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1. Introduction

This paper is concerned with the modular representation theory of the symm
groups. Throughout, we fix a positive integern and a primep > 0 and we conside
representations of the symmetric groupSn of degreen over a field of characteristicp.
We adopt the standard notation for the representation theory of the symmetric grou
from [8].

It is well known that ap-block of a symmetric groupSn is determined by itsp-core
and its weight, and that the weight of a block is equal to the defect of the blockp

exceeds the weight [8]. In this paper we shallbe concerned mainly with blocks of sma
defect.

Letλ andµ be partitions ofn with µ beingp-regular. As usual, the symmetric groupSn

has a Specht moduleS(λ) and ap-modular irreducible moduleD(µ). The decomposition
number[S(λ) : D(µ)] is defined to be the composition multiplicity ofD(µ) in S(λ). The
following facts are known about blocks of weightw:

(a) If w = 0 or 1 then all the decomposition numbers of the block are 0 or 1.
(b) If w = 2 andp > 2 then all the decomposition numbers of the block are 0 or 1 [21
(c) If w = 4 then some decomposition numbers of a block can be greater than 1, e

p > w.
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Moreover, if w = 0,1, or 2 then there is a known method for determining
decomposition numbers [18]. The situation for the casew = 3 is still not properly
understood. In particular, the decomposition number

[
S(2p − 2,2p − 2,p − 1,1) : D(3p − 3,2p − 1)

]

is yet to be determined forp > 5. This is just one of a collection of decomposition numb
for weight 3 which we are unable to evaluate.

Our investigation of blocks of weight 3 grew out of an attempt to improve upon
earlier results of Martin and Russell [17] by explicitly calculating the decompos
numbers. This led us to discover various errors and omissions in [17] which place in
the claim made there that whenp > w all the decomposition numbers are 0 or 1. No
incidentally, that if the decomposition numbers for a given block are known to be 0
then the decomposition numbers can, in principle, be determined by applying Sch
theorem [9,19].

In this paper we concentrate on understanding blocks ofsmall defect. By definition, if
k is a field of characteristicp then a blockB of kSn hassmall defectif p > w, wherew

is thep-weight ofB. These terms will be introduced below.

2. Basic results

By using a result of Brundan and Kleshchev, we are able to improve upon the p
tation of several of the basic techniques used in [17,20,21] for estimating decompo
numbers. In order to state these results recall that thediagramof a partitionλ is the set of
nodes

[λ] = {
(i, j) | 1 � j � λi

}
.

We think of [λ] as being an array of crosses in the plane and we will refer to the row
columns of[λ] which should be interpreted in the obvious way.

A nodex ∈ [λ] is removableif [λ] \ {x} is the diagram of a partition. Similarly, a nod
y /∈ [λ] is addableif [λ] ∪ {y} is the diagram of a partition. The nodex = (i, j) is called
an r-node if r ≡ j − i (modp). A removabler-nodex ∈ [λ] is normal if whenevery is
an addabler-node in[λ] which is in an earlier row thanx then there are more removab
r-nodes betweenx andy than there are addabler-nodes [11].

Finally, recall that a partitionµ is p-regular if no p non-zero parts ofµ are equal. Then
D(µ) �= 0 if and only if µ is p-regular.

Proposition 2.1. Assume thatλ andµ are partitions ofn with µ beingp-regular, and that
k is a positive integer such that

(1) λ has at mostk removabler-nodes; and
(2) µ has a leastk normalr-nodes.
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Then[S(λ) : D(µ)] is either zero or is equal to an explicit decomposition number ofSn−k .
More precisely, ifλ has fewer thank removabler-nodes then[S(λ) : D(µ)] = 0; and if
λ has exactlyk removabler-nodes then[S(λ) : D(µ)] = [S(λ) : D(µ)], whereλ is the
partition obtained fromλ by removing itsk r-nodes, andµ is the partition obtained from
µ by removing its lowestk normalr-nodes.

Proof. By r-restrictingD(µ) k times, we obtain anSn−k-module which containsD(µ) as
a submodule. Ifλ has fewer thank removabler-nodes then byr-restrictingS(λ) k times
we obtain the zero module, so[S(λ) : D(µ)] = 0. If λ has exactlyk removabler-nodes
then[S(λ) : D(µ)] = [S(λ) : D(µ)] by [3, Lemma 2.13]. �

We now recall the notion of anabacusfrom [6]. A p-abacus hasp runners, which we
label as runner 1 to runnerp, reading from left to right. The bead positions on the aba
are labelled 1,2,3, . . . , reading from left to right and then top to bottom. Thus, the be
on runnerr have labelsr + pk, for somek � 0.

Recall that ifλ = (λ1, λ2, . . .) with λi = 0, wheneveri > k, then λ has an abacu
configuration withk beads at positions{λi + k − i + 1 | 1 � i � k}. Note that ifλ hask

non-zero parts thenλ can be represented on an abacus withk′ beads wheneverk′ � k. For
example, the partition(15,13,6,42,22) can be represented as an abacus with 10 an
beads, respectively, as follows:

• • • · ·
• • · · •
• · · • ·
· · · · ·
· • · · •
· · · · ·

and

• • • • ·
· • • · ·
• • · · •
· · · · ·
· · • · ·
• · · · ·

.

An abacus representation withk beads can be converted into one withk + 1 beads by
shifting all beads one position to the right and then adding a new bead at position 1.

It is convenient to say that a bead on runnerr is anr-node. This changes the definitio
of r-node above by a constant and causes no harm. With this convention, removinr-
node from a partition corresponds to moving a bead on runnerr one space to the left (wit
an obvious modification ifr = 1), and adding anr-node corresponds to moving a bead
runnerr − 1 one space to the right (with an obvious modification ifr = 1).

By definition, ap-core is partition which has an abacus configuration in which al
the beads are positioned as high as possible on each runner. A partition hasp-weightw
if its abacus configuration can be obtained by starting with the abacus configuratio
p-core and slidingw (not necessarily distinct) beads down one position on their runne
this way, we attach ap-core to each partition of weightw.

Finally, recall that all of the irreducible constituents of a Specht moduleS(λ) belong to
the same block and, further, thatS(λ) andS(µ) belong to the same block if and only ifλ

andµ have the samep-core [8]. Consequently,S(λ) andS(µ) belong to the same bloc
if and only if they are of the same weight and they have abacus configurations whic
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the same number of beads on each runner. We will say that two partitionsλ andµ belong
to a blockB if S(λ) andS(µ) are both contained inB.

We can now present some corollaries of Proposition 2.1.

Corollary 2.2. Suppose that the partitionλ of n has exactlyk removabler-nodes and no
addabler-nodes. Letµ be ap-regular partition ofn. Then[S(λ) : D(µ)] is equal to an
explicit decomposition number ofSn−k which is in a block of the same weight asλ.

Proof. We may assume thatµ is in the same block asλ. Henceµ has exactlyk more
removabler-nodes than addabler-nodes and so has at leastk normal r-nodes. The
corollary now follows immediately from Proposition 2.1. (The remark that the block
Sn−k has the same weight asλ follows from the fact that the abacus configuration ofλ can
be obtained from that ofλ by swapping runnersr − 1 andr.) �

Corollary 2.3. Suppose thatB is a block ofSn with the property that for every partitio
in B there exists anr such that the partition has a removabler-node but no addabler-
node. Then we can equate each decomposition number ofB with an explicit decompositio
number for a smaller symmetric group.

From now on, we assume that we are dealing with a block of weightw.

Corollary 2.4. Suppose thatw � 3. Then every decomposition number for the princi
block ofSwp is either zero or can be equated with anexplicit decomposition number o
Swp−1.

Proof. Thep-core of the principal block ofSwp is empty, and so it can be represented
an abacus withw beads on each runner, with all the beads pushed as far up as po
Suppose thatS(λ) belongs to the principal block ofSwp , so that the abacus configurati
for λ is obtained from thep-core configuration by movingw beads, not necessarily distinc
down one position on their runners. Sincew � 3, we see that in the abacus configurat
for λ, for eachr, we can move at most one bead from runnerr to runnerr − 1. In other
words,λ has at most one removabler-node. Now suppose thatµ is p-regular and choose
normalr-node ofµ, for somer. Proposition 2.1 now allows us to deduce that[S(λ) : D(µ)]
is either zero or equal to a decomposition number ofSwp−1. �

Note that the weight of a partition ofSwp−1 must be less thanw, and all the
decomposition numbers for blocks of weight 0,1, or 2 are known [8,18]. Therefor
Corollary 2.4 determines the decomposition numbers ofS3p. Note, too, that the proo
fails whenw = 4 becauseλ may have more than one removabler-node in this case. Fo
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example, suppose thatp = 3 and consider the partitionλ = (6,4,12), which has the abacu
configuration:

• • •
• • ·
• • ·
· · •
· · •

.

Corollary 2.5 (Scopes [20]).Suppose thatB is a block ofSn such that the abacu
configuration of every partition inB has the property that runneri contains at leastw
more beads than runneri − 1, for somei. Then each decomposition number forB can be
equated with an explicit decomposition number for some smaller symmetric group.

Proof. Makingw slides from thep-core, no position which we reach allows us to mov
bead on runneri − 1 one space to the right. Therefore, we may apply Corollary 2.3,
r = i, to obtain the desired result.�

We remark that Scopes proved the stronger result that the blockB is Morita equivalent
to the block whose abacus configuration is obtained by interchanging runnersi andi − 1.

3. Methods for estimating decomposition numbers

We now present a collection of techniques for gathering information about deco
sition numbers. These ideas determine the decomposition numbers for blocks of
0,1, or 2, and go some way in dealing with blocks of higher weight. Many examples
appear later in this paper.

Suppose we are given a partitionλ and that we are trying to find[S(λ) : D(µ)], for all
µ. We may assume thatλ andµ are in the same block and thatµ � λ, since otherwise
[S(λ) : D(µ)] = 0. (Recall thatµ � λ if

∑k
i=1 µi �

∑k
i=1 λi , for all k � 1. We say tha

µ dominatesλ.) In particular, the number of (non-zero) parts ofµ cannot exceed th
number of parts ofλ. Hence, whatever abacus we use to representλ we can also use t
representµ. This follows because the number of parts of a partition can be read o
abacus configuration by counting the number of beads after the first gap.

Also, recalling the definition of normal node from the last section, observe tha
normalr-nodes forµ can also be read off an abacus configuration forµ by considering the
beads on runnersr − 1 andr in the abacus.

Our first rule is the abacus version of Corollary 2.2.

Rule 1. Suppose thatλ has an abacus configuration such that exactlyk beads on runne
r can be moved one space to the left and that none of the beads on runnerr − 1 can be
moved one space to the right, for somer. Then[S(λ) : D(µ)] = [S(λ) : D(µ)], where the
abacus configuration forλ is obtained from that forλ by moving to the left thek possible
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beads on runnerr, and the abacus configuration forµ is obtained by moving to the left th
k beads on runnerr corresponding to the lowestk normal nodes inµ.

Notes.

(a) In practice,µ frequently has no addabler-nodes, so to obtainµ one simply moves to
the left thek possible beads on runnerr.

(b) If k � 1 then Rule 1 equates[S(λ) : D(µ)] with a decomposition number of the sam
weight in a smaller symmetric group.

Example. If λ andµ correspond to

• • • • •
• • · · •
· • · • ·
· • · · ·
· · · · ·
· · · • ·

and

• • · • •
• • · • •
· • • · ·
· • · · ·
· · · • ·
· · · · ·

andr = 4, thenλ andµ correspond to

• • • • •
• • · · •
· • • · ·
· • · · ·
· · · · ·
· · • · ·

and

• • • · •
• • · • •
· • • · ·
· • · · ·
· · • · ·
· · · · ·

.

