with the Grass-
mannian Schubert classes identified with the Schur’s Q- or P-functions. In fact, the recursive
formula for F,,(x) = G, (0, 0; x) is positive, in the sense that the right-hand side of the equation
is a certain non-negative integral linear combination of the functions {F,, (x)}. This implies that
Fy(x) = 64(0,0; x) can be expressed as a linear combination of Schur’s Q- (or P-) functions
with coefficients in non-negative integers. O

9. Formula for the longest element

In this section, we give explicit formula for the double Schubert polynomials associated with

the longest element w(()") in W, (and W}). We note that our proof of Theorem 1.1 is independent
of this section.

9.1. Removable boxes

We start this subsection with some combinatorial properties of factorial Schur Q- and P-
functions. The goal is to prove Proposition 9.3, which shows how the divided difference operators
act on the aforementioned functions. See Section 4.2 to recall the convention for the shifted
Young diagram Y.
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Definition 9.1. A box x € Y, is removable if Y; — {x} is again a shifted Young diagram of a strict
partition. Explicitly, x = (i, j) isremovable if j =X; +i — 1 and A;41 <A; — 2.

To each box x = (i, j) in Yy we define its content c¢(x) € I, ¢'(x) € I}, by c(x) = j — i,
and c’(x)=j —i+ 1ifi#j, (i) = 1if i is odd, and ¢/(i,i) = 1 if i is even. Let i € Is
(resp. i € 1},). We call A i-removable if there is a removable box x in Y such that c(x) =i
(resp. ¢’(x) =1i). Note that there is at most one such x for each i € I (resp. i € I.)). We say A
is i-unremovable if it is not i-removable.

Type C Type D
0[1]2]3|4 i{2(3]4]5
0]1]2]3 12|34
01 112
0] L1
0 or 3-removable 1 or 4-removable

The following facts are well known (see e.g. Section 7 in [18]).

Lemma 9.2. Let w; € Wgo (resp. w} € Wgo) denote the Grassmannian element corresponding
to A € SP. Fori € I (resp. i € 1), a strict partition ) is i-removable if and only if €(s;w)) =
(w;) — 1 (resp. L(siw}) = L(w}) — 1). If A is i-removable then s;w) (resp. s;w)) is also a
Grassmannian element and the corresponding strict partition is the one obtained from A by
removing a (unique) box of content i.

Proposition 9.3. Let A be a strict partition and i € I (resp. i € I.)).

(1) If A is i-removable, then §; Q; (x|t) = Qy/(x|t) (resp. 8; Pr(x|t) = Py (x|t)), where ) is the
strict partition obtained by removing the (unique) box of content i from A.

(2) If ) is i-unremovable, then §; O (x|t) = 0 (resp. 8; P, (x|t) = 0), that is to say sl-’ 0, (x|t =
0;.(x|t) (resp. s Py (x|t) = Py(x|1)).

Proof. This follows from Lemma 9.2 and from the fact that €,,, = Q; (x[¢) and ’Dw/A = P (x|t),
hence we can apply the divided difference equations from Theorem 1.1. O

9.2. Type C,, case

For A € SP we define

KA. = K)\(Za t; x) = Q)\_(xlt], —Z1, t27 22500, t}’la —Zn, .- ')'
We need the following two lemmata to prove Theorem 1.2.

Lemma 9.4. Set A, = p, + pp—1. We have §,—1--- 616061 ---6p—1K 4, = K4

n—1°
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Lemma 9.5. We have m,(K 5,) = a(':i), where 1, : Roo — Hj (Fy) is the projection defined in
wy n

Section 7.5.
9.2.1. Proof of Theorem 1.2 for type C
Proof. Let w(()") in W, be the longest element in W,,. We need to show that
ngl)(z,t;x) =Ka,(z,t;x). 9.1
Let w € W4,. Choose any n such that w € W,, and set
Fy, = Sww(()m Ka,.

Since E(wwé”)) +2n—1= E(ww(()"H)) and ww(()”)sn e S1SOS] Sy = ww(()"H), it follows that

8 w-0p---816081---86p =8 m+n. Then Lemma 9.4 yields 6w+ K4, =38 Ky, for

wwo wwo wwo wwo
any w € W,, so F,, is independent of the choice of n. In order to prove the theorem it is enough
to prove F,, =C,, for all w € W.

By definition of F,, and basic properties of divided differences we can show that

F&‘[U}v E(SlU))ZZ(U))—l,

8; Fy =
e {O, otherwise.

