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1. Introduction

Let R,Z,N be the sets of real numbers, integers and natural numbers, respectively. For a, b € Z, define Z[a, b] = {a,a +
1,...,b} when a <b.

For some given positive integer T with T > 2, we are concerned with the problem of existence, multiplicity, and nonex-
istence of positive solutions for the following boundary value problem (BVP for short)

{ —A[p(t —DAu — D] +q®O)u) =rf(t,u®), teZ[1,T], (1)
u©0)=u(T),  p0)Au(0) =p(T)Au(T),

where f:Z[1,T] x [0, 4+00) — [0, +00) is continuous in the second variable; p : Z[0, T] — (0, +o0); q:Z[1,T] — [0, +00)
with q(-) #0; A is a positive parameter; Au(t) = u(t + 1) — u(t), AZu(t) = A(Au(t)).

By a solution u of BVP (1.1), we mean a real sequence u which is defined on Z[0, T + 1] and satisfies the difference
equation as well as the boundary conditions in (1.1). A solution {u(t)}tTjo1 of (1.1) is called to be positive if u(t) > 0 for
teZ[1, Tl

The theory of nonlinear difference equations has been widely used to study discrete models appearing in many fields
such as computer science, economics, neural network, ecology, cybernetics, etc. Interesting examples and mathematical
models coupled with this theory can be found in the classical monograph by S. Goldberg [15] and in the more recent
books by R.P. Agarwal [1], V. Lakshmikantham and D. Trigiante [18] and S.N. Elaydi [19]. In recent years, the existence of
solutions for nonlinear difference equations has been studied by many authors by using various methods and techniques,
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for example, fixed point theorems [5,8,13,17,22], the method of upper and lower solutions [3,4,6,16], coincidence degree
theory [23], monotone iterative techniques [24] and critical point theory [2,7,9-12,14,20,21].

In this paper, the criteria of the existence, multiplicity and nonexistence of positive solutions for BVP (1.1) are established
in terms of different values of A via the fixed point index theory. Our results generalize and complement some previous
findings of [5,6,25] and some other known results.

For convenience, we introduce the following notations:

t,x t,x
fo=Iliminf min f( ), foo =liminf min I ),
X|—0 teZ[1,T] X |x|—>o0 teZ[1,T] X
. t,x . t, X
f0=11msup max f( ), f* =limsup max I ).
|x|—0 t€Z[1,T] X |x|—>oo0 t€Z[1,T] X

And we make the following assumptions:

(Hy) f(t,x) >0 for any t € Z[1,T] and x > O;
(H2) fo=o00 and foo = o0;

(H3) fO=0and f> =

(Hg) p(O) <p(D) <---<p(D).

Now we state the main results of this paper.

Theorem 1.1. Assume that (Hy), (H2) and (Hs) hold. Then there exists A* > 0 such that BVP (1.1) has at least two positive solutions for
A € (0, 1), at least one positive solution for A = A* and no positive solution for . > A*.

Theorem 1.2. Assume that (H1), (Hs) and (Hy) hold. Then there exists L, > 0 such that BVP (1.1) has at least two positive solutions
for & > A, at least one positive solution for A = A, and no positive solution for A € (0, A).

Theorem 1.3. Let p be the first eigenvalue of the linear boundary value problem

[ —A[p(t — DAut — D]+ q@®u(t) = pu(t), teZ[1,T], (12)
u(0 =uw(), pOAu)=p(T)Au(T),

where py > 0, see Lemma 2.3. Set § := 400 and - := 0. Then, the following hold true:

® < fo < 400, then BVP (1.1) has at least one positive solution for any A € (f fx)
0 < foo < 400, then BVP (1.1) has at least one positive solution for any A € (f , fO)

Corollary 1.1. Assume that f : Z[1, T] x R — R is continuous, and xf(t,x) > 0 for any t € Z[1, T] and x € R. Set 1 g = too and
—— :=0. Then, the following hold true:

+oo =
(i) If0 < f*° < fog < +oo, then BVP (1.1) has at least one positive solution and one negative solution for any A € ('O1 L1y,

(i) 1f0 < fO < foo < 400, then BVP (1.1) has at least one positive solution and one negative solution for any X € (f , fO)

Remark 1.1. Corollary 1.1 is more general than Theorem 1.1 in [25]. In our Corollary 1.1, we replace the nonlinearity g(t) f (x)
by the nonlinearity f(t,x), and the nonlinearity f(t,x) need not be strictly positive for all x > 0. Also, the case when
f® =0, fo =400, or f©=0, fo =400 cannot be hold in Theorem 1.1 of [25], but it is allowed in our Corollary 1.1.

