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1. INTRODUCTION

1.1. Motivation

In the development of iterative methods for the solution of large, sparse
linear systems arising from the discretization of elliptic boundary-value
problems, it has become important to produce work estimates that are
asymptotically competitive with those of the multigrid methods. A multi-
grid convergence theorem yields results of the form

lle'll < (r) e, (11)

where ¢® and e’ denote the initial error and the error after i iterations
while 0 < r < 1 is a constant that is independent of the mesh spacing h. (The
norm in (1.1) is generally a discrete form of the energy norm, equivalent in
the limit to an H,; norm.)

Almost all iterative methods, including the multigrid methods (cf.
McCormick [27]), can be cast in the framework of a preconditioning
followed by iterative improvement. Given the discrete matrix problem

Auy = fp, (1.2)

preconditioned polynomial iterative methods (cf. Faber and Manteuffel
[15]) can be expressed in the form

ri=f,— Aub, (1.3a)
5i=C,rh, (1.3b)
ultt = ul + a;ph, (1.3¢)
phesp{sy,....s1}, (1.3d)

where C, is a preconditioning and % is a discretization parameter.
Given the symmetric positive definite matrix M, we denote

Iluhll.f‘ = (Mu,, uh>12’ (1-4)

where ( - ,- ), is the /, inner product. If A, and B,, are symmetric positive
definite (spd), we may define the spectral condition number of A, with
respect to B, as

= Cs(Ah’Bh) = Clz(Bh_l/zA hB;l/z)
= |IB, V?A B, 2|, IBY A L B, (1.52)

In general, we define the left and right /, norm condition numbers of A,



THEORY OF EQUIVALENT OPERATORS 111

with respect to B, as
g=1c(A,,B,) = Clz(Bh_lAh) = B, 'ALllLIA L Bl  (1.5b)
¢, =c(A,,B,)= Clz(AhBh—l) = ”AhBII_IHIZHBhA;l”lz- (1.5¢)
Note that each condition number is symmetric in A, and B,. If A, and
B, are symmetric positive definite, then we may set C, = B, ! in (1.3b) and

use either a conjugate gradient iteration or a Chebycheyv iteration to yield
estimates of the form

, 2 -1\
ek < 2|~z | llexlims (1.6)

where M = A, for the conjugate gradient iteration and M = B, for the
Chebychev iteration.

For general A, and B,, we may proceed in two ways (cf. Ashby,
Manteuffel, and Saylor [1]). Setting C, = A*B, *B, ! in (1.3b) corresponds
to solving the system

A%B,*B,'Au, = AIB, *B,'f (1.7)
and yields bounds
i - 1) 0
llenltm < 2 6+ 1 llexlin, (1.8)

where M = I (or /, norm) or M = A*B; *B; 'A,, depending upon the
implementation.

On the other hand, setting C, = (B¥B,) A% in (1.3b) corresponds to
solving the system

(BrB,) '(A%A,)x = (BfB,) 'ALSf (1.9)
and leads to bounds

’ ) llesllns (1.10)

el <2
llenlin o+ 1

where M = A% A, or M = BB, depending upon the implementation.

In each case, we see that if the relevant condition number is bounded
independent of 4, then an iteration can be constructed that will produce
bounds like (1.1).

If A, arises from the discretization of a second-order elliptic partial
differential equation in two-space dimensions, then generally C,(A,) =
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O(h~?%). Matrix splittings, such as Gauss-Seidel, SOR, and ADI, and
preconditionings, such as incomplete LU factorizations, at best give
C,(B;'A,) = O(h™"). In these cases, the bound (1.8) can be rearranged to
yield

leill; < K(1 — Ah)'llells, (1.11)

where K and A are generic constants independent of 4 (cf. Young [36]).

In the early 1960s, D’Yakanov [12, 13] and Gunn [19, 20] introduced a
preconditioned iterative method with ¢, = C,(B;'/?A,B, /%) bounded
independent of h. D’Yakanov used the concept of spectrally equivalent
operators to motivate this preconditioning. The positive definite, self-adjoint
matrices A, and B,, parameterized by the grid indicator &, were said to be
spectrally equivalent if there exists 0 < a, 8 < oo such that

(A juy, uy)
< ——————

a< <B for everyu,, (1.12)
(Buuy, uy) ’

independent of A. Clearly,
C,(B;'°A,B; ') < B/a, (1.13)

which yields estimates of the form (1.6) with ¢, independent of 4. However,
one must solve a system involving B, at every step in the iteration.

D’Yakanov went on to show that if A, is the centered finite difference
approximation to a positive definite, self-adjoint, uniformly elliptic partial
differential operator on a rectangle in two-space dimensions, with homoge-
neous Dirichlet boundary conditions, then B, could be constructed as the
discrete approximation to the Laplace operator. Since then, several authors
[3, 10-14, 19, 20, 28] have extended these results to a variety of special
classes of elliptic operators, discretizations, and domains (see below for
details).

Gunn [19] originally suggested using ADI to solve the equations involv-
ing B,. D’Yakanov [13] suggested a Chebychev iteration. Others [3, 7-9, 14,
34-35] have suggested choosing B, to be the discrete approximation to a
separable self-adjoint, elliptic operator and using fast direct methods (cf.
Swarztrauber [30, 31]) when the domain is a rectangle.

In each of the above cases the bounds (1.6) hold with ¢, independent of
h. If Egs. (1.3b) with C, = B, can be solved by fast direct methods, these
bounds lead to asymptotic work counts of the form

O(N™"InNloge™), N=1/h, (1.14)

where & is the relative accuracy of the solution and m is the number of
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space dimensions. These bounds appear competitive with multigrid meth-
ods. In practice, however, one finds these methods perform poorly unless
the operator and the preconditioner are very “close.” In general, it is
seldom useful to precondition a non-self-adjoint operator with the inverse
of the self-adjoint part of that operator (cf. van der Vorst [28, 29]).

There is no flaw in the analysis, only a flaw in the conclusions drawn
from the analysis. These bounds are only asymptotic. For reasonable values
of A, for example, one may find that SOR yields

2 -1

for any separable B,. Further, even if small values of & are to be employed,
asymptotic estimates ignore the constant multiplier. Methods with similar
asymptotic work estimates may behave quite differently in practice.

In reviewing the development in this area, we are led to several immedi-
ate observations. First, as defined by D’Yakanov, equivalence in spectrum
must be reproved for each discretization scheme. In this paper we examine
the concept in the context of operators on Hilbert spaces. We show that if
discrete approximations are equivalent in the sense of D’Yakanov and if
they converge pointwise to limit operators, then the limit operators are
equivalent with the same bounds. Thus, unless the limits are equivalent, the
discrete approximations cannot be. The converse, however, is not true (see
the example following Theorem 2.15).

At this point, we would like to call attention to the difference between the
matrix and the operator it represents. If A, is an operator on the finite
dimensional Hilbert space V,, then the basis {¢,} determines a matrix A .
If we let M,

(Mh)ij = (¢, ¢j>V,,’
be the “mass matrix” associated with this basis, then
||Ah”v,, = ”M}z/zA th_l/2”12‘
Thus, the condition of A4, in V, satisfies the bounds

C,(A,)
c,(M,) = < Cy,(4,) < C,(M,)C, (A ). (1.15)

The condition of the mass matrix will play an important role in relating the
continuous operators to their associated matrices.

Second, we observe that equivalence in spectrum is not the appropriate
tool to examine non-self-adjoint operators. We introduce the concept of
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equivalence in norm. Suppose 4 and B are operators from Hilbert space W
to Hilbert space V. We say that 4 is equivalent in V norm to B on the set
D C W and write 4 ~y B on D, if there exist 0 < &, 8 < co such that

lAully
< 1.16
1By = * (1.16)

a <

for u € D such that the ratio is defined. If the set D is “sufficiently dense,”
(see Section 2 for details), then the V condition number of AB7! is
bounded; that is,

Cy(A4B™') = | AB7Y|y|BA My < B/a. (1.17)

This corresponds to the right condition number (1.5c). If 4 and B are
one-to-one, then we say A~' is W norm equivalent to B! on the set
D C V, and write 47! ~ B~! on D, if there exist 0 < a, 8 < oo such that

4™ ullw

O — < (1.18

1B~ ullw )
for u € D such that the ratio is defined. Again, if D is “sufficiently dense,”
the W condition number of B~ is bounded; that is,

Cw(B™'4) =B 4||wll4"'Bllw < B/a. (1.19)

This corresponds to the left condition number (1.5b). In Section 2, we show
that (1.17) is essentially necessary to achieve bounds of type (1.10) indepen-
dent of h, and (1.19) is essentially necessary to achieve bounds of type (1.8)
independent of h. However, in general, (1.17) and (1.19) do not hold
simultaneously. We also show that for positive self-adjoint, compact opera-
tors norm equivalence implies spectral equivalence. For these reasons, it is
important to study the concept of norm equivalence in the Hilbert space
setting.

Finally, we observe that the property of equivalence is transitive, reflex-
ive, and symmetric. In the proper context one can divide elliptic operators
(or their inverses) into equivalence classes. In Section 3 we show that
boundary conditions determine these classes. These classes are very large.
For any operator, it is possible to find an equivalent operator for which the
condition (1.17) is arbitrarily large (condition (1.19) for inverse operators).
The observations above lead to the conclusions:

(i) For a fixed A, using a preconditioning strategy based upon an
equivalent operator may not be superior to classical methods.
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(i) If bounds of type (1.6), (1.8), or (1.10) are desired, then it is
necessary to use a preconditioning strategy based upon operators that are
equivalent in the infinite-dimensional space.

(iii) Equivalence alone is not sufficient for a good preconditioning
strategy. One must also choose an equivalent operator for which the bound
(1.17) (or (1.19) for inverse operators) is small.

The above observations indicate that a more precise measure of the
“closeness” of two operators is required to evaluate preconditioning strate-
gies. In Section 4, we suggest a semi-metric on a set of equivalent operators.
Unfortunately, this metric is difficult to evaluate. Qur hope is that this work
will provide a sound mathematical framework for the study of precondi-
tioned iterative methods.

1.2. Summary of Results

In Section 2, we study the concept of equivalence of operators on Hilbert
spaces. Let 4, B:W —» V. We say 4 ~y B on D if (1.16) is satisfied. Of
course, there is always some D for which (1.16) holds. We say D is
sufficiently dense if D is dense in both the domain of A4, D,, and the
domain of B, Dy, and AD is dense in the range of 4, R, and BD is dense
in the range of B, Ry, If D is sufficiently dense, we write 4 ~y B.
Theorems 2.2 and 2.3 show that if either 4 and B are bounded or 4! and
B~! are bounded, then 4 ~y B if and only if D, = D; and 4 ~y B on
D, =D,

Next we examine inverses and adjoints. Examples are provided to show
that 4 <y B does not imply 4! ~y, B™! or 4* ~y, B* on any reasonable
set D, even for compact operators. Theorem 2.5 shows, however, that
A ~y B implies (47 1)* ~, (B~ 1)* on the intersection of their domains.
This result is used to establish Theorem 3.3.