9.2)

Now we claim that 7, (Fy,) = 015)") (for any n such that w € W,,). In fact, by commutativity of 7,

and divided difference operators (Proposition 7.7), we have

T (Fi) =8, 0070 (K a,) =8, o;'z,{) =0,
0

In the second equality we used Lemma 9.5, and the last equality is a consequence of (9.2). Thus
the claim is proved. Since the claim holds for any sufficiently large n, we have @ (F,) = 65,”)

(cf. Proposition 5.1). O
9.2.2. Proof of Lemma 9.4

Proof. The lemma follows from the successive use of the following equations (see the example
below):

(1) 8iKA’l_1n*i*1 = KAn_ln—i (0 <l S n— 1),
(2) (Sl‘KA”_ln_()n—ili—l = KAn_ln_On—iflli (1 gl S n— 1)

We first prove (1). For the case i = 0, we can apply Proposition 9.3(1) directly to get the
equation. Suppose 1 <i <n — 1. Before applying §; to K4 _js-i-1 we switch the parameters at

(2i — 1)-th and 2i-th positions to get

I(An—]”_’»_l = QAn—I"_i_l(-x|tlv —Zls e —Zis ti’ ti-‘rls il ey tn’ _Zn)-
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This is valid in view of Proposition 9.3(2) and the fact that A, — 1"~i=1is (2i — 1)-unremovable.
In the right-hand side, the parameters #; and t; 1 are on 2i-th and (2i + 1)-th positions. Thus the
operator §; on this function is equal to the 2i-th divided difference operator “8;” with respect
to the sequence of the rearranged parameters (f1, —z1, ..., —Zi, ti, ti+1, —Zi+1, - - -+ I, —2Zn) (S€€
the example below). Thus we have by Proposition 9.3(1)

SiKA,,fl”_"_l = QAnfl”_’. (X|t1, =20y eees —Zisbis titls —Zi41s -5 In,s _Zn),
namely we remove the box of content 2i from A, — 1”~*~!. Then again by Proposition 9.3(2),
the last function is equal to K 4 _j.-i; here we notice A, — 1"7" is (2i — 1)-unremovable.

Next we prove (2). In this case, by Proposition 9.3(2), we can switch 2i-th and (2i + 1)-th
parameters to get

KAn_ln_On—ilifl = QAn—l"—O"’ili*I ()C|t1 y =1y ey —Zi—1, ti, fi+] sy T iy ey tn, —Zn).
Here we used the fact that A, — 1" — 0"~/ 1/~ ! is 2i-unremovable. Now we apply 8; to the func-

tion. The operator §; is now “6p;_1” with respect to the sequence of the rearranged parameters
(t1, =21y +-vr —Zi—1>tis tit1l, —Ziy---»tn, —2Zn). By applying Proposition 9.3(1), we have

SiKp,—1n_gr-iti-t = Qp, —pn_gp-i-1i (X |01, =21, ooy —Zie 1, Gy B 1, —Zis oo+ Ins —Zn)-
The last expression is equal to K 5 _jn_gn—i-11i since Ap — 1" —0"~=11% is 2i-unremovable. O

Examples. Here we illustrate the process to show 8281808162K 4, = K4, (case n =3 in
Lemma 9.4).

|0123| |0123i>|0123| |0123| |012|3| [0]1]2]
0[1]2 0[1]2 01 01 0] 0]
9] L9] L9
K531 K431 K421 K4 Ky K31

We pick up the first arrow: 82 K531 = K4.3,1 (equation in (1) in the proof of Lemma 9.4 for
n =3,i =2). As is indicated in the proof, we divide this equality into the following four steps:

Ks31 = 0s31(x|t1, —21,12, =22, 13, —23)(2) 0s53,1(x|t1, =21, =22, 12, 13, —23)
a
&
— Q43,1(x|t1, =21, =22, b, 13, —23) o 0431(x|t1, =21, 12, —22, 13, —23) = K4 3,1.

In the equality (a) we used the fact that A3 = (5,3,1) is 3-unremovable, so the under-
lined pair of variables can be exchanged (by Proposition 9.3(2)). Then we apply 6, to this
function. Note that the variables 7,3 are in the 4-th and 5-th positions in the parameters
of the function. So if we rename the parameters as f = Qs 3.1(x|t1, —z1, —22, 12, 13, —23) =
Qs.3.1(x|uy, ua, us, us, us, ue), then oo is “64” with respect to the parameter sequence (u;);.
Namely we have
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fosif _ f—sh

13— u5—u4’

S f=

where sf,f exchanges u4 and us. Since Az = (5,3,1) is 4-removable, we see from Proposi-
tion 9.3(1) that §, = “84”” removes the box of content 4 from (5, 3, 1) to obtain the shape (4,3, 1).
Then finally, in the equality (b), we exchange the variables —z7, t2 again using Proposition 9.3(2).
This is valid since (4, 3, 1) is 3-unremovable. Thus we obtained K4 3 1.

9.2.3. Proof of Lemma 9.5

Proof. We calculate @,(K 4,) for v € W,. Recall that the map @, : Roc — Z[¢] is the Z[¢]-
algebra homomorphism given by x; — f,; and z; — t#,(;). So we have

djv(KA,,) = QA,, (tv,lv ey tv,n|tlv _tv(l)s cees In, _tv(n))-

Note that #, ; = 0 for i > n since v is an element in W,,. From the factorization formula (4.10),
this is equal to

IT 20 [T @itt0) sttt =ty -t —tom))-
1<i<n 1<i<j<n

The presence of the factor []; 21, ; implies that @, (K 4,) vanishes unless v(1), ..., v(n) are all
negative. So from now on we assume v = (o (1), ..., o (n)) for some permutation o € S,,. Then
we have 1, ; =15(;) and t,(;) = —15(;) 0 the last factor of factorial Schur polynomial becomes

Spu_i(o)ys oo s ta@tis to)ys - -5 s o))

Thisis equal to s, , (t1, ..., t|t1, to (1), - - - tns Io(n)) Decause s, | is symmetric in their first set
of variables. From Lemma 4.8 we know that this polynomial factors into [ [, ;. ;<,(tj — fo@)-

This is zero except for the case o = id, namely v = w(()”). If o =id then @,(K4,) becomes

_
0
9.3. Type D,, case
Set Ki(z, —t;x) = P.(x|t1, =215+ -y th—1, —Zn—1, - ..). Our goal in this subsection is
— / .
@w(()n) - KZ,O,,_] (Z’ t’ x).

