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Abstract In many real-life decision making problems, probabilistic fuzzy goal pro-
gramming problems are used where some of the input parameters of the problem are
considered as random variables with fuzzy aspiration levels. In the present paper, a
linearly constrained probabilistic fuzzy goal programming programming problem is
presented where the right hand side parameters in some constraints follows Pareto dis-
tribution with known mean and variance. Also the aspiration levels are considered as
fuzzy. Further, simple, weighted, and preemptive additive approaches are discussed
for probabilistic fuzzy goal programming model. These additive approaches are em-
ployed to aggregating the membership values and form crisp equivalent deterministic
models. The resulting models are then solved by using standard linear mathematical
programming techniques. The developed methodology and solution procedures are
illustrated with a numerical example.
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Linear programming (LP) has been used as an important technique to solve many
complex real-life decision making problems such as, finance, transportation, rail-
ways, engineering, economics, agriculture, telecommunications, production planning
and scheduling, mining industries, energy sectors, military etc. LP problems involve
the optimization of a linear objective function, subject to some linear equality and
inequality constraints involving some continuous/discrete non-negative decision vari-
ables. It was first introduced by Dantzig [7] and applied initially to solve complex
planning problems in the operations of second world war. In most of the engineering
and management science decision making problems that often contain multiple and
conflicting objectives. Such types of problems can generally be modeled as multi-
objective optimization problems. Various methodology has been developed to solve
multi-objective optimization problems from which goal programming (GP) is an im-
portant technique for solving multi-objective programming problem. GP was origi-
nally proposed by Charnes and Cooper [2, 3], and further development carried out by
Lee [16], Ignizio [10], and Romero [21], among others [4, 8, 30]. It has been applied
to many areas such as accounting, agriculture, economics, engineering, transporta-
tion, finance, government, international context, and marketing. GP is an important
technique for decision-makers (DMs) to consider simultaneously several objectives
in finding a set of desirable solutions. Tamiz et al. [28] have proposed an overviews
of the current state-of-the-art in GP in which the DMs set some acceptable aspiration
levels for their goals, say gx(k = 1,2, -+ , K), and try to achieve these goals as closely
as possible. The purpose of GP is to minimize the deviations between the achieve-

ment of goals, say fi(X),X = (x1,x2,---,x,), and these acceptable aspiration levels,
gr(k=1,2,---,K). Therefore, GP can be expressed as follows:
GP Model:

A general mathematical model of GP can be stated as:

K
Min 3 100 - g
n
s.t. Zdiniji, i:1527"-3m! (1)
j=1
x; 20 forj=1,2,---,n,
where K is the total number of goals, g;; is the coefficient of constraint matrix, b; is
the right hand side constraint coefficient, f;(X) is the k-th objective/goal, and g; is the
aspiration level of the k-th goal.
The variants of GP such as lexicographic GP, weighted GP, and MINMAX GP are

also applied in many real life decision making problems [27]. Now, the above model
of GP can be rewritten as:

K

Min kZI(Pk + 1)

st i) +m—pr=gnk=12,-,K,
n
2, aijxj < by, i=1,2,--,m,
=1

@

Pl X 2 0 fork=1,2,-- K. j=12.n,
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where p; = max(0, fi(x) — gx) and 7, = max(0, gx — fi(x)) are respectively, over- and
under-achievement of the kth goal; other variables are defined as above.

