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Abstract

De Mathan [B. de Mathan, Approximations diophantiennes dans un corps local, Bull. Soc. Math. France,
Suppl. Mém. 21 (1970)] proved that Khintchine’s theorem on homogeneous Diophantine approximation
has an analogue in the field of formal Laurent series. Kristensen [S. Kristensen, On the well-approximable
matrices over a field of formal series, Math. Proc. Cambridge Philos. Soc. 135 (2003) 255-268] extended
this metric theorem to systems of linear forms and gave the exact Hausdorff dimension of the corresponding
exceptional sets. In this paper, we study the inhomogeneous Diophantine approximation over a field of
formal Laurent series, the analogue Khintchine’s theorem and Jarnik—Besicovitch theorem are proved.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The field of formal power series are analogues of the field of real numbers. Many problems
in number theory which have been studied in the setting of the real numbers can be transposed
to the case of the formal power series. Recently, the metric theory of Diophantine approximation
attains considerable attentions, while most of them are concerned on homogeneous Diophantine
approximation (see [1,2,7,10-14]).
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A well-known result (see [3—6]) in Diophantine approximation over the reals says that the
Lebesgue measure of the pairs (x, ) € R?, such that ||gx — || < g~V for infinitely many ¢ € N,
is full for v < 1 and null otherwise. Furthermore, the Hausdorff dimension of the set of these
points is known to be 1 4 ULH for v > 1. In this paper, we study the corresponding inhomoge-
neous Diophantine approximation over the field of formal Laurent series with coefficients in a
given finite field.

Let IF be a finite field with k = p! elements, where p is a prime and / is a natural number. Let
X be an indeterminate and denote by F[X] and F(X) respectively the ring of polynomials with
coefficients from F and the field of fractions over this ring. Define the field of formal Laurent
series with coefficients from [ to be

F((X_l)) = { Z a_iX:neZ a_;€F, a, ;EO}.

i=—n

The norm of x € F(X 1)) is defined by

x| { 0, whenevera_; =0foralli € Z,
X| =

k", whenevera_, #0,anda_; =0 foralli > n.

It is easy to verify that the above norm is non-Archimedean, i.e., for any x, y € F(X~1)):

(a) |x| 20, and |x| =0 if and only if x =0;
(®) |xyl=lxllyl;
(©) |x + yl < max{|x|, [y]}.

Moreover, the equality in (c) holds whenever |x| # |y|. An important consequence of (c) is the
“ball intersection” property: for any two balls C; and C, with the same radius, one has either
CiNCy=¢,or C; =C,.

The space (F(X 1)), d) is a complete metric space with the metric 4 induced by the norm | - |.
Here, comparing with the real case, F[X], F(X) and F(X ) play the roles of integers, rational
numbers and real numbers, respectively.

Define

00 0
x| = L Z a_iX_iJ = Z a_,-X_i eF[X], «x GIF((X_l))
and call it the integer part of x. Put

I={xeF(X™"): x]=0} ={x e F(X™"): x| < 1} = B(0, 1),

which plays the role of the unit interval [0, 1) in R. The ideal / is compact because it can be iden-
tified with ;2 F. A natural measure on / is the unique normalized Haar measure on [ [ | F,
which we denote by . For any b_1,b_», ..., b_,, € F, we call the set

[b_1,b_2,....,b_y]= {x :a_1X71 +a_2X72 +---€el:

ay=b_,ay=b_y,....a_y=b_p}
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a mth order cylinder. For the Haar measure p, SprindZuk (see [15]) gave an accurate characteri-
zation, where he showed that

1(b—1, b2, ..., b_p]) =k

Definition 1.1. Fix n € N. For any x = (x1, X2, ..., x,) € (F(X ™))", we define the height of x
as

[X]oo =max{|xj|: 1<j< n}
It is easy to verify that (a) and (c) in the definition of non-Archimedean norm hold for | - |o.

Definition 1.2. For x € F(X 1)), we define the distance from x to the polynomial lattice points
as

lx[l =min{|x — p|: p € FIX1}.

