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Abstract

We prove that weak shape equivalences are monomorphisms in the shape category of uniformly
pointed movable continua Shys. We use an example of Draper and Keesling to show that weak
shape equivalences need not be monomorphisms in the shape category. We deduce that Sh s is not
balanced. We give a characterization of weak dominations in the shape category of pointed continua,
in the sense of Dydak (1979). We introduce the class of pointed movable triples (X, F,Y), for
a shape morphism F': X — Y, and we establish an infinite-dimensional Whitehead theorem in
shape theory from which we obtain, as a corollary, that for every pointed movable pair of continua
(Y, X) the embedding j: X — Y is a shape equivalence iff it is a weak shape equivalence. © 1999
Elsevier Science B.V. All rights reserved.
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Dyer and Roitberg and Dydak, in [8] and [6], respectively, proved that the homo-
topy category of pointed path-connected CW-spaces, HCW., is balanced, i.e., a map
f:X — Y is an equivalence in HCW, iff it is both an epimorphism and a monomor-
phism in HCW,,.

Since shape theory does not modify homotopy theory on CW-complexes and ANRs
then, the mentioned result can be trivially stated in the context of the shape category
of pointed path-connected CW-spaces, that is a full subcategory of the pointed shape
category, Sh.
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Movable spaces constitute a very important class in the theory of shape. Movability
can be seen as a natural generalization of the property of being shape dominated by a
CW-complex.

In this paper we deal with pointed continua (compact Hausdorff connected topological
spaces) and pointed metric continua. One of the aims of this article is to show that we
can not obtain an analogue of above theorem when we consider the shape category of
uniformly pointed movable continua Sh .

The theorems of the papers [8] and [6] are variants of the classical Whitehead theorem.
That is why our approach is based on the Whitehead theorem in shape theory.

A shape morphism F': (X, *x) — (Y,x*) is said to be a weak shape equivalence if
it induces isomorphisms between all the homotopy pro-groups. On the other hand,
F:(X,x) — (Y,*) is a very weak shape equivalence if it induces isomorphisms on
the shape groups [9].

Keesling corrected, in [13], a gap in Moszyriska’s proof of a variant of the White-
head theorem in shape theory (see [21,22]). He showed that a monomorphism in the
category of uniformly movable pro-groups needs not be a monomorphism in the cat-
egory of pro-groups. However, Keesling proved that if (X, ) and (Y, *) are pointed
(uniformly) movable metric continua a shape morphism F': (X, *) — (Y, %) is a weak
shape equivalence iff it is a very weak shape equivalence.

It is well known, see [4], for example, that weak shape equivalences need not be shape
equivalences even for pointed movable spaces. Here, the dimension of the spaces plays
an important role. Nevertheless, there are infinite-dimensional Whitehead type theorems
in the theory of shape that allow to conclude that a weak shape equivalence

F:(X,%) — (Y,%)

between pointed movable metric continua is a shape equivalence provided F is a shape
domination (Dydak [5]) or Y € FANRs (Edwards and Geoghegan [10]).

The authors [16] (Cuchillo, Sanjurjo and the authors [20]), defined an ultrametric
(topology) on the set of shape morphisms Sh(X,Y") between compacta (arbitrary topo-
logical spaces) X, Y. In [18] we proved that this metric is useful to obtain in a short
and elementary way the infinite-dimensional Whitehead theorems already known.

In this paper we apply this machinery, essentially Theorem 1, to prove, as we already
announced, that Sh s is not balanced. We shall also obtain a characterization {Corollary 1)
of weak dominations, in the shape category of pointed uniformly movable continua, in
the sense of Dydak [5]. Finally we will prove another infinite-dimensional Whitehead
theorem in shape theory. We introduce the class of pointed movable triples (X, FY),
for a shape morphism F': X — Y, and we establish Theorem 5 from which we obtain,
as a corollary, that for every pointed movable pair of continua (Y, X) the embedding
j: X — Y is a shape equivalence iff it is a weak shape equivalence. This article also
shows that the applications of our techniques (see {16,18,19]) can be also obtained if
metrizability is not required.

We will write She to represent the shape category of pointed compact topological
spaces.
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In order to make the paper as selfcontained as possible we will recall the basic ideas
and results of [16,20,18] that we need. In a few cases when we state a known result we
provide a new proof of it (if shorter).