In the above GP model formulation, goals are precisely defined. That is, the for-
mulation assumes that the decision-maker (DM) is able to determine goal values ac-
curately for their problems. In reality, many imprecise aspiration levels may exist
in managerial decision-making problems such as “somewhat larger than”, “substan-
tially lesser than”, or “around” the vague goal g; due to DMs ambiguous understand-
ing of their nature. Thus, the DM may find some difficulties to state precisely exact
aspiration levels to the goals for their problems. In doing so, if the imprecise aspira-
tion level is introduced to each objective, then the problem is turned into fuzzy GP
(FGP). The FGP was first considered by Narasimhan [20] with a preference-based
membership function. Many achievements have been reported in the literature such
as preemptive fuzzy goal programming [31], weighted max-min model with con-
cave and quasi-concave piecewise membership function [17], interactive FGP [24],
weight additive model [29], binary FGP model [5], linear programming with multi-
ple fuzzy goals model [9], FGP on mini-max approach [32] and some case studies
[1, 15]. Zangiabadi and Maleki [34] proposed an application of fuzzy goal program-
ming to the linear multiobjective transportation problem. Biswas and Modak [35]
presented a fuzzy goal programming technique to solve multiobjective mathematical
programming problems in a stochastic environment where the right sided parameters
associated with the system constraints are exponentially distributed fuzzy random
variables. Lotfi and Ghaderi [36] developed a fuzzy mixed integer linear goal pro-
gramming problem by considering several objectives with lower relative importance
for the short-term unit commitment in the deregulated hybrid markets. Since every
real-life problem consists of more than one conflicting objective functions. So the
FGP model can be stated as follows:

FGP Model:

A general mathematical model of FGP can be stated as:
Find X = (x1,x,- -+ , x,) to optimize the following fuzzy goals:

fiX) =g, k=1,2,---,Kp
X)) <g, k=Ky+1,2,---,K;
fiX) =g, k=K +1,2,---,K;

n
S.t. Zaij)Cij[,i=1,2,"',m,
Jj=1

3

x; =20 forj=1,2,---,n,

where X is n-dimensional decision vector, the symbol ‘>’ (the type of fuzzy-max)
referring to that f;(X) should be approximately greater than or equal to the aspiration
level g; signifies that DM is satisfied even if less than g; up to a certain limit, the
symbol ‘<’ (the type of fuzzy-min) referring to that f;(X) should be approximately
less than or equal to the aspiration level g; signifies that the DM is satisfied even
if greater than g up to a certain tolerance limit, the symbol ‘=’ (the type of fuzzy-
equal) referring to that f;(X) should be in the vicinity of the aspiration g signifies that
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the DM is satisfied even if greater than (or less than) g, up to a certain limit, f;(X)
is the k-th fuzzy goal constraints, Kj is the number of fuzzy-max goal constraints,
K| — Kj is the number of fuzzy-min constraints, K, — K| is the number of fuzzy-equal
constraints; other variables are defined as in GP.

While dealing with real-world problems, the DM often faces problems of optimiz-
ing more than one conflicting objectives at a time without knowing the values of some
or all parameters of the mathematical programming models, such types of problems
comes under stochastic programming [14]. Charnes and Cooper [2, 3] first intro-
duced chance constrained programming model which is also known as probabilistic
programming. They suggested three models that have different objective functions
and probabilistic types of constraints as:

¢ E-model which maximizes the expected value of the objective function,

* V-model which minimizes the generalized mean square of the objective
function,

* P-model which maximizes the probability of exceeding an aspiration level, i.e.,
the goal of the objective function.

‘When the constraint coefficients of the FGP problem contains some random variables
with known probability distributions, i.e., coefficient matrix or right hand side coef-
ficients may be consider as random in nature, is known as probabilistic FGP (PFGP).
Some literature have been reported such as chance-constrained fuzzy goal program-
ming [18, 19], stochastic FGP model [11, 12]. So the PFGP model can be stated as
follows:

PFGP Model:
A mathematical model of PFGP can be stated as:
Find X = (x, x, - - , x,,) to optimize the following fuzzy goals:
X0 = g, k=12, Ky
Jie(X) < gk, k=Ko+1,2,--- K
KX = g, k=K +1,2,- K> @
n
st. Pr(} ajxj<b)>1-vy,i=12,---,m,
j=1
x; > 0 for j=12,--,n,
where 0 < y; < 1,i = 1,2,---,m are given constants. It is assume that a;;,i =
1,2,--- ,m,j=1,2,---,nare deterministic, and b;,i = 1,2,--- ,m are considered as

random variables with known probability distribution; other variables are defined as
in FGP.