In fact, we have that

Il = [ = LxJ],

and || x|| = |x| for any x € I; ||x|| < |x| for any x € F(X~1)).
For g e F[X], let ¢ : F[X] — R be a function satisfying ¥ (g) < % and

Y(q1) =¥(q2), iflqi|l=lqzl.

Then we can write ¥ (g) = ¥ (|q]), i.e., ¥ is radial. We consider the set of points (x,«) €
(F(X~1))? for which the Diophantine inequality

llgx —all <y (q)
has for infinitely many solutions g € F[X].
Remark 1.3. Since the norm | - | defined above takes value only on {k"; r € Z}, then we can
restrict ¥ :F[X] — R* to ¢ :F[X] — {k"; r € Z}. When v assumes on other values such as
V(q) = k>4, we replace the value of 1/(g) by k~*@J and still denote it by ¥ (g) without

causing any confusion.

Write £2 =1 x I. Since (x,«®) — ||gx — «|| is p-periodic for any p € F[X], thus we only
concentrate our attention on §2 instead of F(X~1)2. Let

@ (Y) ={(x,a) € 2: llgx — || < ¥ (q) for infinitely many g € F[X]}.

For the special case that ¥ (g) = |¢|~" with v > 0, we write @ () = @,.
Now we give our main results.
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Theorem 1.4.

_ 0’ lf qu]F[X] W(Q) <00,
(n x ,U«)(¢>(¢)) - { 1, if qu]F[X] ¥ (q) = oc.

2

Theorem 1.5. For v > 1, dimg @, =1 + T

2. Metric theory

In this section, we will establish Theorem 1.4. First we fix some notation.
For g e F[X] and « € I, denote

Aga={xel: lgx —all <y (@)}

For p,q e F[X],x €1, let

Ago(p)={xel:|gx —a—p| <y (@}

Clearly,

Aq,a = U Aq,a(p)~

deg(p)<deg(q)

By the translate-invariant property of the Haar measure ; we have

v@\\ @
Aja = Bl 0, —— = —.
#(Aga(p) “( ( 4] )) q]

Then it follows that

wAga)= Y 1(Ag0(p) = 1g1 22 = y ).

deg(p) <deg(q) lal

Lemma 2.1. Given « € I. If the sum

> v@

q€F[X]

(1)

converges, then for |1 a.e. x € I, the inequality |gx — a|| < ¥ (q) holds for at most finitely many

g € F[X].

Proof. In the light of (1), this assertion is just a consequence of the Borel-Cantelli lem-

ma[l6]. O

The following lemma is a standard inequality in probability theory (see [16]).
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Lemma 2.2. Assume f(x,y):2 — R7T is a function such that f(x,y) = f(x|,|y|) and is
square integrable on S2. Denote

1/2
Mlszf(x,y)u(dx)u(dy), M2=</ f(x,y)2u(dx)u(dy)> :
2

2
IfMy>2aM3,0<b<a,and A={(x,y) € 2: f(x,y) = bM3}, then (u x )(A) = (b —a)z.
For g € F[X], define §,(x):1 — R* as

L, if x|l < ¥ (q),
0, otherwise.

8q(x) = {

It is evident that &, (x) is defined in / with one variable, but we can look 6, (gx — «) as a com-
position of 8, and f,, where f,:I x I — R, f,(x,a) = gx — « for any x, o € I, when we
encounter the function 6, (gx — o).

By the definition of 8, (x), we have

Lemma 2.3. The function é,(x) shares the following properties:

(1) 84(=x) =684(x);
(2) 84(x) is a periodic function, and any p in F[X] is a period of 5, (x);

(3) 82(x) =54 (x).
Furthermore, we have

Lemma 2.4.

(D) [f;84(x) u(dx) =¥ (q);
Q) [[q84(qx —a) udx) plda) =¥ (q);

B) [fo 8q(qx — )8y (q'x — o) pldx) p(da) = { v(q), ifg=q,

v(Yv(qg)., ifq#q.