(Here, we could also apply Rule 1 withr = 2, but not withr = 5.)

Rule 2. Given a partitionλ, Schaper’s theorem [9,19] gives us a linear combination o
Specht modulesS(ν), whereν � λ and ν belongs to the same block asλ. If we know
(for example, by induction) all of the decomposition numbers for the Specht modulesS(ν)

appearing in this sum then, in the Grothendieck group ofSn, we can rewrite this sum a
a linear combination of irreducible modulesD(µ) with non-negative integer coefficient
Schaper’s theorem then tells us that:

(a) if D(µ) appears in this linear combination with multiplicitym > 1, thenm � [S(λ) :
D(µ)] � 1; and

(b) if D(µ) appears in this linear combination with multiplicitym � 1, then [S(λ) :
D(µ)] = m.

Note that Rule 2 gives us both upper and lower bounds on[S(λ) : D(µ)]. Our next rule
will provide another upper bound.
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Suppose thatµ has exactlyk normalr-nodes and letµ be the partition obtained from
µ by removing these nodes. Also, letΩ denote the set of partitions ofn − k which are
obtained fromλ by removingk r-nodes. Then Kleshchev’s Branching Theorem shows

[
S(λ) : D(µ)

]
�

∑
ω∈Ω

[
S(ω) : D(µ)

]
.

(Here, we interpret the right-hand side to be zero whenΩ is empty.)

Rule 3. We may iterate the process just defined, first removing all of thek1 normalr1-
nodes fromµ, then taking all thek2 normalr2-nodes from the partitionµ, and so on, unti
we reach a stage where we can evaluate the decomposition numbers on the right-h
of the inequality.

Note. We do not increase the weight of the partitions involved when we apply Rule 3
this we mean that the weight ofµ is at most the weight ofµ. To see this, first observe tha
in general, if the number of beads on runnerr −1 isa and the number of beads on runner
isb, then moving a bead left from runnerr to runnerr −1 decreases the weight bya−b+1
(of course, a negative decrease corresponds to an increase). Hence, by induction, mk
beads left from runnerr to runnerr −1 decreases the weight byk(a−b+k). Now suppose
thatµ has exactlyk normalr-nodes. Then the definition of normal implies thatk � b − a;
thus,k(a − b + k) � 0, so removing thek normalr-nodes does not increase the weight

Observe that we can always apply Rule 3 to get an upper bound on[S(λ) : D(µ)] be-
cause at some point we will be able to evaluate the right-hand side of the inequality, i
be by persevering until we reach the empty partition. If in applying Rule 3 we remok1

normalr1-nodes,k2 normalr2-nodes, and so on, then we refer tor
k1
1 r

k2
2 . . . as a Kleshchev

sequence forµ.

The next rule is due to the first author [5].

Rule 4. Assume thatλ andµ are partitions ofn with µ beingp-regular, andλ1 = µ1. Let

λ = (λ2, λ3, . . .) and µ = (µ2,µ3, . . .).

Then[S(λ) : D(µ)] = [S(λ) : D(µ)].

This rule says that we can remove the first rows ofλ and µ without changing the
decomposition multiplicity[S(λ) : D(µ)]. Analogously, we have the following rule (se
[2,5]).

Rule 5. Assume thatλ andµ are partitions ofn with µ beingp-regular, and thatλ andµ

have the same first column. Let

λ(1) = (λ1 − 1, λ2 − 1, . . .), µ(1) = (µ1 − 1,µ2 − 1, . . .).

Then[S(λ) : D(µ)] = [S(λ(1)) : D(µ(1))].
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Notes.

(a) Removing the first column from a partition corresponds to putting a bead in the fi
gap.

(b) Removing the first row from a partition corresponds to removing the last bead.

Rule 6. Assume thatλ is p-regular and we know the decomposition numbers for ev
S(ν) with ν � λ. Then we can expressD(λ) as a linear combination of the Specht modu
S(ν) with ν � λ. For all r, the r-restriction of this linear combination of Specht modu
is a module forSn−1.

We can apply Rule 6 to give an upper bound on a decomposition number[S(λ) : D(µ)]
whenever we know the decomposition numbers for everyS(ν) with ν � λ; see the exampl
at the end of Section 5. Moreover, we can iterate this process and perform a se
r
k1
1 r

k2
2 . . . of restrictions, rather than just a singler-restriction.

Rule 6, which involves restricting an irreducible module, again gives us an upper b
on decomposition numbers. We do not list the corresponding result involving ind
an irreducible module, which would give us a lower bound, for the following reaso
[S(λ) : D(µ)] � 1, then inducing simple modules wouldperhapsgive this information, bu
Rule 1 wouldcertainlygive it.

Rule 7. Assume thatλ and µ are partitions ofn with µ beingp-regular. Then[S(λ) :
D(µ)] = [S(λ′) : D(µ∗)], whereλ′ is the conjugate ofλ andµ∗ is the image ofµ under
the Mullineux map [1,4].

We reiterate that the rules we have stated deal very well with many decompo
numbers of blocks of small defect. Moreover, as we shall see, Rules 1–6 add credib
the conjecture which we discuss next.

Our conjecture relates certain decomposition numbers for different primes.
Let λ andµ be partitions,µ beingp-regular, and suppose thatλ andµ have the same

p-core and the same weight. Representλ on some abacus withp runners. We shall discus
the decomposition number[S(λ) : D(µ)] so we may assume thatµ � λ; henceµ andλ

can be represented on abacuses which have the same number of beads. Suppose tp′ is a
prime greater thanp. Our conjecture equates certainp′-modular decomposition numbe
with p-modular decomposition numbers. Letλ+ denote the partition obtained fromλ by
addingp′ − p empty runners to the abacus (in any places) and letµ+ denote the partition
obtained fromµ by addingp′ − p empty runners to the abacus configuration forµ (in the
same places). We now put forward the following conjecture.

Conjecture 3.1. Suppose thatp > w. Then[S(λ+) : D(µ+)] = [S(λ) : D(µ)].

Let B be a block ofSn of weightw. ThenB is ablock of small defectif p > w.
Note that by Rule 1 the decomposition number[S(λ+) : D(µ+)] is independent o

where thep′ − p empty runners are inserted into the abacuses ofλ and µ (the empty
runners do, however, need to be in the same places). Unless stated otherwise
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assume that the abacuses forλ+ andµ+ are obtained from those forλ andµ, respectively,
by addingp′ − p empty runners at the end.

Rather than working with the symmetric group in characteristicp if, instead, we work
with the Hecke algebra of typeA at a complexpth root of unity then our conjecture is tru
without any restriction onp. This is part of the main result of our paper [10].

We remark that the assumption thatp > w in Conjecture 3.1 is necessary. To see t
let λ = (3,12) andµ = (5) and takep = 2. Thenλ andµ are partitions of 2-weight 2 an
[S(3,12) : D(5)] = 2. These partitions have the following abacus configurations:

λ =
· •
• ·
· •
· ·

, µ =
• •
· ·
· ·
· •

.

So we may takeλ+ = (5,2,1) and µ = (8) with p′ = 3 by adding an empty righ
hand runner. However,[S(5,2,1) : D(8)] = 1 whenp′ = 3. So[S(λ) : D(µ)] �= [S(λ+) :
D(µ+)] in this case.

We give further evidence in support of our conjecture after the examples below.

Example. Suppose thatp = 5 andλ = (8,8,4,1) andµ = (12,9). Then we can represe
λ andµ on an abacus as follows:

λ =

· • · · ·
• · · · ·
• • · · ·
· · · · ·
· · · · ·

and µ =

• • · · ·
· · · · ·
· • · · ·
• · · · ·
· · · · ·

.

Now letp′ = 7. Then Rule 1 (applied 3 times) ensures that[S(λ+) : D(µ+)] is the same if

λ+ =

· · · • · · ·
· • · · · · ·
· • · • · · ·
· · · · · · ·
· · · · · · ·

and µ+ =

· • · • · · ·
· · · · · · ·
· · · • · · ·
· • · · · · ·
· · · · · · ·

or if

λ+ =

· • · · · · ·
• · · · · · ·
• • · · · · ·
· · · · · · ·
· · · · · · ·

and µ+ =

• • · · · · ·
· · · · · · ·
· • · · · · ·
• · · · · · ·
· · · · · · ·

.
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Conjecture 3.1 says that[S(λ+) : D(µ+)] = [S(λ) : D(µ)]. Thus, in this example, ou
conjecture says that the decomposition multiplicity

[
S(2p − 2,2p − 2,p − 1,1) : D(3p − 3,2p − 1)

]

is the same forp = 7 as forp = 5. We know of no way to compute this multiplicity i
general; however, using extensive computer calculations Lübeck and Müller [13,14
shown that ifp = 5 then[S(2p − 2,2p − 2,p − 1,1) : D(3p − 3,2p − 1)] = 1.

If our conjecture is correct then it follows, as in the example above, that

[
S(2p − 2,2p − 2,p − 1,1) : D(3p − 3,2p − 1)

] = 1, for all p > 3.

On the other hand, if[S(2p −2,2p−2,p −1,1) : D(3p −3,2p −1)] �= 1, for anyp > 3,
then this provides a counterexample to the “pe > n conjecture” of [7, Section 4].

We find it remarkable that if Conjecture 3.1 is correct then we can produce a com
free proof of Lübeck and Müller’s result above. That is, we can deduce that[S(82,4,1) :
D(12,9)] = 1 whenp = 5. Here is how this comes about. First, using Rules 1–7,

1 = [
S(8,5,4,2) : D(19)

]
, whenp = 5.

Indeed, the decomposition matrices ofSn andp = 5 can be calculated by hand forn � 20.
Next,

[
S(8,5,4,2) : D(19)

]

= [
S
(
42,32,2,13) : D(

53,4
)]

, whenp = 5, by Rule 7,

= [
S
(
82,52,4,13) : D(

93,6
)]

, whenp = 7, if Conjecture 3.1 is correct,

= [
S
(
8,53,4,23) : D(

113)], whenp = 7, by Rule 7.

Now, we are unable to evaluate the last decomposition number whenp = 7 using
Rules 1–7; however, using Rule 2, we can show that[S(8,53,4,23) : D(113)] is either 1
or 2. By investigating these two possibilities, we can show that[S(8,53,4,23) : D(113)] =
[S(102,6,5,12) : D(113)], whenp = 7, irrespective of the actual value of[S(8,53,4,23) :
D(113)]. In turn,

[
S
(
102,6,5,12) : D(

113)]

= [
S
(
62,4,3,12) : D(

73)], whenp = 5, if Conjecture 3.1 is correct,

= [
S
(
6,42,3,22) : D(12,9)

]
, whenp = 5, by Rule 7.

Again, using Rules 1–7, we are only able to show that this last decomposition number
either 1 or 2; however, by pursuing these two possibilities in turn it can be shown tha

[
S
(
6,42,3,22) : D(12,9)

] = [
S
(
82,4,1

) : D(12,9)
]
, whenp = 5.
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Thus, by a very circuitous route, we have shown that if our conjecture is true then on
deduce by hand that[S(82,4,1) : D(12,9)] = 1 whenp = 5.

The argument for showing that[S(82,4,1) : D(12,9)] = 1 whenp = 5, consists of
alternating applications of Conjecture 3.1 and Rule 7 (conjugation). In the absenc
proof of our conjecture, similar arguments suggest that there are at leastp − 3 projective
indecomposable modules in blocks of weight 3 which cannot, as yet, be determined
are the blocks corresponding to thep-cores

(
2p−2), (

3p−3), (
4p−4), (

5p−5), . . . , (p − 2)2.