Let (X,xo) and (Y, yo) be pointed compacta (compact metric spaces). We will as-
sume Y to be embedded in the Hilbert cube Q). Let i.: Y — B{(Y,¢) be the inclusion.
For any pair f,g:(X,x0) — (Q,y0) of maps take F(f,g) = inf{e > 0: f = g in
B(Y.e) = Y.} (= means the pointed homotopy relation).

It is clear that (pointed) approximative maps (see [2]) {fx}: (X, zo) — (Y, 50) corre-
spond with F'-Cauchy sequences and that (pointed) homotopic approximative maps are
equivalent F'-Cauchy sequences.

Given «, 3 € Sh((X,x),(Y,yo)) (the set of shape morphisms between the pointed
spaces (X, zo), (Y,y0)) and F-Cauchy sequences {fi}, {gx} in the classes of a, 3,
respectively, the formula

d(a, 8) = klirgo F(fe,9x)

produces a well defined complete, non-Archimedean metric in Sh({X, z), (Y, 30)) such
that the composition of pointed shape morphisms induces uniformly continuous maps
between the spaces involved (the reader can see [24] for information about ultrametrics).
This fact provides many new pointed shape invariants (see [16] for details in the unpointed
case). Next proposition states the geometrical meaning of the above metric.

Proposition 1 [16]. Given «, 3 € Sh((X,z0), (Y,y0)), d(v, 8) < € if and only if S(i.)o
a = S(i.) o 8, as pointed morphisms (S denotes the shape functor).

In order to simplify notation we will suppress base points consistently.
In [20] the above construction is extended for arbitrary topological spaces. If X, Y are
(pointed) topological spaces, let

p: X —X=X\pw.4) and q:Y =Y =Y, ,qu, M)
be HPol,-expansions of X and Y, respectively.
Denote Sh(X,Y) = (Sh(X,Y,), g}, M).
For every p € M and F € Sh(X,Y) take V" = {G € Sh(X,Y) such that g, o F =
qu © G as pointed homotopy classes to V), }.

Proposition 2 [20]. The family {V#F: F e SWX,Y), u € M} is a base for a topology
Tq in Sh(X,Y). Moreover, the topology so obtained depends only on X and Y, in the
sense thar if @Y — Y’ = (Y,,quu, N) is another HPol,-expansion of Y, then the
identity map (Sh(X,Y),Tq) — (SMX.Y), Ty ) is a homeomorphism.

In order to study the topological structure of the spaces of shape morphisms next result
is useful.

Proposition 3 [20]. Ler ¢*: SW{(X,Y) — Sh(X,Y) be the morphism induced by q.
Then, q* is an inverse limit of Sh(X,Y") in Top.
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One of the key results is the following theorem.

Theorem 1 [18]. Let F': X — Y be a shape morphism that is a weak shape equivalence;
then, for any compact connected pointed polyhedron P, F induces an isomorphism
Sh(P,X) — Sh(P,Y) in pro-Top.

Returning to the compact metric framework, it is well known that out of pointed
(compact) connected polyhedra there is a countable set {F,: n € N} containing one
of each pointed homotopy type. Consider the inverse system {P,,p,: n € N} where
P Ppy1 — P, is the constant (pointed) map. Let (W, ) be the pointed internally
movable connected space obtained by applying the star-construction, see [23] or [14,
p- 185], to the above inverse sequence.

The space W is useful because the uniform topological type of Sh(W, X)) characterizes
the shape of X, provided X is pointed movable. More precisely, in [18] it is shown that
a shape morphism between pointed movable metric continua F': X — Y is a shape
equivalence iff F' induces a bi-uniform homeomorphism F*: Sh(W, X) — Sh(W,Y’).

Recall the following definition due to Dydak [5].

Definition 1. Let X, Y be pointed topological spaces, F': X — Y be a shape morphism
and p: X —» X = (X),par,A) and q:Y — Y = (Y, qxn, A) be HPol,-expansions
of X and Y, respectively and a level preserving morphism { F) } »c 4 representing F'.

F is said to be a weak shape domination provided for any A € A there exist A’ > A
and a pointed H-map ¢: Yy — X such that the following diagram commutes

Y)\l I’ Y)\
X

Proposition 4. Let X, Y be pointed continua. Let F': X — Y be a shape morphism
that is a weak shape domination. If X is uniformly pointed movable it follows that
F*(Sh(Z,X)) is a dense subspace of SKZ,Y) for any pointed continuum Z.

Proof. We keep the notation of above definition.

Let 8 € Sh(Z,Y) and A € A. Describe 3:Z — Y as an approaching morphism
B:Z-Y = (Y, ¢, A) (see, for example, [14, p. 28]).