We use the same strategy as in Section 9.2 to prove this. Actually the proof in Section 9.2.1 works
also in this case using the following two lemmata, which will be proved below.

Lemma 9.6. We have §,,_1 -- ‘52315182 .- 5,1,1[(5/)”_1 = Képn_z’

Lemma 9.7. We have 7, (K}, .
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9.3.1. A technical lemma
We need the following technical lemma which is used in the proof of Lemma 9.6. Throughout
the section, (u1, uz, us, ...) denote any sequence of variables independent of #1, ;.

Lemma 9.8. Let A = (A1, ..., A,) be a strict partition such that r is odd and A, > 3. Set t =
(ur,t1, 2, up, u3, ...). Then 8, Py 5, 1 (x|t) = Py 2, (x]D).

Sublemma 9.9. Suppose A is 1,2 and 1-unremovable. Then we have 81 P (x|f) =0.

Proof. Since A is 1, 2-unremovable, we can rearrange the first three parameters by using Propo-
sition 9.3, so we have Py (x|f) = P (x|t1, t2, u1, ua, u3, ...). Because A is also 1-unremovable, it
follows that 8 Pr(tr, tp,uy, ua,...) =0 from Proposition 9.3. O

Sublemma 9.10 (Special case of Lemma 9.8 for r = 1). We have 8; Py 1 (x|t) = P (x|f) for k > 3.

Proof. Substituting 7 for ¢ into (4.2) we have

Pi1(x|f) = Pe(x|6) Py (x]8) — Pry1 (x10) — (uk—1 +u1) Pe(x[0).

By the explicit formula Py(x|f) = P(x), we have §; Py (x|f) = 1. We also have &; Py (x|f) =
85 Pry1(x 1) = Qby Sublen}ma 9.9. Then we use the Leibnitz rule &; (fg) = §;(f) g+ (s7/)8;(g)
(0 get & Py i (x|7) = Pe(x|). O

Proof of Lemma 9.8. From the definition of the Pfaffian it follows that
r

..........

j=1

Then the Leibnitz rule combined with Sublemma 9.9 and Sublemma 9.10 implies

.
81 Prtvo A I =Y (=D TP IDP, 5, 1D = Pay, o, (D),

..........

j=l
where in the last equality we used the expansion formula of Pfaffian again. O

9.3.2. Proof of Lemma 9.6

Proof. Consider the case when n is even. By applying the same method of calculation as in
type C case, we have

/
8182+ -8p—1K3, | = Pp,_14p, (X[ — 21,11, 12, =22, 13, =23, .. ).

The problem here is that p,_| 4+ p,—_2 is not 1-unremovable when 7 is even. So we cannot rewrite

the function as K ;)’H Fona® Nevertheless, by using Lemma 9.8, we can show

_ !/
51Ppn71+pn,2(x| —21,11,0,—22,13, =23, .. ) - Kﬂ/z—1+pn—2_071721.
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The rest of calculation is similar to type C case. If n is odd, we can show this equation using only
Proposition 9.3 as in type C case. O

9.3.3. Proof of Lemma 9.7

Proof. Similar to the proof of Lemma 9.5 using Lemmas 4.8, 4.9, 4.11, and 4.12.
We calculate @U(Képn_]) for v € W,,. We have

(pv (Képn—l) = P2p,,_1 (tv,ls ceey tv,nltl’ _tv(l), ceas In, _tv(n))-

Note that #,, ; = 0 for i > n since v is an element in W,,.
Assume now that n is even. From the factorization formula (Lemma 4.11), this is equal to

1_[ (tv,i —+ tv,j) X Spp_ (l‘v‘1 ey l‘v‘n|t1, —ty(1)s -+ > Ins —tv(n)).
1I<i<j<n

The factorial Schur polynomial factorizes further into linear terms by Lemma 4.8, and we finally
obtain

¢”(K£p,,,l): 1_[ (tv,i +tv,5) l_[ (tj + tuiiy)-

1<i<j<n 1<i<j<n

We set v = (o(1),...,0(n)) for some o € §, since otherwise #,; =t, ; = 0 for some i, j
with i # j and then [[,;_;<,(tv,i + t,;) vanishes. Then the factor [],;_;<,(tj + tv()) is

H1<i</<n (tj — t5())- This is zero except for the case o = id, namely v = w(()"). Ifw= w(()"), we
' ()
have ¢U(K,/0n_]) = Hl<i<j<n # + tj) Hl<i<j<n(tj —t) = (Tw(n) |w(()n)
0

Next we consider the case when n is odd. Note that the longest element w(()") in this case is

123---71. Let s(v) denote the number of non-zero entries in #, 1, ..., fy ». Then we have s(v) <
n — 1 since v € W, and n is odd. We use the following identity:

