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1. Introduction

There are several approaches to the treatment of boundary value problems with degenerate (singular) data. These
approaches usually depend on the character of singularities arising in the problem. In the one-dimensional case, such
problems and their finite element approximations were investigated in [1,2]. The finite element approximation for the
special case of a right-hand side with the Dirac §-distribution was analyzed in [3-6]. A class of problems where the
coefficients and the right-hand side function have singularities on the boundary is treated in [7]. The differential properties
of solutions for other elliptic boundary value problems with singularities were analyzed by standard techniques [8-11] that
go back to Kondratev’s technique of Mellin transformation.

Boundary value problems with strongly singular solutions (we say that u is strongly singular if u ¢ H' or the Dirichlet
integral of u is divergent) occur in the physics of plasmas and gas discharges, nuclear physics and other fields of physics (see
for examples [12-15]).

In [16] a singular boundary value problem was investigated, for which a generalized (weak) solution in the Sobolev
space H!(£2) could not be defined, or did not have enough regularity. Therefore it was proposed to define the solution of
that boundary value problem as a R, -generalized one. Such a new concept of solution led to the distinction of two classes of
boundary value problems: problems with coordinated and uncoordinated degeneracy of input data; it also made it possible
to study the existence and uniqueness of solutions as well as its coercivity and differential properties in the weighted Sobolev
spaces (see [16-20]).

In [21-23] h, p and h-p versions of the finite element method were constructed and investigated for a Dirichlet problem
with strong singularity of solution.

In this paper we consider the third-boundary-value problem for a non-self-adjoint second-order elliptic equation with
coordinated degeneracy of input data whose solution has strong singularities on a finite set of points belonging to the
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curvilinear boundary of a two-dimensional convex domain. For this problem we define the solution as a R,-generalized
one; we prove its existence and uniqueness in a weighted Sobolev space. We construct and investigate the finite element
method for this problem. For that purpose the domain is divided quasi-uniformly into triangles. The points of singularity
of the solution of the formulated problem form a subset of the set of triangle vertices. We introduce a finite element space
which contains singular functions whose form depends on the space, to which the R,-generalized solution of the problem
belongs. It was established that the approximation to the exact R,-generalized solution has first-order convergence in the
norm of the Sobolev weighted space. Finally, we present some results and analysis of numerical experiments for modeling
singular boundary value problems using our finite element method.

2. Notation; auxiliary statements

We denote the two-dimensional Euclidean space by R? with x = (1, x,) and dx = dx;dx,. Let 2 C R? be a bounded
convex domain with piecewise smooth boundary 952, and let £2 be the closure of 2, i.e. 2 = 2U352. We denote by | Ji_, 7
asetof points 7; (i = 1, ..., n) belonging to 052, including the points of intersection of its smooth pieces.

Let Of be a disk of radius x > O withits centerinz; (i = 1,...,n),ie. 0f = {x : |x — 7|l < «}, and suppose that
OfNOf =0, i#j.Llet2 =2 NUL,Of.

Let p(x) be a function that is infinitely differentiable, positive everywhere, except in Uf:l 1;, and satisfies the following
conditions:

(@) p(x) =k forx € 2 \ UL, 0¥

(D\2 M12)"% (0 4O <2
(b)p(x):((xl—x 2 4 (% — x )) x xP) = 7, forx € 2N 0
(€) k/2 < p(x) </<f0rxe.Q\O'(/2 i=1,...,n).

Moreover, it is assumed that

ap
8x,~
We introduce the weighted spaces with norms:

20+2| 1| —2k | A
lully o= Y [ oD ax,
Inl<k

<8, i=1,2. (2.1)

2 A 2 20,,2
Iy oy = / Duldx 0 = [ s
A<k 082
”u“WkO(Q) = ”u”Wk(_Q)v
2
Iy gy = W1y g+ Dl o

3l
Bxéz ’
Let H’o‘oﬁ (£2,C) (k > 0, ¢ € R) be the set of functions with the norm satisfying the inequality

where D* = ; M = (A1, Az) and |A]| = A1 + XAy, kis a nonnegative integer, and « is a real number.
!

lullye, @.c) = maxesssup|p™ atlpry| < C,
[A]<k xe

with a positive constant C independent of u. For k = 0 we have Hgoﬁa (£2,C) = Loo,—a(2.0)-

Lemma 1 ([16]) Let k be a nonnegative integer:
(A)If u € Hy , then p*~*u e W5 (s =0, ..., k) and