Proof. We show (3) only for the case when g # ¢q'.
Letr =q¢ — ¢’ and &'(= Ta) = o — gx — [ — gx]. By Lemma 2.3 and the translate-invariant
property of the Haar measure i, we have

[ [ sutax =y 'x = e wian e
2

:f(/éq(—a/)(sq/(—(rx +a/)u,o’]I‘_1(do/))u(dx))

T
:/Sq(a/)(/qu(rx—i—o/)u(dx)) w(da')
1 1

=v(@Vv(). O
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Proof of Theorem 1.4. (I) Convergence part. Lemma 2.1 says that for fixed @ € I,
,u{x el: |lgx —a|| < ¥(q) for infinitely many g € IF[X]} =0.

Then the application of Fubini theorem yields that

(1 x w (@) =0.

(II) Divergence part. For any N € N, write
Av(x, o) =#{q €FIX]: llgx — el <¥(g). 0<lql <k},

12
0 = [[ aveu@nuidar. M) = ( /] A%v(x,a)mx)u(da))
2 2

and Y (N) =3, kv ¥(q)-

We claim that, for any € > 0,
Y(N) =M (N) = (1 —e)My(N) ()

holds for all N large enough.
Notice that

An(r.a)= Y S,(qx —a).

lq| <k

Then by Lemma 2.4, we have

Mi(N)= ) /qu(qx—a)u(dx)u(da)= D Y@ =y,

lgI<kN o lg|<kN

MNP = ) 84(qx — @)8q (¢ — @) pu(dx) pu(der)
lgI1<kN . 19/ |<kY 2

= > V@OV @)+ Y v(g)

lg|<kN, g’ |<kN, g#£q lg|<kN
<Y (N2 + Y (N).

Y (N)

YN = 0, then for any € > 0, when N is large enough, we have

Since limy_s o0

My(N)* < (1—€) 2y (N)~.

Therefore, (x) holds.
Set

An(©) ={(x,a) € 2: Ay(x, ) = eMy(N)}.
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Then applying Lemma 2.2 to f(x,a) = Ay(x,a),a=1—¢€,b=¢, we have

(1 x W (AN(©) = (1 =26)* > 1 —4e. 2)

Fix € > 0. Choose a subsequence Ny of N large enough such that (2) holds with respect to
AN,{(Z,{%), forall k > 1. Set

Ale) = ﬂAN,{(Z:ﬁ)
k>1

Then we have w(A(e)) > 1 — €. It is evident that A(e) is a subset of ¥ (¢). As a consequence,
by the arbitrariness of €, we have u (¥ (¢)) =1. O

As a special case of Theorem 1.4, we have

Corollary 2.5.

0, v>1,

(MXM)(Q%):{L b L,

3. Hausdorff dimension of some exceptional sets

We now consider the Hausdorff dimensions of some exceptional sets. First we cite the defini-
tion of Hausdorff dimension in this setting. More detailed accounts can be found in [8,9].

Let E be a subset of §2. For any § > 0, we call Cs5 with countable many balls B; = B(c;, p;)
isad coverof E if E C UBGC(; B and p; < 8. Then for any s > 0, the s-dimensional Hausdorff
dimension of E is defined as

H’(E) = lim inf st
(E) = lim in { > n }
B(x;,pi)€Cs
The Hausdorff dimension of E is defined as
dimg(E) = inf{s > 0: H*(E) =0}.

Now we fix some notation before a lemma. For g € F[X] and § > 0, consider the “resonant”
sets

R, = {(x,a) € gx —« EIF[X]},
and their § neighborhood
Bs(Ry) = {(x,a) €R: |lgx —a| < 5}.
We also define the set

B(Ry:8) = {(x, @) € £2: distoo ((x, @), Ry) < 8},
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where disty, denotes the distance in the height-norm, i.e.,

. _ . o v
dlstoo((x,oz),Rq)—(x,,llxr/l)fequax{Ix X', o — o'}

Lemma 3.1.