Notice that these cores occur in conjugate pairs, so there at least(p − 3)/2 independen
decomposition numbers of weight 3 in characteristicp which current theory is unable t
determine.

As evidence in support of our conjectures we present the following propositions w
show that our conjectures are compatible with Rules 1–5. We remark that in the pro
Propositions 3.2–3.6, the hypothesis thatp > w has immediate effect only in the proof
Proposition 3.3.

Proposition 3.2. Assume thatp > w and thatλ and µ are partitions ofn of weightw
and with the samep-core and thatµ is p-regular. Assume that[S(α+) : D(β+)] = [S(α) :
D(β)] wheneverα andβ are partitions of an integer less thann, with weightw.

Suppose thatλ has an abacus configuration such that, for somer, exactlyk > 0 beads
on runnerr can be moved one space to the left and that none of the beads on runner − 1
can be moved one space to the right, as in Rule1. Then[S(λ+) : D(µ+)] = [S(λ) : D(µ)].

Proof. Adopt the notation of Rule 1. Note thatλ andµ have weightw. We may assum
that the abacuses forλ+ andµ+ are obtained by insertingp′ − p empty runners betwee
runnersr andr + 1 of the abacuses forλ andµ, respectively; consequently,(λ)+ = λ+
and(µ)+ = µ+. Therefore,

[
S
(
λ+) : D(

µ+)] = [
S
(
λ+) : D(µ+)]

, by Rule 1,

= [
S
(
(λ)+

) : D(
(µ)+

)]

= [
S(λ) : D(µ)

]
, by our induction hypothesis,

= [
S(λ) : D(µ)

]
, by Rule 1. �

Proposition 3.3. Assume thatp > w and thatλ and µ are partitions ofn of weightw
and with the samep-core and thatµ is p-regular. Assume that[S(ν+) : S(µ+)] = [S(ν) :
D(µ)] wheneverν � λ and that by applying Rule2 we can deduce that[S(λ) : D(µ)] � m.
Then[S(λ+) : D(µ+)] � m.

Proof. Applying Schaper’s theorem toS(λ) gives a linear combination
∑

ν aνS(ν) of
Specht modulesS(ν), whereaν �= 0 only if λ andν belong to the same block andν � λ.
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Therefore, ifaν �= 0 thenλ andν can both be represented on an abacus with the s
number of beads and the partitionsν that arise are determined by sliding beads up
down the runners of an abacus forλ in a specific way. Moreover, the coefficientaν of
a S(ν) in this linear combination depends on thep-adic evaluation of the hook length
involved. Sincep > w, no hook length in either of the partitionsλ or λ+ is divisible byp2.
Hence, Schaper’s theorem applied toS(λ+) produces the linear combination

∑
ν aνS(ν+)

of Specht modules. By assumption, the decomposition numbers[S(ν+) : D(µ+)] have
already been proved to be equal to[S(ν) : D(µ)]. Therefore, the information provided fo
[S(λ) : D(µ)] by Rule 2 gives the same information for[S(λ+) : D(µ+)]. �
Proposition 3.4. Assume thatp > w and thatλ andµ are partitions ofn of weightw and
with the samep-core and thatµ is p-regular. Suppose that[S(α+) : D(β+)] = [S(α) :
D(β)] wheneverα andβ are partitions of an integer less thann, with weight at mostw. If
Rule3 gives[S(λ) : D(µ)] �

∑
ω∈Ω [S(ω) : D(µ)] then[S(λ+) : D(µ+)] �

∑
ω∈Ω [S(ω) :

D(µ)].

Proof. Once again, we assume that the abacuses forλ+ andµ+ are obtained by insertin
p′ −p empty runners between runnersr andr +1 of the abacuses forλ andµ, respectively.
Thenµ+ = (µ)+ and hence

[
S
(
λ+) : D(

µ+)]
�

∑
ω∈Ω

[
S
(
ω+) : D(

(µ)+
)]

, by Rule 3,

=
∑
ω∈Ω

[
S(ω) : D(µ)

]
, by our induction hypothesis.

Note that we are justified in applying our induction hypothesis, in the light of the no
Rule 3. �
Proposition 3.5. Assume thatp > w and thatλ andµ are partitions ofn with the same
p-core and of weightw, with µ p-regular. Assume, too, thatλ andµ have the same firs
row, as in Rule4. Suppose that[S(α+) : D(β+)] = [S(α) : D(β)] wheneverα andβ are
partitions of an integer less thann, with weight at mostw. Then[S(λ+) : D(µ+)] = [S(λ) :
D(µ)].

Proof. Sinceλ andµ have the samep-core, we can represent them on abacuses with
same number of beads. As these partitions also have the same first row, the last bea
abacus forλ is in the same position as the last bead forµ. Removing this bead does n
increase the weight.

Adopt the notation of Rule 4. Note that(λ(1))+ = (λ+)(1) and (µ(1))+ = (µ+)(1).
Therefore,

[
S
(
λ+) : D(

µ+)] = [
S
((

λ+)(1)) : D((
µ+)(1))]

, by Rule 4,

= [
S
((

λ(1)
)+

) : D((
µ(1)

)+)]
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= [
S
(
λ(1)

) : D(
µ(1)

)]
, by our induction hypothesis,

= [
S(λ) : D(µ)

]
, by Rule 4. �

There is a more general version of row removal [2] which says that ifλ1 + · · · + λs =
µ1 + · · · + µs , for somes, then

[
S(λ) : D(µ)

] = [
S(λ1, . . . , λs) : D(µ1, . . . ,µs)

]

× [
S(λs+1, λs+2, . . .) : D(µs+1,µs+2, . . .)

]
.

However, this result is not obviously compatible with Conjecture 3.1 whens > 1 because
it is easy to find examples whereλ+

1 + · · · + λ+
s �= µ+

1 + · · · + µ+
s .

The previous remark also applies for the general version of column removal (Ru
Even so, we do have the following result.

Proposition 3.6. Assume thatp > w and thatλ andµ are partitions ofn with the same
p-core and of weightw, with µ p-regular. Assume, too, thatλ andµ have the same firs
column, as in Rule5. Suppose that[S(α+) : D(β+)] = [S(α) : D(β)] wheneverα andβ

are partitions of an integer less thann, with weight at mostw. Then[S(λ+) : D(µ+)] =
[S(λ) : D(µ)].

Proof. Sinceλ andµ have the same first column, the first gap in the abacus forλ is in
the same position as the first gap in the abacus forµ; say this is positioni. Suppose tha
positioni on thep-abacus is positioni+ on thep′-abacus. Then, by repeated applicatio
of Rule 5,[S(λ+) : D(µ+)] = [S(α) : D(β)], whereα is obtained fromλ+ by filling the
gaps up to and including the gap at positioni+ andβ is obtained fromµ+ in the same
way. Similarly,[S((λ(1))+) : D((µ(1))+)] = [S(α) : D(β)], where we adopt the notation
Rule 5. Therefore,

[
S
(
λ+) : D(

µ+)] = [
S
((

λ(1)
)+) : D((

µ(1)
)+)]

= [
S
(
λ(1)

) : D(
µ(1)

)]
, by our induction hypothesis,

= [
S(λ) : D(µ)

]
, by Rule 5. �

Roughly speaking, Propositions 3.2–3.6 saythat if all decomposition numbers we
determined by Rules 1–5, then Conjecture 3.1 would be true by induction.

Finally, we remark that Conjecture 3.1 is notobviously compatible with Rule 6 becau
the restriction of a block of weightw can have arbitrarily large weight (in particular, t
weight can be larger thanp).

4. Blocks of weight 3

Now let w = 3 and assume thatp > 3. By repeatedly applying Corollary 2.3 we c
reduce the calculation ofall decomposition numbers for blocks of weight 3 down
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considering only certain blocks or, equivalently,p-cores. We now describe the abacu
for this minimal collection ofp-cores. We assume, without loss of generality, that eac
our abacuses has exactly 3 beads on runner 1 and at least 3 beads on every other r

Case 1. All of the runners contain exactly 3 beads:

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • • • • • • • • • • •
· · · · · · · · · · · · ·

.

Note that in this case thep-core is empty. In the light of Corollary 2.4 and the rem
which follows it, we do not need to pursue Case 1 further. (Case 1 is the only case
has to be considered ifw = 1.)

Case 2. The first i − 1 runners contain exactly 3 beads; runnersi up to j − 1 contain 4
beads; and runnersj to p contain 3 beads. Here, 1< i < j � p + 1, so there are

(
p
2

)
such

p-cores:

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • • • • • • • • • • •
· · · • • • • • · · · · ·

i j

.

Note that in this case thep-core is(i − 1)j−i , a partition ofij − i2 + i − j . (Cases 1 and
are the only cases which have to be considered ifw = 2.)

Case 3. The firsti − 1 runners contain exactly 3 beads; runneri contains 4 beads; runne
i+1 toj −1 contain 5 beads; runnersj to k−1 contain 4 beads; and runnersk to p contain
3 beads. Here, we allow 2< i + 1 < j � k � p + 1, so there are

(
p−1

3

) + (
p−1

2

) = (
p
3

)
such

p-cores:

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • • • • • • • • • • •
· · • • • • • • • • · · ·
· · · • • • • · · · · · ·

i j k

.

Note that in this case thep-core is((p − k + 2i)j−i−1, (i − 1)k−i ).
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Case 4. The firsti − 1 runners contain exactly 3 beads; runnersi to j − 1 contain 5 beads
runnersj to k − 1 contain 4 beads; and runnersk to p contain 3 beads. Here, we allo
1 < i < j � k � p + 1, so there are

(
p
3

) + (
p
2

) = (
p+1

3

)
suchp-cores:

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • • • • • • • • • • •
· · • • • • • • • • · · ·
· · • • • • • · · · · · ·

i j k

.

Note that in this case thep-core is((p − k + 2i − 1)j−i , (i − 1)k−i ). (The reader shoul
have no difficulty working out the additional cases which arise forw = 4, and for higher
weights.)

Thus, in general there are
(
p+1

3

) + (
p
3

) + (
p
2

) + 1 = 2
(
p+1

3

) + 1 differentp-cores which
need to be considered. In each case, the decomposition numbers for the different c
often very similar (depending on the parametersi, j, k); however, the explosion of delica
subcases makes it very difficult to write down a convincing argument for generalp.

Of the four cases that need to be considered whenw = 3, Case 3 was overlooked in [17
thereby further jeopardizing their claim that the decomposition numbers forw = 3 can be
determined and that they all have value 0 or 1. We now apply our methods to obtain c
decomposition numbers forw = 3 in Cases 2–4. Some of these results already appe
[17].

Suppose that we have fixed ap-coreρ and an abacus configuration forρ as above
Then, as in [17,21], we use the following notation for the partitions of weight 3 withp-
coreρ:

(1) Let 〈r〉 be the partition whose abacus is obtained by moving the last bead on runner

(of the abacus forρ), down 3 places.
(2) Let 〈r2〉 be the partition whose abacus is obtained by moving the last bead on run

r down 2 places and the second last bead on runnerr, down one place.
(3) Let〈r3〉 be the partition whose abacus is obtained by moving the last 3 beads on run

r, down one place each.
(4) Forr �= s, let 〈r, s〉 be the partition whose abacus is obtained by moving the last

on runnerr down 2 places and the last bead on runners down one place.
(5) For r �= s, let 〈r2, s〉 be the partition whose abacus is obtained by moving the la

beads on runnerr down one place each, and the last bead on runners down one place
(6) Forr, s, t distinct, let〈r, s, t〉 be the partition whose abacus is obtained by moving

last bead on runnersr, s andt down one place each.