— —k
|pau|w’< 0@ +[p® 1u|W’<*1(_Q) +- 4 e <U|L2,0(.Q) = Cl”””yga(g)s

where C is a positive constant mdependent of u
B If p* *Pue W5, (s=0,...,k), thenu € HY ,(£2) and there exist positive constants C;, . . ., Ci' independent of u such
that

-1 —k
Celp Ul o) + Cieal P Ulykot g -+ Golp™ Ml o) = lullyg (o)

Lemma 2 ([17]). Let p(x) = ((x1 — x")2 + (x; — x1)2)*2 for 22 ﬂO"/ where oy > 172, ", x"y = D, i=1,..., nIf
ue Hz}ya(ﬂ) and parameters oy and o, satisfy the inequalities 1 < 1/Q2ay), @ > a1 — 1/(4ay), then

1-20 0 * *
Nl gy 2y < 07152 (C1 lulw) @n +GC ||”||w;ﬂ(rz\:z’>> ,

where C{, C; are positive constants independent of u and mes §2’.
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Lemma 3. For any function u in H;a(.Q) the trace ulyg, belongs to the space L, ,_1/2(0$2) and the inequality
P <
lulliy g vp00) = C2||U||H21'a(g) (2.2)

holds, where G, is a positive constant independent of u.

Proof. We divide the boundary 952 of the domain 2 into a set of simple pieces {FJ} =2"P2 where one of the ends of
each I j = 1,...,2n) is the point of singularity 7;, i = [”]] (where [x] denotes the integer part of x), and I} (j =
2n+1,...,2n+ p) does not contain such points.
Moreover the partition {/} };j" is such that for every I the following conditions are satisfied:
(1)Eachpiece I;(j = 1,..., 2n)islaid inan upper half—plane of the local Cartesian coordinate system 0'&,£; introduced,
with its origin at the point t; ( [£1]).
(2) Each piece TIj is projected uniquely into some segment D of the axis 0'&;.
(3) For each pomt & = (&1, &) € I the following conditions are satisfied:
& =91, & €D, @) F#0 for§ €D\ {0}k (2.3)
p(&) e C'(D) and ¢'(0) #0. (2.4)

(4) The domain 2 = {§; € D, 0 <&, < ¢(&1)} = 1,...,2n)is asubdomain of £2.

The transformation (&1, &) <> (x1, X2) is a linear transformation with constant coefficients, its determinant is equal to
1 and the partial derivatives of the function u with respect to x; (i = 1, 2) are certain linear combinations of the partial
derivatives of u with respectto &; (i = 1, 2).

Taking this into account we establish the necessary estimate in the coordinate system O0'&;£; and then we return to the
variables x;, x;.

We fix & (£, # 0) in D and denote ¢(&;) by &,; then the equality

PP EL B &) =0T EL Eu &) +/ (

P2 (&1, Du(E, ) dr

holds for any &, from segment [0, 52]. _
We square it and integrate the equality obtained over &, on the segment [0, &,]. As a result we obtain

a—1/2 (EN, (EV)2 E & 2a0—1/F 2/ & & i a—1/2 F i ’
(o @ud)’ = ¢ PPN & EP B &) A6 + | PG G ydr) de ). @5)
2 0 0

2

We estimate the second integral in the right-hand side of (2.5). According to the Hardy inequality (see [28]) we have

b (kg L ? (B 902G EuErL )
/ / D o puEn ) de ) d < GE / sz( (7 G, S2)ur, 22)) ) dé,. (2.6)
0 g Ot 0 0&;

Multiplying both sides of (2.5) by /1 + ¢2?(&;) and integrating it on D, using (2.6) and taking into account that & < p(&),
we conclude that

p(§)
Ul o) < Camax e )¢ T+ @2 EDlulE,,, g + Gllulhy o (27)
Due to conditions (2.3) and (2.4) maxg, ep (5((;)) V' 1+ ¢2(&;) is bounded; therefore the estimate

2
Il oy < Golluly )

follows from (2.7). Returning to the initial coordinate system Oxx,, we get

||u||L2Va,1/2(13‘) =< C7||u||1-121’a(g)~ (2.8)
On the pieces of the boundary I (j = 2n+ 1, ..., 2n + p), which do not contain any singular points, by means of the
theorem about the estimate of the trace of a function we have the inequality
-1/2
Il 1ty = Comax ™20l - (2.9)
in which the value MaXyer; p~/2(x) is finite because p(x) is bounded from below on I} i=2n+1,...,2n+p).