Spectral equivalence of positive, self-adjoint operators is introduced. We
say the positive, self-adjoint operators 4, B: H — H are spectrally equiva-
lent on D, and write A =, B on D, if there exist 0 < a, B < o0 such that

(Ax, x)y
a< ————(Bx, S <B, Vxe€D,{Ax, x)g(Bx, x)y* 0. (1.20)

Theorem 2.9 shows that if 4 =y B on a “sufficiently dense” set D, then
A7 ' =y B~ on the intersection of their domains. A major result of
Section 2 is Theorem 2.10, which states that if A and B are self-adjoint,
positive, one-to-one, and compact on Hand 4 <y B on H, then 4 = B
on H. Corollary 2.11 yields a similar result on the inverses. The converse is
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not true and an example is provided. Examples of differential operators that
are spectrally equivalent but not norm equivalent are presented in [26].
Equivalence in norm is a stronger condition than spectral equivalence.
Moreover, it is essential for constructing bounds of the type (1.8) or (1.10)
for elliptic operators. With equivalence in spectrum, we obtain the bound
(1.6), which yields bounds for [le,|l,, with M = A, or M = B,. For the
standard choices of bases, this is equivalent to the discrete analogue of the
H, norm. However, with equivalence in L, norm, one may obtain bounds
with M = I, (the /, norm), which is the discrete analogue to the L, norm,
or with M = A3 A, or M = B}B,, which is the discrete analog to the H,
norm.

Next, we introduce the concept of uniformly V norm equivalent families
of operators. We say {A4,} ~y {B,} on D if 4, ~y B, on D for every n,
and the bounds do not depend upon n. Uniformly spectrally equivalent
families are defined similarly. Theorem 2.12 shows that if {4,} ~y {B,}
onD and 4, — A, B, » B pointwise on D then 4 ~y B on D. Thus, if B,
is a uniformly V norm equivalent preconditioning strategy for 4, and if B,
converges pointwise to some operator, B, then B must be V norm equiva-
lent to A. A similar result holds for spectral equivalence.

Finally, we examine sequence of operators that are derived by the
restricting and projecting of operators. For example, if P,, Q, are projec-
tions onto W,, V,  respectively, we consider A, = Q,4P, The finite
element method can be viewed in this context. For positive definite, self-
adjoint operators, we let Q, = P* and show that 4 =4 B on D implies
{A,} =4 {B,} on D. We also show that if 4, is a weak formulation the
same result holds. For non-self-adjoint operators, we add the hypotheses
A,~yv A, B~y B on W, Then if 4 ~y B, we have {4,} ~yv {B,}.
These additional hypotheses can be thought of as a restriction on the angle
between V, and AW,. These results give uniform equivalence for finite
element approximations. We remark that when using elements in H,, but
not in H,,, one must prove results on the weak form of the operator.
Equivalence is obtained in the corresponding norms. We will say more
about this in Section 3.

In Section 3, we examine the equivalence of linear uniformly elliptic
operators on bounded regions and the uniform equivalence of both finite
element and finite difference approximations. In the finite element formula-
tion, we consider the general case of elliptic operators of order 2m. In the
finite difference case, we restrict our discussion to the case of second-order
operators. Equivalence follows from regularity bounds like those developed
in [16, 25, 28]. For example (see Section 3 for a complete presentation), let
2 C R? be a bounded domain and let 4 be a linear uniformly elliptic
second-order differential operator on . Under appropriate smoothness
hypothesis on the coefficients of 4 and the domain £ and appropriate
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hypothesis on the boundary conditions, one knows that
A L,>H, (1.21)
is bounded and one-to-one. Thus, there exists a K; = K;(A4) such that

g, < Kl Aully,,- (1.22)

From the definition of A, there exists a K, = K,(A) such that

Aully, < Kollullg,- (1.23)

Theorem 3.1 and Corollary 3.2 show that in the presence of regularity
bounds like (1.22) and (1.23)

(i) 471 ~y, B7! on Ly(Q),
(i) A ~, B if and only if D, = Dj.

Theorem 3.3 shows that
(iii) A~' ~; B! if and only if D,. = Dj..

Theorem 3.3 implies that in order to establish a bound of type (1.10), it is
necessary to base the preconditioning strategy on an operator B whose L,
adjoint B* has the same boundary conditions as A*.

These results depend upon the H, (H,,, in the general case) regularity
assumptions (1.22) and (1.23). Examples of boundary conditions for which
(1.22) does not hold are given in Grisvard [17]. That does not imply that
equivalence is lost, but rather that our proof is inadequate in that case.

Next, the weak form of the operator is examined. Here, equivalence
follows from coercivity bounds like those in Babuska and Aziz [2]. For
example, let @ = R? and suppose

(Au, vy, = a(u,v) = v,(u,v)
for u € D,, v € T,, where T, is dense in L,(2). Let D, = D}~ T, = TH~
(D3~ represents closure in the H,, norm) and assume there exist constants
M,(a), M,(a) such that
la(u,v) = v,(u,v)| < Mz(a)”“”H,,,”U”H,,, (1.24)

forueD, veT,

la(u, v) = v,(u, 0)]
sup

> el 1.25
veT, 1olln,, M(a)" M- (1.25)
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for u € D,; and

sup |a(u,v) — v,(u,v)| >0 (1.26)

ueD,

for v € T,. Then we may consider

a(u) = a(u, ) = y,(u,") (1.27)

to be a map from D, to the set of bounded linear functionals on T,. We
write

a:D, > T* (1.28)

and note that (1.24), (1.25), and (1.26) imply that a is bounded, one-to-
one, and onto with bounded inverse. In the presence of bounds (1.24),
(1.25), and (1.26), Theorem 3.5 yields

(v) a™' <y bV T, =T,

It is often the case in practice that T, = D,. and T, = D,. With these extra
hypotheses, Corollary 3.7 yields

) a'=, b lonL,if D,=D,

The converse of these results is proven in [26] for m =1 and @ C R*
Notice that these results do not depend upon H,,, regularity but rather the
weaker H,, regularity.

Next, we treat finite element approximations. The results of Section 2
show that the finite element approximation using sufficiently smooth ele-
ments yields uniform equivalent families in the same norms as the continu-
ous operator. Of primary interest, however, is the “stiffness” matrix A,
where

(AL = (e A¢;) (1.29)

and {¢;}"_, are the finite element basis elements. If the moment matrix
M,, where

(M) ;= ($: ¢, (1.30)

has bounded /, condition, then {4; '} ~y {B;'} yields C,(B;'A,) < K
independent of 4.

The weak formulation presents some difficulties. Theorem 3.11 yields
{A;7'} ~u, {B;'} on Ly(®). However, uniform /, equivalence of the
matrices does not follow. In general, the condition of the mass matrix (1.30)
is not bounded in any discrete equivalent to the H,, norm. In the case of
second-order problems Bramble and Pasciak [6] add the hypothesis of
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optimal-order convergence and an inverse bound to show { 4, '} ~, {B; ')
on L,. This argument is developed in Theorem 3.12 for problems at general
order. Again, this leads to uniform /, equivalence of the corresponding
stiffness matrices. However, the work in [6] is flawed by the fact that the
authors failed to note that the correct condition for {4; '} ~ {B;'} is
D(A*) = D(B*) rather than D(A) = D(B). A complete discussion of these
matters is found in [26]. We also note that the hypothesis of convergence of
order 2™ implies that H,,, estimates of the form (1.22) exist.

Finite difference approximations appear to require a case-by-case exami-
nation. Estimates of the type (1.12) were obtained by D’Yakanov [12] for
the solution of positive definite, self-adjoint, elliptic problems in two
dimensions on a rectangle discretized by central differences. He used the
inverse of the Laplace operator as a preconditioning coupled with a
stationary one-step iteration. In [19], Gunn extended these results to a
preconditioning by a partial solution of the Laplace equation obtained by
a number of steps of the Peaceman—-Rachford ADI iteration. These results
are further extended to positive definite, self-adjoint, elliptic operators plus
first-order terms in Gunn [20]. There he suggests the use of more sophisti-
cated iterative techniques such as a nonstationary one-step Richardson’s
iteration and the Chebychev iteration. In [13], D’Yakanov considered
positive definite, uniformly elliptic systems on n-dimensional rectangles
with Dirichlet boundary conditions. It is shown that the discrete analogue
using centered differences is spectrally equivalent to the discrete analogue
of a certain positive definite, Helmholz-type operator using centered finite
differences and that the bounds are independent of the mesh.

Nitsche and Nitsche [28] obtain the discrete analogue of the bounds
(1.22) and (1.23) for linear second-order elliptic operators with possibly
mixed derivatives but no first-order terms on rectangles in two dimensions
and with Dirichlet boundary conditions using centered finite differences. In
[11], Drya establishes similar bounds for uniformly elliptic equations of
second order with positive definite symmetric part without mixed deriva-
tives and Dirichlet boundary conditions using centered differences on a
convex polyhedron with a nonuniform grid. In the case of two dimensions
and a uniform grid, he obtains these bounds in the more general case
involving mixed derivatives. Because these bounds are independent of the
mesh space, bounds of the type (1.10) hold independently of 4.

In Section 3, we show that in the important special case where € is a
rectangle, the only case where fast direct methods can be conveniently used,
and where the boundary conditions are either Dirichlet or Neumann on
each edge, three varieties of finite difference discretizations yield uniformly
equivalent families of matrices. However, our discussion of the uniform
equivalence of {A4,'} and {B;'} is limited to the case of Dirichlet
boundary conditions. We assume only that the second-order elliptic differ-
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ential operators are uniformly elliptic. This extends the results of [3, 11-14,
20, 28]. It also emphasizes the fact that it is essential to undertake further
research to find a B for which B, is easily invertible and C, (B, A ) will
be relatively small.

The results of the first three sections show that equivalence norm is a
ubiquitous property. It is clear that a more precise measure of the distance
between two equivalent operators must be developed. In Section 4, we
present such a measure. This measure has been used by Bank [4] to
motivate an algorithm for finding a separable operator that is close to a
self-adjoint, elliptic operator on a rectangle. It is hoped that this concept of
distance between operators will be helpful in determining appropriate
preconditionings in a more general setting.

2. EQUIVALENCE OF OPERATORS

2.1. Definitions

In this section we develop the concept of equivalence of operators. Given
two operators 4 and B from Hilbert space W to Hilbert space V, we say 4
is V norm equivalent to B on set D C D, N Dy, and we write 4 ~y B on
D if there exist 0 < a, 8 < o such that

| Ax{ly
<B, VxeD,|4x|y, ||Bx|ly # 0. (2.1)

a < <
I Bx|ly

Suppose 4 and B are one-to-one on D. Then we can define

Q=A4B"'  on BD,
0 '=BA' on AD.

(2.2)

If A ~y B on D, then from (2.1), we have for y € BD, y # 0,

oy 1487 ylly  l14xllv

I ¥y lyllv I Bx|ly ( )
for some x € D. Likewise for y € AD, y + 0,
lo vy _ 1 2.4)
Iyllv a

We see that Q is a bounded invertible operator from BD to AD.
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Thus, Q can be uniquely extended to a bounded invertible operator
Q:BD' - 4D". (2.5)

(The notation BD" denotes closure in V.) Since we are interested in solving
problems of the form Ax = f, we would like D to be large enough so that
AD is dense in R ,, the range of A. This motivates the following definition.
We say that A4 is V norm equivalent to B and write 4 ~y, Bif A ~, B on
D ¢ D, N Dy such that

(i) D,cD¥, D,cDV (2.6a)
and
(ii) R,cAD', R,CBD. (2.6b)

Let us examine the second criteria. Suppose 4 and B are one-to-one and
(2.6b) holds; then, Q can be extended to a bounded invertible operator

0:R, >R, 2.7)
and the V condition of Q is given by

Cy(Q) = N2IvIQ Iy < B/a. (2.8)

In this case, we can also extend D to D = D, ¢ D,.