4.1. Some decomposition numbers in Case 2

Assume that thep-core belongs to Case 2. That is, runners up to runneri − 1 contain
3 beads; runneri contains 4 beads; after this, there are some or no runners with 4 b
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any remaining runners contain 3 beads. Let runnerj be the first runner after runneri with
3 beads.

By Rule 1, we can equate the decomposition number[S(λ) : D(µ)] with a decompo-
sition number of weight 3 in a smaller symmetric group for all partitionsλ andµ in this
block except for whenλ is one of the partitionsα∗, β∗, γ ∗, α	, β	, γ 	, α(u), β(u), or γ (u)

where

α∗ = 〈
i2〉, β∗ = 〈i, i − 1〉, γ ∗ = 〈i − 1〉

and

α	 = 〈
i3〉, β	 = 〈

(i − 1)2, i
〉
, γ 	 = 〈

(i − 1)2〉

and

α(u) = 〈
i2, u

〉
, for 1 � u � p andu �= i − i, i

(Rule 1 deals with the caseu = i − 1, andu = i givesα	),

β(u) = 〈i − 1, i, u〉, for 1 � u � p andu �= i − 1, i

(Rule 1 deals with the caseu = i − 1, andu = i givesβ∗), and

γ (u) = 〈i − 1, u〉, for 1 � u � p andu �= i − 1, i.

(Rule 1 deals with the caseu = i, andu = i − 1 givesγ ∗).
We callα∗, β∗, γ ∗, α	, β	, γ 	, α(u), β(u), γ (u) theexceptional partitionsfor Case 2. The

abacuses for the exceptional partitions in Case 2 are as follows:

α∗ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • · • • • • • • • • •
· · · • • • • • · · · · ·
· · · · · · · · · · · · ·
· · · • · · · · · · · · ·

soα∗ = (2p − j + 2i, ij−i ,1p−i );

β∗ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · • · • • • • · · · · ·
· · · · · · · · · · · · ·
· · · • · · · · · · · · ·
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soβ∗ = (2p − j + 2i, ij−i−1, i − 1,1p−i+1);

γ ∗ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · · • • • • • · · · · ·
· · · · · · · · · · · · ·
· · • · · · · · · · · · ·

soγ ∗ = (2p − j + 2i − 1, ij−i ,1p−i+1);

α	 =

• • • • • • • • • • • • •
• • • · • • • • • • • • •
• • • • • • • • • • • • •
· · · • • • • • · · · · ·
· · · • · · · · · · · · ·
· · · · · · · · · · · · ·

soα	 = (p − j + 2i, ij−i ,12p−i);

β	 =

• • • • • • • • • • • • •
• • · • • • • • • • • • •
• • • • • • • • • • • • •
· · • · • • • • · · · · ·
· · · • · · · · · · · · ·
· · · · · · · · · · · · ·

soβ	 = (p − j + 2i, ij−i−1, i − 1,12p−i+1);

γ 	 =

• • • • • • • • • • • • •
• • · • • • • • • • • • •
• • • • • • • • • • • • •
· · · • • • • • · · · · ·
· · • · · · · · · · · · ·
· · · · · · · · · · · · ·

soγ 	 = (p − j + 2i − 1, ij−i ,12p−i+1);

α(u) =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • • · • • • • • • • • •
· · · • • • • • · · · · ·
· · · • · · · · · · · · ·
· · · · · · · · · · · · ·

+ one move on runneru,
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so

α(u) =




(
p − j + 2i, u − j + i + 1, (i + 1)j−i ,2p−u,1u−i−1

)
, if j � u � p,(

p − j + i + u,p − j + 2i + 1, (i + 1)j−u−1, iu−i ,1p−1
)
, if i < u < j ,(

p − j + 2i, ij−i , u + 1,2p−i,1i−u−1
)
,

if 1 � u < i − 1;

β(u) =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · • · • • • • · · · · ·
· · · • · · · · · · · · ·
· · · · · · · · · · · · ·

+ one move on runneru,

so

β(u) =




(
p − j + 2i, u − j + i + 1, (i + 1)j−i−1, i,2p−u,1u−i

)
,

if j � u � p,(
p − j + i + u,p − j + 2i + 1, (i + 1)j−u−1, iu−i−1, i − 1,1p−i+1

)
,

if i < u < j,(
p − j + 2i, ij−i−1, i − 1, u + 1,2p−i+1,1i−u−2

)
,

if 1 � u < i − 1;

γ (u) =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · · • • • • • · · · · ·
· · • · · · · · · · · · ·
· · · · · · · · · · · · ·

+ one move on runneru,

so

γ (u) =




(
p − j + 2i − 1, u − j + i + 1, (i + 1)j−i ,2p−u,1u−i

)
, if j � u � p,(

p − j + u + i,p − j + 2i, (i + 1)j−u−1, iu−i ,1p−i+1
)
, if i < u < j ,(

p − j + 2i − 1, ij−i , u + 1,2p−i+1,1i−u−2
)
, if 1 � u < i − 1.

Note. The three partitionsα	,β	, γ 	 are p-singular and, moreover,α∗ � β∗ � γ ∗ and
α	 � β	 � γ 	 andα(u) � β(u) � γ (u) for all u with 1 � u � p andu �= i − 1, i. Also, if
λ ∈ {α,β, γ } then

λ∗ � λ(j−1) � λ(j−2) � · · · � λ(i+1) � λ(p) � λ(p−1) � · · · � λ(j) � λ(i−2) � λ(i−3) · · ·
� λ(1) � λ	.
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Proposition 4.1. Assume that1 � v � p andv �= i − 1, i.

(1) For λ arbitrary andµ ∈ {α∗, α(v)} we can compute[S(λ) : D(µ)].
(2) For λ an exceptionalpartition andµ ∈ {β∗, β(v)} we can compute[S(λ) : D(µ)].
(3) For λ an exceptionalpartition andµ ∈ {γ ∗, γ (v)} we can compute[S(λ) : D(µ)].

Proof. Recall that the decomposition numbers are known for blocks of weight,1,
and 2. We prove that we can reduce the calculation of the decomposition numbers
proposition to one of these cases:

(1) Suppose thatµ ∈ {α∗, α(v)}. Thenµ has 2 normali-nodes and everyλ in the same
block asµ has at most 2 removablei-nodes. Therefore, we can apply Proposition 2.1
compute[S(λ) : D(µ)].
(2) Suppose thatµ ∈ {β∗, β(v)}.

If i �= 2 andµ �= β(i−2) thenµ has exactly one normal(i −1)-node, andλ has at most 1
removable(i − 1)-node, so we can apply Proposition 2.1 again.

Assume thatµ = β(i−2) andi �= 2,3. Thenµ has exactly one normal(i − 2)-node, and
λ has at most 1 removable(i − 2)-node, so we can apply Proposition 2.1 again. Note
if µ = β(i−2) andi = 3, thenµ is p-singular.

Assume thati = 2 andµ is p-regular. Thenµ = β(v) for somev with j � v � p.
We need only consider those partitionsλ for which the first part ofµ is larger than the
first part ofλ (since, otherwise, eitherµ � λ or we can apply row removal). Therefor
λ ∈ {γ 	, γ (j), . . . , γ (p)}. But the first columns ofβ(v) andγ (u) have the same length an
we can apply Rule 5. Also, unlessv = j , we see thatβ(v) has a normalv-node whileγ 	

has no removablev-node; so,[S(λ) : D(µ)] = 0 by Proposition 2.1.
We are now left with one final case, namely,i = 2, µ = β(j) (with j � p, since

otherwiseµ is p-singular) andλ = γ 	.

β(j) =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
· • • • • • • • · • • • •
• · • • • • • • • · · · ·
· • · · · · · · · · · · ·
· · · · · · · · · · · · ·

, γ 	 =

• • • • • • • • • • • • •
· • • • • • • • • • • • •
• • • • • • • • • • • • •
· • • • • • • • · · · · ·
• · · · · · · · · · · · ·
· · · · · · · · · · · · ·

.

It is possible to prove that[S(γ 	) : D(β(j))] = 1 by applying Rules 2 and 3, but
is tricky to apply Schaper’s theorem without making a mistake. We therefore prov
[S(γ 	) : D(β(j))] = 1 as follows (recall thati = 2).

Let φ be the abacus

φ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
· • • • • • • • • • • • •
· • • • • • • • · · · · ·
• · · · · · · · · · · · ·
· · · · · · · · · · · · ·

.
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Using the Littlewood–Richardson rule, we now add a skewp-hook toφ in all possible
ways to see, in the Grothendieck group, that:

−S
(〈

12〉) + S
(〈1, j 〉) − S

(〈1, j + 1〉) + · · · ± S
(〈1,p〉) + (−1)j

(
S
(〈1,2〉)

− S
(〈1,3〉) + · · · ± S

(〈1, j − 1〉)) + S
(〈1〉) = 0.

Now, γ 	 = 〈12〉. Therefore,[S(γ 	) : D(β(j))] is equal to the multiplicity ofD(β(j)) in

S
(〈1, j 〉) − S

(〈1, j + 1〉) + · · · ± S
(〈1,p〉) + (−1)j

(
S
(〈1,2〉) − S

(〈1,3〉) + · · ·
± S

(〈1, j − 1〉)) + S
(〈1〉).

This is equal to the multiplicity ofD(β(j)) in S(〈1, j 〉) − S(〈1, j + 1〉) + · · · ± S(〈1,p〉)
becauseβ(j) does not dominate the other terms (consider the first two parts). In turn
multiplicity is equal to[S(〈1, j 〉) : D(β(j))] sinceβ(j) does not dominate the other term
(β(j) and all the other terms have the same first column,β(j) ends inj −2 ones, while〈1, k〉
ends ink − 2 ones, forj � k � p). Finally, [S(〈1, j 〉) : D(β(j))] = 1 by two applications
of Rule 5 followed by the defect 1 result.

(3) Suppose thatµ ∈ {γ ∗, γ (v)}. Note thatµ has exactly one normal(i −1)-node (excep
if i = 2, j = p+1 andµ = γ (v)), but every exceptional partitionλ has at most 1 removab
(i − 1)-node, so we can apply Proposition 2.1 again. Suppose thati = 2, j = p + 1 and
µ = γ (v) (here,i < v < p). We need only consider thoseλ where the first part ofµ exceeds
the first part ofλ, andλ has a removablev-node. It is easy to check that there are no s
partitions, so we have finished.�

We remark that a more detailed analysis shows that the part of the decomposition
with the rows and columns indexed by the exceptional partitions has the following
diagonal form:

∗ 0 · · · · · · 0
∗ ∗ 0 · · · 0
0 ∗ ∗ · · · 0
...

. . .
. . .

. . .
...

0 · · · . . . ∗ ∗
0 · · · · · · 0 ∗

,

where the blocks are certain 3× 3 matrices (with singular columns omitted) which a
labelled by triples{α?, β?, γ ?}. The ordering of 3× 3 blocks is compatible with th
ordering of the partitions given before thestatement of Proposition 4.1. See Appendix
for the casep = 5.
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4.2. Some decomposition numbers in Case 3

Assume that thep-core belongs to Case 3. That is, runners up to runneri − 1 contain
3 beads; runneri contains 4 beads; runneri + 1 contains 5 beads; after this, there
some or no runners with 5 beads; after this, there are some or no runners with 4
any remaining runners contain 3 beads. Let runnerj be the first runner with 4 beads; l
runnerk be the first runner after runneri with 3 beads.