The rest of the paper is arranged as follows. Section 2 presents some preliminaries. The proofs of Theorems 1.1-1.3 and
Corollary 1.1 are given in Sections 3 and 4, respectively.

2. Preliminaries

Denote by {go(t)}T+1 and {w(t)}”] the solutions of the corresponding homogeneous equation,

—A[p(t —DAut — D] +qut)=0, teZ[1,T],
under the initial conditions,

PO =9 =1  ¥(O0)=0, pOYQA) =1
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Lemma 2.1. (See [5].) For the solution {u(t)}tT:O1 of the problem

l —A[p(t — DAut — D] +q@®u(t) =ht), teZ[1,T],
u@ =u(M),  p@Au0) =p(M)Au(T),

the formula

T
u(t)=>_G(t,s)a(s), teZ[0,T+1]

s=1
holds, where
T T)A(T
G(t,s) = %w(t)w(s) - %wwm
[P OR06) — CB @y, 0<s<E<T A1,
PO Do)y (1) - LP=eOv (), 0<t<s<T+1,

and D =@(T) + p(T)AY(T) —2 > 0.

Lemma 2.2. (See [5].) Green’s function G(t, s) possesses the following property,
G(t,s) >0, t,seZ[0,T].

Now, let us set

M= max G(t,5s), m= min_ G(t,s).
t,seZ[1,T] t,seZ[1,T]

Consider T-dimensional Banach space

E={u={u®)_;: u®eR tez[1,T])

with the norm |ju| = max{|u(t)|,t € Z[1, T]} for all u € E and the cone P in E given by
. m
P = {u € E: u(t) >0, min u(t)> —||u||}.
teZ[1,T] M

For u,v € E, we write u < v if u(t) < v(t) for any t € Z[1,T]. For any r > 0, let B, ={u € E: |lu| <r} and 9B, ={u € E:
|lull =r}. We denote by 6 the zero element of E.
Define operators K, f, A : E — E, respectively, by

T
(Ku)(t) = Z G(t,kuk), ueE, teZ[l,T]
k=1
(fu)(t) = f(t,u®)), uekE, teZ[1,T];
A=KfF. (2.1)

From [5, Lemmas 3.1 and 3.2], we know that A: E — E is a completely continuous operator and A(P) C P.

Remark 2.1. By Lemma 2.1, it is easy to see that u = {u(t)}tT=1 € E is a fixed point of the operator AA if and only if {u(t)}tT:()1

is a solution of BVP (1.1), where u(0) = u(T), u(T + 1) = u(T) + g((—?)Au(O).
K defined by (2.1) is an important operator in our later discussion. We present some properties of it as follows.

Lemma 2.3. The spectral radius r(K) > 0 and there exists & € E with & > 0 on Z[1, T] such that K& = r(K)& and ZZ:1 E(t) = r(lT)

Moreover, p1 = r(lT) is the first positive eigenvalue of the linear BVP (1.2) and

T T
1
> (Ku)(DE() = o > u(st), Vuek. (2.2)
t=1

t=1
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Proof. Define the cone Po={u € E: u(t) >0, Vt €Z[1, T]}. Then the cone Py is normal and has nonempty interiors int Py.
It is clear that Py is also a total cone of E, that is, E = Pg — Py, which means the set Pg — Po ={u — v: u, v € Pg} is dense
in E. It follows from Lemma 2.2 that K is strongly positive, that is, K(u) € int Py for u € Po\{#}. Obviously, K(Pg) < Pg. By
the Krein-Rutman theorem ([26, Theorem 7.C]; [27, Theorem 19.3]), the spectral radius r(K) > 0 and there exists 50 € E with
& > 0 on Z[1, T] such that K& =r(K)&. Let & = . Obviously, £ >0 on Z[1,T], K =r(K)¢ and Zt 180 =

r(K) Z[ 1800
1
9N
Noticing that K& =r(K)& is equivalent to the following BVP

—A[p(t —DAEE — D] +qO)E1) = WS“) teZ[1,T],

§0)=45(), p0As0)=p(T)AS(T),
we can obtain that p; = % is an eigenvalue of the linear BVP (1.2). From the strong positivity of K, we know that there
exist 1 € Pop and a constant ¢ > 0 such that cKn > n on Z[1,T]. Then p; is the first positive eigenvalue of the linear

problem.
For x, y : Z — R, a simple computation shows

T T
Y yOA[pt - DAxE - 1] =D xOA[pt — Ay —1)]
t=1 t=1
=p(Dx(T + Dy(T) + p(0)x(0)y(1) — p(Dx(T)y(T + 1) — p(0)x(1)y(0). (2.3)