(1) Ry = Udeg(p)<deg(q){(x,a) €R: gx —a=p}.

(2) B(Ry;0) = U(xo’ao)eRq{(x, a) € £2: max{|x — xg[, | — apl} < 8}.

(3) Bs(Rq) = B(Rg;8/lq0).

Proof. The assertion in (2) is the fact since R, is compact. We prove (3) in two steps.

For any (x, @) € B(Ry; ‘2—‘), by assertion (2), there exists (xg, cg) such that

8 8
[x —x0| < — and |o—oap] < —.
lq1 lq|

AS a consequence,
lgx —all = gx —a — (gx0 — a0) | < max{|g|lx — xol, | — ao]} < 8.

This means that (x, o) € B5(R,), which follows B(Ry; \2_|) C Bs(Ry).
On the other hand, for any (x, @) € B5s(Ry), let

lgx —al=k""" <3,

with ¢ € N. By Definition 1.2, there exists p € F[X] such that

lgx —a — p| =k <s.
Thus o and gx — p belong to the same ¢th order cylinder. Without loss of generality, we assume

a€la_1,a_2,...,a_¢], gx —p€la-i,a-2,...,a_].

Hence x must lie in a well-determined (# + deg(g))th order cylinder denoted by

[b_1,b2,...., b deg(q)]-
Moreover,

qlb—1,b-2,....b_t_gegp] — P =la-1,a-2,...,a—].

Take xg € [b—1,b-2,...,b_;_geg(], such that gxo — p = «, and take a9 = «. Clearly, gxg —
ap € F[X], i.e., (x0,x0) € R,. It is easy to see that

8
lx — x| < —k™" < —, | —ag| =0.
lq1 lq1

This means (x, @) € B(Ry; 1), which gives Bs(Ry) C B(Rg; o). O
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Now, we begin with the upper bound estimation on the Hausdorff dimension of &,,.

Lemma 3.2. Let v > 1. Then

dimyg @, < 1 .
H %*v +U+1

Proof. By definition
@, = {(x, @) € 2: (x,a) € Bjy-+(Ry) for infinitely many g € F[X]}.

Furthermore, @, can be expressed as a lim sup set

q>v=ﬂ U By (Ry).

rzllglzk

Clearly, Ulm?kr Byy-(Ry) is a natural cover of &,, denote this cover by C, ie., C =
{qu]}?[x] B|q|*” (Rq): lgl = K"}

Fix t e Nand r > r. Fix a ¢ € F[X] of degree ¢, we will construct a natural covering of
Bigj-(Ry).

It is evident that I can be expressed as the union of all [7v]th order cylinders, that is to say

I = U [c—1,c22, ..., c— )],

C_1,6=2,0e0,C—[1p)

where c_1,c_2,...,c_|;y) € F. Then we refine By (Ry) to a sequence of “regular” sets:

Big1-v(Rg)

= U {(x,a)e.Q: ligx — o]l <k~ ae[c_l,...,c_uvj]}
T

t—1

U U {(x,ot)e.Q: gx —pelc_i,....cw)l, lgl =k, ae[c_l,...,c_L,vJ]}

C—1sees =0 |p|=ki
] [Pl

t—1
c U U U {eweixeb . ....b_jndacler.....cmil}

Clseens i=0 | p|=ki
i Ipl

U U U {ooyee: (rayelbor,....bojd x le1 ... ey}

1= =t C—lsr =l —ki
T deg(q)=t ol i=0 |p|=ki
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forms a cover of @,. Then by the definition of Hausdorff dime measure, we have

[e'¢) t—1

s S —(Ltv]+1t)s g [tv]+t _ i, t

H ((bv)ghrrg})réfE 'k k > "k — DK (k — Dk
t=r i=0

oo
< limiank[(“H)(l_S)”]’ <o

r—0o0
t=r

forany s > 1+ UL_H Thus

dimg &, <1+

. O
v+1

Now we turn to the estimation of the lower bound of dimyg @,. In fact, we will give the lower
bound of the Hausdorff dimension of a more general set A ().