Since 452 = U2"+p I}, then from estimates (2.8) and (2.9) we establish (2.2). O
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Remark 1. We did not succeed in extending the classical trace theorem H (2) - H, 172

Sobolev spaces H; ,(2) — Hl/z(a.Q)

(0£2) to the case of the weighted

Theorem 1. On the space Hzl’a((z) the norms H o(§£2) and V. ((2) are equivalent, i.e.
”u”Hzl,a(Q) ~ ||u||v217a(_q)-
The proof follows from Lemma 3 directly.

Lemma 4. If a function u belongs to Hia(Q), then p®(X)u(X)|y=; =0fori=1,...,n

Proof. If u € sz,a (£2) then according to Lemma 1, p*u belongs to WZZ(Q) and by the Sobolev embedding theorem

p%u e C(2).
Assume that (p“ (x)u(x))2|,(:fl. > 0 for some numberi (i = 1, ..., n). Then for 7; there exists such a § that for all x in £2;,
the inequality (o* (x)u(x))> > 0 will be valid, where 2, ={xe 2, |x— 1| < J}. We have

(p“u)’p~*dx > min (p*Wu)* | p *dx = oo.
2 XEQy 2
By Lemma 4 u belongs to sz,a(.Q); therefore the integral in the left-hand side of the last inequality is finite. A contradiction
is obtained; hence the assumption that (p%(x)u(x))? |x=r; > 0is not true. From this the statement of Lemma 4 follows. O

3. Problem formulation

Consider the differential equation

2

_ ou - Q 3.1
1521 @) g+ ZGI(X) - +Hau=f(, xe (3.1)
with the boundary condition
9
b()u + a—u =0k, xcdf. (32)

Here 3 Z, =1 als(x) cos(n, x;) is a conormal derivative, and n is the outward normal vector.
Assume that the rlght hand sides of (3.1) and (3.2) satisfy

f €L (), (33)
@ ELz,M_Vz(a.Q), u = 1/2
Definition 1. The boundary value problem (3.1)-(3.2) is called the third-boundary-value problem with coordinated
degeneracy of the input data, or Problem A, if (3.3) and (3.4) hold, a;s(x) = aq(x) (I, s = 1, 2) and for some real number g
as € H, _4(2.C), @ € Lao_5-1)(2,Cr0) (I,s=1,2),

a € Loo,—(-2)(82, C11), (35)
Z a5 ()&Es = Crap (%) Z £, (36)
l,s=1

a(x) > Cy3pP~2(x) almost everywhere on £2, (3.7)
b € Loo,—(p-1)(082, C1a), (3.8)
b(x) > Ci5p°~1(x) > 0 almost everywhere on 952, (3.9)

where G (i =9, ..., 14) are positive constants independent of x, and &; and &, are any real parameters.
Denote by

, ou Bv 8,02” ou dai ,, du 5 U
ao(u, v) = a — v+ —p® v+ qp®—v +ap®uv | dx,
(U, v) /Q[,SZ] 5 AR R i M L ML

ayo (U, v) =/ p?’buv ds,
FYe)
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and

E(u,v) = ag(u, v) + ase(u, v), (3.10)
I(v) = / P2V fudx —l—/ p?puds
2 aQ
the bilinear and linear forms, respectively.

Definition 2. A function u, in Vzl’v 4B /2((2) is called an R,-generalized solution of the third-boundary-value problem with
coordinated degeneracy of the input data if for any v in Vzl’v 4B /2(.(2) the identity

E(u,,v) =1(v)
holds, where v is arbitrary but fixed and satisfies the inequality

v>u+pB/2-1. (3.11)
Theorem 2. Let conditions (2.1), (3.3)-(3.9) and (3.11) and

1 2
2 <C9(5 2+ 1) + ECw) < C12Ci3 (3.12)

be satisfied.
Then there exists a unique R, -generalized solution u,, of the third-boundary-value problem with coordinated degeneracy of
the input data in the space V;,U_H;/Z(Q), and
||uv||v21.v+ﬁ/2(g) < Cis (If a2y + 191y, p022)) » (3.13)
where the positive constant Cyg is independent of u,, f and ¢.