LEMMA 2.1.  Suppose A and B are one-to-one on D, and Dy, respectively,
and A ~y B on D C D, N Dy such that (2.6b) holds. Then A ~y B on
D=D,NnD,

Proof. By the above discussion, there exists a bounded invertible Q on
V such that Q = 4AB~! on BD. Since the extension of a bounded operator
to the closure of its domain is unique, Q = AB~ 1 on BD. Thus, the
estimate (2.3) holds for every x € D. The lower bound in (2.1) is achieved
in a similar manner. O

The next result shows that if 47! and B~! are bounded and 4 ~y B,
then D, = Dj.

THEOREM 2.2. Let A, B: W — V be one-to-one and assume that ||A ™|y,
IB~Y|w < oo and that R, and Ry are closedin V. Then A ~, B if and only
ifA ~y Bon D=D, =D,

Proof. 1f A ~y BonD =D, = Dy, then clearly 4 ~, B. Now assume
A +y B. By Lemma 2.1, Eq. (2.1) holds for D = D, " Dy and R, =AD",
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R, = BD". Let Q = 4B and let the bounded invertible

A

Q:Rz; >R,

be the unique extension.
Now let y € Dy, By = g € R;. We will now show that y € D,. Since
BD is dense in R, there exists {g,} € BD such that

lim ||g, — glly = 0.
n-—o0
If y,= B 'g, €D, then

1y, = yllw = 11B"(g, — &)llw < 1B~ Ylwlig. — gllv-
Thus,
lim ||y, — yllw = 0.
n— o0

Now let Og = f€ R, and Qg, = AB"'g, = f, € AD. We have

Wf = fllv < 101IvIIg, — gllv-
Finally, let A~}f = x € D,, A7, = x, € D. This yields

Ix, = xllw < 14" Nwllf, = flly
and

lim ||x, — x}jw = 0.
n-»00

Notice that x, = A"Y(AB~)By,; that is, x, = y,. Thus, x =y € D,.
We have shown that D, € D,. Reversing the roles of 4 and B yields
D, € D;. Finally, Lemma 2.1 yields the result. O

We remark that although Condition (2.6a) is implied by the result
D, = Dy, it was never used in the proof of Theorem 2.2. The result still
holds if (2.6a) is removed from the definition. However, (2.6a) is essential to
prove the following result, which shows that if 4 and B are bounded and
A ~y B, then D, = Dy.

THEOREM 2.3. Let A, B:W — V be one-to-one and assume || A||y, || Blly
< o0 and that D, and Dy are closed in W. Then A <y B if and only if
A~y BonD=D,=D;

Proof. 1f A ~y B on D = D, = Dy, then clearly 4 ~, B. Now assume
A ~y B. Since D, and D, are closed, D, N D, is also closed. Now,
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D ¢ D, N D,. By (2.6a)

D,cD¥cD,NDY =D, ND,.
Likewise Dy € D, N Dy. Thus, D, = D;. Finally, since 4 and B are
bounded, the inequalities in (2.1) can be extended to D¥. O

In Theorem 2.3, it is the condition (2.6b) that is implied by the result
D, = D, but never required in the proof.

The next result is rather peculiar by itself but is fandamental to Theorem
33.

LEMMA 2.4. Let A, B: W — V be one-to-one and onto. LetD, N DY = W
and Ax = Bx for x€ D, NDy. Then A~ ~ B~ on V if and only if
D, =D, (4 = B).

Proof. 1t is easy to show that 47!~y B™! on V if and only if
A7'B:D, > D, is bounded with bounded inverse. If D, = D,, then
A7'B:Dy — D, is the identity map. Now suppose D, # Dj. Let v € Dy,
v & D, and let z = 47 'Bv. Since D, N Dy is dense in W, there exists a
sequence v, € D, N Dy such that

lim |jv - v,|lw = 0.
n—o00
Now 4 !By, = v, and so
lim || — A7 !By, ||lw = 0.
n— 00
Now consider

lim |47'B(v — v, )llw = llz = vllw # 0.
n-—+ 00

Thus, A~'B is not bounded on the sequence
v-uv,

4= — " eD,.
" “U - vn”W

This completes the proof. O

2.2. Egquivalence of Adjoints and Inverses

The equivalence of A and B does not guarantee the equivalence of
adjoints or inverses as the following example will demonstrate. Here, the
adjoint of 4: W — V is the unique operator 4*: V — W such that

(Ax, 8)y = (x, A*8)w (2.9)
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for every x € D,, g € D,.. We remark that 4* and B* are well defined
only if DY = DY = W (cf. Helmberg [21, p. 117)).

The following is an example in which A and B are one-to-one and
compacton W=V =H, 4 ~, BonD =D, =D, =H, but 4* ~,; B*
onD,.NDy =H and 47!y B~ on D,-1 N Dy-1. Let 4 and B have
singular value decomposition in an orthonormal basis given by the infinite
matrices

A = UZV*, (2.10a)
B = U3V*, (2.10b)

where U, U, and V are unitary operators, and = = diag(o;,...,0 ).

ey Upyen

Here we assume that A and B are one-to-one and compact, so we require

0,>0,> - - >0;,> 0. For every x € H, x # 0, we have
I4xlln _ IUSV*xly _ 1ZV*3lln (211)
IBxllg  WUEVx|g  12V*x||y
Thus A ~y B on H. Now 4* and B* are given by
A* = VIU*, (2.12a)
B* = VIU*. (2.12b)

Suppose, we let o, = 27/, U = I}; (the identity on H), and U be repre-
sented by the block diagonal matrix

(=
It
o

: (2.13)

P2/'

where P, is the k X k permutation matrix

Pk=
1

Notice that U* = U. Let e, represent the ith basis element. Suppose we
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write
A%l IZelln _ (2.142)
IB*elln  I=0%ly " '
For i = 2%, we have
-9 -
Y, = m =Q2-@7 -1, (214b)
For i = 2 + 1, we have
2~(2*+1)
L3
e 2070, (2.14c)

We see that (2.14a) is neither bounded above nor below, and thus
[ 4*x}| /|| B*x|| g is neither bounded above nor below for any set containing
the basis elements.

Likewise, we have

A7l =VETU, (2.15a)
B l=y3 10 (2.15b)
Using the same U and U yields

4 " llg Bl 1
e (2.16)
1B ella Nl 4%ille v

and again (2.16) is neither bounded above nor below, and thus
14 ||/l B~ x|l is neither bounded above nor below for any set con-
taining the basis.

In this example, however,

(4~ Y)* = U=~y (2.17a)
(B~1)* = U=~ (2.17b)
As in (2.11), we have

(A5l _ IS Wl IV 5l
B xls O Wxlly I Pxlly

1 (218)

for every x € D 4-1. N Dg-1ys, x #0. Thus A~y B on H yields
(A™H)* ~4 (B™1)* on D =D ,-1. N Dgz-1). This result extends to a
wider class of operators.
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_ THEOREM 2.5. Let A, B: W — V be one-to-one such that DY =D} =W,
RY, =R, =V. Suppose A ~y B; then, (A™1)* ~y (B™1)* on D=
D(A—l). N D(B—l)..

Proof. Since A ~, B on D such that AD® = BD' =V, the operator
Q = AB7! is bounded and can be extended to V. Likewise Q! = B4~}
bounded and extendable to V. Thus, 0* and (@~ !)* are also bounded
invertible operators such that

12*lv = glly < 8,
Q™) v = 12 Ylv < 1/a.
Since D' = D)) = W, RY, = R = V, we have
0* = (B~ 1)*4* on(A4~1)*D,
(071)* = (4~1)*B*  on(B~!)*D.
Thus, for x € D, x # 0, there exists y € (B~1)*D, y # 0, such that

(A7) *xlly _ ICA7)*B*yllv _ 1Q*Vlv
(B~ )*xlly I¥liv Ixllv

Similarly, we obtain

<B.

_ Ay
ERET

forxeD, x+0 0

If A and B are self-adjoint, then some of the above difficulties disappear.
Recall that if 4 and B are self-adjoint, then W =V =HandD, =D, =H
(cf. Helmberg, [21, p. 117]).

COROLLARY 2.6. Let A and B be self-adjoint and one-to-one. Suppose
A ":'H B, then A_l ~H B_l on D = DA—I N DB—I.

Proof. 1f A and B are self-adjoint and one-to-one, then 4~ ! and B!
are self-adjoint and D,-1 = Dg-1» = H (cf. Helmberg [21, p. 121]). The
result now follows from Theorem-2.5. O

2.3. Spectral Equivalence

We now introduce the concept of equivalence in spectrum. The treatment
here is similar to that of D’Yakanov [13]. If 4 and B are positive,
self-adjoint operators on H, we say that A4 is equivalent in spectrum to B
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on the set D C H and write 4 =y B on D, if there exist 0 < a, 8 < o
such that

(Ax, x)y
¥ o < B, Vx€D,(Ax,x)y, (Bx,x)y+0. (2.19)

Let 4, B: W — V._Then there is an obvious relationship between 4 ~y B
and A*4 =y B*B. We have the following result.

LemMMA 2.7. Let A and B be such that D} =Dy =W. IfA ~y, Bon D
and if A*A and B*B are self-adjoint, then A*A =y, B*B on D=Dn
D,., N Dg.p. Conversely, if A*A =y B*Bon D, then A ~y B on D.

Proof. The proof is obvious once it is noted that D. , € D, Dguy C Dy
We have

IAx}  (Ax, Ax)y  (A*Ax, x)y
IBxl|}  (Bx,Bx)y (B*Bx,x)y’
Vx € D,., O Dyap, | 4]y, |1 Bxlly # 0. (2.20)

IfA~,BonDand xeD=Dn D,., N Dg.p, then there exist 0 < a,
B < oo such that the bounds

az < <A*Ax, x>w < BZ
T (B*Bx,x)w

apply. Conversely, if 4*4 =y B*B on D, then D € D, N Dy, and (2.20)
yields A ~y Bon D. O

Suppose 4 :H — H is self-adjoint, positive, and bounded. Then A'/2
exists and is self-adjoint, positive, and bounded on H. If A is also
one-to-one, then 472 is one-to-one and

D,-12 = AY?H, D, =A4H
and, further,
) PRl ) PRV (2.21)
This can easily be seen from the relation
AV = g172471 (2.22)
on D,-1. We use this to build several lemmas.

LeMMA 2.8. Suppose A and B are self-adjoint, positive, and bounded on
H, then A =y B on D if and only if A/* ~y B'/? on D. Further, if A and B
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are one-to-one, A~ =4 B~! on D implies A~/ ~4 B"? on D, and
A7V~ B"Y2 on D implies A" =y B"' on DN D1 N Dp-.

Proof. 'The first assertion follows from

(Ax, xyu (A, Ay
(Bx, x)y - (BY*x, BYx)y’ Vx €D, (Ax, x)y, (Bx, x)u # 0.

The second assertion follows similarly once we notice that D,-1 € D -1
and Dy-: € Dy-12. The possibilities of proper inclusion forces the added
restriction in the third assertion. O

The next result shows that if 4 and B are equivalent in spectrum on H,
then so are their inverses.

THEOREM 2.9. Suppose A and B are self-adjoint, positive, one-to-one,
and bounded on H. If A =y B on D such that A/’D= BV 2D H, then
A '=y B ' on D =D, N Dy Conversely, if A* =, B~ on D such
that A~V?’D= B~ '/?D=H, then A =y B on H.