By Rule 1, we can equate the decomposition number[S(λ) : D(µ)] with a decompo-
sition number of weight 3 in a smaller symmetric group for all partitionsλ andµ in the
block, except for whenλ is one of the partitionsα, β , γ , or δ where

α = 〈
i2, i + 1

〉
, β = 〈i − 1, i, i + 1〉, γ = 〈

i2〉, and δ = 〈i, i − 1〉.

We callα,β, γ, δ theexceptional partitionsfor Case 3. The abacus configurations for
exceptional partitions in Case 3 are as follows:

α =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · • • • • • • • • · · ·
· · • · • • • · · · · · ·
· · · • · · · · · · · · ·

soα = (2p − k − j + 3i + 2, (p − k + 2i + 1)j−i−2,p − k + 2i, ik−i,1p−i );

β =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• · • • • • • • • • • • •
· • · • • • • • • • · · ·
· · • · • • • · · · · · ·
· · · • · · · · · · · · ·

soβ = (2p − k − j + 3i + 2, (p − k + 2i + 1)j−i−2,p − k + 2i, ik−i−1, i − 1,1p−i+1);

γ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · • • • • • • • • · · ·
· · · • • • • · · · · · ·
· · • · · · · · · · · · ·
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soγ = (2p − k − j + 3i + 1, (p − k + 2i + 1)j−i−1, ik−i ,1p−i );

δ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• · • • • • • • • • • • •
· • · • • • • • • • · · ·
· · · • • • • · · · · · ·
· · • · · · · · · · · · ·

soδ = (2p − k − j + 3i + 1, (p − k + 2i + 1)j−i−1, ik−i−1, i − 1,1p−i+1).

Proposition 4.2. The part of the decomposition matrix whose rows and columns
labelled byα,β, γ, δ is

α β γ δ

α 1 · · ·
β 1 1 · ·
γ 1 · 1 ·
δ 1 1 1 1

(omitted entries are zero).

Proof. Note thatα � β � δ andα � γ � δ butβ � γ andγ � β . Let

α(1) = β(1) = (
2p − k − j + 3i + 2, (p − k + 2i + 1)j−i−2,p − k + 2i

)
,

γ(1) = δ(1) = (
2p − k − j + 3i + 1, (p − k + 2i + 1)j−i−1)

andα(2) = γ(2) = (ik−i ,1p−i) andβ(2) = δ(2) = (ik−i−1, i − 1,1p−i+1). Note that

[
S(γ(1)) : D(α(1))

] = [
S
(
p − j + i + 1,1j−i−1) : D(

p − j + i + 2,1j−i−2)] = 1,

by Rule 5 (column removal), and that

[
S(β(2)) : D(α(2))

] = [
S
(
i − 1,1p−i+1) : D(

i,1p−i
)] = 1,

by Rule 4 (row removal). Next,

[
S(λ) : D(µ)

] = [
S(λ(1)) : D(µ(1))

][
S(λ(2)) : D(µ(2))

]

for all λ,µ ∈ {α,β, γ, δ} by Rule 4, again. From this the proposition follows.�
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4.3. Some decomposition numbers in Case 4

Assume that thep-core belongs to Case 4. That is, runners up to runneri − 1 contain 3
beads; runneri contains 5 beads; after this, there are some or no runners with 5 bead
this, there are some or no runners with 4 beads; any remaining runners contain 3
Let runnerj be the first runner with 4 beads; let runnerk be the first runner after runneri

with 3 beads.
By Rule 1, we can equate the decomposition number[S(λ) : D(µ)] with a decomposi

tion number of weight 3 in a smaller symmetric group for allλ andµ in the block excep
for whenλ is one of the partitionsα, β , γ or δ where

α = 〈
i3〉, β = 〈

i2, i − 1
〉
, γ = 〈i − 1, i〉, δ = 〈i − 1〉.

We callα,β, γ, δ theexceptional partitionsfor Case 4. The abacus configurations for
exceptional partitions in Case 4 are as follows:

α =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• • · • • • • • • • • • •
· · • • • • • • • • · · ·
· · • • • • • · · · · · ·
· · • · · · · · · · · · ·

soα = (2p − k − j + 3i, (p − k + 2i)j−i , ik−i ,1p−i );

β =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• · • • • • • • • • • • •
· • · • • • • • • • · · ·
· · • • • • • · · · · · ·
· · • · · · · · · · · · ·

soβ = (2p − k − j + 3i, (p − k + 2i)j−i , ik−i−1, i − 1,1p−i+1);

γ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• · • • • • • • • • • • •
· · • • • • • • • • · · ·
· • · • • • • · · · · · ·
· · • · · · · · · · · · ·
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soγ = (2p − k − j + 3i, (p − k + 2i)j−i−1,p − k + 2i − 1, ik−i,1p−i+1);

δ =

• • • • • • • • • • • • •
• • • • • • • • • • • • •
• · • • • • • • • • • • •
· · • • • • • • • • · · ·
· · • • • • • · · · · · ·
· • · · · · · · · · · · ·

soδ = (2p − k − j + 3i − 1, (p − k + 2i)j−i, ik−i ,1p−i+1).

Proposition 4.3. The part of the decomposition matrix whose rows and columns
labelled byα,β, γ, δ is

α β γ δ

α 1 · · ·
β 1 1 · ·
γ 1 1 1 ·
δ 1 1 1 1

(omitted entries are zero).

Proof. Note thatα � β � γ � δ. First, each ofα,β, γ andδ has exactly 3 removablei-
nodes. Also, the 3 removablei-nodes inα are normal. Therefore, forλ ∈ {α,β, γ, δ} we
have[S(λ) : D(α)] = [S(λ) : D(α)] as in Proposition 2.1. However, hereα = β = γ = δ,
so[S(λ) : D(α)] = 1.

Next, remove the first column fromβ,γ, δ; see Note (a) which follows Rule 5. We ca
now apply a similar argument to the above, using 2 removablei-nodes, to deduce tha
[S(λ) : D(β)] = 1 for λ ∈ {β,γ, δ}.

Finally, remove the firsti columns fromγ, δ, using Rule 5, and use the one remain
removablei-node to deduce that[S(λ) : D(γ )] = 1, for λ ∈ {γ, δ}. The proof of the
proposition is now complete.�

Of course, Propositions 4.1–4.3 hardly scratchthe surface of the problem of calculatin
the decomposition numbers, since they evaluate[S(λ) : D(µ)] only whenλ andµ are both
exceptional. It is still necessary to calculate[S(λ) : D(µ)] whenλ is exceptional andµ is
arbitrary. In Case 4, for example, these answers depend upon the values ofi, j , andk, and
there are a very large number of separate cases that have to be considered.

5. The case p = 5

We have written a computer program, using theGAP package SPECHT [15], to apply
Rules 1–7 to find all the decomposition numbers whenp = 5 and w = 3. All the
decomposition numbers were determined once we had assumed Lübeck and M
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result that[S(82,4,1) : D(12,9)] = 1. Consequently, at least in principle, all of t
decomposition numbers of the symmetric groupsfor blocks of weight 3 in characteristic
are now known. The decomposition matrices for Cases 2–4 whenp = 5 are given in the
appendix.

In outline, the program first finds all the partitionsν which dominate the last of th
exceptional partitions and then uses Rules 1 and 2 to find the decomposition nu
[S(ν) : D(µ)] wheneverν is not exceptional. For the exceptional partitionsλ, the program
applies Schaper’s theorem (Rule 2); this often determines the decomposition nu
[S(λ) : D(µ)]. If this decomposition number is not determined then Rule 2 gives u
integerm > 1 such thatm � [S(λ) : D(µ)] � 1. The program next checks to see whet
the answer is given by one of Rules 3–6. Finally, as a last resort, the program t
apply Rule 7 in order to show that[S(λ) : D(µ)] = 1. The program also does paral
computations with two different primes which it uses, along with Rule 1, to check
consistency of its calculations (compare Conjecture 3.1).

Finally, in order to check our calculations wecompared the matrices that we compute
with the decomposition matrices of the corresponding Hecke algebra of typeA [16] at
a complexpth root of unity—which are known by the LLT algorithm [12]. Since w
were able to compute these decomposition numbers using only Rules 1–7 (and L
and Müller’s result), these two sets of decomposition matrices should agree beca
p > w (this affects only Rule 2). In all casesthe symmetric group and Hecke algeb
decomposition multiplicities were the same.

Here is a small example of the technique in action.

Example. Suppose that we are in Case 4, withi = p, j = k = p + 1. Thus thep-core has
the following abacus:

• • • • •
• • • • •
• • • • •
· · · · •
· · · · •

.

Then the exceptional partitions for this core are:α = 〈p3〉, β = 〈p2,p−1〉, γ = 〈p−1,p〉,
and δ = 〈p − 1〉. We will show that the non-zero decomposition numbers for th
exceptional partitions are as follows:

〈p〉 〈p2〉 〈p,p − 1〉 α β γ δ

〈p〉 1
〈p2〉 · 1
〈p,p − 1〉 1 1 1

α = 〈p3〉 · · · 1
β = 〈p2,p − 1〉 · 1 · 1 1
γ = 〈p − 1,p〉 · 1 1 1 1 1
δ = 〈p − 1〉 · · · 1 1 1 1
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First, one readily checks that the partitions which index the rows of this matrix
precisely the partitionsν such thatν has the samep-core asδ andν � δ.

Suppose thatν,µ ∈ {〈p〉, 〈p2〉, 〈p,p − 1〉}. Thenp − 1 applications of Rule 1 allow u
to equate[S(ν) : D(µ)] with a decomposition number in Case 2 withi = p, j = k = p+1.
In practice, though, it is much easier to apply Rule 2 (Schaper’s theorem) to ev
[S(ν) : D(µ)].

Now consider the exceptional partitionsα,β, γ, δ.
Rule 2 immediately implies thatS(α) is irreducible.
Next, applying Schaper’s theorem toβ gives the following linear combination o

Specht modules:S(〈p2〉) + S(α). From what we have already deduced, this is equa
D(〈p2〉) + D(α). Rule 2 now gives us the row of the matrix which is labelled byβ .

Similarly, applying Schaper’s theorem toγ gives

−S
(〈p〉) + S

(〈p,p − 1〉) + S(α) + S(β) = 2D
(〈

p2〉) + D
(〈p,p − 1〉) + 2D(α) + D(β).

By Rule 2,[S(γ ) : D(〈p,p − 1〉)] = [S(γ ) : D(β)] = 1 and we also know that

2 �
[
S(γ ) : D(〈

p2〉)] � 1 and 2�
[
S(γ ) : D(α)

]
� 1.

Now, γ and〈p2〉 have the same first part so[S(γ ) : D(〈p2〉)] = [S(γ(2)) : D(〈p2〉(2))] by
Rule 4. Butγ(2) and〈p2〉(2) belong to a block of weight 2, so[S(γ(2)) : D(〈p2〉(2))] � 1.
Hence[S(γ ) : D(〈p2〉)] = 1.

If [S(γ ) : D(α)] = 2, then

D(γ ) = S
(〈p − 1,p〉) − S

(〈
p2,p − 1

〉) − S
(〈p,p − 1〉) + S

(〈p〉).

If we p2(p − 1)2 · · ·2212 restrict this, as in Rule 6, we do not obtain a module
irreducible module occurs with negative multiplicity). This contradiction implies tha
[S(γ ) : D(α)] = 1, and all the decomposition numbers forS(γ ) are now known.

Finally, we apply Schaper’s theorem toδ. This gives

S
(〈p〉) − S

(〈
p2〉) − S

(〈p,p − 1〉) + S(α) + S(β) + S(γ ) = 3D(α) + 2D(β) + D(γ ).