Py, (X1, ooy Xp—tltt, =21, - s tim1, —Zn—1)

= H (i +xj) X8, gt (X0, Xa—t B, =20 e T—1, —20—1). (93)
1<i<j<<n—1

If s(v) <n — 1, then s(v) <n — 3 because v € W,. This means that there are at least 3 zeros in
fy.1s---,ty.n. Because there is the factor I—[1<l<]<n71 (x; +x;) in (9.3) we have @, (K/ )=
So we suppose s(v) =n — 1. By a calculation using the definition of the factorial Schur poly—
nomial, we see that S o171 (X1, ..oy Xp—11t1, =215 -+ -» th—1, —2Zn—1) 1is divisible by the factor
]_[;';11 (t1 — x;). By this fact we may assume t,, 1, ..., f, , is a permutation of 0, f, 13, . . . , f,, since
otherwise @, (K é Pnfl) is zero. Thus under the assumption, we have

@U(Kﬁpnfl) = l_[ (ti +1j)s,,  pin-1(t2, oo tnltr, =ty B2, —ty2)s - In—15, —To(n—1))-
2<i<j<n
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By Lemma 4.9 this factorizes into H2<i<j<n(ti +1)) H?:z(tj —1) n1<i<j<n (tj +tv(i)). Now
our assumption is that the negative elements in {v(1l), ..., v(n)} are exactly {2, 3, ..., n}. Among
these elements, only w(()") gives a non-zero polynomial, which is shown to be H1<i< j<n(ti £

(n)
ti)tij —t)=o0 . O
])(] z) w(()")|w(())
10. Geometric construction of the universal localization map

In this section, we construct the morphism of Z[¢]-algebras oo : Roo — lim H;l (F,) defined
in Corollary 7.8 above from a geometric point of view. We start this section by describing the em-
bedding F,, <— F,41 explicitly, and calculate the localization of the Chern roots of tautological
bundles. Then we introduce certain cohomology classes §; in H;f” (Fn), by using the geometry of
isotropic flag varieties. These classes satisfy the relations of the Schur Q-functions Q;(x), and
mapping Q;(x) to B; ultimately leads to a homomorphism 77, which turns out to equal 7.
In particular, this provides an explanation on why the Schur Q-functions enter into our theory
(cf. Proposition 10.4). The final goal is to establish the connection between 7, and the universal
localization map @ (Theorem 10.8).

The arguments in the preceding sections are logically independent from this section. However,
we believe that the results in this section provide the reader with some insight into the underlying
geometric idea of the algebraic construction.

10.1. Flag varieties of isotropic flags

The groups G, are the group of automorphisms preserving a non-degenerate, bilinear form
(-,-) on a complex vector space V,,. The pair (V,, (-,-)) is the following:

(1) In type C,, V, = C?"; fix e, ....ej, e, ..., e, abasis for V,. Then (-,-) is the skew-
symmetric form given by (e;, e?) = §;,j (the ordering of the basis elements will be important
later, when we will embed G,, into G, 41).

(2) In types B, and D,, V,, is an odd, respectively even-dimensional complex vector space. Let
e;,....el,eq, eq,..., e, respectively ey, ... e}, ey,..., e, be abasis of V,. Then (-,-) is
the symmetric form such that (e;, e;‘.) =4 .

A subspace V of V, will be called isotropic if (u,v) =0 for any u, v € V. Then F,, is the

variety consisting of complete isotropic flags with respect to the appropriate bilinear form. For
example, in type C,,, F, consists of nested sequence of vector spaces

FICF,C---CF,CV,=C",
such that each F; is isotropic and dim F; = i. Note that the maximal dimension of an isotropic
subspace of C?" is n; but the flag above can be completed to a full flag of C>" by taking V,,,; =

Vn{ ;» using the non-degeneracy of the form (-,-). A similar description can be given in types B,
and D,,, with the added condition that, in type D,;,

dianﬁ(eZ,...,e*f)EO mod 2;

in this case we say that all F;, are in the same family (cf. [14, p. 68]).
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The flag variety JF, carries a transitive left action of the group G,, and can be identified
with the homogeneous space G,/B,, where B, is the Borel subgroup consisting of upper
triangular matrices in G,. Let 7, be the maximal torus in G, consisting of diagonal ma-
trices in G,. Let t = diag(s,;l,...,él_l,él, ..., &) be a torus element in types C,, D,, and

t= diag(én_l, el El_l, 1,£&q,...,&,) in type B,,. We denote by ¢; the character of T, defined by
t Ei_l (t € T;). Then the weight of Ce; is —t; and that of (Ce:.k is ;. We identify #; € H%n (pt)
with clT ((Cel’.‘), where (Ce?‘ is the (trivial, but not equivariantly trivial) line bundle over pt with
fiber (Ce;.*. For v € W, the corresponding 7,,-fixed point e, is

EU . <ej(n)) C (ej(n)’ e:(n_])> C M C (ei(n), ej(n—l)’ ceey ej(l)> C Vn.
10.2. Equivariant embeddings of flag varieties
There is a natural embedding G,, — G,41, given explicitly by

1
8§ 8

1
This corresponds to the embedding of Dynkin diagrams in each type. This also induces embed-
dings B, — Bu+1, T, = T,+1, and ultimately ¢, : F,, < F,+1. The embedding ¢, sends
the complete isotropic flag F; C --- C F, of V, to the complete isotropic flag of V,,1| =
CejJrl @®V,dCepyr:

Cep,  CCep ®@F1C---CCep & Fy.
Clearly ¢, is equivariant with respect to the embedding 7,, <> Ty 1.