Proof. Assume that A =g B on D such that 4D = B'/2D= H. Then,
by Lemma 2.8, 4'/2 ~,; B2 on D. Since 4'/?2D= B/?D= H, Corollary
2.6 yields A~ 12 . a B 2 on D = D412 N Dy-12. Finally, another appli-
cation of Lemma 28 yields A =y, B on D=DNnD,iNnDy. =
D -1 N Dg.

In the other direction, assume A~ ! =45 B™! on D such that
A~Y?D= B~Y?D= H. Lemma 2.8 yields 471/ ~;; B~'/? on D. Corol-
lary 2.6 now gives A2 ~y B2 on Dy~ N Dy2 = H, and a final applica-
tion of Lemma 2.8 yields 4 =i Bon H. O

These tools lead to the following important result. Here we require
compactness. The result actually applies to a slightly larger class of opera-
tors, but that proof is difficult. Moreover, the following will suffice for our
needs later in this paper.

THEOREM 2.10. Let A and B be self-adjoint, positive, one-to-one, and
compact operators on H. If A ~4 Bon H, then A =4 B on H.

Proof. By assumption there exist 0 < a, 8 < oo such that

HAx|l
<
Il Bxll s

Then Q = AB™! is bounded on Dj-1 and

Q< B, N0 Yy < 1/a
Since D,-+ = D, 1+ = H, Q and Q! can be extended to all of H.

< B, vxeH, x #0.
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Since 4 and B are self-adjoint and compact, they both have a complete
set of mutually orthogonal eigenvectors. Assume the eigenvalues are or-
dered in descending order and let W, be the subspace spanned by the first »
eigenvectors of B. Let P, be the orthogonal projection onto W, and let

B,= P,BP,= P,B = BP,.

The key to this proof is to notice that if B* is the Moore-Penrose
pseudo-inverse of B (cf. Stewart [29]), then

BY/* = p B/?p = p B'/? = B/?P |
B'=PB'P,=PB'!=B"'P,
(B?)" = P,B"\/°P, = P,B"\/> = B~1/?p,.
Let 4, = P,AP,. Since these are operators of finite rank, we have
I(B2)" 4,(B2) lha = o((BY?) " 4,(BY?)") = o(4,B;
< 14,8, e = 1P, AB™'P, ||y
(Here p(A) is the spectral radius of 4.) Finally, we have
1P, AB~'P,|ly < IAB Hlu < B.
Thus, ||(BY/?)*A,(BL?)*||y < B for every n. Let
F={feH:Pf=fforsomen}.

Now for any f € F, f# 0, there exists g € F, g # 0, and an n, such that
B1/2f = B1/2f = g. This yields
(Af . f)u (AB™’g, B"'%g)y (BT AB %, g)y
(Bf,f)u B (& &u B (8 8u
(B;'/’A,B, "8, g)u

- <g’g>H SB.

Since F is dense in H, the bound can be extended to all of H. The lower
bound is proved in the same fashion. O

Theorem 2.10 immediately leads to a result that is more appropriate for
our later needs.

COROLLARY 2.11. Suppose A~! and B~! are self-adjoint, positive, one-
to-one, and compact on H. If A ~y Bthen A =y Bon D =D, = Dy.
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Proof. Since A~! and B! are bounded, Theorem 2.2 yields D, = Dj.
Corollary 2.6 yields 4=! ~; B! on H. Theorem 2.10 then implies that
A~ ! =y B~! on H, and Theorem 2.9 completes the result. O

The converse of Theorem 2.10 is not true as the following example will
show. Define the 2 X 2 matrices

1 \/572_) Bi=(1 0)'

57 s 0 8,2 (2.23)

i

The eigenvalues of

1 2/8,
A,B,-‘l =
8,/2 2
are
) 345
p‘l.Z = 2 .

The eigenvalues of B !42B;! are

N, 54042 5 8"+22 4
1.2= +E+Eii +E E, -

(Notice that N, , are the squares of the singular values of 4,B;'.) Let 4
and B be the compact operators on H that have infinite matrix representa-
tion

2.

8,4,
8,4,

8,4,

8,8,

82B2
B= . , (2.24)
8, B,
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where §, > 0, lim,_, 8, = 0. Here §; plays a dual role. We multiply each
block by 8, to make 4 and B compact. This has no effect on AB™". Also, §;
influences the condition of each block of AB~l. We see that AB~! is
unbounded because

IAB=Y| = || 4,87 Y = YN, Vi,

Thus, 4 is not H norm equivalent to B (see the discussion surrounding
(2.2)). However,

3445

2 )

IB=?AB™' 2|}y = p(B~'/°4B™/*) = p(4B7}) =

|14712BA7Y 2y = p(A7V/2BATV2) = p(BAY) =

2
3-V5°
If we let

F = { f€ H: f is a finite linear combination of basis elements},

then for f € F, f # 0, there exists g € F, g # 0, such that

Af, B—l/ZAB—-l/Z ,
< f f>H - < 14 g>H S”B_l/zAB_l/an,

(Bf, f>n (8 8)u
B , A—l/ZBA—l/Z ,
EA; ?ii - o ™

Since F is dense in H, then 4 =4 B on H.

2.4. Uniform Equivalence

The next set of results is intended to shed light upon the equivalence of
discrete approximations to continuous operators, even though these results
do not require finite rank. Let 4, and B, be two sequences of operators
from W — V. We say the families are V norm uniformly equivalent on D
and write {4,} ~y {B,} on D ¢ D, N Dy, if there exist 0 < a, B < o0
such that

l4,xllv
a< ——Y <B:  VxeD,|Ax|ly, |Bxlly*0 (2.25)
| B, x|ly

for every n.
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Similarly, we say the families are uniformly V norm equivalent and write
{A4,} ~v {B,} if (2.25) holds independent of n and, further,

(i) D, c DY, D, c DY, (2.26a)

n

(ii) R, c4,D%, R, cBD" (2.26b)

Finally, if {4,} and {B,} are positive and self-adjoint on H, we say the
families are uniformly equivalent in spectrum on D and write {A4,} =g
{B,} on D if there exist 0 < a, 8 < oo such that

a< ——— < B, VxeD,(4,x,x)y, {Bx,x)y*0 (2.27)

for every n.
If the two sequences both converge pointwise and if they are uniformly
equivalent, then their limits are also equivalent.

THEOREM 2.12. Let A, B: W =V be one-to-one and A, and B, be
defined on D, C D, and Dy C Dy, respectively, such that for every x €
D c D, N Dy,

lim ||4,x — Ax|ly = lim ||B,x — Bx|ly = 0. (2.28)
n— o0 n—oo
If {A,} ~v {B,} on D, then A ~y B on D. Further, if all operators are

positive and self-adjoint on H and if {A,} =y {B,} uniformly on D, then
A =y Bon D.

Proof. Since A and B are one-to-one, if x € D, x # 0, then
l|4x|ly, |Bx|ly # 0. Given x € D and € > 0, choose N large enough so
that

(4, — A)xlly < el Ax]ly,
(B, = B)xlly < el Bx|ly

for n > N. Then, we have
1
lAxlly < 7 l4.xllv,
1
1Bxlly < 7= lIBuxllv

for n > N. Since {4, } ~y {B,} on D, there exist 0 < &, 8 < oo such that
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for x € D,
14, xllv
a0 — <
”an”V

for all n. Now for n > N,
lAxlly - 4.xlly + 1(4 — 4,)xlly - L+e/(1—¢) || 4,x]ly
IBxlly = IIBxlly — (B —B)xlly ~ 1-¢/(1-¢) |IBx|ly

B
1-2¢°

<

Since this bound holds for all sufficiently small £ > 0, we have

Ax
lAx]ly <.
| Bx|ly

The lower bound is proved similarly, as are the bounds for equivalence in
spectrum. O

COROLLARY 2.13.  Assume the hypotheses of Theorem 2.12. Suppose, in
addition, that (2.26a), (2.26b) hold. If {A,} ~y {B,}, then A ~y B.

Proof. The proof follows from Theorem 2.12 and the definition of
A+, B O

Theorem 2.12 and Corollary 2.13 imply that discrete approximations
{A4,} and { B,} are uniformly equivalent in norm (in spectrum) only if their
limits are equivalent in a norm (in spectrum). In general, while the converse
of Theorem 2.12 does not hold, we have the following results that pertain to
finite element discretizations of sufficiently high order.

THEOREM 2.14. Let A and B be one-to-one, positive, and self-adjoint on
H, and let P, be a projection operator onto W, C D, N\ Dy. Let

A, = P*4P,,
B, = P*BP,.
IfA =4 Bon D, then {A,} =y {B,} on D.

Proof.  Suppose there exist 0 < &, 8 < oo such that

(Ax, X)y
ag —— < B, Vx € D, (Ax, x),{Bx, x) + 0.
(Bx, x)y
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Then if (A4,x, x)y, (B,x, x)y # 0, we have

A,x, AP x, P
a < < n* x>H - < nX nx>H SB. 0
<an’ x)H <Ban’ an>}l

The comparable result for equivalence in norm requires an additional
hypothesis.

THEOREM 2.15. Let A,B: W —» V and let P,, Q, be projections onto
subspaces W, V,, respectively, such that ||Q,|| <y and W, € D, N\ Dy for
every n. Let

4,=Q,4F,,
Bn = QIIBP’I’

and suppose there exists €4, eg > 0 such that
eqldxllv < 1 4,xlly, (2.29a)
egll Bxlly < |[B,x[ly (2.29b)

forx € W,, foreveryn. IfA ~y Bon D =D, N Dy, then {A,} ~y {B,}
on D.

Proof. Let x € W, such that ||4,x|ly, ||B,x|ly # 0. We have
14,xlly = 1Q,AP.xlly < 1QlIvIAP.xlly = IQ,livlAxlly,
I B.xllv = 1Q,BP,xlly < 12, livIIBP,x|ly = |@,liviiBx|ly.
Thus,

I4axllv Y |l4xlly
IB,xlly ~ e lIBxlly’

which is bounded above. The lower bound is proved in a similar manner. O

Another interpretation of the preceding theorem is to say that {A4,} ~
{B,JonDif A ~y BonD and

(4,} ~y{4P,)  onD,
(B,} ~v{(BP,}  onD.

This explains why the hypotheses of Theorem 2.15 require a bound on
IQ,lly but not on |I,]ly.

We also remark that without the extra hypothesis (2.29a), (2.29b), uni-
form norm equivalence is in doubt. The following example illustrates this
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point. Let
A = B = diag(o;)
be compact on H. That is, let 6, 2 6, 2 ¢; --- > 0 and lim; , , 0, = 0. Let
A, = diag(ol,...,a,,z_l,o,,,0,0,...),
B, = diag(ol,...,o,,_l,03,0,0,...).
Then

. 4., illn N | A
lim ——— =0, lim i
n-— o0 ”Bnen—l”]'l

- s

n—o ”Bnen”H

which shows that even though 4 ~y Bon H, {A4,} ~4 {B,} on H. Both
(2.29a), (2.29b) are violated. Now, let

A,=B,= diag(al,...,o,,_l,o,,z,0,0,...).

Again, both (2.25a), (2.25b) are violated, but {A4,} ~4 {B,} on H.

In many finite element discretizations, the elements are of lower order
than required by the domain of the operator. If the operators are self-adjoint,
we have the following result.