In this paper, some additive approaches namely, simple, weighted, and preemptive
priority have been proposed to PFGP by employing the usual addition as an operator
to aggregate the membership functions of the fuzzy goals. Also, considering the right
hand side constraint coefficient (i.e., b;) as Pareto random variable with known mean
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and variance and chance-constrained program is used to convert the probabilistic con-
straints to its deterministic form.

2. Probabilistic Linearly Constrained FGP with Pareto Distribution (PD)

Let us assume that b;,i = 1,2,--- ,m are independent random variables following
Pareto distribution (PD) [13]. The probability density function (pdf) of the i-th ran-
dom variables b; is given as:

(g:)\Pi
by = [Z(("%’ if b; > gi, pi > 0,q; > 0, )
0, if by < qi.

The mean E(b;) and variance Var(b;) are given as:

Eby= L9 pi>1i=1,2,.m ©)
pi—1
and
pid;
Var(b;) = m,p[>2,i=l,2,--~,m. )

The parameters, i.e., shape parameters p;,i = 1,2,--- ,m and scale parameters g;,i =
1,2,--- ,m, are calculated from (6) and (7).

Now using Eq. (5) and the i-th probability constraint from Eq.(4), obtain the fol-
lowing as:

f fbdb; 2 1 =y, i=1,2,---,m, ®)

n
where y; = 3 a;;xj and y; > 0.
j=1

Now Eq.(8) can be written as

00 . \Pi
f ’;’((:ﬁ)l) dbi>1=yui=1,2,.m. ©)
yi b

For the case when y; > g;, the above integration can be calculated as:

qi Pi
(4) >1-y,i=12-,m, (10

s —L =12 m, (1n
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ie.,

Za,,x, < =12 ,m. (12)
=1 a —%)"'

For the case when y; < ¢;, the above integration becomes zero.
Thus, the equivalent FGP problem of the PFGP problem (4) can be stated as:

Find X = (x, x2,-- - , x,,) to optimize the following fuzzy goals:
JieX) = g, k=1,2,---,Ko
JiX) = g, k=Ko+1,2,---,K
JZ((X)Egk, k=K +1,2,--- K, (13)
st X oajx; < q’i,i:l,2,~~,m
j=1 A=y Pi
x; 20, forj=1,2,---,n

3. Solution Approaches to PFGP problem with Pareto Distribution and Their
Deterministic Models

3.1. Simple Additive Approach to PFGP problem with Pareto Distribution
Consider PFGP problem as follows:

Find X = (x, x2, - , x,) to optimize the following fuzzy goals:
JeX) = g, k=1,2,---,K
Jie(X) < gk, k=Ko+1,2,--- K
fk(X;,)Egks k=K +1,2,--- K, (14)
s.t. PI'(Z a,-jxjsb,-)z1—)/,-,i:1,2,~~,m
j=1
x; >0, forj=1,2,--- ,n,
where assume that the right-hand side variables b;,i = 1,2, -- ,m are Pareto random
variables with known mean and variance. The parameters, i.e., shape parameters
pi»i = 1,2,--- ,m and scale parameters ¢;,i = 1,2,--- ,m, are calculated from mean

and variance and all other variables defined are the same as in previous Section 2.
Now, the linear membership functions p(fx(X)) for the k-th fuzzy goals are de-
fined according to Zimmermann [33] as follows:

For the fuzzy goal of type fi(X) > g, i.e., fuzzy-max, the membership function is
defined as:

1 A 2 g
L (X)) = fk(k i LS A0 < g k= 1230 K (9)
0, if fi(X) < Ly,

where Ly is the lower tolerance limit for the k-th fuzzy goal f;(X).
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In case of the fuzzy goal of type fi(X) < gk, i.e., fuzzy-min, the linear membership
function is defined as

1, if fi(X) < gk,
Ui — i (X) . .