Take A" € A such that there is a shape morphism r: X, — X such that the following
diagram commutes

Paxs

X X

NJZ

X
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Now we consider A 2 A and a pointed H-map g: Y~ — X as in the last definition,
i.e., such that the following diagram commutes

gt
Yo Yy
X %/ )
X
X

Define « =rogofy:12Z — X.
We have that F*(a) € V. Indeed,

q,\O(F*(a)):q)\oFoa:F)\op)‘oa:FAop'\orogo[g’)\u
:F/\ OP,\A' OgO/B,\n :qA)\' OF)\/ ogoﬁ/\u
:qu/ O gy O/BA” :q/\)\// Oﬁ)\u :ﬁ)\ :q/\Oﬂ. O

Remark. Note that weak shape dominations preserve movability and uniform movability
(Theorem 2.11 of [5]). Then, in the last proposition, the uniform pointed movability of X
implies the uniform pointed movability of Y.

Proposition 5. Let X, Y be pointed continua. Let F: X — Y be a shape morphism
such that F*(SW(W, X)) is a dense subspace of ShW.Y). Then F is a weak shape
domination provided Y is uniformly pointed movable.

Proof. Assume F' to be represented by a level preserving morphism { F }aca.
Take A € A. There exist A’ € A and a shape morphism r:Y), — Y such that the
following diagram commutes

A’

Y
.
Y

Since W shape dominates every pointed finite polyhedron there are shape morphisms
ix Yy — W and 7y : W — Yy such that S(Jdy,,) = ry oix.

Define 5 = rory:W — Y. From the density of F*(Sh(W, X)) there is a €
Sh(W, X) such that F*(a) € V.

Take g = py c @ oiy Yy — X,. It follows that the diagram

-
Y

- Arxt
N Y,
X

commutes.
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Indeed,

Frxog=Fiopyoaoiy =qgroFoaoiy =qrofoiy

:q/\OTOT/\/Oi/\/:q)\OT:q/\/\/, 0

Corollary 1. Let X, Y be uniformly pointed movable continua and let F: X — Y be a
shape morphism. The following conditions are equivalent:
(a) F is a weak shape domination.
(b) F*(Sh(Z,X)) is a dense subspace of Sh(Z,Y), for every pointed continuum Z.
(c) F*(ShW,X)) is a dense subspace of Sh(W,Y’).

From Theorem 1, we can obtain an alternative short proof of the following theorem:

Theorem 2 (Dydak). Let X, Y be pointed continua. Let F': X — Y be a shape mor-
phism that is a weak shape equivalence. If Y is pointed movable it follows that F is a
weak shape domination.

Proof. We take polyhedral expansions p: X — X = (X),pax,4) and ¢:Y - Y =
(Yx, qan, A) of X and Y, respectively and a level preserving morphism {F}xca rep-
resenting F'.

Let A € A. Take A’ > X an associated pointed movability index.

Applying Theorem 1 (P = Y)/) and Morita’s characterization of isomorphisms in
pro-categories, [15], there exist A} € A, Ay = X, and g} : Sh(Yy, Yy, ) — Sh(Yy, X»)
such that the following diagram commutes

Sh(Y, X») P Sh(Yy, Xx,)
9x
Fy F3,
qix,
Sh(Yy,Y3) Sh(Yy,Ya,)

Take a shape morphism 7: Yy, — Y}, such that the following diagram commutes

iz’
Yy 2 Yy,
Ya,

Let g = g5(r) : Y — X\
We have that

Fyog=Fyogi(r) = (FXogi)(r) = G, (T) = x0T = .

Then, F is a weak shape domination. O
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Next corollary is an easy consequence of the last theorem (see [14, p. 186], for a
proof).

Corollary 2. Let X, Y be pointed continua. Let F: X — Y be a weak shape equiv-
alence. If Y is pointed movable, then I is an epimorphism in the pointed shape cate-
gory Sh.

Remark. When Y is uniformly pointed movable we have the following alternative short
proof:

Let a,3:Y — Z be shape morphisms such that « o F' = Fo F.

Since F*(Sh(Y,X)) is a dense subspace of Sh(Y,Y), we have that o* = §*:
Sh(Y,Y) — Sh(Y, Z). Then, a = 5.

Example. Under the conditions of the last theorem F™*(Sh(W, X)) can be a proper dense
subspace of Sh(W,Y).