THEOREM 2.16. Let A, B be positive and self-adjoint on H such that
D, NDgz=H and A%, BY? exist. Let P, be a projection onto W, C
DAV’ M DBI/Z and let

A,=Pr*4AP,
B’l = Pn*‘énPn’

A

where ff,,, B, are operators on W, such that for every x, y € W,,

(Ayx, yyu = (4%, A)y,
<an’ y>l-l = <Bl/2x’ B1/2y>H-
IfA =4 B on DA N DB’ then {An} =4 {B"} on DAI/Z N DBI/2.

Proof. From previous results 42 ~y B'/? on D42 N Dp,2. For every
x € W,, we have

<Anx’ x>H <"‘fnx’x>l-l <Al/2‘x’ A1/2x>H

(Bx,x)u  (Bx,x)y  (BYx, BXx)4’

The result follows. O
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2.5. Equivalence Classes

We end this section by pointing out that if

G = {all compact operators on H},

G, = {all positive, self-adjoint, compact operators on H},

then H norm equivalence on H determines an equivalence relation on G
and equivalence in spectrum on H determines an equivalence relation on
G,. It is easy to see that both equivalences are refiexive, symmetric, and
transitive.

Since G, € G, equivalence in norm also yields an equivalence relation on
G,. From Theorem 2.10, we see that if E C G, is an equivalence class under
~ , then E € E_, where E, is an equivalence class under = . The example
following Theorem 2.10 shows that this inclusion may be proper.

The theorems of this section provide rules for determining the equiva-
lence of adjoints and inverses of elements of G. We are primarily interested
in elliptic boundary-value problems that are inverses of compact operators.
In the next section, we show that an elliptic boundary-value operator
belongs to a very large equivalence class.

3. ELLiPTIC OPERATORS AND THEIR DISCRETIZATIONS

In this section, we discuss the equivalence of uniformly elliptic operators
on bounded regions. Then, we examine the uniform equivalence of finite
element approximations of the elliptic operators. Finally, we consider
certain finite difference discretizations on rectangular regions.

3.1. The Continuous Problem

Let & c R” be a bounded domain and let 4 be a uniformly elliptic
operator defined on H,, (). That is, using the notation of Laurent
Schwartz (cf. John {23; Chap. 3]),

Au= Y a,(x)Du, x€4, (3.1a)
laj<2m
Li(x)u(x) =0, x€99,j=12,...,m, (3.1b)

and there is a constant A > 0 such that for all real £ = (£, &,,...,§,,), we
have

Y ab% > g (3.2)

laj=2m
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The boundary operators I are linearly independent linear differential
operators of order < 2m — 1.

Under appropriate smoothness hypothesis on the domain @ and the
coefficients a,(x) and appropriate hypothesis on the boundary conditions
(3.1b), we know that

A% L,>H,, (3.3)

is bounded and one-to-one. That is, there is a constant K, = K;(4), and
for every f € L,(£) there exists a unique u = u(x) € H,,,(2) such that

Au=f
and

e, < K1 (A1 Sl (3.4)

For example, if (3.1b) corresponds to the generalized Neumann boundary
conditions, this result is found in Theorem 9.1 of Lions [25]. If (3.1b)
corresponds to Dirichlet boundary conditions, this result is found in Theo-
rem 17.2 of Friedman [16]. Of course, the very definition of 4 and H,,,()
implies that there is a constant K, = K,(A4) such that

|4ull,, < Kz(A)”u”Hz,,,- (3.5)
We formalize the above discussion in the following theorem.

THEOREM 3.1. Let A and B be uniformly elliptic operators on H,, ()
such that the estimates (3.4) and (3.5) hold. Then

A~,B onD=D,ND,,

2

Proof. The proof follows from the discussion above. Since (3.4) and
(3.5) hold, we have

1 - Aully,
K,(B)K,(4) ~ ||Bu”L2

<K,(4)K,(B) forueD

and

1 - W4~ fll,,
Ki\(B)K,(4) = 1B Yllu,,

<K, (A)K,(B) forfeLy(R). O

The results of Section 2 yield the following corollaries.
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COROLLARY 3.2. Under the hypotheses of Theorem 3.1, A ~L, B if and
only if D, = Dy.

Proof. 1f D, =Dy, then D =D, = D, satisfies R, = AD = L,(Q),
R;=BD = L2(SZ) and so 4 < B. Conversely, bounds (3.4) imply that
A~ Y, 1B M, < o0 Theorem 22 yields D, = D;. O

For the next result, let us define the operator B that has the same
coefficients as A in (3.1a) but boundary conditions (3.1b) chosen so that
Dz, = D;. (L, adjoint).

THEOREM 3.3.  Assume the hypotheszs of Theorem 3.1 holds for A*, B*,
and B* (L, adjoint). Then A=1 * L, B~ if and only if D, = Dy..

Proof. Suppose D,. = D;.. By Corollary 3.2, 4* ~; B*. Now, con-
sider A*, B*: L,(2) - L,(Q) and apply Theorem 2.5. Since (A_?
Dp-1) = Ly(&), we have 471 ~;  B~! on Ly(Q); thatis, A~* <, B~ L

Now consider B. We have just shown that B~! ~, B~! on Lz(ﬂ) By
transitivity A~! ~; B~ on Lz(Q) if and only if A~ T ~L, B! on Ly(Q).
Lemma 2.4 yields A7~ U on L,(®) if and only if D, = D; that is,
A = B. This implies that D » = Dg. = Dy., which completes the proof. O

Corollary 3.2 and Theorem 3.3 were established in [26] for the case
m =1 and © = R% There the proof is more constructive in nature. The
previous results also yield results on spectral equivalence.

COROLLARY 3.4. Assume the hypothesis of Theorem 3.1. Let A and B be
positive and_self-adjoint. If D, =Dy, then A=, B on D, =Dy and
A7 = B on Ly(R).

Proof. Since A™! and B~ are compact on L,(R), Theorem 2.10 and
Theorem 3.3 yield 47! = =y, B~! on L,(2). Corollary 2.11 yields A4 =, B
onD, =D, O

In general, neither D, = D, nor D,. = D;. is necessary to establish
A~ =y B7!onLy(R). As the example after Corollary 2.11 shows, spectral
equivalence does not imply norm equivalence. In [26] it is shown that for
m =1, & C R? the necessary and sufficient condition is D' = Dj. A
similar result is given in Corollary 3.7.

Similar results hold for the weak form of the problem. Suppose we seek u
such that

Au=f (3.6)
for f € L,(). This is equivalent to finding u such that

(Au, vy, = (f, )y, WoeT,, (3.7)
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where T, is dense in L,(£2). Using generalized versions of Green’s identi-
ties, we write

(Au,vyp, = a(u,v) - v,(u,v), (3.8)

where a(u, v) is a bilinear form defined for u, v € H,,(?) and y,(u, v)is a
bilinear form on H,(d2). (Here u and v and their derivatives are evalu-
ated using trace operators (cf. Lions {25]).

For a careful choice of T, the following bounds can often be established:

la(u, v) — v, (u,0)| < Mz(A)”"“H,,,”U”H,,, (3.9)
for u € DA’ vE TA;

wp la(u, v) — y,(u, v)| . el
veT, ol = M (4)" N

(3.10)

for u € D; and

sup |a(u,v) = v,(u,v)] >0 (3.11)

ueD,

for v € T,. The choice of T is critical here. The bounds (3.9) and (3.11) are
more easily obtained with T, small, while (3.10) requires T, to be large.
Clearly, (3.9), (3.10), and (3.11) can be extended to the H,, closure. Let

D,=D}~, T, =T (3.12)
Then, (3.9), (3.10), and (3.11) imply
la(u, v) = v,(u, v)| < My(A)lully Jl0llg, (3.13)
forueD,, ve T, and

p 12000 (w1
ver, 0llg, = M (4)" e

(3.14)

for u € D,; and

sup |a(u,v) — v,(u,v)] >0 (3.15)

ueD,

forveT,.
The bound (3.13) implies that for ¥ € D, the functional

a(u) =a(u,) = v,(u,) (3.16)
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is bounded on T,. Thus, we have defined a map
a:D, - Tk, (3.17)

where T} is the space of bounded linear functionals on T,. Further, the
bound (3.13) implies that

la(u,v) = v,(u, )|
||a(“)||T; = sup = Mz(A)”””H,,,- (3.18)
veT, vlln,
The bound (3.14) implies that a is one-to-one with bounded inverse; that is,
lullg, < M(A)lla(u)lg,. (3.19)

Finally, (3.15) ensures that a is onto (cf. Babuska and Aziz [2, Chap. 5]).
Let us next define the isomorphism

E:L,(2) > L3(Q) (3.20a)

by associating f with the bounded linear functional,

E(f)={f> L, (3.20b)
defined on L,(Q). Since L3(2) c T} the weak form of (3.6),
a(u) = E(f), (3.21)
is well defined; that is, we seek ¥ € D, such that
a(u,v) = v,(u,0) = {f, )y, (3.22)

for every v € T,. The bounds (3.13), (3.14), and (3.15), together with the
requirement that T, is dense in L,(Q), imply that the solution to (3.21) is
the solution to (3.6). We remark that it is often the case that D, = T,.

Consider the weak form of the uniformly elliptic operator B with bilinear
form

b(u,v) — vy(u,v)

defined for u € D,, v € T,. Suppose that bounds (3.13), (3.14), and (3.15)
hold for this choice of T,. Then, we can define the map

b:D, > T} (3.23)

As before, b is bounded, one-to-one, and onto with bounded inverse.
Notice that D, and D, are closed subspaces of H,,. Also, notice
L3(R) € T* and L3(2) € T;. However, in general T # T,*. Moreover,
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in general,

K50 B e # NEC )l = sup S22

veT, ”U"H,,,

sup . (3.24)

veT, "v"l-l,,,

We have the situation of operators
a: H,—-> Tk,
b: H, - TF,

where T* # T;*. However, the concept of equivalence is still valid. The
bounds (3.18) and (3.19) imply

1 - lla(u)llgs
M, (A)M,(B) ~ ”b(“)”Tb*

< M,(A)M,(B) (3.25)
for u € D = D, N D,. Since D, and D, are closed in H,,, D is dense in D,
only if D, = D,. In this case,

ab ™l Tx > Tk
is bounded, one-to-one, and onto with bounded inverse.

We may also consider the equivalence of a™'E and b~ 'E on L,(R).
Bounds (3.18) and (3.19) yield

1 ”E(f)”T,;" < ”a_lE(f)”H,,, < “E(f)”"r;
M (A) M (B) [E(Ds = I E N, = " MB) 5oy
(3.26)

for f € Ly(Q). Clearly, a™! ~y 57" on L,(Q) if and only if the T,* norm
is equivalent to the T* norm on L¥(R). This is trivially true if T, = T,. In
[26] it is shown that for m = 1 and @ = R? and a certain class of boundary
conditions that ™' ~y b™" on Ly(R) if and only if D, = T, = D, = T,
We believe that a generalization of the arguments there will carry over to
the more general setting; that is, we conjecture that a~! ~; 57! if and
onlyif D,=T,=D, =T, "’
We sum up the preceding discussion in the following theorem.

THEOREM 3.5. Let A and B be uniformly elliptic operators on H,, ()
that give rise to a and b that satisfy the bounds (3.13), (3.14), and (3.15).
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Then,
(i) Bounds (3.25) hold for u € D = D, N D,
(i) D is dense in D, and Dy if and only if D, = D,
(i) a™E ~u, b7'E on Ly(Q) if and only if the T} norm is equivalent
to the T;* norm on L3 (). (For example, if T, =T,.)
Proof. The proof follows from the discussion above. O
COROLLARY 3.6. Let A and B be uniformly elliptic operators on H,,, ()

that give rise to a and b that satisfy the bounds (3.13), (3.14), and (3.15). If
T,=T,, then

A7 ~y BTY onLy(Q).