Since Ku is the unique solution of the following linear BVP

{ —A[pt = DAW(E — D] +qOw(t) =u), teZ[1,T],

w0 =w(T), pOAw(O) =p(T)Aw(),

we have, by (2.3), £(0) =&(T) and p(0)A&(0) = p(T)A&(T),

T T
p1 Y (K& =Y (Ku)Of-A[pt — DAEE — D] +q0E D)}

t=1 t=1

T
Z OA[pt = DAKu)(E—1) +Zs<r>q(r)(1<u)<r)—Zums(t)

t=1 t=1
Then (2.2) holds, and this completes the proof of the lemma. O

The proofs of the main theorems of this paper are based on the fixed point index theory. The following three well-known
lemmas in [27,28] are needed in our argument.

Lemma 24. Let E be a Banach space and X C E be a cone in E. Assume that 2 is a bounded open subset of E. Suppose that A :
X N 2 — X is a completely continuous operator. If infyexny [|AX|| > 0 and wAx # x for x € X N 982, w > 1, then the fixed point
indexi(A,XN2,X)=0

Lemma 2.5. Let E be a Banach space and X C E be a cone in E. Assume that 2 is a bounded open subset of E. Suppose that A :
X N 2 — X is a completely continuous operator. If there exists xo € X\{0} such that x — Ax # puxo forallx € XN 982 and u > 0,
then the fixed point index i(A, X N £2, X) =0,

Lemma 2.6. Let E be a Banach space and X C E be a cone in E. Assume that §2 is a bounded open subset of E with 6 € £2. Suppose
that A : X N 2 — X is a completely continuous operator. If Ax # ux for all x € X N 982 and u > 1, then the fixed point index
(A, XN, X)=1.

3. Proofs of Theorems 1.1 and 1.2

For convenience, we introduce the following notations.

@ ={(2, {u(t)}t”'O]) A>0, {u(t)}tT:O1 is a positive solution of BVP (1.1)};
A ={1>0: there exists {u(t)}tT:()] such that (, {u(t)}t”()]) ed});

A* =sup A;
Ay =infA.
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Lemma 3.1. Assume that fo = co. Then & # (.

Proof. Let R > 0 be fixed. Then we can choose Ag > 0 small enough such that Ag Sup,cpng, lAull <R. It is easy to see that
MAUu# pu, YuePNOJBr, =1

By Lemma 2.6, it follows that

i(A oA, PN Bg, P)=1. (3.1)

From fy = o0, it follows that there exists r € (0, R) such that
fex =2 vxelor, tezt. ) (32)
0

where p; is given in Lemma 2.3. We may suppose that AgA has no fixed point on P N dB,. Otherwise, the proof is finished.
Now we shall prove

u#rAu+ué, YuePNaoB,, u=>0, (3.3)

where & is given in Lemma 2.3. Suppose the contrary, then there exist u; € PN9dB; and w1 > 0 such that uy = AgAug +u1&.
Then w1 > 0. Multiplying the equality u; = AgAu; +1€ by & on its both sides, summing from 1 to T and using (2.2) and
(3.2), it follows that

T

T
Zm(t)é(t)=Z(A0AU1)(t)€(t)+M1ZE =22 o Zf (t.ur () s<r>+st G)

t=1 t=1 t=1 t=1

—

> u (t)&(t)w]Zs ®,
t=1

= t=1
which contradicts & > 0 on Z[1, T]. Thus, (3.3) holds. It follows from Lemma 2.5 that
i(A oA, PN By, P)=0. (3.4)
According to the additivity of the fixed point index, by (3.1) and (3.4), we have
i(AoA, PN (BR\B;), P) =i(hoA, PN Bg, P) —i(hoA,PNB;, P)=1,
which implies that the nonlinear operator AgA has one fixed point ug € P N (Bg\B;). Therefore, (Lo, {uo(t)}”l) € @, where

u©0) =u(T),u(T+1)=u(T)+ %Au(O). The proof is complete. O

Lemma 3.2. Assume that (Hy) and (Hy) hold. Then A is a bounded set.