10.3. Localization of Chern classes of tautological bundles

Consider the flag of tautological (isotropic) vector bundles

0=V, .1 CV,C---CVC¢€, rankV; =n—i+1,

where £ is the trivial bundle with fiber V;, and V; is defined to be the vector subbundle of £
whose fiber over the point Fy = F1 C--- C F,, in F, is Fj,—j4+1. Let z; = CIT(V,-/V,-H)S denote
the equivariant Chern class of the line bundle V; /V; 4.

Proposition 10.1. Let v € W,,. Then the localization map U} : H’Tkn (Fn) — H}: (ey) satisfies
(i) = ty(p)-

Proof. The pull-back of the line bundle V;/V;1 via ¢} is the line bundle over e, with fiber
Cej (i) which has (equivariant) first Chern class ;). O

5 The bundle Vi /Vi41 is in fact negative; for example, in type C, if n =1, F| = P! and V1 = O(—1). The reason for
choosing positive sign for z; is to be consistent with the conventions used by Billey and Haiman in [6].
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10.4. The cohomology class B

In this subsection we introduce the cohomology classes 8;, which will later be identified to
Schur Q-functions Q;(x).

The torus action on V,, induces a T},-equivariant splitting E = @;_, Li @ LT (E =P, Li ®
L @® Ly for type B,) where L; (resp. L) is the trivial line bundle over F, with fiber Ce;
(resp. Ce?). Recall from Section 10.1 that 7}, acts on L] by weight #; and that #; = ¢; (E*)

Let F, be the flag variety of type C, or D, and set V = V;. We have the following exact
sequence of T, -equivariant vector bundles:

0=-V—->E—-V"—=0, (10.1)
where V* denotes the dual bundle of V in £ with respect to the bilinear form. Let £ = @}_, L;

and £* = @!_, L}. Since & = L @ L*, we have (&) =T (L)eT (£*). Define the class §; €
H (F) by

pi=cl (V' - L),

where cl.T (A — B) is the term of degree i in the formal expansion of ¢! (A)/cT (B). Using the
relation ¢ (£)cT (L*) = T (V)eT (V*), we also have the expression:

Bi=cl (L* V).

In terms of the Chern classes z;, f;, the class §; has the following two equivalent expressions:

1+tu
Zﬂ,u —]_[l_tl H1+z,- (10.2)

Lemma 10.2. The classes B; satisfy the same relations as the Schur Q-functions of Q;(x), i.e.
i .
Bl +2) (=1IBisjBimj =0 foriz1
j=1

Proof. We have the following two expressions:

zﬂ,u_n — D D/ Bjul = H

1—
i=1 = zi

The lemma follows from multiplying both sides, and then extracting the degree 2i parts. O

Minor modifications need to be done if F, is the flag variety of type B,. In this case the
tautological sequence of isotropic flag subbundles consists of 0=V, CV, C---CV CE =
C2+1 » F,, but the dual bundle V{‘ of V) is not isomorphic to £/}, which has rank n + 1.

However, the line bundle Vll/Vl is equivariantly isomorphic to /\2”+] E —cf. [14, p. 75] - so
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clT (VIJ‘ /V1) = 0; here Vf‘ denotes the bundle whose fiber over V| C --- C V,, is the subspace of
vectors in C*"*! perpendicular to those in V, with respect to the non-degenerate form (-,-). It
follows that the bundle £/V has (equivariant) total Chern class (1 — zju) - - - (1 — z,u), which is
the same as the total Chern class of V{'. Similarly, the total Chern class of £/L£ with £ = @}_, L;
is (1+11u) - - - (14+1t,u) and equals ¢! (£*). So the definition of B; and the proofs of its properties
remain unchanged.

Recall that in Section 7.5 we introduced 7, : Roo — H;n (F,) by using the universal localiza-
tion map @. The following is the key fact used in the proof of the main result of this section.

Lemma 10.3. We have 7,(Q;(x)) = ;.

Proof. It is enough to show that ¢};(8;) = Q;(t,) for v € W,,. By Proposition 10.1 and the defi-
nition of g;, we have

> " 1—ziu " 1 yiu
* i) — i — — h@ )
(Eew)-(f1imss) -

i=1

The factors 1 — #,;yu cancel out if v(i) is positive, and the last expression becomes
— hyihu
[T t”(” Z Qi ()’
v(i) negative HOL i=

where the last equality follows from the definition of Q;(x) and thatof t,,. O
10.5. Homomorphism 7,

We consider F,, of one of the types B,, C,, and D,,. We will define next the projection ho-
momorphism from R to H;ﬂ (Fu), which will be used to construct the geometric analogue 7,
of m,. Note that R is a proper subalgebra of R, in types B and D. We regard H;fn (Fn) as

Z[t]-module via the natural projection Z[t] — Z[t1, ..., ty].