Proof. First, we show that the forms E(u, v) and I(v) are continuous on V21,v+ﬂ/2 (£2). In fact, by virtue of conditions (3.5),
(2.1), (3.8) and the Cauchy-Schwarz inequality we have

lag(u, v)| < C”“u”Hzl.erﬁ/z(Q) . ”U”Hzl,uﬂj/z(g)’ (3.14)
|a3.Q (ua U)' =< C]4||u”L2,v+ﬂ/2—l/2(aQ) : ||v||L2,v+ﬂ/2—1/2(39)’ Vuv v e VZ],U+,3/2(Q)' (3'15)
From (3.10), (3.14) and (3.15) we obtain the continuity of the bilinear form
1
|E(u’ U)l = C18||u”V21,v+ﬂ/2(Q) ' ||v||vz1,u+ﬂ/2(‘9)’ Vu,v e V2,v+ﬂ/2(‘Q)~ (316)

Then, taking into account that for the linear form I(v) the inequality

2
Hw)? <2 (‘/ p%Vfudx / 0% puds ) (3.17)
2 082

is valid, and conditions (3.3), (3.4) and (3.11) hold, we estimate each term in the right-hand side of (3.17) using the
Cauchy-Schwarz inequality and we have

/ 0 puds
EYe)

2
+

2

S max p2v72//.7ﬁ+2 (X) 3 p2/l,71()02 dS . f p2v+,371,u2 dS
a2 082

X€082
= C19”(p”%z,u_1/2(89) : ||v||l%2,,)+ﬂ/2_1/2(39)’ (3.18)
2
/Q/Ozufv dx| < C20||f||%2#(9) : ||U||z2’v+ﬁ/271(g)- (3.19)

From estimates (3.18), (3.19) and (3.17) we get

1O < Callvlly @ (@) + 191, yp0)- (3.20)
Let us now prove the V;’Hﬂ/z(.{?)—ellipticity of the bilinear form E (u, v); that is,

3Cp >0, Vu eV, 4,(2) E,u) > Cy ||u||§21 (3.21)

v (D
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Substituting v by u in (3.10) we have
E(u,u) = ap(u, u) + aye (u, u).

By means of the Cauchy-Schwarz inequality, e-inequality and conditions (2.1), (3.5)-(3.7) and (3.12), by analogy
with [21], we establish the lower bound form ag, (u, u):

2 2
ou
G 1) > G ( /9 e Z, <8x,> dx+ /9 wip-2, 2dx> =Csllully oy
=1 ’

with constant Cp3 = min(Crz — v/2(Co(8 - 2[v| + 1) + 1Cio)e, C13 — v/2(Co(8 - 2| + 1) + 1Cro)e™ ).
Note that, if the condition (3.12) is satisfied, then there exists a positive constant ¢ such that

Cra —fz(cg @2+ 1+ %QO)E >0
and

Cis — V2 (cg -2+ 1)+ ;cl()) e >0.
Using (3.9), for ay; (u, u) we obtain

aye (U, u) = Cis /a.q P> PP ds = C15||“||f24v+ﬂ/271/z(39)'
Then from the two last estimates we have (3.21) with constant C;; = min(Cys, Cy3).

According to (3.16), (3.20) and (3 21) the bilinear form E(u,, v) is continuous and V. U+ﬁ/2(.(2) elliptical, and the
linear form I(v) is continuous on 2 v+p2($2); then the existence and uniqueness of an R,-generalized solution of
Problem A follows from the Lax— Mllgram téeorem (see [24]).

Taking into account that

Cazlluy ”Vl E(u,,u,) = I(u,)

<

IA

Calluwlly; o@D flly 2y + N0 liy 1 p02))s

we get the estimate (3.13). O

Corollary 3.1. If there exists at least one v for which there exists a unique R, -generalized solution of the problem A, then one can
always define a half-open interval [v1, vo) such that for each v € [v1, v,), there exists a unique R, -generalized solution. Here

( ~/2C13 - Ci3 —Cm) }
[ S et R L Y

1
vl_max{u—i—ﬂ/Z—l —

26 2C
; V2Cp-C3 =G 1
2728 2Go ’

where ¢ is a given sufficiently small positive number.

Corollary 3.1 follows from the proof of Theorem 2.

Corollary 3.2. If the assumptions of Theorem 2 are valid, then for all v in the interval [v,, v,), the R, -generalized solution of the
problem A is unique.

The proof of Corollary 3.2 is similar to that of Theorem 2 in [19].