Proof. Let (), {u(t)}”l) € @. It follows from (Hy) and (Hy) that there exists C > 0 such that f(t, x) Cx for all x>0

and t € Z[1, T]. By Lemma 2.3, we obtain that K~': E — E, the inverse mapping of K, exists and (K~1u)(t) = A(fu)(t) for
t € Z[1, T]. We assume that u(tg) = ||u|| = max¢ezp1, 1] [U(t)| for to € Z[1, T]. Then,

IK= ull = [ K u ] = (K ) to)| = Af (to, u(te)) = AC|ull,

where ||[K~1|| = supyy =1 [K~'u|l. By matrix theory, K| = p1. Thus, A < p1C~'. This completes the proof of the
lemma. O

Lemma 3.3. Assume that (H1), (Hz) and (H4) hold. Then (0, A*) C A. Moreover, for any A € (0, A*), BVP (1.1) has at least two positive
solutions.

Proof. For any fixed A € (0, A*), we prove that A € A. By the definition of A*, there exists A, € A such that A <1, <A* and
(Ag, {uz(t)}T+1) € @. Let R < mingezp, 1y u2(t) be fixed. From the proof of Lemma 3.1, we see that there exist A1 <A, R>r

and u; € P N (Bg\B;) such that (A1, {ul(t)}”]) € @. It is easy to see that 0 < uq(t) < uy(t) for all t € Z[1, T]. Then by (Hy),
we have

—A[p(t = DAuit = D]+ qOur () =1 f(t,u1(®)) <A f(t, ur(0), teZ[1,T]

and

—A[p(t = DAuzt — D]+ q@Ouz(t) = A2 f (£, uz(6)) > Af (t,uz2(t)), teZ[1,T]. (3.5)
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Consider now the modified boundary value problem
[ —A[p(t — DAut — D]+ qOu) =1 fi1(t,u®), teZ[1,T],
u(0) = u(T), p(0)Au(0) = p(T)Au(T),
where
fE,ur@®), u@®) <ui(),
filt,wy =1 fEu@®), ui(®) <u®) <uz(),
fE,ua(t), u) > ux(t).

Clearly, the function A f; is bounded for t € Z[1, T] and u € R, and is continuous in u. Define the operator A;: E — E by

T
(AW =) G, fi(s,u), uek, teZ[l,T]
s=1
Then Ay : P — P is completely continuous and {u(t)}tT:()] is a solution of (3.6) if and only if u = {u(t)}tT:] € E is a fixed

point of operator AA;. It is easy to see that there exists ro > +/T ||uz|| such that |AAjul|| <o for any u € E. It follows from
Lemma 2.6 that

i(hA1, PN By, P)=1. (3.7)
Put
U={ueP:ui(t) <u(t) <uxt), VteZ[1,T]}.

We claim that if u € P is a fixed point of operator AA1, then u € U. We first prove that u(t) < uy(t) on Z[1, T]. Assume
that u(t) > uy(t) for some t € Z[1, T]. By u3(0) = uy(T) and p(0)Auy(0) = p(T)Auy(T), we know that u(t) — uy(t) has a
nonnegative maximum at some ty in Z[1, T]. Then, A%(u — uy)(tg — 1) < 0. Consequently, noticing the monotonicity of p,
we have

A[p(to = DA — uz)(to — 1)] = p(to) A*(u — uz)(to — 1) + Ap(to — D A(u — uz)(to — 1) < 0.
On the other hand, by (3.5), we have

—A[p(to — DA —uz)(to — 1)] < —A[p(to — DA — uz)(to — 1) ] 4 q(to) (u — u2)(to)
< Afi(to, u(to)) — A f (to, ua(to)) = 0.

This is a contradiction. It follows that u(t) < uy(t) on Z[1, T]. In very much the same way, we can prove that u(t) > uq(t)
on Z[1, T]. The claim is thus proved. By virtue of the claim, the excision property of the fixed point index and (3.7), we
obtain that

i(AA1,U, P) =i(AA1,PN By, P)=1.

