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Ahstract 

A group is called harmonious if its elements can be arranged in a sequence such that the products of 

consecutive elements comprise all elements of the group. We give a sufficient condition for the 

dicyclic group of order 4n to be harmonious and give a specific construction by which the condition 

can be met when n is divisible by 4. 

1. Introduction 

A group G of order m is called harmonious if its elements can be listed in a 

sequence 

91,923 .” ,%?I (1) 

such that 

9192?9Z.y3~ ... ~Sm-lSmrSmYl 

are all distinct. We call the sequence (1) a harmonious sequence of G. 

A group G is harmonious if and only if G has a complete mapping which is also 

a IG I-cycle. Several types of group were proved to be harmonious in [Z]. Harmonious- 

ness has an interpretation in graph theory as follows. If we label vertices of the 

complete digraph K, on m vertices with the elements of a group G of order m and label 
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the edge joining gi to gi with YiYj, then the existence of a harmonious sequence of G is 

equivalent to finding a hamiltonian circuit in K, such that each element of G occurs 

exactly once as an edge in the circuit. Harmoniousness also gives the appearance of 

being a variation of an old concept called R-sequenceability which have been 

discussed in great depth in [3] and [4]. 

The dicyclic group Qz,, of order 4n is defined by 

Qzn=(~,fi: x2”= 1, /j2=c?, cxp=fir-1). 

It was proved in [l] that Q2,, is sequenceable for n>2 and in [6] that Qzn is 

R-sequenceable when n = 0 mod 4. In this communication, we shall investigate the 

harmoniousness of Q2,,. 

From a well-known theorem of Paige [S], we can deduce that Q2” has no complete 

mappings and consequently is not harmonious if n is odd ([2, Corollary 3.21 or [6, 

Lemma A]). It was claimed in [2] that by computer search Q2,, is not harmonious if 

n = 2. Hence from now on we assume that n is an even integer greater than 2. We state 

the following. 

Theorem. The dicyclic group Q2,, is harmonious if n = 0 mod 4 or n = 0 mod 6. 

2. Proof of the theorem 

For a matrix A4, the (i,j)-entry of M is denoted by M(i,j). For an arbitrary n we 

construct two n x n matrices A and B as follows. Let 

A(i,j)=i+j-2 mod2n, for i,j=l,2 ,..., n, 

B(i,j)=n-i-j+ 1 mod2n, for i,j= 1,2, . . . . n. 

For a permutation 71 of degree n and a n x n matrix M, let 

JI(M)={A~(~,TC(~)): i= 1,2, . ,n) 

Proposition 1. Q2n is harmonious if there exist two permutations n and 8 of degree n such 

that 87~ is an n-cycle and rc(A)uIJ(B) is a complete set of residues modulo 2n. 

Proof. Let f=&r, c be an arbitrary fixed integer with 1 <c <n, and 

h2i _ 1 = -fi- l(c) mod 2n, i= 1, . ,n, 

h2i=,f’-‘(C)-l mod2n, i=l,..., n, 

a2i_1=~.f’i-‘(c)-1 mod2n, i=l, . . ..n. 

azi=z,fi-l(c)+n- 1 mod2n, i= 1, . . . ,n. 
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Sincef is a cycle, it is easy to see that 

{hIi_ 1: i= 1 ,..., n]={n,n+l,..., 2n-11 mod2n, 

{h,i: i=l,..., nf={O,l,..., n-1) mod2n, 

jU2i_1: i=l,..., nj=(O,l,..., n-1) mod2n, 

{LIzi: i=l,...,n}={ n, n + 1, . . ,2n - 11. mod 2n. 

By direct calculation we have 

b2i + 1- U2i = n -,f’(~) - n,f'(c) + 1, 

where all arithmetic is modulo 2n. Hence, 

{b,i-h,i-r+n: i=l,..., n}=jl,3 ,..., 2n-1) mod2n, 

ia,i+U,i_,: i= 1 , . . . , n} = {O, 2,4, . . ,2n - 2) mod 2n. 