Theorem 3. Suppose that the conditions of Theorem 2 are satisfied.
Then there exists a unique R, -generalized solution u,, of the problem (3.1)-(3.2) with coordinated degeneracy of the input data
in the space H, ., 5 ,(£2) and

lluy ||Hz1 2@ = < Gallf llry @) + 1011y, 1/202)) (3.22)
where the positive constant Cy4 is independent of u,, f and ¢.

The proof of this theorem is based on Theorems 1 and 2.
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In this paper we do not propose to study the differentiability properties of the R,-generalized solution of problem A.
Therefore we assume that if the assumptions of Theorem 2 are satisfied and the inequalities

v>pu+B/2, v+ /2> 2 (3.23)
hold, then u, belongs to the space szva/z(.(z).

Remark 2. To guarantee that the R,-generalized solution belongs to the Sobolev space sz’v n /Z(Q), the parameter v
must satisfy the condition (3.23), which is stronger than (3.11) (see [19]). The coercivity and differential properties of R,-
generalized solutions for boundary value problems with strong singularity were analyzed in [16,19,20,25,26].

4. Construction of the scheme of the finite element method

We construct the scheme of the finite element method for determination of an R,-generalized solution of the third-
boundary-value problem with coordinated degeneracy of the input data. For that purpose we perform a quasi-uniform
triangulation of the domain £2 and we introduce a special system of basis functions.

Let £2 be embedded into a polygon 2.We triangulate £ sothat: (1) only sides or vertices can be common for the triangles
{K} = {Ky, ..., Ky}; (2) the points 7; (i = 1, ..., n) belong to the set of vertices of the triangles K; (3) the smallest of the
angles of the triangles is always strictly positive and independent of the triangulation; (4) all the triangles K; have areas of
identical order; (5) the values of mes (K;) and mes (K; N £2), if i # j, also have identical order. We denote by £2; the union

of all the triangles K; (2, = UlN: 1 K); his the maximal length of the sides of the triangles. The vertices Py, ..., Py, of the
triangles K will be called the nodes of the triangulation. To each node P;, except the nodes coincident with the points t;, we
assign the function

Yi() = p~ PP @i(x), i=1,...,Ny—n,
where ¢;(x) is linear on each triangle K, equal to 1 at the point P; and zero at all the other nodes. We denote by V"(£2;) the
linear span {y; f’:’f" Obviously, V! ¢ HZ],U—H‘}/Z (£21). We shall approximate the R,-generalized solution of problem A on the
restriction of this space to £2.
A function u" in the space V"(£2) satisfying the equality
E@!, o™ = 10", vt evh
is called the approximate (finite element) R, -generalized solution of problem A.
An approximate solution will be found in the form

Np—n

wh) =Y ayix),

i=1
where a; = p"*#/2(P)b;.
The coefficients g; are defined from the system of equations
E@), ) =1(¥), i=1,...,Ny—n (4.1)
or
Aa =F,
where
a:(a‘lv"'»aNhfn)Tv F:(F‘lv"-sFNhfn)Ta A:(Alj)7
Aj = Aji = ag; (Yi, ¥p) + ase; (i, ¥)),

Fi:/ szflﬁidx-f'/ P>’ i ds,
2 0R2j

0£2;; = 0£2 N supp ¥; N supp ¥;, d82; = 082 N supp v,
£2;5 = £2 N supp Y; N supp ¥, ;=82 Nsuppyy, i,j=1,...,N, —n.
It is obvious that the approximate R, -generalized solution of problem A by the finite element method exists and is unique.

5. The estimate of the convergence rate of the finite element method in the space Hz1 - /2(.(2)
We establish an a priori estimate for the error u, — u in Hzl,wﬁ/2 (£2) norm.

Lemma 5. Let u, be the R,-generalized solution of problem A, and uﬁ its approximate R,-generalized solution obtained by the
finite element method. Then there exists a positive constant Cg independent of the space V" such that

h : h
u, —u < Cy inf |u, —v .
” v V||H214v+ﬂ/2('q) = L26 Sheyh ” v ||H21,17+ﬁ/2(‘Q)
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By yirtue of the contin_uity on Hz1,v+,3/2(9) and Hzl,vw/z(ﬂ)—ellipticity of the bilinear form E (u, v) the last inequality is
established by analogy with [24, p. 109].