A(Y) = {(x, a) € £2: diste ((x, o), Rq) < ¥ (g) for infinitely many ¢ € IF[X]},
where ¥ :F[X] — {k": r € Z} be a decreasing function such that ¥ (¢) = ¥ (|q]), ¥ (k") <

kPN and py = [2N —log N].
For N € N, put

Q(N) = U B(Ry; kPV).
lg| <kN

Lemma 3.3. limy _ oo (0 X 1)(£2 \ 2(N)) =0.
Proof. For N € N, set

vy (x, @) = Z XB‘qlk_pN(Rq)(x,Ol)'
lq|<kN

It is natural that

'@ =2\2v=2\ [J Bgu-rv(Ry.
lq|<kN

Denote by uy the mean of vy (x, o). Then we have

sz:// vy (x, @) pdx) p(do) = Z (/J,X,L,L)(qulkpr(Rq)): Z g kPN
2

lq| <k lq| <k

=Y Zk’k’pN:(k—l)k—ka;leoo.

K2—1 kew
1<r<N Igl=k"

Moreover, we can calculate the variance 01%, of vy (x, @). By Lemma 2.4, we get
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o} = / [ ot wido wtae - i
=2 > / / XB, oy (R) 52 @ XB, gy (R (¥, @) () p(der) =
lgI<KN 1" |<kN
= Dl YT gl Y —
g1 <kN lql, 19’1 <kN, g7#q’
S UN-
On the other hand, by the definition of vg,l (0), we have
2 _
oy > / f (vn (¥, @) = )" i(dx) plda) = ug; - (e x ) (vy' ().
)
Therefore,
1 01%/
li \R2(N))= 1l v )< 1 < lim — =0 O
Ngnoo(uxu)( \ 2(N)) Ngnoo(uxu)(vN 0)) AJim 2 pim
For the above py and v/, let
I —pn logk
y =limsup ———.
N—oco logy (V)
Then 0 <y < 1.
Lemma 3.4. dimg A(y) > 1+ y.
Proof. For N € N, let
ON PN _
T (on) = {(Za_,-X_’, Zb_ix—’>: a_i,b_;i€F, 1<i< pN}.
i=l i=I
For any x,y € I'(py) and x # y, it is noticed that |x — y|s = k~P¥. Then we can define a
partition P(N) of §2 as

P(N)={B(c,k™"N) C 2: ceI'(pn)}.
Now we define the family of bad balls and good balls in P(N), respectively.
B(N)={Be€P(N): BNR2(N) =0}, G(N)=P(N)\ B(N).

We see that B C §2 \ 2(N) for all B € B(N). By Lemma 3.3, we have

ST T _2
1= lim w(GV)) = lim GNK".
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Then for N large enough,

1 2pN 2pN

Ek <HG(N) <2677V,

Fix a | - |o-ball B € G(N), and let g € F[X] with |¢g| < kN be the polynomial such that
BN B(Ry; k™PN) # (). We construct a family D(B) of B as follows:

(1) choose points ¢; in B N B(R,; k=) such that for i # j,
lci = ¢jloo = ¥ (KV);

(2) take balls B; with centers ¢; and radii 1//(kN );
(3) remove all points belonging to R, from the above balls. Denote

D(B) ={D: D is the “ball” obtained in the above fashion}.

Without confusion, any D € D(B) is still called a “ball.” Clearly, the “balls” in D(B) are disjoint,
and

(1 x (D) = (% w)(B;) = > (k"),
for (u x w)(Ry) = 0. Furthermore, since v is decreasing, we have for each pointu € D € D(B),
0 < distoo (u, Ry) < ¥ (k) < ¥ (q).
Since BN B(R;; k™PN) # ) and V¥ (kN) < kPN, then D(B) is nonempty.

Lemma 3.5 (Estimate the number of “balls”).

- k—PN
1D( )_—W(kN)'

Proof. It suffices to consider the number of pairs (x, o) in B N R, with the properties
distoo ((x1, @1), (2, 2)) > ¥ (KV).