Thus, the only decomposition numbers forS(δ) which are still in doubt are[S(δ) : D(α)]
and[S(δ) : D(β)].

We apply Rule 3, with the Kleshchev sequencep3 (which leads to a block of weight 0
to conclude that[S(δ) : D(α)] � 1. Hence,[S(δ) : D(α)] = 1.

Now, δ andβ have the same first column, so by Rule 5,

[
S(δ) : D(β)

] = [
S
(
δ(1)

) : D(
β(1)

)]
.

But δ(1) and β(1) belong to a block of weight 2, so[S(δ(1)) : D(β(1))] � 1. Hence
[S(δ) : D(γ )] = 1.

We have now completed the example.
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Notes.

(a) Some of the decomposition numbers in the last example were computed in di
ways in Proposition 4.3. The method in the example uses only Rules 1–7 (in fa
used all the rules except Rule 7).

(b) The arguments used in the example apply equally well for anyp > 3. As a
consequence of many other instances of this phenomenon, we were led to for
Conjecture 3.1.
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Appendix A. Decomposition numbers of weight 3 in characteristic 5

In this appendix we list the non-zero entries in the rows indexed by excep
partitions for all of the decomposition matrices in Cases 2–4 whenp = 5. These matrices
combined with the results of this paper (specifically Rule 1), determine the decompo
matrices for all blocks of weight 3 for all symmetric groups whenp = 5.

We remark that we have also used our program to calculate the decomposition nu
in Cases 1–4 whenp = 7. This calculation took over one month to complete, o
reasonably fast computer. We were unable to determine whether the following
decomposition numbers are equal 1 or 2:

Case 2: (i, j) = (p − 1,p + 1), Case 2: (i, j) = (p − 2,p + 1),[
S
〈
(p − 1)2 : p〉 : D(〈p − 1,p〉)], [

S
〈
(p − 1)2,p − 1

〉

: D(〈p,p − 1,p − 2〉)],
Core:

(
52

) = (
(p − 2)2

)
, Core:

(
43

) = (
(p − 3)3

)
.

Conjecture 3.1 and our calculations forp = 5 imply that these decomposition numbe
should both be equal to 1.Assuming this, we were able to compute all of the remaini
decomposition numbers for Cases 2–4 whenp = 7. We again found that[S(λ) : D(µ)] � 1
in all cases.
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A.1. Case 2:(i, j) = (p,p + 1)

〈p
〉

〈p
−

1,
p
〉

〈p
2
,
p

−
1〉

〈p
,
p

−
2〉

〈p
−

2〉
〈p

−
2,

p
〉

〈p
,
p

−
3〉

〈p
−

3〉
〈p

−
3,

p
〉

〈p
−

4〉
〈p

−
4,

p
〉

〈p
2
〉

〈p
,
p

−
1〉

〈p
−

1〉
〈p

2
,
p

−
2〉

〈p
,
p

−
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p
−

2〉
〈p

−
1,

p
−

2〉
〈p

2
,
p

−
3〉

〈p
,
p

−
1,

p
−

3〉
〈p

−
1,

p
−

3〉
〈p

2
,
p

−
4〉

〈p
,
p

−
1,

p
−

4〉
〈p

−
1,

p
−

4〉

〈p2〉 . . . . . . . . . . . 1 . . . . . . . . . . .

〈p,p − 1〉 1 . . . . . . . . . . 1 1 . . . . . . . . . .

〈p − 1〉 . . . . . . . . . . . 1 1 1 . . . . . . . . .

〈p2,p − 2〉 1 1 1 1 1 1 . . . . . 1 1 1 1 . . . . . . . .

〈p,p − 1,p − 2〉 1 . . . . . . . . . . 1 . . 1 1 . . . . . . .

〈p − 1,p − 2〉 1 . 1 1 . 1 . . . . . 1 1 . 1 1 1 . . . . . .

〈p2,p − 3〉 1 . . 1 1 1 1 1 1 . . . . . 1 . . 1 . . . . .

〈p,p − 1,p − 3〉 . . 1 . . . . . . . . . . . 1 1 . 1 1 . . . .

〈p − 1,p − 3〉 1 1 1 1 . 1 1 . 1 . . . . . 1 1 1 1 1 1 . . .

〈p2,p − 4〉 . . . . . . 1 1 1 1 1 . . . . . . 1 . . 1 . .

〈p,p − 1,p − 4〉 . . . . . . . . . . . . . . . . . 1 1 . 1 1 .

〈p − 1,p − 4〉 . . . . . . 1 . 1 . 1 . . . . . . 1 1 1 1 1 1
〈p3〉 . . . . . . . . . 1 1 . . . . . . . . . 1 . .

〈(p − 1)2,p〉 . . . . . . . . . . . . . . . . . . . . 1 1 .

〈(p − 1)2〉 . . . . . . . . . . 1 . . . . . . . . . 1 1 1

A.2. Case 2:(i, j) = (p − 1,p)

〈p
−

1〉
〈p

〉
〈p

−
1,

p
〉

〈p
,
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,
p

−
2〉

〈p
−
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−
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−
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−
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2
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−
4〉

〈p
−

1,
p

−
2,

p
−

4〉
〈p

−
2,

p
−

4〉

〈(p − 1)2〉 1 1 1 . . . . . . . . 1 . . . . . . . . . . .
〈p − 1,p − 2〉 . . . . . . . . . . . 1 1 . . . . . . . . . .
〈p − 2〉 1 . 1 . . . . . . . . 1 1 1 . . . . . . . . .

〈(p − 1)2,p〉 . . 1 1 . . . . . . . 1 . . 1 . . . . . . . .
〈p,p − 1,p − 2〉 1 1 1 1 1 1 . . . . . 1 1 1 1 1 . . . . . . .
〈p − 2,p〉 1 . . . . . . . . . . 1 1 . 1 1 1 . . . . . .

〈(p − 1)2,p − 3〉 . . . 1 1 . 1 1 1 . . . . . 1 1 . 1 . . . . .
〈p − 1,p − 2,p − 3〉 . . . . . . . . . . . . . . 1 . . 1 1 . . . .
〈p − 2,p − 3〉 . . . 1 . 1 1 . 1 . . . . . 1 1 1 1 1 1 . . .

〈(p − 1)2,p − 4〉 . . . . . . . 1 1 1 1 . . . . . . 1 . . 1 . .
〈p − 1,p − 2,p − 4〉 . . . . . . 1 . . . . . . . . . . 1 1 . 1 1 .
〈p − 2,p − 4〉 . . . . . . 1 . 1 . 1 . . . . . . 1 1 1 1 1 1
〈(p − 1)3〉 . . . . . . . . . 1 1 . . . . . . . . . 1 . .

〈(p − 2)2,p − 1〉 . . . . . . . . . . . . . . . . . . . . 1 1 .

〈(p − 2)2〉 . . . . . . . . . . 1 . . . . . . . . . 1 1 1
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−
2)

2
〉

〈(p
−

2)
2
,
p

−
1〉

〈(p
−

2)
2
,
p

−
3〉

〈(p
−

2)
2
,
p
〉

〈p
,
p

−
2,

p
−

4〉
〈p

−
4,

p
−

3〉
〈(p

−
3)

2
〉

〈p
−

4〉
〈(p

−
3)

2
,
p

−
1〉

〈p
−

4,
p

−
1〉

〈(p
−

3)
2
,
p

−
2〉

〈p
−

4,
p

−
2〉

〈(p
−

3)
2
,
p
〉

〈p
,
p

−
3,

p
−

4〉

1 . . . . . 1 . . . . . . .

1 . . . . . 1 . . . . . . .

. . . . . . 1 1 . . . . . .

1 1 . . . . 1 . 1 . . . . .

1 1 . . . . 1 . 1 . . . . .

. . . . . . 1 1 1 1 . . . .

. 1 1 . . . . . 1 . 1 . . .

. . . . . . . . 1 . 1 . . .

. 1 1 . . . . . 1 1 1 1 . .

. . 1 1 . . . . . . 1 . 1 .

. . 1 1 1 1 . . . . 1 1 1 1

. . . . . . . . . . 1 . 1 1

. . . 1 1 . . . . . . . 1 1

. . . 1 . . . . . . . . 1 .

. . . . . 1 . . . . . . 1 1

〈p

−
2,

p
−

1〉
〈p

−
1,

p
−

2,
p

〈p
−

2,
p
〉

〈p
−

3,
p
〉

〈p
,
p

−
1,

p
−

2
〈p

,
p

−
2,

p
−

3

〈(p
−

1)
2
〉

〈(p
−

1)
2
,
p

−
〈(p

−
1)

2
,
p

−

〈(p − 3)2〉 . . 1 1 . . . . .

〈p − 3,p − 4〉 . . . . . . . . .

〈p − 4〉 . . . 1 . . . . .

〈(p − 3)2,p − 1〉 . . 1 1 . . 1 1 1
〈p − 1,p − 3,p − 4〉 . . . . . . 1 . .

〈p − 4,p − 1〉 . . . 1 . . . . 1
〈(p − 3)2,p − 2〉 1 1 . . 1 . 1 1 1
〈p − 2,p − 3,p − 4〉 . . . . . . 1 . .

〈p − 4,p − 2〉 . 1 . . . . . . 1
〈(p − 3)2,p〉 1 . . . . 1 . . .

〈p,p − 3,p − 4〉 . 1 . . 1 1 . . .

〈p − 4,p〉 . 1 . . . . . . .

〈(p − 3)3〉 . . . . . 1 . . .

〈(p − 4)2,p − 3〉 . . . . . . . . .

〈(p − 4)2〉 . . . . . 1 . . .
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A
.1

0
.

C
a

se
2

:(i,
j
)=

(p−
3
,
p+

1
)

〉 〉 〉 −
3〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

1)
2
,
p

−
3〉

〈(p
−

2)
2
〉

〈(p
−

2)
2
,
p
〉

〈(p
−

2)
2
,
p

−
1〉

〈(p
−

2)
2 ,

p
−

3〉
〈(p

−
3)

2
〉

〈p
−

4〉
〈(p

−
3)

2
,
p
〉

〈p
−

4,
p
〉

〈(p
−

3)
2
,
p

−
1〉

〈p
−

4,
p

−
1〉

〈(p
−

3)
2
,
p

−
2〉

〈p
−

4,
p

−
2〉

. . 1 . . . 1 . . . . . . .

. . 1 . . . 1 . . . . . . .

. . . . . . 1 1 . . . . . .

. . 1 1 . . 1 . 1 . . . . .

. . 1 1 . . 1 . 1 . . . . .

. . . . . . 1 1 1 1 . . . .

1 1 . 1 1 . . . 1 . 1 . . .

. . . 1 1 . . . 1 . 1 . . .

. 1 . . . . . . 1 1 1 1 . .

1 1 . . 1 1 . . . . 1 . 1 .

. . . . . . . . . . 1 . 1 .

. 1 . . 1 1 . . . . 1 1 1 1

. . . . . 1 . . . . . . 1 1

. . . . . 1 . . . . . . 1 .

. . . . . . . . . . . . 1 .

〈p

−
2,

p
−

3〉
〈p

−
3,

p
−

2〉
〈p

,
p

−
1,

p
−

2
〈p

,
p

−
1,

p
−

3
〈p

,
p

−
2,

p
−

3
〈p

−
1,

p
−

2,
p

〈p
2
,
p

−
2〉

〈p
2
,
p

−
3〉

〈(p
−

1)
2
,
p
〉

〈(p − 3)2〉 1 1 . . . . . . .

〈p − 3,p − 4〉 . . . . . . . . .

〈p − 4〉 . 1 . . . . . . .