Proposition 10.4. There exists a homomorphism of graded Z[t]-algebras 7, : Roo — H;n (Fn)
such that

F(QiW) =B (2D, Fa)=z (<i<n) and Fu(z)=0 (i>n).
Proof. This follows from the fact that R, is generated as a Z[f]-algebra by Q;(x),z; (i = 1),

and that the ideal of relations among Q; (x) is generated by those in (4.1) (see [34, III, Section 8]).
Since the elements B; satisfy also those relations by Lemma 10.2, the result follows. O

10.6. Types B and D

In this subsection, we extend 77, from R, to H;fn (Fn)- The key to that is the identity P;(x) =
50i ().
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Proposition 10.5. Let F,, be the flag variety of type B, or Dy,. Then there is an (integral) co-
homology class y; such that 2y; = B;. Moreover, the classes y; satisfy the following quadratic
relations:

i—1
YE+2Y (=D yipvicj+ (=Diyi =0 (i >0).

j=1

Proof. Define y; = %,Bi. Then, as in the proof of Lemma 10.3, the localization ¢} (y;) =

%Q,-(tv) = P;(¢y) which is a polynomial with integer coefficients. The quadratic relations fol-
low immediately from Lemma 10.2. O

The proposition implies immediately the following:

Proposition 10.6. Let F,, be the flag variety of type By, or D,,. There exists a homomorphism of
graded Z[t]-algebras 7, : R, — H;n (Fy) such that

T(Pi)=yi (>1) and Fp(z)=z (1<i<n) and Fu(z)=0 (@ >n).

Remark 10.7. It is easy to see (cf. [14, Section 6.2]) that the morphism 77, : Roo — H}"n (Fp) is
surjective in type C, and also in types B, D, but with coefficients over Z[1/2]. But in fact, using
that @ : R, — Hy is an isomorphism, one can show that surjectivity holds over Z as well.

10.7. The geometric interpretation of the universal localization map @

From Proposition 10.4 and Proposition 10.6, we have Z[¢]-algebra homomorphism 7, :
Roo — H7 (Fy) for all types B, C,D. Since 7, is compatible with maps ¢, : Hy (Fpt1) —
H;n (Fy) induced by embeddings F,, — F,+1 there is an induced homomorphism

Moo ! Roo — @H;ﬂ (F).

Recall from Section 7.5 that we have the natural embedding 7 : Reo < lim H}: (Fn), defined
via the localization map @. Then:

Theorem 10.8. We have that oo = Too-

Proof. It is enough to show that 77, = m,. To do that, we compare both maps on the genera-
tors of Ro,. We know that 7, (Q; (x)) = 7, (Q;(x)) = 8; by Lemma 10.3 and this implies that
7, (P;(x)) = 7, (P; (x)) for types B, and D,,. It remains to show 7, (z;) = 7,,(z;). In this case,
forve W,,

G (2i) = By(@) ™ = 1) = it ().

This completes the proof. O
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11. Kazarian’s formula for Lagrangian Schubert classes

In this section, we give a brief discussion of a “multi-Schur Pfaffian” expression for the Schu-
bert classes of the Lagrangian Grassmannian. This formula appeared in a preprint of Kazarian,
regarding a degeneracy loci formula for the Lagrangian vector bundles [23].

11.1. Multi-Schur Pfaffian

We recall the definition of the multi-Schur Pfaffian from [23]. Let A = (A > > Ar = 0)
be any strict partition with r even. Consider an r-tuple of infinite sequences ¢) = {c,(;)},fio

(i=1,...,r), where each c,(j) is an element in a commutative ring with unit. Fora > b > 0, we
set

b
(l) (J) ) k.@ ()
=cc; +22(_1) CarkCok:

Assume that the matrix (c() (,]))l j 18 skew-symmetric, i.e. c(l)’)\({) = (J) (’) for 1 <i,j<
Then we consider its Pfaffian '

PE (e, ™) =PHE) e

called multi-Schur Pfaffian.
11.2. Factorial Schur functions as a multi-Schur Pfaffian
We introduce the following versions of factorial Schur Q-functions Qg (x|?):

Z 0 (xlnuk = Z L i H(l — tju).

i=1

Note that, by definition, Q"' (x|r) = Q4 (x|r) and Q\" (x|r) = Qx (x).
Proposition 11.1. Let A = (A] > --- > A, O) be any strict partition with r even. Set c,((i) =

QO" )(x|t)f0ri =1,...,r. Then the matrix (CA )\j)), j is skew-symmetric and we have

Pf, (¢, ..., c) = 0u(xln).

Proof. In view of the Pfaffian formula for Q;(x|¢) (Proposition 4.6), it suffices to show the
following identity:

I
Ori(xl) = 0 (x1n 0 (x1n) +2> (=D 0 (x1n ), (x1n). (11.1)

i=1

By induction we can show that for k > 0
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J
- _
0V ™ (xlt) =Y (=1 i (tjarotjh2. - tjmip D) Qi (x]D),

i=0

k
0Y Pl = hitj i tjisrn o 17— Qi (x]1).

i=0

Substituting these expressions into (11.1), we get a quadratic expression in Q;(x|t)’s. The ob-
tained expression coincides with a formula for Qy ;(x|t) proved in [16, Proposition 7.1]. O

11.3. Schubert classes in the Lagrangian Grassmannian as multi-Pfaffians

We use the notations from Section 10. The next formula expresses the equivariant Schubert
class 0( " ina flag variety of type C in terms of a multi-Pfaffian. Recall that this is also the
equlvarlant Schubert class for the Schubert variety indexed by X in the Lagrangian Grassmannian,
so this is a “Giambelli formula” in this case. Another such expression, in terms of ordinary
Pfaffians, was proved by the first author in [16].