From the definition of A1, we know that A; = A on U. Then,

iMA,U,P)=1. (3.8)

Hence, the nonlinear operator AA has at least fixed point vy € U. Then {v1(t)}tT:+01 is one positive solution of BVP (1.1),
where v1(0) = v1(T), vi(T + 1) = v1(T) + & Av1(0). This gives (i, {v1(t)}{Z) € @ and (0,2) C A.
We now find the second positive solution of BVP (1.1). By fo, = 0o and the continuity of f(t,x) with respect to x, there

exists C > 0 such that

f(t,x)=2pA"1x—C, Vx>0, teZ1,T]. (3.9)
Set
2 ={ueP: u=ArAu+té for some t > 0},

where & is given in Lemma 2.3. We claim that £ is bounded in E. In fact, for any u € §2, there exists T > 0 such that
u=XAAu+t& > AAu. Then, by (3.9), we have

u(t) = 2p1(Ku)(t) — AC(Kvo)(t), teZ[1,T],

where vo(t) = 1. Multiplying the above inequality by &(t) on both sides and summing from 1 to T, it follows from
Lemma 2.3 that

T T T T
Y u®E®) =2p1 Y (Ku)OE®D —AC Y (Kvo)(DEWD) =2 u®E(®) — AC.

t=1 t=1 t=1 t=1
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This implies that ZtT:1 u®)&() < AC. Let § = mingezp,716(t) > 0. Thus, [lull < A8~1C. Then we can conclude that £ is
bounded in E, proving our claim. Therefore there exists Ry > +/T ||uz|| such that
u#AAu+té, YuePNOIBgr, T2>0.

This and Lemma 2.5 give

i(AA, PN Bg,,P)=0. (3.10)
Using a similar argument as in deriving (3.4), we have that
i(AA,PN B, P)=0,
where 0 < ry < +/T mingezp1,71 U1 (t). Then according to the additivity of the fixed point index, by (3.8), (3.10), we have
i(AA, PN (Bg,\(UUB,))),P)=i(AA, PN Bg,,P)—i(AA, U, P) —i(AA, PN B, P)=—1,
which implies that the nonlinear operator AA has at least one fixed point v, € P N (Bg,\(U U By,)). Thus, BVP (1.1) has
another positive solution. The proof is complete. O

Lemma 3.4. Assume that (Hy), (Hy) and (Hg) hold. Then A = (0, A*].

Proof. In view of Lemma 3.3, it suffices to prove that A* € A. By the definition of A*, we can choose {A;} C A with A, > )‘2—*

(n=1,2,...) such that A, — A* as n — oco. By Lemma 3.3, one can choose {up} C P\{#} such that (Ap, {un(t)}gol) € d.

Then from (Hy) and the continuity of f(t,x) with respect to x, we know that there exist ¢ > 2{1} and d > 0 such that
f(t,x) >cx—d for any x >0 and t € Z[1, T]. Then

* *

n(©) = O Atin) () > S (Kum) (6) —
2 2

where vqg(t) = 1. Multiplying the above inequality by &(t) on both sides and summing from 1 to T, it follows from
Lemma 2.3 that

(Kvo)(t), telZ[l1,T],

3 (t t)>£T(K t t—dk* T(K t t—m S t) t)—dk* (3.11)
Dt ®EO > ==y (Kun©&©) — == vo)<)s<>—2m§un( £0) - —-. :

t=1 t=1 t=1

We now show that {u} is bounded. Suppose the contrary, then there exists a subsequence of {u,} (still denoted by {u,})
such that u,(tg) - +o0o as n — oo for some tg € Z[1, T]. By (3.11), we have

T
cA* cA* dr*
un(to)%'(fo)<2pl - 1) < (2101 - 1) ;:1 up(H&() < -5

which contradicts uy(tg) — 400 as n — oo. Hence, {u,} is bounded. Since E is finite dimensional, there exists a subsequence
of {uy} (still denoted by {u,}) and u* € P such that u, — u* as n — oco. By up = A, Auy, letting n — oo, we obtain that
u* = A* Au*. Since u,(t) = Ay ZST:1 G(t,s) f(s,un(s)) > kTmf(t, up(t)) for all t € Z[1, T], then by {u,} C P\{#} we know that
1> A*Tm . W for all t € Z[1, T]. It follows from fp = oo that u* € P\{6}. So, A* € A. This completes the proof. O

Proof of Theorem 1.1. Theorem 1.1 readily follows from Lemmas 3.1-3.4. O

Lemma 3.5. Assume that (Hy) and (Hs) hold. Then BVP (1.1) has at least one positive solution for A large enough and has no positive
solution for A small enough.