Write B =[a_1,...,apy] X [b_1,...,b_py]. Since the integer part of gx is wholly deter-
mined by the first deg(g) terms of the digits of x, thus, for some py,

lgx] = po 3)

for all (x, &) in B.
This can make us claim that, for any pair (x1, @1), (x2,2) € BN R,

distoo ((x1, 1), (x2, @2)) = o1 — 2.
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Since gx; —o; € F[X],i =1, 2, and by (3), we know

X = o + 170. )
q
Moreover, x; € [a—1,...,a,y],1 =0, 1,2, since it holds for i = 0. Equation (4) implies that for
(x,a) € BN Ry, once « is given, x has been already determined.
As a consequence, we only need consider the number of @ € [b_1, ..., b,,] such that |o] —
an| = ¥ (k™). Tt is quite straightforward that this number is just equal to %
Thus
—PN
fD(B) = ——.
¥ (kN)
For N € N, set
n=U Ubp w=Yy ¥
BeG(N) DeD(B) BeG(N) DeD(B)
Then
1 kPN kPN
T <IN < 2—7,
29 (kN) ¥ (kN)
and

(e x ) (Tn) =2G(N)ED(B) (i x n)(D),
for any D € D(B).

Lemma 3.6. Let Y C 2 be a | - |so-ball. Then

1
7 WX IN) (> ) ¥) < (e x w)(Ty 0 Y) < 4 x ) (Tn) (e x w)(Y)
holds for N large enough.

Proof. ForY C £2,1etGy(N) ={B€G(N): BCY}and Y(N) = UBegy(N) B. By Lemma 3.3,
we have

im (2 x WY \Y(N)) < im (e x m(2\ 2(N)) =0.

Thus, for N large enough

%amshm<ﬁ%W)<MW<wam

20 T (ux ()
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By the definition of Gy (N) and the construction of D(B), we have

uxm( U U (Drm)

BeG(N) DeD(B)
Y. D uxwDd)
BeGy(N) DeD(B)
=2Gr(N)2D(B) (1 x p)(D).

(ux ) (ITnNY)

Therefore Lemma 3.6 follows. O

Now we are ready to construct a Cantor set in A(Y).
First, recalling that y = limsupy_, o, 1o§ ’:’Aiﬁ,’; , we choose an increasing sequence {M,: r €
N} € N such that

. —pm, logk
= lim —————.
r—oo log Iﬁ(kM’)

Choose N; € {M,: r € N} sufficiently large to guarantee that Lemma 3.6 holds for ¥ = £2. Let

can=UJ U b dan= Y )

BeG(Ny) DeD(B) BeG(Ny) DeD(B)
Then
1 kle < , N <2 kle
2y SCWD S 200w

wk(l;(};l] )] many “balls” D from C’(N1), and denote the union

of these “balls” by C(N7). For convenience, let c(N1) = [2 w(k"’l)

on the construction of the Cantor set. Clearly, C(N1) C C'(Ny).
For the second level, £2 is further sub-divided into balls with centers in I"(py,) and of radii
k™"M2 . Choose N, € {M,: r € N}, N > N; large enough such that Lemma 3.6 holds for all

Y =D e C(Ny) and
Y (kM2
Iﬂ(sz)g2< o ) :

As a consequence, we can choose [%

]. This completes the first level

Then for such a D,

1 (u < w)(D) (1 x pn)(D)
=TT <HOp(N2) <2 PRSI

Let

can= U U oo daw= Y >

BeGeny)(N2) DeD(B) BeGeny)(N2) DeD(B)
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where Gen,)(N2) = {B € G(N2): B C C(Ny)}. Then

LKy (kM) kP22 (kM)

2 YkM) c(N1) < c'(N2) €2 WY (kN2) c(N1).

We choose [2 mi,\g‘)m (N1)] “balls” from C’(N;) and denote the union of these “balls” by

’ 1 k"N2 2 (kN1
C(N7). Clearly, C(N2) C C'(N2). We also denote ¢(N2) =[5 @ € c(ND].