Proof. Take a Kahn’s (see [12] and [4]) sequence of compact connected polyhedra
{Zn}nen and maps hy,:Z, 1y — Zn, n € N such that for 7 < j the map h;o0---0
hj:Z;1 — Z; is essential and Z, is [(2p — 1) + (2p — 2)n]-connected (p fixed odd
prime).

Using the above sequence Draper and Keesling, see [4], constructed pointed movable
metric continua X and Y, a continuous map f: X — Y that is a weak shape equivalence
but it is not a shape equivalence.

X is the inverse limit of the sequence {(Xn, Zn)}nen Where (X,,z,) = V[ (Zi, 2i)
and the bonding maps prni1: Xnt1 — X, are defined by ppn4i(z) = z for x € Z;,
i < n, and ppp1(x) = hy(2) for z € Zpyy.

Y is the inverse limit of the sequence {(Yy,yn)}nen Where (Yo, yn) = V1 (Zi, 2)
and the bonding maps qnn41:Yny1 — Y, are defined by gnnyi(z) = z for z € Z;,
i< n,and qunyi(z) = yn forz € Z, 4.

The map f: X — Y is induced by the sequence {f, }nen, fn: Xny1 — Y, defined
as fo(@) =z, 7€ X, and fp(z) =y if z € Zppy.

Draper and Keesling showed that the shape morphism S(f) = F induces isomorphisms
of all the homotopy pro-groups, then F*(Sh(W, X)) is a dense subspace of Sh(W,Y).
On the other hand, there are shape morphisms r: W -- Y and j:Y — W such that
roj==58(dy).

r ¢ F*(Sh(W, X)). Indeed, if there is & € Sh(W, X) such that r = F*(a) = Foa
one has F'oaoj =roj = S(Idy). Then F is a shape domination and using a theorem
of Dydak [5] (see also [18] for a different proof using the ultrametric) F' would be a
shape equivalence. This is contradictory. O

Theorem 3. Let X, Y be pointed continua and let F: X —'Y be a weak shape equiva-
lence, then F*: SWZ,X) — Sh(Z,Y) is injective for every uniformly pointed movable
continuum 7.
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Proof. Let o, 3 € Sh(Z,X) such that Foa = F o 3.

We take polyhedral expansions r:Z — Z = (Z,, 1w, M), p: X — X = (X},
ma,A)andqg:Y - Y = (Ya,qax, A) of Z, X and Y, respectively. Consider { Fj}xca
to be a level preserving morphism representing F'.

We assume ¢, § to be represented by ({ax}aca, @) and ({Bxrtrea, ).
Take A € A.

Let p > d)()\),lp()\) such that F o ay o Top(MNp = FyofByo Ty\
Take 4/ > p to be the associated uniform movability index. Then there is a shape
morphism s: Z,» — Z such that the following diagram commutes

T;Lu.’
Zy Z,

N

Z
We have that Foaos = F o 3os. Theorem 1 implies that « o s = § o 5. Then

proaos=pyofos.
Since px 0 v = @) 0 T(x), © T and Py © B = [ 0 Ty(a), © Ty, it follows that

QA O TH(A) OTp ©8 = fBr 0 Ty(n)u O Tp O 8-
Therefore,

QX O Tg(A) © Tup = B2 0 Ty © Taps
and

QX OTou = Br O Ty(\u's

consequently o = 3. O
From the last theorem and Corollary 2 we obtain the following theorem

Theorem 4. Let X, Y be uniformly pointed movable continua and let F: X — Y be
a weak shape equivalence, then F is both a monomorphism and an epimorphism in the
category Shys.

Corollary 3. Let X, Y be pointed movable metric continua and let F: X — Y be a
very weak shape equivalence, then F is both a monomorphism and an epimorphism in
the category Shyr of pointed movable metric continua.

The fact that Sh s is not balanced follows from Theorem 4 and next proposition which
shows something stronger.

Proposition 6. There exist pointed movable metric continua X, Y and a weak shape
equivalence F: X — Y that is not a monomorphism in the category Shc. Thus, there
exists a shape morphism F : X — Y that is both a monomorphism and an epimorphism
in the category Shys that is not a monomorphism in She.
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Proof. Take the inverse sequence {Z,,, i, }nen, the metric continna X, Y and the shape
morphism F == S(f): X — Y of Example 1. F is a weak shape equivalence.

Let Z be the pointed compactum defined as the inverse limit of {Z,,, h,}.

For any n € N, let o, : Z,, — X, the natural inclusion and 3,,: Z,, — X, the trivial
map.