〈(p − 3)2,p〉 1 1 . . 1 . 1 1 .

〈p,p − 3,p − 4〉 . . . . . . . . .

〈p − 4,p〉 . 1 . . 1 . . 1 .

〈(p − 3)2,p − 1〉 . . 1 1 1 1 1 1 1
〈p − 1,p − 3,p − 4〉 . . . . . . . . 1
〈p − 4,p − 1〉 . . . 1 1 1 . 1 .

〈(p − 3)2,p − 2〉 . . . 1 . 1 . . 1
〈p − 2,p − 3,p − 4〉 . . . . . 1 . . 1
〈p − 4,p − 2〉 . . 1 1 . 1 . . .

〈(p − 3)3〉 . . . . . . . . .

〈(p − 4)2,p − 3〉 . . . . . 1 . . .

〈(p − 4)2〉 . . . . . . . . .
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A.11. Case 3:(i, j, k) = (p − 1,p + 1,p + 1)

〈p
〉

〈p
2
〉

〈p
,
p

−
1〉

〈p
−

1,
p
〉

〈p
2
,
p

−
1〉

〈p
3
〉

〈p
,
p

−
2〉

〈p
2
,
p

−
2〉

〈(p
−

1)
2 ,

p
〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
1)

2
〉

〈p
−

1,
p

−
2〉

〈(p − 1)2,p〉 1 1 1 . . 1 . . 1 . . .

〈p,p − 1,p − 2〉 . . 1 . 1 1 1 1 1 1 . .

〈(p − 1)2〉 . 1 1 . 1 1 . . 1 . 1 .

〈p − 1,p − 2〉 . . . 1 1 1 . 1 1 1 1 1

A.12. Case 3:(i, j, k) = (p − 2,p,p)

〈p
−

1〉
〈p

−
2,

p
−

1〉
〈(p

−
1)

2
,
p

−
2〉

〈p
−

1,
p
〉

〈p
,
p

−
1〉

〈(p
−

1)
2
,
p
〉

〈p
,
p

−
1,

p
−

2〉
〈p

−
2,

p
〉

〈(p
−

1)
3
〉

〈p
−

1,
p

−
3〉

〈(p
−

1)
2
,
p

−
3〉

〈(p
−

2)
2
,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

2 〉
〈p

−
2,

p
−

3〉

〈(p − 2)2,p − 1〉 . . 1 1 . 1 1 . 1 . . 1 . . .

〈p − 1,p − 2,p − 3〉 . . . 1 . . . . 1 1 1 1 1 . .

〈(p − 2)2〉 1 1 1 1 1 1 1 1 1 . . 1 . 1 .

〈p − 2,p − 3〉 . . . . . . . . 1 . 1 1 1 1 1

A.13. Case 3:(i, j, k) = (p − 3,p − 1,p − 1)

〈p
−

2,
p

−
1〉

〈p
−

1,
p

−
2〉

〈(p
−

2)
2
,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈p

−
3,

p
−

1〉
〈(p

−
2)

3
〉

〈(p
−

3)
2
,
p

−
2〉

〈(p
−

3)
2
〉

〈(p − 3)2,p − 2〉 1 . 1 1 . 1 1 .

〈p − 2,p − 3,p − 4〉 1 . . . . 1 1 .

〈(p − 3)2〉 1 1 1 1 1 1 1 1
〈p − 3,p − 4〉 . . . . . 1 1 1
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A.14. Case 3:(i, j, k) = (p − 2,p,p + 1)

〈p
−

1,
p

−
2〉

〈p
,
p

−
1〉

〈p
−

2,
p

−
1〉

〈(p
−

1)
2
,
p
〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
1)

2
,
p

−
2〉

〈p
−

2,
p
〉

〈p
2
,
p

−
1〉

〈(p
−

1)
3
〉

〈p
−

1,
p

−
3〉

〈p
,
p

−
1,

p
−

3〉
〈(p

−
1)

2
,
p

−
3〉

〈(p
−

2)
2
,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

2
〉

〈p
−

2,
p

−
3〉

〈(p − 2)2,p − 1〉 . . . 1 . . . . 1 . . . 1 . . .

〈p − 1,p − 2,p − 3〉 . . . . . 1 . . 1 . . 1 1 1 . .

〈(p − 2)2〉 1 1 1 1 1 1 1 1 1 . . . 1 . 1 .

〈p − 2,p − 3〉 1 . . . . 1 . 1 1 1 1 1 1 1 1 1

A.15. Case 3:(i, j, k) = (p − 3,p − 1,p)

〈(p
−

2)
2
,
p

−
3〉

〈p
−

2,
p
〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p
〉

〈p
,
p

−
2,

p
−

3〉
〈p

−
3,

p
〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

2)
3
〉

〈(p
−

3)
2
,
p

−
2〉

〈(p
−

3)
2
〉

〈(p − 3)2,p − 2〉 1 . . 1 1 . . 1 1 .

〈p − 2,p − 3,p − 4〉 . . . . . . . 1 1 .

〈(p − 3)2〉 1 1 1 1 1 1 1 1 1 1
〈p − 3,p − 4〉 . 1 . . . . 1 1 1 1

A.16. Case 3:(i, j, k) = (p − 3,p − 1,p + 1)

〈(p
−

2)
2
,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

2 ,
p

−
3〉

〈p
−

3,
p

−
1〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

2)
3
〉

〈(p
−

3)
2
,
p

−
2〉

〈(p
−

3)
2
〉

〈(p − 3)2,p − 2〉 1 . . . . 1 1 .

〈p − 2,p − 3,p − 4〉 . . 1 . . 1 1 .

〈(p − 3)2〉 1 1 1 1 1 1 1 1
〈p − 3,p − 4〉 . . 1 . 1 1 1 1
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se
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,
k
)=

(p−
2
,
p+

1
,
p+

1
)

〈p − 1,p〉
〈p2,p − 1〉
〈(p − 1)2,p〉
〈p,p − 1,p − 2〉
〈p2,p − 2〉
〈p − 2,p − 1〉
〈(p − 1)2,p − 2〉
〈p3〉
〈(p − 1)3〉
〈(p − 2)2,p〉
〈p,p − 1,p − 3〉
〈p2,p − 3〉
〈p,p − 2,p − 3〉
〈(p − 1)2,p − 3〉
〈(p − 2)2,p − 1〉
〈p − 1,p − 2,p − 3〉
〈(p − 2)2〉
〈p − 2,p − 3〉

〈(p−
2
) 2

,
p−

1〉
1

1
1

1
.

.
.

1
1

1
.

.
.

.
1

.
.

.

〈p−
1
,
p−

2
,
p−

3〉
.

.
.

1
1

.
1

1
1

1
1

1
1

1
1

1
.

.

〈(p−
2
) 2〉

.
.

1
1
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.
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.

1
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.
.

.
.
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.

1
.

〈p−
2
,
p−

3〉
.

.
.

.
.

1
1

.
1

.
.

.
.

1
1

1
1

1
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.1

8
.
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se
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j
,
k
)=

(p−
3
,
p
,
p
)

〈(p−
〈p−

2
〈(p−
〈p−

3

A
.1

9
.

C

〈(p−
〈p−

2
〈(p−
〈p−

3

〈p − 2,p − 1〉
〈(p − 1)2,p − 3〉
〈p − 3,p − 2〉
〈(p − 2)2,p − 3〉
〈p,p − 1,p − 2〉
〈(p − 1)2,p〉
〈p,p − 1,p − 3〉
〈p,p − 2〉
〈(p − 2)2,p〉
〈p,p − 2,p − 3〉
〈p − 3,p〉
〈(p − 1)3〉
〈(p − 2)3〉
〈(p − 3)2,p − 1〉
〈(p − 3)2,p − 2〉
〈(p − 3)2〉

3
) 2

,
p−

2〉
.

1
.
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1
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1

.
1

1
.
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1

1
1

.
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3
,
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4〉
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.
.
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.
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.

.
.
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1
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.

3
) 2〉
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.
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.

.
1
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.
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.

1
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,
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4〉
.

.
.

.
.
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.

.
.

.
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1
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1
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1
)

〈p,p − 1,p − 2〉
〈p − 1,p − 2,p − 3〉
〈(p − 1)2,p〉
〈(p − 1)2,p − 3〉
〈p − 3,p − 2〉
〈(p − 2)2,p〉
〈p,p − 2,p − 3〉
〈(p − 2)2,p − 3〉
〈p − 3,p〉
〈p2,p − 2〉
〈(p − 1)3〉
〈(p − 2)3〉
〈(p − 3)2,p − 1〉
〈(p − 3)2,p − 2〉
〈(p − 3)2〉

3
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,
p−
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.
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.

3
) 2〉

1
1

.
.

1
1

1
1

1
1

.
1

.
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,
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.
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.
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1
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A.20. Case 3:(i, j, k) = (p − 3,p + 1,p + 1)

〈p
,
p

−
1,

p
−

2〉
〈(p

−
1)

2
,
p

−
2〉

〈(p
−

2)
2 ,

p
−

1〉
〈p

−
1,

p
−

2,
p

−
3〉

〈(p
−

1)
2
,
p

−
3〉

〈p
−

3,
p

−
2〉

〈(p
−

2)
2 ,

p
−

3〉
〈(p

−
1)

3
〉

〈(p
−

2)
3
〉

〈(p
−

3)
2
,
p

−
1〉

〈(p
−

3)
2
,
p

−
2〉

〈(p
−

3)
2
〉

〈(p − 3)2,p − 2〉 1 1 1 1 . . . 1 1 1 1 .

〈p − 2,p − 3,p − 4〉 . . . 1 1 . 1 1 1 1 1 .

〈(p − 3)2〉 . . 1 1 . . 1 . 1 . 1 1
〈p − 3,p − 4〉 . . . . . 1 1 . 1 . 1 1

A.21. Case 4:(i, j, k) = (p,p + 1,p + 1)

〈p
2
〉

〈p
,
p

−
1〉

〈p
3
〉

〈p
2
,
p

−
1〉

〈p
−

1,
p
〉

〈p
−

1〉

〈p3〉 . . 1 . . .

〈p2,p − 1〉 1 . 1 1 . .

〈p − 1,p〉 1 1 1 1 1 .

〈p − 1〉 . . 1 1 1 1

A.22. Case 4:(i, j, k) = (p − 1,p,p)

〈p
−

1〉
〈(p

−
1)

2
〉

〈p
−

1,
p
〉

〈p
〉

〈p
,
p

−
1〉

〈(p
−

1)
2
,
p
〉

〈p
−

1,
p

−
2〉

〈(p
−

1)
3
〉

〈(p
−

1)
2
,
p

−
2〉

〈p
−

2,
p

−
1〉

〈p
−

2〉

〈(p − 1)3〉 . 1 1 1 1 1 . 1 . . .

〈(p − 1)2,p − 2〉 . . . . . . . 1 1 . .

〈p − 2,p − 1〉 1 1 1 . . 1 1 1 1 1 .

〈p − 2〉 . 1 . . 1 1 . 1 1 1 1
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A.23. Case 4:(i, j, k) = (p − 2,p − 1,p − 1)

〈p
−

2〉
〈p

−
2,

p
−

1〉
〈p

−
1〉

〈p
−

1,
p

−
2〉

〈(p
−

2)
2
,
p

−
1〉

〈p
−

2,
p

−
3〉

〈(p
−

2)
3
〉

〈(p
−

2)
2
,
p

−
3〉

〈p
−

3,
p

−
2〉

〈p
−

3〉

〈(p − 2)3〉 1 1 1 1 1 . 1 . . .

〈(p − 2)2,p − 3〉 . . . . . . 1 1 . .