If the function u, € H3,,,,(£2) then p"F#/2u, belongs to WZ(£2) by Lemma 1. According to the theorem on the
extension of function from the domain with piecewise smooth boundary (see, e.g., [27]) the function p”*#/2u, can be
extended to £2; so that its extension (p"*#/2u,)* belongs to W} (£2,). Moreover, by Lemma 4 (p"*#/2 (x)u, (x))* |y, = 0 for
i=1,...,n

For the function (p"*#/?u,)* in W22(.Qh) we use its values at the nodes of triangulation to construct the interpolant

Np—n

() =Y (0" (P)uy (P Yi(x).
i=1

Since inf heyn U, — v“||H2} < |lu, — uv_,||H21 2@ we obtain first the estimate for the error of the approximation
NS

i vip2(2)
of u, by the interpolant u,, .

Theorem 4. Suppose that u, € H22.v+ﬂ/2 (£2). Then the estimate

@) =< C27 “h- ||uu||[-12

u,—u
” v v,I”Hzl, 3 vp)2

@ (5.1)

v+B/2

holds for a given triangulation of the domain 2, and the positive constant Cy; is independent of h and u,,.

Proof. The functions u, and u,; belong to the spaces Hzl,u+/s/z(9) and Hzlqwﬂ/2 (£2y). By Lemma 1 p"*#2(u, — u,;) €
W, (), p" P27 (u, — u, ) € L,(£2) and the inequality

”uv — Uy ”Hl

- B2y vhB/2-1 0y
2,w+ﬂ/2(9)_C28|p Uy =ty Dl () + Collp Wy =ty Dy @) (5.2)

holds.
We separately estimate each term in the right-hand side of (5.2). For the first term we have

v+p/2

|P (uu - uv,1)|W21(Q) = |()0v+ﬁ/2uv)* - pv+ﬂ/2uv,llwzl(g)

< |(pu+ﬁ/2uv)* - pv+ﬁ/2uv,llwzl(_qh)~ (5.3)

We establish an estimate for the last term in (5.3).

Consider an arbitrary triangle K in £2;. Introduce a new local Cartesian coordinate system 0’&;&, making a translation
and rotation of axes Ox; and Ox, in such a way that the triangle K becomes a subset of the square w = [—3, §] x [—§, 4],
where § is a positive number of order O(h).

As the transformation (&1, &) <> (X1, x2) is a linear transformation with constant coefficients, its determinant is equal
to 1 and partial derivatives of the function q(x) with respect to x; (j = 1, 2) are linear combinations of partial derivatives of
q(x) withrespectto & (j = 1, 2).

We establish an estimate for the error of the interpolation in 0’&;£&, and then we return to variables x;, X.

Denote by (p+8/2u,)* the extension of the function (p"*#/?u,)* from K to the square w with the conservation of class;
by pv+#/2u, ; we mean the expression Z?:] (VP2 (P, (P))* i (£), where @;(£) is such that @;(§) = 0 is the equation of
part of plane over w, which is defined by three points ¢;(P;) = 1and ¢;(P)) =0,j =1,2,3, j #1i.

Then we map w onto the square [T = {y : y = (¥1,¥2); —1 < y; < 1,i = 1,2} by means of the transformation
yi = &/8 (i =1, 2) with Jacobian | = 2 (3‘;)) = O(h?).

If the function q(£) is defined on w, then we will denote by g(y) the function which is defined on I7 by q(y) = q(y16, ¥29).
Now we observe that

|(pv+ﬁ/2uv)* - pv+ﬁ/2uv,1|wzl(1<) =< |()Ov+ﬁ/2uv)* - pv+ﬁ/2uv,l|wzl(w)
11/2
= T|(pv+ﬁ/2uv)* - pv+ﬁ/2uv,l|w21 - (5.4)

It is obvious that the functional g ((p”*ﬂ/zuv)*) = |(pvth/2u,)* — p”*ﬂ/zumwzl(m is linear with respect to (p"*+#/2u,)* in

WZ(IT) and it satisfies the inequality

g ‘ (:Oerﬂ/zuv)* ) = C30||(pv+ﬁ/2uv)*||wzz(n)-
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It is valid since

|(pv+ﬁ/2uv)*|wzl(n) =< ||(p“+ﬁ/2uv)*||wzz(n),

[ -3 -

P Pt g ry < MIX [GTPEOL O Y gy < Gl 20 Iz
i=1

Moreover, we note that the functional g ((p“*ﬁ/zuv)*> vanishes on polynomials of degrees 0 and 1, i.e. g(P) = 0, where