Proof. Let r > 0 be fixed. From (H;) and the definition of cone P, it follows that there exists C > 0 such that f(t, u(t)) > C
for all t € Z[1,T] and u € PN 3B,. Then for A > %= and u € P N 9B, one has

T
(AAu)(O) =LY G(t,s)f(s,u(s)) >AmTC>r, teZ[1,T].

s=1

This gives that infyepnap, A Au|l > 0 and urAu##u for u € PNoB;, u > 1. By Lemma 2.4, it follows that

i(AA, PN B, P)=0. (3.12)
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From f° =0, there exists R > r such that

ft,x < X, VXE[ER,OO),teZ[l,T].

2AMT M

Then for u € P N 0B, by the definition of cone P, one has minsezp1,tju(t) > %Huﬂ = %R, and so

T
(AAu)(t) =1y G(t,5)f (s, u(s)) <AMT

s=1

lul <R, teZ[1,T].
2AMT

It follows from Lemma 2.6 that

iMA,PNBg,P)=1. (3.13)
According to the additivity of the fixed point index, by (3.12) and (3.13), we have
i(AA, PN (BR\B;), P) =i(AA, PN Bg, P) —i(AA,PN B, P)=1,

which implies that the nonlinear operator AA has at least one fixed point u € P N (Bg\B;). Therefore, BVP (1.1) has at least
one positive solution.

Next, we prove the nonexistence part. From (Hs) and the continuity of f(t,x) with respect to x, there exists C; > 0 such
that f(t,x) < Cyx for any t € Z[1, T] and x > 0. Assume that BVP (1.1) has one positive solution {u(t)}[Tjo1 for A small enough
such that AMTCq < 1. Then

T

LY Gt s)f(s.u(s))

s=1

T
<AMCy ) u(s) < AMTCyljul| < flull,

s=1

llull =

which is a contradiction. The proof is complete. O

Lemma 3.6. Assume that (Hy), (H3) and (H4) hold. Then 0 < A, < oo and (A4, +00) C A. Moreover, for any A € (A4, +00), BVP (1.1)
has at least two positive solutions.

Proof. By virtue of Lemma 3.5, we can easily obtain that 0 < A, < oo. For any fixed A € (A, +00), we prove that A € A.
By the definition of A, there exists A1 € A such that A, <A1 <X and (A1, {u1(t)}tT:+01) ed. Letr> %Hu] | be fixed. From

the proof of Lemma 3.5, we see that there exist A > A, R > r and uy € P N (Bg\B;) such that (1, {uz(t)}tT:O]) € @. By the
definition of cone P, it is easy to see that 0 < uq(t) < uy(t) for all t € Z[1, T]. Put
V={ueP:ui(t) <u(t) <uxt), Vt€Z[1,T]}.

An argument similar to the one used in deriving (3.8) in the proof of Lemma 3.3 yields

iMA,V,P)=1. (3.14)

Hence, the nonlinear operator AA has at least fixed point v € V. Then {v1(t)}tT:01 is one positive solution of BVP (1.1),

where v1(0) =v1(T),vi(T+1)=v1(T) + %Avl(O). This gives (X, {v1(t)}tT=+01) € @ and (A4, +00) C A.

We now find the second positive solution of BVP (1.1). From f° =0, there exists 0 < rg < «/Tmintezn,ﬂ uq (t) such that

ft,x) < x, Vxel[0,r9], te€Z[1,T].

2AMT

Then for u € P N 9By, we have

lull <ro, teZ[1,T].

T
1
(Au) () =21y G(t,9)f(s,u(s)) < AMT

s=1

It follows from Lemma 2.6 that
i(AA,PN By, P)=1. (3.15)
Using a similar argument as in deriving (3.13), we have that

i(AA, PN Bgy, P) =1, (3.16)
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where Ry > +/T|luz]|. According to the additivity of the fixed point index, by (3.14)-(3.16), we have
i(AA, PN (Bry\(V UByy)), P) =i(AA, PN Bgy, P) —i(AA,V,P) —i(AA, P N By, P) = —1,

which implies that the nonlinear operator AA has at least one fixed point v, € P N (BRO\(V U Ero)). Thus, BVP (1.1) has
another positive solution. The proof is complete. O

Lemma 3.7. Assume that (H1), (Hs) and (Hg) hold. Then A = [Ay, +00).
The proof is similar to that of Lemma 3.4, so we omit it here.
Proof of Theorem 1.2. Theorem 1.2 readily follows from Lemmas 3.5-3.7. O
4. Proofs of Theorem 1.3 and Corollary 1.1
Proof of Theorem 1.3. (i) Fix ) € (f foo) Then fo> &' and f> < £L. By fo > £, there exists r1 > 0 such that

ft,x)> x Vxe[0,r1], t€Z[1,T].