〈p − 3,p − 2〉 . 1 . . 1 1 1 1 1 .

〈p − 3〉 1 . . 1 1 . 1 1 1 1

A.24. Case 4:(i, j, k) = (p − 3,p − 2,p − 2)

〈p
−

3,
p

−
2〉

〈p
−

2〉
〈p

−
2,

p
−

3〉
〈(p

−
3)

2
,
p

−
2〉

〈(p
−

3)
3
〉

〈p
−

4,
p

−
3〉

〈p
−

4〉

〈(p − 3)3〉 1 1 1 1 1 . .

〈(p − 3)2,p − 4〉 . . . . 1 . .

〈p − 4,p − 3〉 1 . . 1 1 1 .

〈p − 4〉 . . 1 1 1 1 1

A.25. Case 4:(i, j, k) = (p − 1,p,p + 1)

〈p
−

1〉
〈p

〉
〈(p

−
1)

2
〉

〈p
,
p

−
1〉

〈(p
−

1)
2
,
p
〉

〈p
2
〉

〈p
2
,
p

−
1〉

〈p
−

1,
p

−
2〉

〈p
,
p

−
2〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
1)

3
〉

〈(p
−

1)
2
,
p

−
2〉

〈p
−

2,
p

−
1〉

〈p
−

2〉

〈(p − 1)3〉 1 1 1 . . 1 1 . . . 1 . . .

〈(p − 1)2,p − 2〉 . . 1 1 1 1 1 1 1 1 1 1 . .

〈p − 2,p − 1〉 . . . . . . . . . . 1 1 1 .

〈p − 2〉 1 . 1 . 1 . 1 1 . 1 1 1 1 1
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A.26. Case 4:(i, j, k) = (p − 2,p − 1,p)

〈p
−

1,
p

−
2〉

〈(p
−

2)
2
,
p

−
1〉

〈p
−

2,
p
〉

〈p
−

1,
p
〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p
〉

〈(p
−

1)
2
〉

〈(p
−

1)
2 ,

p
−

2〉
〈p

−
2,

p
−

3〉
〈p

−
1,

p
−

3〉
〈p

−
1,

p
−

2,
p

−
3〉

〈(p
−

2)
3
〉

〈(p
−

2)
2
,
p

−
3〉

〈p
−

3,
p

−
2〉

〈p
−

3〉

〈(p − 2)3〉 1 1 1 1 1 1 1 1 . . . 1 . . .

〈(p − 2)2,p − 3〉 . . 1 . . . 1 1 1 1 1 1 1 . .

〈p − 3,p − 2〉 . 1 . . . 1 . . . . . 1 1 1 .

〈p − 3〉 1 1 1 . 1 1 . 1 1 . 1 1 1 1 1

A.27. Case 4:(i, j, k) = (p − 3,p − 2,p − 1)

〈p
−

3,
p

−
1〉

〈p
−

2,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
3)

2
,
p

−
1〉

〈(p
−

2)
2
〉

〈(p
−

2)
2
,
p

−
3〉

〈(p
−

3)
3
〉

〈p
−

4,
p

−
3〉

〈p
−

4〉

〈(p − 3)3〉 1 1 1 1 1 1 1 . .

〈(p − 3)2,p − 4〉 1 . . . 1 1 1 . .

〈p − 4,p − 3〉 . . . 1 . . 1 1 .

〈p − 4〉 1 . 1 1 . 1 1 1 1

A.28. Case 4:(i, j, k) = (p − 2,p − 1,p + 1)

〈p
−

1,
p

−
2〉

〈p
−

1,
p
〉

〈p
,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p

−
1〉

〈(p
−

1)
2
〉

〈(p
−

1)
2
,
p

−
2〉

〈p
−

1,
p

−
3〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

3
〉

〈(p
−

2)
2
,
p

−
3〉

〈p
−

3,
p

−
2〉

〈p
−

3〉

〈(p − 2)3〉 1 1 1 . 1 1 . . 1 . . .

〈(p − 2)2,p − 3〉 . . . 1 1 1 1 1 1 1 . .

〈p − 3,p − 2〉 . . . . . . . . 1 1 1 .

〈p − 3〉 1 . 1 1 . 1 . 1 1 1 1 1
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A.29. Case 4:(i, j, k) = (p − 3,p − 2,p)

〈(p
−

3)
2
,
p

−
2〉

〈p
−

2,
p
〉

〈p
,
p

−
2,

p
−

3〉
〈(p

−
3)

2 ,
p
〉

〈(p
−

2)
2
〉

〈(p
−

2)
2
,
p

−
3〉

〈(p
−

3)
3
〉

〈p
−

4,
p

−
3〉

〈p
−

4〉

〈(p − 3)3〉 1 1 1 1 1 1 1 . .

〈(p − 3)2,p − 4〉 . . . . 1 1 1 . .

〈p − 4,p − 3〉 1 . . 1 . . 1 1 .

〈p − 4〉 1 . 1 1 . 1 1 1 1

A.30. Case 4:(i, j, k) = (p − 3,p − 2,p + 1)

〈p
−

2,
p

−
1〉

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
3)

2
,
p

−
2〉

〈(p
−

2)
2 〉

〈(p
−

2)
2
,
p

−
3〉

〈(p
−

3)
3
〉

〈p
−

4〉

〈(p − 3)3〉 1 1 . 1 1 1 .

〈(p − 3)2,p − 4〉 . . 1 1 1 1 .

〈p − 4,p − 3〉 . . . . . 1 .

〈p − 4〉 . 1 1 . 1 1 1

A.31. Case 4:(i, j, k) = (p − 1,p + 1,p + 1)

〈p
〉

〈p
2
〉

〈p
2
,
p

−
1〉

〈(p
−

1)
2
,
p
〉

〈p
3
〉

〈p
,
p

−
2〉

〈p
,
p

−
1,

p
−

2〉
〈p

2
,
p

−
2〉

〈p
−

2,
p
〉

〈(p
−

1)
3
〉

〈(p
−

1)
2
,
p

−
2〉

〈p
−

2,
p

−
1〉

〈p
−

2〉

〈(p − 1)3〉 1 1 . . 1 . . . . 1 . . .

〈(p − 1)2,p − 2〉 . 1 1 1 1 1 . 1 . 1 1 . .

〈p − 2,p − 1〉 . . . 1 1 . 1 1 1 1 1 1 .

〈p − 2〉 . . . . . . . . . 1 1 1 1
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A.35. Case 4:(i, j, k) = (p − 3,p − 1,p)

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

2
,
p

−
1〉

〈(p
−

3)
2
,
p

−
1〉

〈p
,
p

−
2,

p
−

3〉
〈p

,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p
〉

〈p
,
p

−
1,

p
−

3〉
〈(p

−
3)

2 ,
p
〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

1)
2
,
p

−
3〉

〈(p
−

2)
3
〉

〈p
−

4,
p

−
2〉

〈(p
−

3)
3
〉

〈p
−

4,
p

−
3〉

〈p
−

4〉

〈(p − 3)3〉 1 1 1 1 1 1 1 1 1 1 1 . 1 . .

〈(p − 3)2,p − 4〉 . . . 1 . . . . 1 1 1 . 1 . .

〈p − 4,p − 3〉 . 1 1 . . 1 . 1 . . 1 1 1 1 .

〈p − 4〉 1 . 1 1 . . 1 1 . 1 . . 1 1 1

A.36. Case 4:(i, j, k) = (p − 3,p − 1,p + 1)

〈p
−

1,
p

−
2,

p
−

3〉
〈p

,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p

−
1〉

〈p
,
p

−
1,

p
−

3〉
〈(p

−
3)

2
,
p

−
1〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

1)
2
,
p

−
3〉

〈(p
−

2)
3
〉

〈(p
−

3)
3
〉

〈p
−

4〉

〈(p − 3)3〉 1 1 . 1 . 1 1 1 1 .

〈(p − 3)2,p − 4〉 . . 1 . 1 1 1 1 1 .

〈p − 4,p − 3〉 . . . . . . . 1 1 .

〈p − 4〉 1 . . 1 1 . 1 . 1 1

A.37. Case 4:(i, j, k) = (p − 2,p + 1,p + 1)

〈p
−

1,
p
〉

〈(p
−

1)
2
,
p
〉

〈(p
−

1)
2
,
p

−
2〉

〈(p
−

2)
2
,
p

−
1〉

〈(p
−

1)
3
〉

〈p
,
p

−
1,

p
−

3〉
〈p

−
1,

p
−

2,
p

−
3〉

〈(p
−

1)
2
,
p

−
3〉

〈p
−

3,
p

−
1〉

〈(p
−

2)
3
〉

〈(p
−

2)
2
,
p

−
3〉

〈p
−

3,
p

−
2〉

〈p
−

3〉

〈(p − 2)3〉 1 1 . . 1 . . . . 1 . . .

〈(p − 2)2,p − 3〉 . 1 1 1 1 1 . 1 . 1 1 . .

〈p − 3,p − 2〉 . . . 1 1 . 1 1 1 1 1 1 .

〈p − 3〉 . . . . . . . . . 1 1 1 1
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A.38. Case 4:(i, j, k) = (p − 3,p,p)

〈p
−

1,
p

−
2,

p
−

3〉
〈(p

−
2)

2
,
p

−
3〉

〈(p
−

3)
2
,
p

−
2〉

〈p
,
p

−
1,

p
−

2〉
〈p

,
p

−
2,

p
−

3〉
〈p

,
p

−
2〉

〈(p
−

2)
2
,
p
〉

〈p
,
p

−
3〉

〈(p
−

3)
2
,
p
〉

〈(p
−

2)
3
〉

〈p
−

4,
p

−
2〉

〈(p
−

3)
3
〉

〈p
−

4,
p

−
3〉

〈p
−

4〉

〈(p − 3)3〉 . 1 1 1 1 1 1 1 1 1 . 1 . .

〈(p − 3)2,p − 4〉 . . . 1 . . . . . 1 . 1 . .

〈p − 4,p − 3〉 1 1 1 . 1 . 1 . 1 1 1 1 1 .

〈p − 4〉 . . 1 . . . . 1 1 . . 1 1 1

A.39. Case 4:(i, j, k) = (p − 3,p,p + 1)

〈p
−

1,
p

−
2,

p
−

3〉
〈p

,
p

−
1,

p
−

2〉
〈p

,
p

−
2,

p
−

3〉
〈(p

−
3)

2
,
p

−
2〉

〈(p
−

2)
2
,
p
〉

〈(p
−

3)
2
,
p
〉

〈p
2
,
p

−
2〉

〈p
2
,
p

−
3〉

〈(p
−

2)
3
〉

〈(p
−

3)
3 〉

〈p
−

4〉

〈(p − 3)3〉 1 1 . 1 . . 1 1 1 1 .

〈(p − 3)2,p − 4〉 . . 1 1 1 1 1 1 1 1 .

〈p − 4,p − 3〉 . . . . . . . . 1 1 .

〈p − 4〉 1 . . 1 . 1 . 1 . 1 1

A.40. Case 4:(i, j, k) = (p − 3,p + 1,p + 1)

〈p
,
p

−
1,

p
−

2〉
〈(p

−
2)

2
,
p

−
1〉

〈(p
−

2)
2
,
p

−
3〉

〈(p
−

3)
2
,
p

−
2〉

〈(p
−

2)
3
〉

〈(p
−

3)
3 〉

〈(p − 3)3〉 1 1 . . 1 1
〈(p − 3)2,p − 4〉 . 1 1 1 1 1
〈p − 4,p − 3〉 . . . 1 1 1
〈p − 4〉 . . . . . 1
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