Proposition 11.2. (Cf [23, Theorem 1.1].) Set Ui = @''_ Li. Then oy = Py (cT (€ —
V—U,),....,cl €=V -U,)).

Proof. By Theorem 6.6, we know 7, (Q, (x|t)) = a(") On the other hand the formula of Propo-
sition 11.1 writes Q; (x|t) as a multi-Pfaffian. So it is enough to show that:

&=V —t) =, (0" (x10)).

We have

T [Ti—, (1 — 7u?) 1+tiu
—V_ = 1—
c(E=-V-U) [T+ 50 [T — 1) nl—i—z, l:[( tju).

The first factor of the right-hand side is the generating function for 8; = 7,,(Q;(x)) (i = 0). So
the last expression is

Znn Qi (x0))u H(l—t,u) Znn (0" (xl)u!

Hence the proposition is proved. O
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12. Type C double Schubert polynomials for w € W3

123 1

123 0

213 Q1+ (z1 —1)

213 02+ Q1(—11)

213 02+ 0121

213 021

123 03+ 02(z1 — 1) + Q1(~z111)

123 031+ 021(z1 —11)

132 O1+@1+z22—t1 —1p)

132 200+ Q1(z1+22—11 — 1)

312 02+ Q1(z1 —11 — 1)+ (z1 —1)(z1 — 12)

312 03+ Qa(—11 — ) + Q11112

312 03+ 021+ 022z —11 — 1)+ Q1)@ — 11 —12)

312 031+ O01(=t1 — 12)

132 04+ 031 —11 — 1) + Qa1 — 21 (71 +12)) + Q1211112

132 041+ 031(z1 —t1 — 1) + Qo1 (1112 — 21 (71 +12))

231 02+ Q11 +z2— 1)+ (21 —1)(z2 — 11)

231 03+ 021+ Q2(z1 +22—211) + Q1(—1))(z1 +22 — 11)

321 03+ 021+ 02221 +22 -2t —12) + Q1(z1 + 22 —1)(z1 — 11 — 1) + (21 — 1) (21 — 1) (22 — 11)

321 04+ 031+ 03(21 +22 =211 — 1) + Q21(—11 —12)
+ OQo(t1tp — (11 +12)(z1 + 22 — 1)) + Qinita(zy +22 — 11)

321 031+ Q321 — 1) + 02121 — 1) + Q221 —11)? + Qrz1 (—1) (=1 — 1)

321 03+ 031(—1) + Q21f12

231 041+ 04(z1 — 1)+ 031(z1 =11 — 1) + Q3(21 — 1)) (21 — 11 —12) + Q21 (1112 — 21 (1] + 12))
+ 02(z1 — 1)1y — 21 (7 +12)) + Q1(z1 —t)z10112

231 O+ 032(z1 — 11 —12) + Q41 (=11) + Q31 (=) (2 — 11 — 1) + Q21112(21 —n)

231 03+ 02(z1 +22) + Q12122

231 031+ 021(z1 +22)

31 04+ 031+ 03Q2z1 +22 — 11 — 1) + Q21(21 +22)
+ 02((z1 +22)(z1 — 11 — ) +2122) + Q1212221 — 11 — 12)

321 03+ 041+ 0311 +22 — 11 — 1) + 021(21 + 22)(—11 — 1)

321 O3+ 03121 + Qzlz%

321 0321

231 O+ 03—t — )+ 0a121 + 03121(z1 — 11 — 1) + QZIZ%(*H — 1)

231 Q21+ 0321(z1 — 11 — 1)

132 04+ 031 +22— 1))+ Q2(z122 — 11(z1 +22)) + Q1(—1)z122

132 041+ 031(z1 +22 —11) + O21(z122 — 11 (21 +22))

312 041+ Qa(z1 — 1)) + 031(z1 + 22 — 1) + O3(z1 —1)(z1 + 22 — 1) + Q21(z122 — 11(21 +22))
+ 02(z1 — 12122 — t1(21 +22)) + Q1 (21 — 1D)z122(—11)