We may suppose that AA has no fixed point on P N dB;,. Otherwise, the proof of (i) is finished. As in deriving (3.4), we
have that

i(AA, PN B, P)=0. (4.1)

On the other hand, by f*® < "A—l and the continuity of f(t,x) with respect to x, there exists o € (0, 1) such that

ft,x) < —X+C Vx € [0, +o00), t €Z[1,T]. (4.2)

Define
W ={u e P: u=siAu for somes € [0, 1]}.

We now show that W is bounded in E. For any u € W, then there exists s € [0, 1] such that u = sAAu. By (4.2), we have
u=sAAu < p1o Ku + ACKvg, where vo(t) =1, t € Z[1, T]. Thus

(I — K1)u < CKvo, (4.3)

where K1 = p1oK and I is the identity operator. Since r(K;) = p1or(K) < 1, the inverse operator (I — K;)~! exists and
is given by I — K))"!=1+K; + K12 + ... This and K;(P) C P give (I — K1)~1(P) c P. Now, from (4.3), we have u <
(I — K1)~'CKvg. Hence, W is bounded. Then there exists Ry > max{ri, supyew llufl} such that

u#siAu, YuePNoBg,, se[0,1].
This and Lemma 2.6 give i(LA, PN Bg,, P) = 1. Taking (4.1) into account, we have i(AA, PN (Bg, \Erl), P) =1, which implies
that AA has at least one fixed point in P N (Bg,\By,). That is, BVP (1.1) has at least positive solution.

(i) Fix A € (f , fo) Then f% < £l and fo > £L. By fO < £L, there exist € € (0,1) and r; > 0 such that

ft,x) < %(1 —&)x, Vxel0,r], teZ[1,T]. (4.4)
Now we prove

AAu# pu, YuePNoBy,, uw=>1. (4.5)

If (4.5) does hold, there exist to > 1 and ug € P N dB;, such that A Aug = pouo. Then, by (4.4), we have

T T
uo(t) < (MAug)(t) <A Y G(t. k) f (k. uo(k)) < p1(1— ) Y G(t. kyug(k), teZ[1,T].

k=1 k=1

This gives pq(1 — &)Kug > up. Multiplying this inequality by &, and summing from 1 to T, it follows from (2.4) that

T T T
(1—8) Y up(t) = p1(1— ) > _(Kug)(DEM) > ug(DE(L).

t=1 t=1 t=1
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This together with ZtTﬂ up(t)&(t) > 0 implies that & < 0, which contradicts the choice of &, and so (4.5) holds. It follows
from Lemma 2.6 that

i(AA,PN By, P)=1. (4.6)
BY foo > ‘1—1, using a similar argument as in deriving (3.10), we see that there exists Ry > rp such that
i(AA, PN Bg,, P)=0.

Then taking (4.6) into account, we have i(AA, P N (BRZ\EZ), P) = —1, which implies LA has at least one fixed point in
P N (Bg,\Br,). Therefore, BVP (1.1) has at least one positive solution. The proof is complete. O

Proof of Corollary 1.1. (i) Fix A € (%, ;’—go). In view of the fact that xf(t,x) >0 for any t € Z[1, T] and x € R, we know that
A(P) C P. It follows from Theorem 1.3 that BVP (1.1) has at least one positive solution.
Put fo(t,x) = —f(t, —x), V(t,x) € Z[1, T] x R. Define operators f5, Ay : E — E, respectively, by

(Bu)(®) = fo(t,u®)), uekE, teZ[1,T];
Ay = Kfy.

Obviously, A2(P) C P. From the proof of Theorem 1.3, it is easy to see that LA has at least one fixed point ug € P\{6}.
Then, AA(—ug) = AKf(—ug) = AK(—fr)ug = —(AAz)ug = —ug. That is, AA(—ug) = —ug. Hence, BVP (1.1) has at least one
negative solution.

The proof of (ii) is similar and omitted. O
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