By the definitions of the matrices A and B we have 

Notice that f is a cycle and .f’(c) = &rf i- l(c). By the definitions of n(A) and O(B) we 

have 

{bzi+uzi_1: i=l,...,n}=rt(A), 

{b,i+,-u,i: i= 1 ,..., n}={B(nfi-l(c), Orr,f’-l(c)): i=l,..., n}=o(B), 

where subscripts are read modulo2n. 

We claim that the following sequence is a harmonious sequence of Qzn: 

pe, ljCl*2, P, CP, #tkxb~, PC?, P, c?, . . . ) fi&-‘, /Ic+, P”_‘, CP”. (2) 

This sequence comprise all elements of Qznr because both 

{bj:j=1,2,...,2n) 

and 

{uj: j= 1,2, . . . ,2nj 
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are the complete set of residues modulo 2n. The products of consecutive terms of the 

sequence (2) are 

$-b,+n ,ljSlbz+ol,~~,+az,~~b~-az,~b4-b3+n,~ab4+”~, . . . . ubzn-b2n-i+n, 

fiClbzn+aznv,, ,y~-,+a~n,~~b~-cnn, 

These products comprise all elements of Qz. because 

(hzi-hzi_r+n: i=l,...,njU:Uzi_1+Uzi: i=l, . . ..?I) 

is a complete set of residues modulo 2n and by our hypothesis 

{h,i+Uzi-1: i=l, . . . . n)u(b~i+1_U*i: i=l,... ,t?-> 

is a complete set of residues module 2n as well. 0 

Proposition 2. Qzn is harmonious ij” n = 0 mod 4. 

Proof. Let n = 4k for some positive integer k and let rt to be the permutation of degree 

n defined by 

71(i) = 
2k-f(i-1) if i is odd, 

4k-_ti+ 1 if i is even, 

for i= I, 2, . . ,4k. By the definition of the matrix A, we have 

A(i, z(i)) = 
2k+&(i-3) mod 2n if i is odd, 

4k+ii- 1 mod2n if i is even, 

and 

n(A)=j2k-1,2k,..., 4k_2,4k,4k+l,..., 6k-1). 

Let 0 be the permutation of degree n defined by 

13(i)= 4k-2i+4 

1 

1 if i=l, 

if 2<i<2k+l, 

8k-2i+3 if 2k+2<id4k. 

By the definition of matrix of B, we have 

(4k - 1 mod 2n if i=l, 

B(i, U(i)) = i - 3 mod 2n 

i 

if 2<i<2k+ 1, 

4k+i-2 mod2n if 2k+2did4k, 

and 

fI(B)=(8k-l,O,l,..., 2k-2,4k-1, 6k, 6k+ 1, . . . ,8k-2). 

Hence z(A)u t)(B) is a complete set of residues modulo 2n. By direct calculation we 

deduce that 

,f=&r=(l 4 5 8 9...4k-4 4k-3 4k 2 3 6 7...4k-2 4k-1) 

which is a cycle. Hence by Proposition I, we conclude that Qzn is harmonious. 0 
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Lemma. Qzn is harmonious when n = 6. 

Proof. Let rc and 0 be the permutations of degree 6 defined by 

( 

123456 
Jl= 

) 362514’ 

e= 
( 

123456 

1 156234’ 

It is easy to see 

f=Ox=(l 6 2 4 3 5) 

which is a cycle. We can verify that x(A) u B(B) is a complete set of residues modulo 12. 

By Proposition 1 we deduce that Q12 is harmonious. 0 

It was proved in [2] that QZnm is harmonious for odd integers m provided Qzn is 

harmonious.Therefore, by the previous lemma and Proposition 2, we have the 

following proposition. 

Proposition 3. Qzn is harmonious tf n = 0 mod 6. 
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