P(Y) = 3 1<z Ga¥* @ = (a1, @2), y* = y7'y5?. Infact, if (p**+#/2u,)* is a polynomial of degree 1 or 0, then (p"*+#/2u,)* = 0

defines the part of plane over IT which coincides with the plane p¥t#/2u, ; = 0, because

(P P2(Quy (@) = p"FPRQIU(Q), 1=1,2,3,

where Q; is the projection of the point P; onto I7.
Thus all the conditions of the Bramble-Hilbert lemma for unweighted Sobolev spaces (see, e.g., [24]) are satisfied and
the estimate

g ((7PPu)") < Col (P PPu) (55)
is true. By virtue of (5.4) and (5.5) and according to Lemma 1 we have

v+p/2

+B/2 v+ B/24 %
[(o u,)* — Pl Bl uv,llwzl(l() < C33h|(pv+ﬂ/2uv)*|w22(w) =< C34h||uv”ngrﬁ/z([(ng)' (5.6)

Summing (5.6) for all K in £2, and taking into account (5.3) we get

v+B/2

|,0 (uy, — uv,l)lwzl(g) = C35h||uv||H22V f2)* (5'7)

+B/2

If the function u, € H3,,,,(£2) then ,0”“‘/2 'u, belongs to W, ((52) by Lemma 1. By using the theorem about
interpolation for unweighted Soéolev spaces (see, e.g., [24]) and Lemma 1 for the second term in the right-hand side of
(5.2), we obtain the estimate

v+p/2—1

luy = oilliy 012 < Cishlp Wl (o) = Cashllunllp2 (5.8)

2vtp/2(82)°

From (5.2), (5.7) and (5.8) the statement of Theorem 4 follows. O

On the basis of the theorem proved we establish the estimate of the convergence rate.

Theorem 5. Suppose that the R,-generalized solution u, of the third-boundary-value problem with coordinated degeneracy of
the input data belongs to the space H22,u+ﬁ/2(‘Q)'

Then there exists a constant C3; independent of u,, u’j and h such that the convergence estimate

h
”uu - uy”[-ﬂ 1B/ ,(2) = C37h||uv||H2 5/2(9) (5'9)

holds for the triangulation of the domain £2 constructed.

Proof. The proof of this statement follows from Lemma 5 and Theorem 4. O

6. Numerical experiments

We have carried out a set of numerical tests for boundary value problems with singularity using our finite element
method. The errors of the numerical approximations to the R, -generalized and generalized (v = 0) solution in the norm of
the space C(£2;,) in the mesh points were compared.

Example 1. Let
=x:x=Xx,x), "1<x<1,0<x <1}

be a rectangle with boundary 862 and 2 = 2 U 3R2.Let I' = {x : x = (x1,0),0 < x; < 1}, and O be a point with
coordinates (0, 0).
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Fig. 1. Error of generalized solution (v = 0) in the neighborhood of the point of singularity.

Table 1

2879

The influence of the mesh-size variations on the behaviour of the error of the generalized (v = 0) and R, -generalized solutions for v = 0.516,y =

0.35,8; =1072,8, =5-1073.

h 0.02564 0.01695 0.01266 0.010309 0.00847
Generalized R,-generalized Generalized R,-generalized Generalized R,-generalized Generalized R,-generalized R,-generalized
solution solution solution solution solution solution solution solution solution

A 0.07933 0.01665 0.06521 0.01359 0.05666 0.00798 0.05128 0.0072 0.0068

ny 151 1 168 1 161 0 148 0 0

ny >400 5 >400 3 >400 8 >500 5 5

We consider the boundary value problem

2
0 dv
Av = — — | aq(x)— ax)v =f(x), xe 2,
v ;a;ﬁ(")ax,)*()“ fx)
v
a—zgol(x), xel, v=gy(x), x€08/I,
n
where

12

a=1 (1=1,2), a=0, o1 =x; %, v =1"%sing,

3 .
f= —Zr‘3/2 sing, r=0+3)"% ¢ =arctg (x2/x1).

The exact solution of this problem is v = r'/2 sin ¢.
We denote the set of the mesh points on the domain £2 by

Qh = {xy : xp = ((i; — 0.5 sign (i1))hy, i2hy), hy = 2/2N; — 1,
hy =1/N,, iy =—Nq,...,—1,1,...,N1,i =0, ..., Ny}.