The sequences {an, }nen and {8, } nen induce continuous maps «, 3: Z — X, respec-
tively. We will denote again by o and 3 the corresponding shape morphisms.

Since f,, 0 any = fn 0 Bnt1, we have that Foa == F o j.

However o and 3 do not coincide because the composition h;0---oh;: Z;41 — Z;
is essential for i < j. O

Definition 2. Let X, Y be pointed topological spaces and F': X — Y a shape morphism.
The triple (X, F,Y) is said to be pointed movable if there are HPol,-expansions p: X —
X = (Xn,paa, Ay and ¢:Y — Y = (Y, qxn, A) of X and Y, respectively and a
level preserving morphism {F)}xea representing F such that for every A € A there
exists A’ > A such that every A’ > X\ admits pointed H-maps r;: Xy — Xy~ and
r2: Yy — Yy such that the following diagram commutes

Fys

X — Y)\l

/ \
F)\II
X}\N —_— p/\)\' QAA’ YX” ‘
k J axaar

Fy

X — Y

In a similar way (X, F, Y") is said to be uniformly pointed movable provided for every
A € A there exist A’ > X and shape morphisms o : Xy — X and ay:Yy — Y such
that the following diagram commutes

Fy
X)\/ —- Y)\/

@
X —_— Dax gry

\‘ y/
F

X,\ > Y)\

Y .
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It is obvious that the (uniform) movability of X and Y is necessary for the triple
(X, F,Y) to be (uniformly) movable. It is also clear that uniform movability of triples
implies movability of triples.

Theorem 5. Let X, Y be compact connected pointed spaces and let F: X — Y be
a shape morphism that is a weak shape equivalence. If the triple (X, F,Y') is pointed
movable it follows that F is a shape equivalence.

Proof. Let p: X — X = (X»,pan,4), ¢:Y - Y = (Y),qav,A) be HPol,-
expansions of X and Y, respectively. Let {Fx}xca be a level preserving morphism
representing F' as in above definition.

Take A € A. Let A’ > ) be a movability index for the triple (X, F,Y").

Let R € Obj(HPol,).

Using Theorem 1 (see [18]), there is a morphism

({g3}rea, ¢): Sh(R,Y) — Sh(R, X)

representing the inverse of {F}ea in pro-Top.
Then, there is p € A, 1 2 X, such that the diagrams

t

-
Sh(R, Xs5) 2 h(R, Ys(x)) R(R, X»)
Phian /
Sh(R, X,,)
Sh(R, Ysn) = Sh(R, X) Sh(R,Y3)
9o (am /
Sh(R,Y,)

commute.
Take 71 : Xy — X, and 2 : Yy — Y, as in Definition 2 for M= p.
(a) Let h: R — Y, be any pointed H-map.
Consider m; 0 h: R — Yy — Y. Let k = (g} 0 g}, )(r2 © h):R — X). We
have that

Fyok= (F;ogf\oq;(,\)u)(hoh) = q;”(TQOh)
=guomoh=gquxoh

(b) Let uy,us: R — X, be pointed H-maps, such that F) o uy = Fy o up.
Then, ) OF,\I ocuy="m OF)\/ o U2.
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Since r; o Fy/ = Fj, o, we have qg(), © Fpp o710 U1 = gypayu oF,oriou.
Thus

F(x) © o © T1 0 Ut = Fy(n) 0 Pga 011 0 U2,

By composing with g} we obtain
(93 © Fjn) 0 Poon,) (o w) = (95 © Fgy 0 Phny,) (r o wa)-

Now we have,
Pu(riour) =p3,(rou).

Therefore,
PAp ©T1 O UL = Py, ©T1 0 U, and pyx O Uy = Pax © Up.

Now the proof of the theorem follows from similar arguments of the Theorems 2, 3 of

[14, pp. 148-149].

Corollary 4. Let (Y, X) be a pointed movable pair of continua. The embedding j: X —
Y is a shape equivalence if and only if it is a weak shape equivalence.

Corollary 5. Let (Y, X) be a pointed movable pair of metric continua. The embedding
j: X — Y is a shape equivalence if and only if it is a very weak shape equivalence.

Using Fox’s theorem (see [7], for example), we have

Corollary 6. Let X, Y be pointed metric continua and let F': X — Y be a shape
morphism that is a very weak shape equivalence. Then I is a shape equivalence provided
the pair (Z, X) of Theorem 4.3.3 of [7] is pointed movable.
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