Repeat this construction to obtain N, € {M,: r € N} large enough to ensure Lemma 3.6 holds
forall Y =D e C(N,_1), and

%kzm W2 (N1) <2Gp(N) 2KV (kN1), D e C(Ny-)
and
¥ (kM)
21_[( kPN ) ’
Set

cwn= | U o dan= ) >

BeGew,_y)(Nr) DED(B) BeGcew,_;)(Nr) DED(B)
where Gey,_)(Nr) ={B € G(N,): B C C(N,_1)}. Then
(Ny) =8Gew,_) (N 8{D € D(B): B € Ge,_)(Ny)}-

This gives

k—PNr

— <
¥ (M)

k—PNr

l 2 (1 Nr—1\7,.20N, S
SV (KN =1)k*PNr e(Ny—1) A

¢'(N;) <292 (kN =1) k2PN (N 1)

and

r

2% kPN (kN ) =2 (k) < ¢ (N) <28 T TR 9 (k™) =2 (k7).
i=1 i=1

Following the above fashion, we choose [2% ]_[f:l kPNi w(kNi)w_z(kN’)] “balls” D from C’'(N,)
and denote the union of these “balls” by C (X, ), also we put

1 r

i=1
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Then we define

Coo = ﬁ C(Nr)

r=1

to be our desired Cantor set.
Given u € Cy, for each r € N, there exists g € F[X] with |g| < kN such that

0 < distoo (u, Rg) < ¥ (k") < ¥ (g),
since the ball D € D(B), D N R, = and W(kN’) — 0 asr — o0, so, foreach u € Coo,
0 < disteo (u, Rg) < ¥ (k") <¥r(q)
holds for infinitely many different g € F[X]. Hence
Coo C AWY).

We now give a mass distribution v on C,. For any D € C(N,.), r > 1, we define

v(D) = A

Since
D)= > w(D,
D'CC(Ny11)ND

so v is a mass distribution.
Notice that for any D € C(N,),l(D) = ¥ (kNr), where [(D) denotes the radius of D. Then

I
D <Y [ 2 (k"
D)= "5 S ll_{ v ()R (k)

r—1
— ey ) Ty )

i=1
<2 (RN )y (k).
For any € > 0 and r large enough, we can get

logv(D)

—2>1
logl(D) Tty

where y = lim,_, 40 ]0'0 ’:Z (LOA%]; It follows that for each D € C(N,), the measure v satisfies

(D) < (1(D))'.
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In order to obtain the Lemma 3.4, it suffices to show
Lemma 3.7. For any small | - |so-ball C in 2, v(C) < (I(C)'Y, where [(C) is the radius of C.
Proof.
V(C) =v(Coo NC) <V(C(N,)NC).
Take r sufficiently large to make sure that
Y (KV) <1(C) <y (KV1).

We prove Lemma 3.7 in two steps.
(1) If I(C) > k=P~Nr | then by Lemma 3.5 we have

v(C) < V(C(N,)NC)

k=P [ 1(C) \?
< —w(kNr)(—k—ﬂNr) v(D)

1 ¢(N,) ( kPN >2<I(C) >2
<z v(D)
2 c(Np—p) \ Y (kNr-1) k=PNr

11 10) \°

T 2¢(Nim) (x/fachl)) (Decwn)

1, —2(1.N,_ 14y (. Nr— _ 1 14y (1.N-
<SPEHOW ) (D)= s <))

- %lz(C)x//V_l(kN')

(2) If I(C) < kPN, then we have

1(C)

V(C) <v(C(N,)NC) < A

(D) <UCOWY (V) < (1O, o

Now Lemma 3.4 follows from the preceding lemma by the mass distribution principle [8].
For py = [2N —1log N ], ¥ (q) = lg|~@*D we have y = UZ? and A(y) = @,. Therefore

dimg®, > 1+ y.
Combining Lemmas 3.2 and 3.4, we get Theorem 1.5.
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