Proof. Since A7 !'=a"'E, B~ = b"'E on L,(Q), the result follows
from Theorem 3.5. O

The next result assumes that the operator A is positive definite and
self-adjoint and that the norm ( Ax, x )'/? is equivalent to the H,, norm on
D,; that is, there exist constants 0 < M,;(A4), M (A) < co such that

Ma(A)”x“H < (Ax, x)? < M4(A)“x”1{ (3.27)
for x € D,.

COROLLARY 3.7. Let A and B be positive definite, self-adjoint, uniformly
elliptic operators on H,,(Q) that give rise to a and b that satisfy (3.13),
(3.14), and (3.15) with D, = T,, Dy = T,. Further, suppose that ( Ax, x )y
and {Bx, x)? are equivalent to the H,, norm on D, and Dy, respectively.
If D,=D,, then

A7l= B7' onLy(R).

2

Proof. For x € L,(Q), we have
(A7 %, x)y, (AA"lx,A‘l)c)L2 A x Xllg,,
-1 2 = -1 T Ma(B)M4(A)—___1
(B7x,x)y, (BB x,B x), 1B~ Xy,

By Corollary 3.6, the right-hand side is bounded for x € L,(). The lower
bound is established in a similar manner. O

We remark that, in general, L, norm equivalence of the self-adjoint
operators A~! and B! requires D,. = D,., while spectral equivalence
occurs for D, = D,, which is much weaker.
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3.2. Finite Element Approximations

Now consider finite element approximations of the solution of the
boundary-value problem Au = f, where A is a uniformly elliptic operator
of the form (3.1a), (3.1b). Let W, be a finite dimensional subspace of D,
with basis {¢,,...,¢,}. Let V, C L,() have the basis {¢,,...,¢,}. Let
P,, Q, be the L,(Q) orthogonal projections onto W, and V,, respectively.
The finite element operator is then

A, = Q,AP,. (3.28)

If A, is one-to-one on W,, we can denote its inverse from V, to W, by 4, .
The finite element approximation to u is given by

u, = Ay f=4;,'Q,f. (3.29)
Now let M, be the “mass matrix”
(Mh)ij ={(¥i ‘P;)Lz (3-30)
and A, be the “stiffness matrix”
(AL)ij =¥ APy, (3.31)

The matrix associated with the operator 4, in the bases {¢,} and {y,} is
given by

M;A,. (3.32)

We will state some results on the uniform equivalence of the finite element
operators and then relate these to bounds for their respective stiffness
matrices. We assume the spaces W, and V, are chosen so that the finite
element operators satisfy bounds similar to (3.4).

THEOREM 3.8. Let A, B, and {Q satisfy the hypothesis of Theorem 3.1. Let
W, € D =D, N Dyand V, C L,(Q) be chosen such that there are constants
KI(A) Kl(B) independent of h and

lelly,, < K, (4) Il 4pulle,, (3.33a)
4lle,,, < Ki(B)|Byulle, (3.33b)
for u e W, Then

{4,} ~L2{Bh} on D,
{AF} ~u,, (Bi}  onLy(Q).
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Proof. 'The proof follows from the bounds above, the bound ||4,u||,, <
| ully, for u € W,, and bounds (3.4) and (3.5). O

The bounds (3.4) and (3.5) make the hypotheses (3.33a), (3.33b) equiva-
lent to the hypotheses (2.29a), (2.29b) of Theorem 2.15, which could then be
used to prove the first result. We also obtain a result analogous to that for
Corollary 3.2.

COROLLARY 39. Let A, B, W,, V,, and Q satisfy the hypothesis of
Theorem 3.8. In addition, let V, C D, =Dy N Dy, let A, = PA*Q,,
I§h = P,B*Q,, and assume there are constants K,( A*), Ifz(B*) independent
of h such that

lollg,, < Ki(A9) 140l
lolle,, < Ky{(B*) 1By,

forv € V,. Then
{4} ~L, {87} onLy(R).

Proof. Since ff,l and ﬁh satisfy all the hypotheses of Theorem 3.8, we
have {A,} ~L, {B,} on D. Theorem 2.5 yields (A; 1)* ~L, (B;Y* on V.
(Notice that the adjoint here is with respect to the restricted spaces V, and
W,; A} is a map from W, — V,.) Moreover, a closer look at the proof of
Theorem 2.5 reveals that equivalence holds with the same bounds. Thus,
{(4;,1*} ~¢, {(ByH)*} on D.. Since W, € D we have

A}f = QhAPh
and

(“fh_l)* = (0,4P,) " = 451

Since 4, = A4;'Q,, the result follows. O

The condition that V, € D,, N Dg. is not unreasonable in that both D,.
and Dy. are dense in L,(). However, it is not a necessary condition. In
Theorem 3.12 a different line of proof is used where the hypotheses require
optimal convergence and inverse bounds to prove uniform L, norm equiva-
lence. Of course, unless V, C D,. N D;. these hypotheses most likely will
not be satisfied. We remark that Theorem 2.12 implies that if 4,7 and B;
converge pointwise in L, norm to 4~ and B~ then {4,} ~, {B,*} on
L,(Q) only if A=* ~; B~! on L,(R); that is, only if D . = Dp.. Finally,
we may achieve results on the matrices associated with these operators.

THEOREM 3.10. Let A,, B, be the stiffness matrices associated with the
finite element operators A, and B,. Let the mass matrices M, satisfy
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C(M,,) < c; independent of h. If { Ay} <, { By}, then
{Ah} A {Bh}'
If (A;) =y, (Bi '), then
{Ai) =, (B2}
Proof. Suppose u, = X, a,¢, € W,. Let a = (a,,..., ay,), then

Apunlll, (M, (M;'A ), (M;A ) o),

= C(Mh)

. A e}
IByusll2,  (M,(M;'B,)e, (M; B, )a),

<.
1B sexll7,

A similar bound on the reciprocal of the left-hand side yields the first result.
The second result follows in a similar fashion. O

Let us now consider the weak form of the problem. As we saw from
Theorem 3.5, under the proper hypotheses the continuous operators are
equivalent in the H,, and the appropriate H}* norms. The same holds true
for the finite element operators. Let W, c D, c H,, V,c T,C H,,. The
finite element approximation to the weak form of the problem (3.22) is to
find u, € W, such that

a(uy, vy) = Y, (uy, v,) = (f, UL, (3.34)

for every v, € V,. If, as before, we let {¢,} and {y,} be bases for W, and
V,, respectively, then the stiffness matrix A, is given by

(Ah)ij=a(¢j, 4’:) "Ya(q’ja ‘[’i)a (3.35)

and the mass matrix is as in (3.30). If we let a, be the operator from
W, — V,*, then the natural basis for V,* is {({,,- )1, }. The matrix associ-
ated with a, in these bases is again M, A ,. The finite element approxima-
tion is then

u,=a,f=a,'EQ,f, (3.36)

where @, is the L, orthogonal projection onto V, and E is as defined in
(3.20a), (3.20b). Suppose a satisfies the bound (3.13), then a, also satisfies
(3.13). Suppose that a also satisfies (3.14) and (3.15) and that W, and V,
are chosen so that there exists M,(a) independent of 4 and

Ia(uh’vh) _Ya(uh’uh)l 1,
eV, ol = My(a) MM

(3.37)
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for u, € W, and

uf:gv,,la(uh’ vp) = Yalup, o)l > 0 (3.38)

for v, € V,. Then,
"ah(“h)llv,,‘ < Mz(a)"uh"}l,,, (3.392)

for u, € W,, and
la; E(vs) lu, < Mi(@)1E (o)) llv (3.39b)

for v, € V,. If (3.39a), (3.39b) hold for two families of operators a, and b,,
then they are uniformly equivalent families.

THEOREM 3.11. Let a and b satisfy bounds (3.13), (3.14), and (3.15). Let
W, cD,ND, and V, € T, N T, be chosen so that (3.37) and (3.38) hold
for both a and b. Then,

{an} ~u, {b0}  onLy(Q).
Further,
ah ~Vh- bh on w,,
with bounds independent of h.

Proof. The results follow directly from the application of (3.39a), (3.39b)
for both a and b. O

Remark. We cannot say that {a,} is uniformly V,* norm equivalent to
{b,} because the V,* norm depends upon k.

Remark. Since D, and D, are closed in H,,, D, N D, is closed. Thus,
a; and b; will converge pointwise to a”! and 57! in the H,, norm only if
D, = D,. As we have remarked before, it is frequently the case that
D, = T, and D, = T,, which would then imply that W,,V, c D, = D,.

Unfortunately, equivalence in the H, norm does not imply the I,
equivalence of the matrices A ;. This is because if v = Za,;J; € V,, then

lai 'vllf, = (M, (A M) e, (A5 M, ) ), (3.40)
where M, is the mass matrix in the H,, inner product
(Mh)i/’ = (¥; ‘Pj>H,,,- (3~4l)

In practical applications, C,Z(IQI &) 1s not bounded independent of A.
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This apparent difficulty can be avoided by assuming optimal convergence
and an inverse bound on the finite element operators. A version of the
following theorem can be found in Bramble and Pasciak [6] for m = 1. We
remark that m = 1 is the case in which the hypotheses are most likely to be
satisfied.

THEOREM 3.12. Suppose A and B are uniformly elliptic operators on
H,,(Q) such that (3.4) and (3.5) hold for A* and B* and D, = Dy.. Let A
and B give rise to a and b such that (3.13), (3.14), and (3.15) hold. Let W,
and V, be chosen so that there are constants K (a), K4(b), K,(a), and
K ,(b) independent of h such that

layf — a”flie, < B*"K5(a)liflle,, (3.42a)
b5 f = b~ fll, < H*"K3(b)IIfl, (3.42b)
for f € Ly(Q), and
layully, < h>"K (a)lully, (3.43a)
Baully, < h™>"K(b)lully, (3.43b)

for u e W,. Then
{a}} ~L, {63} on L, ().

Proof. By Theorem 3.3, A™' ~ B~' on L,(2). The bounds (3.13),
(3.14), and (3.15) imply that A" =a"'E and B~! = bh"'E on L,(Q).
Using (3.42a), (3.4) for A*, (3.5) for B*, (3.42b), and (3.43b), we have

laifllL, < lla”flly, + B*"K3(a)llf L,
< Ky (A*)Ky(B*) 16 I, + h*"K3(a)llf
= KZ(A*)KI(B*)”bITf”LZ
+ h*"(K3(a) + Ky(A4*) K (B*) K3(5))If I,
< [Ky(4*) K (B*)
+K,(b)(Ky(a) + Kz(A*)Kl(B*)K3(b))]”biff"Lz-
The reverse bound is found in a similar manner. O

COROLLARY 3.13.  Suppose the mass matrices M, satisfy C,(M,) < c,.
Under the hypothesis of Theorem 3.12,

{Av} ~, (B}
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Proof. The proof is as in Theorem 3.10. O

3.3. Finite Difference Approximations

In general, it is not so easy to obtain similar results for finite difference
discretizations. The results of D Yakanov [13] can be used to show uniform
equivalence in spectrum of the discretizations using centered differences of
positive, self-adjoint, uniformly elliptic operators on an n-dimensional cube
with Dirichlet boundary conditions. Drya [11] has proved the necessary
estimates to show uniform equivalence in norm for centered difference
approximations of uniformly elliptic operators with positive definite sym-
metric part without mixed derivatives and Dirichlet boundary conditions
for a convex polygonal grid region whose sides match the grid exactly. (In
general, £, is not convex even when  is convex.) He also has treated the
case with mixed derivatives for a uniform grid. We will show uniform
equivalence in norm of several variants of the centered difference approxi-
mation to invertible uniformly elliptic operators on two-dimensional rectan-
gles with either Dirichlet or Neumann boundary conditions on each edge.
Our approach could also be used to extend the results of [11] to the general,
invertible, uniformly elliptic operator with Dirichlet boundary conditions
on a convex polygonal grid domain.