LX) = %’;),ﬁgk < HX) U k=Ko+ 1,23, K1, (16)
0, if fiX) > Uy,

where Uy is the upper tolerance limit.
In case of the fuzzy goal of type fi(x) = g, i.e., fuzzy-equal, the membership
function is defined as:

0, if fi(X) < Ly,
TO_ Lk ey, SHX) <ge k=K + 1,23, K,
X)) =3 FET a7
U/ZJ fk(X)’lfngﬁ((X)SUb k:K1+1,2,3»"';K25
Ui-gr
0, if fi(X) > Up.

Now, if the fuzzy goal of type fuzzy-max, then the simple additive model of the PFGP
problem from (14) is formulated by using the membership function (15) together as
follows:

Ko
Max D(u) = 1;] Hi(fie(X))

Se(X) — Ly

st w(fi(X)) = ., k=12,---,Ko,
8k — Ly

u (18)
Pr( Y aixj<b)>1-y, i=12,.,m,

J=1
(X)) <1, k=1,2,---,Ko,
X.,’ZO forj:l’z,...’n,

where D(u) is called a fuzzy achievement function or fuzzy decision function. This is
a single objective optimization problem which can be solved by using a suitable clas-
sical technique. Since the goals are fuzzy, unlike conventional GP (minimizing the
deviations) the fuzzy decision function consisting of 1 (fy(X))’s is to be maximized
here.

Similarly, if the fuzzy goal of type fuzzy-min, then the simple additive model of
the PFGP problem from (14) is formulated by using the membership function (16)
together as follows:
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K,
Max D(/1)=k_Z Hi(fe(X))

X
s.t. pk(fk(X))— = i ), k=Ky+1,2,--- Ky,
Uy - 8k (19)
Pr(z aiixj<b)>21-y,i=12,---,m
j=1
(X)) <1, k=Ko+1,2,--- Ky,
x;20 forj=1,2,---,n

But for the fuzzy goal of fuzzy-equal type, difficulty is faced to define k-th mem-
bership function with two linear functions. If membership functions are considered
as the part that the degree of membership is increasing from O to 1 and decreasing
from 1 to 0, it will be possible to deal with the difficulty. In this case, the problem is
transformed into two sub-problems. In other words, it is tried to determine that xM
(solution vector) belongs to the intervals [ Ly, gx] and [gy, Ux]. Thus the sub-problems

are formed for the k-th fuzzy goal as follows:

First sub-problem is stated as:

K>
Max D(,U):]ﬁZ i (fi(X))

X)—-L
st (X)) = &L" k=Ki+1,2,3,- K,
= Ly
Ly < filX) < gk, k=K +1,2,3,--- , K>, (20)
Pr(S ax; <b) 21—y i=1.2,.m
j=1
(X)) < 1, k=K +1,2,--- Ky,
x;20 forj=1,2,--- ,n.
Similarly, second sub-problem can be written as:
K>
Max D(u) = . Z ,Uk(fk(X))
X
st w(fiX)) = Ve %) ) k=K +1,2,3,--- K,
Uk — gk
g < filX) < Up, k=K +1,2,3,--- Ky, 2D
n
PI‘(Z aijXx; < b,) >1 —%Yi i= 1,2,"' ,m
j=1
(X)) < 1, k=K +1,2,--- K,
x;20 forj=1,2,---,n

Since X¥ vector satisfies Ly < fi(X) < g,k =K, +1,2,3,---

, K inequality for any
fuzzy goal, it can also satisfy g; < fi(X) < Uy, k=K; +1,2,3,---

, K inequality for
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another fuzzy goal. For this reason, the sub-problems are combined as [20]:

K>
Max D(y)=k_2 Hi(fie(X))

X) - L,
st m(f(X))—MLL, K=K 41,23, Ky,
k
Lkak(X)<gk, k=K +1,2,3,--- Ky,
U - X))
H(fi(X)) = U—g k=K +1,2,3,--- K>, (22)
& < fiX) < Uy, k=K +1,2,3,--- K>,

n
PI'(Z aijXx; < b,) >1 —’)/i,i: 1,2,"' ,m
Jj=1

m(fi(X)) <1, k=K +1,2,--- Ky,
x;20 forj=1,2,---,n

Thus, using Eq.(12) the equivalent linear models of PFGP can be expressed as fol-
lows:

For the fuzzy goal type fuzzy-max, the equivalent linear model of PFGP can be
penned as:

Ky
Max D(u) = El Hi(fie(X))

X
s, u(f(X»-f"( L s 12 K
8k — Lk
qi . 23)
Zaijxj_—l, i=1,2,---,m,
= A =y)m
(X)) < 1, k=1,2,---,Ko
xj=0 for j=1,2,---,n

Similarly, for the fuzzy goal type fuzzy-min , the equivalent linear model of PFGP
can be written as:

K
Max D(]J):k_z Hi(fie(X))

X
s.t. (X)) = kfk;k), k=Ky+1,2,---,Ki,
qi ) 24)
Zaijxjﬁ—la i=1,2,---,m,
i 1=y
m(fi(X)) < 1, k=Ko+1,2,---,Kj,
x;20 forj=1,2,---,n

and for the fuzzy-equal type of fuzzy goal, the equivalent linear model of PFGP can
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be formulated as:

K
Max D= 3 (i)

X
st mf(xn—fk( DK kK L230 K

=Ly

Lkak(X)<gks k=K +1,2,3,--- K>,
U - filX)

H(fi(X) = Ui—g k=K +1,23,-- Ky, (25)

8k < fiX) < Uy, k=K +1,2,3,-- K3,

zn:a;jxjs—q[ T i:l,2,~-~,m

=1 L=y

m(fiu(X)) < 1, k=K +1,2,3,--- , Ky,

x;j20 forj=1,2,---,n

The above obtained deterministic models can be solved by using any linear program-
ming techniques or can be solved by using LINGO 11.0 [26] optimization tool.

3.2. Weighted Additive Approach to PFGP Problem with Pareto Distribution

The weighted additive approach is widely used in GP and multi-objective optimiza-
tion techniques to reflect the relative importance of the goals/objectives. In this ap-
proach, the DM assigns differential weights as coefficients of the individual terms in
a simple additive fuzzy achievement function to reflect their relative importance, i.e.,
the objective function is formulated by multiplying each membership of the fuzzy
goal with a suitable weight and then adding them together. This leads to the follow-
ing equivalent models with respect to different fuzzy goals similar to Subsection 3.1
as:

For the fuzzy goal type fuzzy-max, the equivalent linear model of PFGP can be
penned as:

Ko
Max D(u) = kgl witr(fi (X))

X)-L
SU (f(X»—ML", k=12 Ko,
Y (26)
Zaijxjﬁ—l, i=1,2,---,m,
= A =y)r
m(fi(X)) < 1, k=1,2,---,Ko
xjz0 forj=1,2,---,n,

where wy, is the relative weight of the k-th fuzzy goal.
Similarly, for the fuzzy goal type fuzzy-min, the equivalent linear model of PFGP
can be written as:

K
Max D(}l)=k72 witi (fie(X))

s.t. /lk(f}((X)) L ﬁ(LX), k= K() + 1,2,"' LK1,
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& qi
Za,-jxjs—l, i:1,2,-~~,m,
i (1= ypn

! 27
HCOO) < 1, k=Ko+ 1,2, Ky, )
x;20 forj=1,2,---,n,

where wy is the relative weight of the k-th fuzzy goal.
Again, for the fuzzy-equal type of fuzzy goal, the equivalent linear model of PFGP
can be formulated as:

K>
Max D(u) = k_]; lwkﬂk(fk(x))

JiX) — Ly

st (X)) = k=K +1,2,3,--- Ky,
8k —

L,
Ly < fi(X) < g k=K +1,2,3,--- , Ky,
Ui - fi(X)
iy = LD k1230 ks, 28)
Uy — gk
8k < filX) < Uy, k=K +1,2,3,--- , Ky,
n .
ZainjS—qt T i=1,2,---,m,
=1 (1 =y)n
m(fieX) < 1, k=K +1,2,3,--- Ky,
x;20 for j=1,2,--- ,n,

where wy, is the relative weight of the k-th fuzzy goal.