312 Q4+ 032(z1 +22 —11) + Qa1 (—t1) + Q31(z1 + 22 — 11)(=11) + Q21112(21 +22)

312 Qg+ 04121 + O32(z1 + 22 — 1) + 312121 + 22 — 1) + Q21212(22 —1)

312 Q421+ 0321(z1 +22 —11)

132 Q43+ Qu2(z1 — 1) + 032} +1F — z1t) + Qa1 (—z11) + Q3121 (1) (21 — 1) + Q21 (231})

132 Qu31 + Qa1 (21 — 1) + Q3213 — 2111 +13)

(continued on next page)
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05+ 04(z1 +220 — 11 —1p) + Q3(z122 + 1112 — (21 +22) (71 +12))
+ 02(z122(—11 — ) +1112(21 +22)) + Q121228112
Os51+ Q41(z1 +22 — 11 —12) + Q31(z122 + 1112 — (21 + 22) (11 +12))
+ O01(z122(=t1 — 1) + 1112(21 +22))
051 +05(@1—t)+ Q411 +22 —11 —1) + Q421 — 1) (@1 +22 — 11 — 12)
+ 031(z122 + 1112 — (21 +22) (0 +12)) + O3(z1 — 1) (122 + 1112 — (21 +22) (7] +12))
+ 021(z122(=11 — 1) + 1112(21 +22)) + Q2(21 — 1)(z122(—11 — 1) + 1112(21 + 22))
+ Qiziz2n1n2(z1 — 11)
050+ Qa(z1 +22 — 11 —12) + Q32(z122 + 1112 — (21 +22) (11 +12)) + O51(—11)
+ 0a1(—=t)(z1 +22 — 11 — 1) + Q31(—=1) (2122 + 1112 — (21 + 22) (11 +12))
+ 011?122 — 21 +22)0)
052+ Quo(z1 + 22 — 11 —12) + Q32(z122 + 1112 — (21 + 22) (11 +12))
+ 05121 + 0412121 +22 — 11 —12) + 03121(z122 + 1112 — (21 +22) (1) +12))
+ 001z}t — 2201 + 1))
0521+ Quo1(z1 +22 — 11 — 1) + Q321 (122 + 1112 — (21 +22) (1 + 1))
0s3+ 0s52(z1 —11) + Os51(—2111) + Qa3 (21 + 22 — 11 —12) + Quo(z1 — 1) (21 +22 — 11 — 1)
+ 04—+ -1 —0)+ O0nGE1 @ — 1)@ — 1 — )+ (22 — 1))
+ 031211 @12 — 11 — 1) — 11 (22 — 1) + @212} (22 — 1)
0531+ Q043121 +22 —11 —12) + @521 (21 — 1) + Qa1 (21 — 1) (21 +22 — 11 — 1)
+ 031 (3 — 2111 + 1) (@2 — 1) + 2111 (1 — 21))

13. Double Schubert polynomials in type D for w € Wé

WL =N W W
W= =1 W W N NI W NI
[N S T S T NS TR e e e

—_
S}

1

P+ —1)

P

Py+ Pi(z1 — 1)

2P+ @1+ —11— 1)

P+ P1(2z1 —t1 — ) + (21 — 1) (21 — 12)

Py+ Pi(—11 — 1)

P3+ Py(z1 —t1 —1p) + P (t1tp — 211) — 2112)

Py + Pi(z1 + 22 —2t) + (21 —t1)(z2 — 11)

P3+ Py + Py(2z1 +2zp =20 —1p) + Pl(Z% +2z122+ f12 +2011p — 31121 — 1122 — 12| — 222)
+ (21 — 1D — ) (22 — 1)

Poy + Pa(—11) + Py1}

P31+ Paj(z) — 11 — 1) + P3(—t1) + Po(—11) (21 — 11 — 1) + P13 (21 — 1)

Py+ Pi(z1 +22)

Pyp+ Pz + P1Z%

P34+ P+ P(z1+22—t1 —12) + P1(z1 +22)(—11 —12)

P31+ Pizi+ Pz —t1 — )+ Pazi(zy —t1 — ) + P1Z%(*t1 —1n)

Py + Py(zy +22 —t) + Pi(z1z2 — 11(z1 +22))

Py +P(zi+z2—t)+ Pz + Pazi(zi+22 — 1) + PIZ%(ZZ —1)

P31+ Py (1 +20 — 1) + P3(—11) + Po(—1) (21 + 22 — 1) + Py (21 + 22)1F

P3y + P31 (zp — 1) + P3(—z11) + le(z% —z1 +t12) + Py(—z1r)(z) — 1)) + Plz%tlz
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123 Py+ P3(z) +z2— 1) — 1) + Pa(z120 + 111 — (21 +22) (0] +12)) + P (z122(=1) — 1) +1112(21 + 22))

213 Py + Pz + P31(z1 +22 — 1) —12) + P3(2) (21 + 22 — 11 — 1) + Pay (2122 + 1112 — (21 +22) (11 +12))
+ P21z + 1ty — (21 + 22) (11 + 1)) + P2}ty — 22t — 2212)

213 Py + Pa(—t)+ P31z +22 — 11 =) + P3(—1) (21 + 22 — 11 — 1)

+ Py1(z122 + titp — (21 + 22) (01 +12)) + Pa(—11)(z122 + 1112 — (21 +22) (71 +12))
+ Pt} (2122 — 212 — 2212)
123 Py + Pp(zi+20—11 —t) + Pa(z1 —t1) + P31(z1 — 1) @1+ 22 — 11 — 1)
+ P21(Z%22 - t12t2 + 2101t — 21220 + Z%(*Il —1) +t12(z1 +22)) + P4(—2111)
+ P3y(—z11) (21 + 22 — 11 — ) + Pa(=zit) (=21t — 221 — 210 + 2122 +1112) + P17 (22 — 1)
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