—v/2

Let p(x) = min{r,,, dist(x, 0)}, where r, = max;_; h: ,0<y <1

The system of algebraic equation (4.1) for the problem in Example 1 was solved using the Chebyshev method with the
optimal set of the iteration parameters. For calculations of both the generalized (v = 0) and R,,-generalized solutions we took
the same initial approximation and the number of iterations sufficient for the stability of the process. For each approximate
solution we calculated the following values: the error 8 (x;) = |v(x,)—u"(x4)| at each node of the mesh 2, the maximal error
A = maxg, §(xn), the numbers of nodes, ny and n,, where the error exceeds the given limit values §; and §; respectively.

Figs. 1 and 2 show the nodes of the mesh where the error exceeds some given limit value for the generalized (v = 0) and
R, -generalized solutions in the neighborhood of the point of singularity (h = 0.0103, v = 0.49, y = 0.3). Here, for limit

values of the error we use following values: 0.03, 0.025, 0.02, 0.015, 0.01, 0.005 (Tables 1-4).
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Fig. 2. Error of R,-generalized solution in the neighborhood of the point of singularity.

Table 2
The influence of the parameter y on the behaviour of the error of the R, -generalized solution (N; = 49, N, = 98, v = 0.516, 8 =1072,5, =5-1073).
y 0.1 0.25 0.31 0.35 0.41 0.45 0.5 Generalized solution
hi-v/2 0.013 0.0182 0.0209 0.0230 0.0263 0.0289 0.0324
A 0.0187 0.0164 0.0163 0.00719 0.01093 0.01346 0.0178 0.0513
ny 6 3 1 0 2 8 30 148
ny 68 23 2 5 25 76 170 More than 500
Table 3
The influence of the parameter v on the behaviour of the error of the R,-generalized solution (N; = 49, N, = 98, y = 0.35, 8 =1072,5, =5-1073).
v 0.3 0.4 0.515 0.516 0.517 0.55 0.6 0.7
A 0.02529 0.01682 0.00727 0.00719 0.00724 0.00863 0.01116 0.0171
ny 6 1 0 0 0 0 4 12
ny 41 4 4 5 5 10 26 95
Table 4
The errors ||v, — uf g , (g for v =0.516, y = 0.35.
h 0.02564 0.01695 0.01266 0.010309 0.00847
vy, — uf: ||H21 0.01284 0.00850 0.00638 0.00518 0.00462
Example 2.
29 v
AvE—Z— ax)— | +ax)v =fx), x€ 82, (6.1)
=1 aXl Bxl
av
b(x)v—l—a—N =p1(x), xeTl, v=go(x), x€dR2\T, (6.2)
where
a=a=r'"? a=r""2, b=r"12

f=-0,25-r73sin(p/2), @ =r?sin(p/2),
@1 =r>(cos(3p/2) + sin(¢/2) — 0,5 - cos(¢/2)).

The exact solution of this problem is v = r~3/? sin(¢/2) (Tables 5 and 6).
Calculations (h = 0.0103, y = 0.31, v = 6.0) showed that

Ags. = 893.7,

where Ag ¢ is the maximal value of the errors in the mesh points for the approximate generalized solution (v =

0).
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Table 5
The errors ||v, — u’f,||H21 @ forv=20,y =031

h 0.02564 0.01695 0.01266 0.01031 0.00847
v, — uL'HHZ] 1.12-1073 6.7-1074 47-1074 2.9-1074 2.2-1074

Table 6
The errors ||v, — u{f||H21 @ forv=65y=03.

h 0.02564 0.01695 0.01266 0.01031 0.00847
llv, — uL'HHZ] 1.01-1074 5.26 - 107> 1.83-107° 7.62-10°° 4.26-1076

Example 3. Consider the boundary value problem (6.1) and (6.2), where

a1:a2:r71/2, a:r75/2’ b:r73/2

f=—6,25-r7sin(g/2), @ =r%sin(p/2),

o1 =1%1,5 - cos(3¢/2) + sin(g/2) — cos(p/2))
and

v =r""5sin(p/2).

Finally, a number of calculations showed that:

(1) the value of the error is always decreasing as the distance from the mesh points to the point of singularity increases;

(2) if we choose parameters v and y near to optimal, the accuracy of the approximation in the case of the R,-generalized
solution is in general two orders higher than for the generalized solution;

(3) if the input data had strong singularity, it is impossible to find the generalized solution (v = 0), because the
computation is interrupted by an exception, while the R,-generalized solution can be computed with high accuracy.
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