The above obtained deterministic models can be solved by any linear programming
techniques or can be solved by LINGO 11.0 [26] optimization tool.

DMs are facing many problems to assign weights according to the relative impor-
tance of the goals exactly. The phrase ‘relative importance’ is a fuzzy concept whose
various levels can be stated only imprecisely. However, in the literature there are
some good approaches to assess these weights, such as eigenvector method of Saaty
[23], and the weighted least squares method of Chu et al. [6]. These can be used
to suitably specify the weights. In this paper, eigenvector method of Satty is used to
calculate the weight for a membership function of the fuzzy goals.

3.3. Preemptive Priority Additive Approach to PFGP Problem with Pareto Dis-
tribution

In many decision making problems, the goals are not commensurable (i.e., not in the
same measurable unit). Further, sometimes the goals are such that unless a particular
goal or a subset of goals is achieved, the other goals should not be considered. In such
situations, the weighting scheme of the previous section is not an appropriate method.
The preemptive priority structure may be written as P, >>> P,,; which means that
the goals in the r-th priority level have higher priority than the goals in the (r + [)-th
priority level, i.e., however large N (a number) may be, P, cannot be equal to NP,
[25]. For the present investigation the problem is subdivided into R subproblems,
where R is the number of priority levels. In the first subproblem, the fuzzy goals
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belonging to the first priority level have only been considered and solved by using
a simple additive model as described in Subsection 3.1. But at other priority levels,
the membership values achieved earlier for higher priority levels are imposed as ad-
ditional constraints. In general, the r-th subproblem for fuzzy goal type fuzzy-max

can be written as:

Max D(u) = Z Pm(fk(X))
X
s.t. w(fil(X)) = 0. ._fk;k ),
ﬁ: a;jxj < L,,
AT -y

Prr(fi(X)) = Prpt (fi(X)),

He(fi(X)) < 1,
Xj >0

r=12,---,R

k=1,2,--- Ko,

i=1,2,--,m, (29)
k=12, ,Ko,r=1,2 —1,
k=1,2,-- ~,K0,

forj=1,2,-

where P, (fi(X)) represents the membership functions of the goals in the r-th prior-
ity level, and P, (fi(X)) is the achieved membership value in the r-th priority level.
Similarly, the r-th subproblems for fuzzy goal types fuzzy-min and fuzzy-equal

can be written as:

K,
Max D(u) = k_Z P (fi(X)),
X
&LAMWPM)M,
5 agry s —2
A oy
P (fi(X)) = Prgp (fi(X)),
H(fie(X)) < 1,
)C_]' > 0
and
K>
Max D(u) = k_Z P (fr(X)),
X
St mwm—M)M,
Ly < fiX) < gk,
X
(i = LX)
— 8k
8k < filX) < Uk,
i aijxj < Ll’
i (1= ypn
P (fi(X)) = Prgp (fi(X)),
M(fe(X)) < 1,
Xj 2 0

F=1,2-,R

k=Ko+1,2,--- Ky,

i=1,2,---,m,
k=Ko+1,2,-- Ki,r=12-- ,R—1,
k=Ky+1,2,--- ,Kj,
forj=1,2,---,n
(30)
r=1,2,---,R
k=K +1,2,3,--- K,
k=K +1,2,3,--- Ky,
k=K +1,2,3,--- K>,
k=K +1,2,3,--- Ky,
i=1,2,--.m
k=K, +1,2,--- ,Kr,r=1,2,--- ,R—1,

k=K +1,2,3,--- ,Ka,
forj=1,2,---,n
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4. Numerical Example

A manufacturing company produces three different products namely, Product 1, Prod-
uct 2 and Product 3. Management of the company divides the remaining capacity to
three products. Table 1 gives the capacity of machines that restricts the amounts of
output and assumes that the total required weekly machine hours considered as Pareto
random variable for the production of a product. According to the information taken
from the sales department, sale potential of Product 1 and Product 2 are bigger than
the production amount and the sale potential for Product 3 is approximately greater
than or equal to 40 units per week. The unit profit of Product 1 is 30 USD, the unit
profit of Product 2 is 12 USD and the unit profit of Product 3 is 11 USD. The com-
pany wants to earn approximately greater than or equal to 1800 USD profit per week.