The rectangle is perhaps the most important case because in this case if
the operator B is separable and B, is its finite difference discretization, then
there are fast algorithms for obtaining B; 'g [30, 31]. The papers {7, 14, 34]
are significant precisely because they exploit this fact. In this case, there is a
very useful result by Nitsche and Nitsche [28]. While the paper [28] deals
only with the case of Dirichlet boundary conditions, it is easy to extend the
results to the more general case where along an entire side one requires
either u = 0 or du/dn = 0. We sketch this more general result in Lemma
A.1 of the Appendix.

Before discussing the discrete case, it is illustrative to examine more
closely the arguments used in the continuous case. For simplicity, we take $
to be the unit square. The arguments apply to any rectangle whose sides are
parallel to the axes. Let

Q={(x,y):0<x<1,0<y<1}. (3.44)

Let A be an invertible, uniformly elliptic partial differential operator of
second order defined on €. That is, 4 is of the form

a? d%u

u
Au= —]a(x, y)ﬁ + 2b(x, y) 7y

d%u
+ e(x, y)a—yz

du du
+ d(x, y)—g + e(x, y)a—y +o(x, y)u, (3.45a)



THEORY OF EQUIVALENT OPERATORS 149

with boundary conditions of form

du
uor — =0 (3.45b)
an
on each edge. For example, we could have the boundary conditions
du
u(x,0) = b—;(x,l) =0, O<xx<l, (3.46a)
du
u(0, y) = a—(l, y)=0, 0<y<l. (3.46b)
y

The coefficients a, b, ¢, d, e, 6 are assumed to be C{(Q). Since A is uni-
formly elliptic, there are positive constants

g=4q(4), 0=0(4), (3.47a)
with
0<g=<Q, (3.47b)
and for all (x, y) € Q,

g(£2+ 7)) <a(x, y)& +2b(x, y)én + c(x, y)n* < Q(&* + n?).
(3.48)

Since 4 is invertible, there is a constant K, = K,(A) such that for every
u(x, y) € H,(Q), which satisfies the boundary conditions (in the appropri-
ate weak form), we have

llulle, < Kol Aully,,. (3.49)

Next, we shall outline the proof that the estimate (3.49) can be improved
to an estimate of the form

lulln, < Kill4ullp,s (3.50)

where the H, norm is given by

1, = i, + |55 B T T Y T
2 o laxll, ayly, x| oxay|, |y,
(3.51)

The ideas for this estimate apply, with only slight modification, to prove
analogous estimates for the associated finite difference equations. The
technical details required for the discrete case are given later.
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First, consider the special case where 4 = 4, with

b +
dx dy ¢ ay?
Let u(x, y) € C3(Q) and satisfy the boundary conditions of A. The
argument developed in Nitsche and Nitsche [28] shows that
32|’ 9% | FE 2Q?

—| *+2 ==l < —4eulli. 3.53
axz L dx ay ayz q4 “ 0“"L2 ( )

3%u 9%u %u
Agu= —|az—g +2 . (3.52)

L, L,

Remark. The finite-difference analog of this estimate was proven in [28]
for Dirichlet boundary conditions. The more general case described above
is discussed in Lemma A.1 of the Appendix.

The next result proves (3.50) for more general operators.

LeMMA 3.14. Suppose A is given by (3.45a), (3.45b), and has a bounded
inverse; that is, (3.49) holds. Then, there is a constant K, = K,(A) such that
(3.50) holds. The constant K, depends on the coefficients a, b, c, d, e, 0, and
their derivatives.

Proof. The operator A4 can be rewritten as

4 a du a bau a bau a du
“e T E(”5)+E o) " ay( 793?)+5 oy
da ab\ du dc db\ du
+(d+—+——)—+
x

e+ P + 7% | 3y +ou. (3.54)

Remark. In the discrete case, it is necessary to show that a finite

difference operator, which is written as the analog of (3.45a) (see (3.65)),

may also be written as an analog of (3.54); that is, as (3.67) and a

controllable perturbation. This result is contained in Lemma A.3 of the
Appendix—specifically (A.11) and (A.12).

Using this representation, multiplying by u, and integrating by parts, we
find

ffﬂ[a(%)z + Zb(%)(z;—:) + c(g—:)z]dxdy < T(u, Au), (3.55a)

where

du

dy

+ e
dx 0

L,

2
] “Mully, + ooliuliL,

(3.55b)

T(u, Au) = || dullg, - lull, + [do

L,



THEORY OF EQUIVALENT OPERATORS 151
with
dab

+——+—
0x

dy

da
d+—+—

} o =loll. (355)

Using (3.48) and combining (3.55a)~(3.55c), we have

dul? d
N 3x L + P < [|Aullg,llullL,
du du )
+1do Ix L T e ) . Nully, + ooliullf,. (3.56)

Remark. The finite-difference analog of this last argument follows from
Lemma A.2 of the Appendix.

Substituting (3.49) into the right-hand side of (3.56), we are left with a
quadratic inequality in ||du/dx||,, and ||du/dyl|., Solving this yields

du du

—_— + —
dx dy

L,

< koll Aully, (3.57)

L,

for some constant k,. Observe that

I L
= - —_— R + .
ou = Au o eay ou

1f we take the norm of both sides and substitute (3.57) and (3.49) into the
right-hand side, we see that there is a constant k; such that

l4oully, < kyll Au|lg,. (3.58)
Using (3.49), (3.53), (3.57), and (3.58), we obtain the estimate (3.50). O

We now turn our attention to finite difference discretizations of the
operator 4. Let p and / be integers and set

1 1
Ax = PR Ay=7m7 k= max(Ax, Ay), (3.59)
Q= {(x0, ¥,) €Q; x, = kAx, y, = jAy}, (3.60a)

3%, = {(x,, ;) € 99; x, = kAx, y = jAy}, (3.60b)
2=0,UdQ,. (3.60c)
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Note. 1If (x,, y;) € 3Q, then either k =0orp+1lor j=0o0r/+1.

Let S, denote the set of grid vectors V = {V, .} defined on Q, that
satisfies the appropriate discrete boundary conditions. Thus, if the bound-
ary conditions associated with A require

(1)) u(0,y)=0,then¥; ;=0, j=0,1,...,1+1,
(ii) uy(x, )=0,thenV, ,,, =V, , k=12,...,p,

and so on.

Remark. In the case of the boundary condition (ii) above, one would
probably choose Ay somewhat differently so that

n=1- %A}’, Yiii=1+ %A}’-

However, such a modification has no effect on our analysis. Hence, for
purposes of this discussion, we formulate the discrete spaces as above.

Let G(x, y) be a function defined on Q. We write

Gy, ;= G(x,, yj)’ Grs1p, ;= G("k + %Ax, J’j)7 (3.61)

etc. Let V € S,; we denote the usual forward, backward, and centered
difference quotients by subscripts as

1

[Vx]k,j= K[Vk-i—l,j— Vk,j], (3.62a)
1

e, ;= Ax [Vk,j - Vk—l,j]’ (3.62b)
1

[Vfé]k,j = E[Vk+1,j - Vk~1,j] s (362C)

with similar notation for difference quotients in the y-directions. Let 7., T,
denote the shift operators

[TV ;= Voo [TV )i, = Vi jer (3.63)
[T e, = Vecr o [T )e, = Vit (3.64)

With this notation, we are able to describe finite difference operators that
correspond to different representations of the operator A.

Case 1. Consider the representation (3.45a). Let V € S,. We define

AV = —[aVz + 26V + cVy5| + dVi + cV; + oV, (3.65)
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Case 2. Consider the representation (3.54). Let V' € S,. Let
a(x,y) =a(x + 1Ax, y), (3.662)
é(x,y) =clx, y + 1Ay). (3.66b)
Define

AV = ~[(@):+ 65+ (6%), + ()]

da  db de db
Hd+ — + —|V;+ e+ — + — |V, +aV. (3.67)
dx  dy g

dy  dx

Case 3. The differential operator A may also be represented as

y d (| du d bc?u d bt?y)+ a( du
4= 5(”5)’“5 I ay( ax] " ay\“ay

1 d,j)u ] i +l Ou a(A L 3.6%2)
+ = + — —é— + — , (3.
2|95 T )|t 7|4, g, (8| e (et
where
|4 da db . dc db 3 68b
=|ld+ — + —|, =le— + —|, )
ax = ay “T1%y T ax (3.686)
) da N d% 5 a%b N dad N de 3.68¢)
=lo-|-—=+-—5+ —+—||
7 7 ax?  9y? dxdy  dx dy (368

Let V' € S, and define
AV = ~[(aV)s + (b%) + (8%) 5 + (W) ]

+5[dve + (dV) ] + 3[ev; + (aV) ;] + 6V, (3.69)

Remark. Each of these representations has its advantages. We have
already seen the value of the first two in the proof of Lemma 3.14. The
representation (3.69) has other advantages. For example, this representation
is used in [14] together with the condition 6 > 0. In that special case

Re(4,V,V) = 0.

Since our work only requires the analog of (3.49), we will not make special
use of this discretization. However, our analysis treats this representation as
well.



154 FABER, MANTEUFFEL, AND PARTER

Before we discuss the discrete analog of Lemma 3.14, we must first
introduce some norms and seminorms on S,. For every V € S,, we set

P ! 1/2
Wil = (AxAyZ PO Al I (3.70a)
k=1 j=1
1 p 172
Viga = [AxAyZ Y (n)u+axayY ¥ (%), . (3.700)
j=1k=0 Jj=0k=1
12
Vg2 = {IVisl2 + 205502 + WV,5012 1, (3.70¢)
/2
Wllg, = {712+ (712, ) 7 (3.70d)
/2
Vll,o = (IVI2, + (V0) 7 (3.70¢)

LEMMA 3.15.  Let A(h) be one of the finite difference operators 4, A,, or
A,. Assume there are constants K, = Ky(A) > 0, hy > O such that for all h,
0 < h < h,, we have

Vi, < Koll4(R) VI, (3.1)
for all V € S,. Then there is a constant K, = K,(A) such that
Vi, < KllA(R)VI,, O <h<h,. (3.72)

Proof. The proof follows from Lemmas A.1l, A2, and A3 of the
Appendix, which provide the finite-difference analogs of the arguments
given in the proof of Lemma 3.14. The complete proof is given in the
Appendix. O

Remark. The restriction 0 < h < h, in the conclusion of (3.72) is not a
serious restriction since we generally require that & — 0 in any sequence of
successively finer meshes. Thus, there are only a finite number of cases for
which h > h,. And, for that finite set of finite-dimensional spaces, the
norms || ||, and || ||, , are equivalent.