Table 1: Machine hours required for production of products and the capacity of ma-
chines.

Required unit time (per hour)

Machine type Product 1 Product2  Product 3 Weekly machine
time (hour) approximately
Rubbing 9 3 5 570
Polishing 5 4 0 360
Finishing 3 0 2 150

By using the above information in Table 1, determine yearly production plan and
the profit amount of the company. Suppose that the amount of Product 1 will be
produced by x; variable, the amount of Product 2 by x, and Product 3 by x3. So the
problem can be formulated as multi-objective probabilistic linearly constraint fuzzy
goal programming model as follows:

Find X = (x1, x2, x3) to optimize the following fuzzy goals:

fi(X) =30x; + 12x, + 11x3 > 1800
LX) =x3 =240

st. Pr(9x; +3x; +5x3 < b)) > 1 -1,
Pr(5x; +4x, < by) > 1 -y,
Pr(3x; +2x3 < b3) > 1 —y3,
x;j2>0for j=1,2,3,

(32

where y; = 0.05,y, = 0.08,y3 = 0.1 are the specified probability levels decided by
company management. Also, company management assume that g;;,i = 1,2,3,j =
1,2,3 is deterministic in the model and right-hand side variables b;,i = 1,2,3 are
Pareto random variables with known means E(b;) = 600, E(b,) = 400, E(b3) =
200 respectively and variances Var(b;) = 1000, Var(b,) = 2000, Var?(b3) = 5000
respectively. The parameters are calculated using Eqs. (6) and (7) as follows:
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shape parameters p; = 20, p, = 10, p3 =4
and

scale parameters g; = 570, ¢> = 360, g3 = 150.
Suppose that tolerance amounts for profit and sale goals are determined by manager
of the company as respectively 200 USD and 20 unit Product 3, i.e., only lower
tolerance amounts for profit and sale goals are determined by manager of the company
as respectively 1600 USD and 20 units of Product 3. Under these circumstances,
fuzzy-max type of linear membership functions p;(f(X)) and p(f>(X)) are defined
for profit goal and sale goal respectively according to Zimmermann [33] as follows:

1, if 30x; + 12x, + 11x3 > 1800,
30 12 11x3 — 1600
m(fiX) = il xzzzr)o s , if 1600 < 30x; + 12x, + 11x3 < 1800,
0, if 30x; + 12x, + 11x3 < 1600
(33)
and
1, if x3 > 40,
-20
(X)) = { 2 o 120 <x; <40, (34)
0, if x3 < 20.

Using simple additive approach along with Egs. (12), (33), and (34), the deterministic
equivalent linear mathematical model of PFGP can be formulated as:

Max  D(u) = 1 (f1(X) + p2(f2(X))
30x; + 122 + 113 — 1600

st m(fiX) = W ,
o
(X)) = 320 :
9x1 + 3xp + Sx3 < 575.75, (35)

5x1 +4x; < 363.63,

3x1 +2x3 < 154.63,

m(fix) <1,

w(HX) <1,

1 (fiX) = 0, ux(f2(X)) > 0, x; > 0 for j =1,2,3.

The above deterministic linear model can be solved by using LINGO 11.0 software
tool and an obtained optimal solution are as follows:

x; =23.83, xp = 53.75, x3 = 40.00
with achieved goal values as:

g1 =1799.9, g, =40
and the membership values are as:

i (fi(X)) = 1.00, ma(f2(X)) = 1.00.

Similarly, suppose the relative weights of the two objectives, given by the company

management, are w; = 0.8, w, = 0.2. Then using weighted additive approach along
with Eqgs.(12), (33), and (34), the deterministic equivalent linear mathematical model
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of PFGP can be obtained as:

Max D) = 0.8u1(fi(X)) + 0.2u2(f>(X)
30x; + 12xp + 11x3 — 1600

st m(AX) = W
.
(X)) = 320 ,
9.X] + 3X2 + 5X3 < 57575, (36)

5x1 +4x;, <363.63,

3x; + 2x3 < 154.63,

m(ix) < 1,

w(HX) <1,

(i) 2 0, uo(f2(X)) 2 0,x; > 0 for j=1,2,3.

The above deterministic linear model can be solved by using LINGO 11.0 software
tool and obtained optimal solution are as follows:
x1 =23.83, xp = 53.75, x3 = 40.00
with achieved goal values as:
g1 =1799.9, g = 40.00
and the membership values are as:
#1(fi(X)) = 1.00, p2(f2(X)) = 1.00.
Further, in case of preemptive priority company management has consider two
priority levels:
Priority 1: profit goal;
Priority 2: sale goal.
For this case, the main problem is subdivided into two subproblems which are for-
mulated as:

First subproblem:

Max D) = (X))
st w(AX)) = 30x1 + 12x; + 11x3 — 1600

200 ’
9x1 + 3x; + Sx3 < 575.75,

Sx; +4x; <363.63, 37
3x1 + 2x3 < 154.63,

m(AiX)) <1,

ui(fi(X)) = 0,x;>0for j=1,2,3.

The first subproblem is solved by using LINGO 11.0 and the optimal solution is
obtained as:
x1 =51.54, x, = 21.142, x3 = 0.00
with achieved goal values as:
g1 =1799.99, g» = 0.00
and the membership values are as:
i (fi(X) = 1.00.
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Second or final subproblem:

Max  D(u) = ma( (X))
30x; + 12x; + 11x3 — 1600

t. X)) =
st m(fiX) W
e
(X)) = 320 :
9x1 + 3xp + Sx3 < 575.75, (38)

5x1 +4x; < 363.63,

3xp +2x3 < 154.63,

miX) =1,

(X)) < 1,

i (fi(X)) 2 0, p2(f2(X)) 2 0,x; > O for j = 1,2,3.

The second subproblem is solved by using LINGO 11.0 and the optimal solution is
obtained as:
x; =23.83, xp = 53.75, x3 = 40.00
with achieved goal values as:
g1 =1799.9, g» = 40.00
and the membership values are as:
m(fi(X)) = 1.00, ua(f2(X)) = 1.00.

5. Conclusion

In this paper, some additive approaches for solving PFGP problems are presented
where the right-hand side parameter follows Pareto distribution. The crisp determin-
istic models are established for PFGP problems and solved by using suitable math-
ematical programming techniques. Chance-constraint program is used to handled
the randomness in the problem formulation and fuzziness is handled by using linear
membership functions due to Zimmermann [33]. Hannan [9] assigns aspiration val-
ues for the membership functions of the fuzzy goals (which restricts the membership
function from full achievement, i.e., unity) and uses the additive property to aggre-
gate the membership functions to be minimized. It is difficult to assign the aspiration
values for the membership functions when the corresponding goals themselves are
fuzzy. The differential weights (cardinal weights) for differing fuzzy goals within the
same priority level can also be used as in conventional GP. In Subsection 3.3, while
employing preemptive priority in PFGP, the achievement values (membership values)
of the higher priority goals are preserved when considering the lower priority levels.
This contradicts to preserving the achieved goal values (aspiration values) as in con-
ventional GP. If the coefficients a;;,i = 1,2,--- ,m, j = 1,2,--- , n are Pareto random
variables, then the deterministic models turn out to be complicated. In such cases,
heuristic method like genetic algorithm may be used to solve these problems directly
without finding their deterministic models.
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