LEMMA 3.16.  Let A(h) be one of the finite difference operators A,, A, A,l
There is a constant K KZ(A) such that

4RVl < KoVl (3.73)
Proof. When A(h) = A, this estimate is immediate because

2
IVzllg + V5l < V1%
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For the other operators, this estimate follows from the estimate for A4, and
Lemma A.3 (see (A.16) and (A.12)). O

LEMMA 3.17. Let the boundary conditions for A be Dirichlet boundary
conditions, that is, u = 0 on the entire boundary, 3. Let A(h) be one of the
finite difference operators A,, A, A 4 Then A(h)* is a difference approxima-
tion to A* with properties similar to those of A. In particular, if there is a
constant IEO(A) such that (3.71) holds, then there is a constant K = K,(A*)
and

WVl < Ko(A)1A(R)*V ). (3.74)

Further, there are constants Ifl* = K~1(A*) and 152 = K,(A*) such that
IV llg,2 < K*IIA(R)*V ], (3.75a)
|A(R)*V |, < BXIV 2 (3.75b)

Proof. The estimate (3.74) follows immediately from the elementary
facts

HA(R) Il = 1A(R)* 1,
[4(h)7"]* = [a(r)*] .

Hence, it is only necessary to verify the statement that A(A)* is a difference
approximation to A4* with properties similar to those of A(4). This fact
follows from Lemma A.3 (see (A.11) and (A.12)) of the Appendix and the
simple observation that (see (3.64))

A(n)* = =[(an) s + (8%;), + (b¥3) 5 + (CW;) ]
—3[dVe+ (dV) s+ &V, + (év); + 6v]. O
THEOREM 3.18. Let A and B be two elliptic operators of the form (3.45a),
(3.45b) (defined on the unit square Q) with the same boundary conditions. Let
A(h) be one of A,, A,,, A,,, and let B(h) be one of B, B,,, Bh Assume that
the hypothesis of Lemma 3.15 applies to both A(h) and B(h). Let KO(A) and

KO(B) be the constants in the assumed estimates (3.71). Let Kl(A), KI(B),
K2(A), and KZ(B) be the constants given by Lemmas 3.15 and 3.16. Then

C(A(n)B(h)™") =|1A(k)B(h) Y IB(h) A(h) !
= [EI(A)IEO(B)] [K~1(B)K~O(A)]' (3-763)

In the special case where A and B satisfy Dirichlet boundary conditions, let
KI(A*), Kl(B*), Kz(A*), and KZ(B*) be given by Lemmas 3.15, 3.16, and
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3.17. Then

C(B(n)"'A(h)) = |B(R) T A(R)|I NA(R) T B(R)|,
< [K,(4%) Ko( B9)][ Ky (B*) Ko( 4%)]. (3.76b)

Proof. The estimate (3.76a) follows immediately from Lemmas 3.15 and
3.16. The estimate (3.76b) follows from Lemma 3.17 and the observation

{A(h)*[B(r)]*}* = B()'4(h). O

4. CONCLUDING REMARKS

This work is motivated by the desire to construct a preconditioning
strategy that yields bounds like (1.6), (1.8), or (1.10) independent of the
mesh parameter h. Theorem 2.12 shows that such a strategy must be based
upon an operator that is equivalent, or an operator whose inverse is
equivalent in the appropriate norm. Thus, equivalence is a necessary
condition.

The discussion of Section 3 shows that while not all uniformly elliptic
operators are equivalent, the equivalence classes are quite large. Since the
bounds (1.6), (1.8), and (1.10) depend upon certain condition numbers, we
use this to establish a measure of the distance between two equivalent
operators. Suppose 4, B: W — V are one-to-one. If either 4 and B or 47!
and B~! are bounded, then Theorem 2.2 states that A <y B only if
D, = D,. In this case AB~!: R, - R, is one-to-one and onto and

Cy(4BY) = ||4B Yy [1BA Iy < . (4.1)
Let either A or 47! be bounded and let
E(A4) = {equivalence class of A under <y }. (4.2)
Within E(A4) we may define the following semi-measure
d(4, B) = log(Cy(4B7Y)), (4.3)
where
Cy(AB7Y) = || AB Y}y |BA~Yy.
For every A, B, D € E(A), we have
(i) d(4, 4) =0,

(i) d(A, B) = d(B, A),
(iii) d(A, D) < d(A, B) + d(B, D).
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This is a semi-measure because d(A4, B) = 0 does not imply 4 = B. It does
imply, however, that AB~! = U, where U: R, — R, is a unitary operator.

In this measure E(4) is unbounded. It is possible to choose B so that
d(A, B) is arbitrarily large. This leads to the conclusion that while equiva-
lence may be necessary to yield bounds independent of 4, it is by no means
sufficient to produce a good preconditioning strategy. One must choose a B
close to A in this measure.

Consider a class of operators G. Suppose a subset F C G can be identi-
fied such that for B € F equations of the type Bu = f are easily solved.
Given A4 € G, we seek B € F that satisfies

mind(4, B) (4.4)

if bounds of type (1.10) are sought. (Alternatively, we may seek B € F that
satisfies

mind(47, B™Y) (4.5)
BeF

if bounds of type (1.8) are sought.) If E(A4) N F is not empty, then bounds
independent of 4 can be established. The overall effectiveness of this
strategy for the class G can be measured by the maximum distance from F
to G; that is,

d(F,G) = max mind(4, B). (4.6)
A€G BEF

We remark that this strategy was used in Bank [4] to motivate an
algorithm for preconditioning the linear systems arising from a finite
difference approximation to a second-order, nonseparable, self-adjoint,
elliptic operator on a rectangle. In this work, the preconditioning consists of
a diagonal scaling followed by the inverse of a separable operator. The
scaling and separable operator are chosen to minimize bounds on the
condition of the preconditioned system.

As a final remark, we note that most incomplete LU factorization
techniques yield preconditionings B, that are known to not be uniformly
equivalent in norm to the associated discretizations A, because the condi-
tion of A,B; ! is not uniformly bounded (cf. van der Vorst [32]). We
conjecture that the inverses B; ! do not converge to the inverse of any
elliptic second-order differential operator. Efforts to find sparse LU factor-
izations that yield uniformly equivalent families for the Laplace operator
lead to the discrete analogue of the Cauchy-Riemann equations and
difficulties with stability (cf. Hyman and Manteuffel {22], Liniger [24]).
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APPENDIX

In this Appendix, we develop the technical tools to prove Lemmas 3.14
and 3.15. The basic idea is clear enough. Suppose A(%) is the “principal
part” of A, as given by (3.65); that is, A(h) = 4, ,, where

AoV = —[aVg + 2bV;; + c¥5]. (A1)

Then, as in the analytic case, we obtain an estimate on |V|, , similar to
(3.51). On the other hand, suppose A(h) is the “principal part” of 4, as
given by (3.41); that is, A(h) = 4, ,, where

A = =[(@) + 0%); + () + (1)) (A2)
Then, as in the analytic case, summation by parts (instead of integration by
parts) yields an estimate on | V|, ,. Finally, lower order terms are estimated
by making use of the basic inequality

2

of < = f:; + B2 (A.3)

2

for any & # 0. Thus, the essential point is to be able to represent one
“principal part” in terms of the other and lower order terms. However, first
we state the precise results for the two principal parts.

LEMMA Al. Let VE€S,. Let A, , be given by (A1), then

20?
Vs < 'q—4||Ao, WVl (A.4)

Proof. This result is proved in Nitsche and Nitsche [28] for the case
where S, is described by homogeneous Dirichlet boundary conditions,
V=0 ondQ,.

In the general case, we follow the argument of [28] and prove that, under
the more general boundary conditions, summation by parts yields

P ) F4 1
2
L) ,= L X V)i (V)
k=1 j=1 k=1 j=1
Then following the argument of [28] we find that

Axdy ¥ i[(nf)(lfyy) = (V)] 2 0. (A5)

k=1 j=1
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The estimate (A.4) now follows easily. For example, let us bound ||V,4|l,
and ||V} Multiply (A.1) by (1/c)V,; to obtain

ﬁ”g'

(V) (75) = (75)] + %[a(Vx;)z + 26V, Ve + c(Vig)]

1
= _'C'[Ao,hV][V;x]'

Using (3.48), we have

[ (5) = )] + 510 + (1] < A PVl

We multiply by Ax Ay and sum over the mesh. Using (A.5) and (A.3), we
obtain

011
IWVasll3 + Va5l < 27 ?”Ao, W%+ Vsl |-
Setting & = g2/Q yields

Q2
Vsl + 21Vz5ll < FHAO, V-

Repeating the argument above but now multiplying through by (1/a)V;
yields

Q2
IV,5ll3 + 201Vl < F'IAO, Ry

Adding these last two inequalities yields the result. O

LEMMA A2. Let VES,. Let A, , be given by (A.2). Then, there is a
constant hy > 0 such that, for 0 < h < h,, we have

2

Viga< —|8xAy X (4 V)i, Vi s |- (A.6)
q j’ k

Proof. This result is contained in Lemma 3.4 of [5}.

LEMMA A.3. Let d(x, y) and ¢(x, y) be given by (3.76a), (3.76b). Let

1 1
ap, ;= K;[ak,j - ak—(l/z),j]a Qri = _A—;[ak+(l/2),j - ak,j]’ (A.7a)
1

A

Cp, ;= E[ck.j - ck.j—1/2]’ Ce; = A_y[ck,j+1/2 - Ck,,']- (A-7b)
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Then
(V)= aVz + aVy + av,, (A.8a)
(&V,); = cV,; + &V, + &V, (A.8b)
and
(b¥;), = bV + 36,TV; + 3BTV}, (A.92)
(bVy) 5 = bVy; + 3B, TV + 15TV (A.9b)
Thus,

AV = AoV - |4V, + @V + 1TV, + 16,1V
—[ev, + &V, + 1,1V, + 3,7, (A.10)

and there are linear operators E, and E,, defined on S, and constants E and E
such that

AV =4y +EV, (A.11a)
AV =4V +EY, (A.11b)
IEV N, < E|V]g 0 (A.12a)
IEV N < E[IVIg, + V1] (A.12b)

The constant E depends only on the coefficients a, b, c, d, e and their first
derivatives, while the constant E depends only on the coefficients a, b, c, d, e
and their first and second derivatives.

Proof. 'The identities (A.8) and (A.9) follow from a simple computation
based on the definitions (3.62a)-(3.62c). The identities (A.10) and (A.11)
follow immediately from the definitions. Finally, the bounds (A.12) follow
immediately from the formulae for 4, 4, a, etc. O

We are now in a position to prove Lemma 3.15.

Proof of Lemma 3.15. Let A(h) = A,. Then
AV =AY - dV,— &V, - oV. (A.13)

Multiply by ¥V and sum over the grid. Using (A.6) of Lemma A.2, we have

2. . .
V1ga < ;[IIA;,VH Wllg + Ndll 1Vzllg 11V1l

g

1l W3l 171l + Hlolleo IV112]. (A.14)
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Using (A.3) and (3.71), we obtain
V21 < KAV (A.15)

where the constant K, depends on 150( A) and the coefficients a, b, ¢, d, e, o
and their first derivatives. Using (A.11a), we have

AV =AV-EV.
Hence

Ag V=AY — EV — dV, — eV, — oV. (A.16)
If we take the norm of both sides of (A.16), we have

4o,V llg < N4V Nlg + NEX |l + 1dlloo V2l g + llello 1Vl + ol 1V 1]
(A.17)

Using (A.12a), (A.15), and (3.71), we see that
140,V llg < Kall AV 1l

for some constant K, that depends only on the coefficients of 4 and their
derivatives. Applying Lemma A.1, we have

20? -
Vg2 < 7K3||A,,Vn§. (A.18)

Together with (A.15) and (3.71), we have established (3.72) for /f,,. The
other cases follow in a similar way. O
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