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Abstract

We consider the question for which square integrable analytic functions f and g on the unit ball the
densely defined products 7s Ty are bounded on the weighted Bergman spaces. We prove results analogous
to those we obtained in the setting of the unit disk and the polydisk.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout let n be a fixed integer n > 2. Denote the unit ball in C" by B,, and let v be
Lebesgue volume measure on B,,, normalized so that v(B,) = 1.

For w € B,, let ¢, be the automorphism of B, such that ¢,,(0) = w and ¢, - ¢w. The
mappings ¢,, are described in [4, Section 2.2].

For —1 < a < 00, we denote by v, the measure on B, defined by dv, (z) = (1 —|z|*)% dv(z).
The weighted Bergman space Ai (B,,) is the space of analytic functions # on B, which are
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square-integrable with respect to measure v, on B,. The reproducing kernel in Ag (B,) is given
by
1

(@) _
Kw (@)= (1—(z, w))n+a+1 ’

for z, w € B,. If (-,-)4 denotes the inner product in L2(B,, dvy), then (h, K,(U“))a = h(w), for
every h € Aft(IB%n) and w € B,,. In this paper we use || - || to denote the norm in L2(B,, dvy).
The orthogonal projection P, of L?(B,, dvy) onto Ag (By,) is given by

” 1
(Pug)(w) = (3. K ), = / 8 =gyt @
IBIl

for g € L%(B,,d vy) and w € B,. Given f € L*(B,), the Toeplitz operator T is defined on
AZ(B,) by Trh = Py(fh). We have

f(@2)h(2)
apmw) = [ P v,

n

for h € Ag (B,) and w € B,,. Note that the above formula makes sense, and defines a function
analytic on B,,, also if f € L*(B,, dvy). So, if g € A?x (B,,) we define T; by the formula

5 _ g@h(z)
I = [ =52 o
B’l

for h € A2(B,) and w € B,,. If also f € A2(B,), then T;Tgh is the analytic function fTgh for
he H®(B,).

We will give a necessary condition for boundedness of the Toeplitz product 77 T; in Section 3,
and then show that this condition is very close to being sufficient in Section 4. Our conditions
are formulated in terms of the (weighted) Berezin transform: for a function u € L' (B,,, dvy), the
Berezin transform By [u] is the function on B,, defined by

1— 2\n+a+1
(1= wl" dve(z), weEB,.

By [u](w) = / u(z)

B,

I1—(z, w>|2n+2+2a

We prove that a necessary condition for boundedness of the Toeplitz product 77Tz on Ai B,) is
that
sup Bo[|f1*](w)Ba[lg*](w) < co. (1.1)

weB,

We also prove that a slightly stronger condition is sufficient: if for every ¢ > 0

sup B[] £ ] (w) Ba[lg**](w) < o0, (1.2)

wel,,
then the operator T T is bounded on Ai (B,,). The study of this problem was initiated by Sara-
son [7] in the context of the Hardy space H? of the unit circle, after he had obtained examples
of functions f and g in H? such that the product 7;T; is bounded on H?, while neither 77 nor
T, is bounded [5,6]. In the context of the Hardy space, the Poisson kernel plays the role of the
Berezin transform. Treil showed that a condition analogous to (1.1) is necessary [7], while the
second author proved that a condition analogous to (1.2) is sufficient [12].
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The above results are analogous to [10], and generalize the results we obtained in [9,11].
However, the proofs require new tools to establish the necessary condition, as well as consider-
ation of higher derivatives, and an inner product formula involving higher derivatives. Recently
Park [3] has proved a necessary and close-to-sufficient condition for Toeplitz products on the
Bergman space of the ball. In addition to consideration of higher-order derivatives, this required
him to find a new way to rewrite the inner product formula. Park’s method to obtain an inner
product suitable to prove sufficiency does not work for weighted Bergman spaces on the ball. In
this paper we will use a novel approach to obtain a suitable inner product formula. In extending
the necessity result to the weighted setting on the ball, we make use of an identity that played
a key role in the argument for weighted Bergman spaces on the disk [11] as well as an estimate
inspired by recent results of Arazy and Englis [1,2].

2. Preliminaries

In this section we give more preliminaries than already discussed above needed in the sequel.
Using the reproducing property of K ,S)a), we have

1

2
IR 1L = . K, = K0 = e

thus the normalized reproducing kernel is given by
(11— |w|2)(n+oc+1)/2

kz(j‘)(z) = (1—{(z, w>)n+a+l ’ 2.1)
for z, w € B,,. For w € B,, the function ¢,, has real Jacobian equal to
coe A= qwP)
P OF =y
Thus we have the change-of-variable formula
f h( 9w (@)K )] dva(z) = / h(u) dvy (u), (2.2)

]Bn B”

for every h € L' (B, dvy). It follows from (2.2) that the mapping U,E,a)h =(ho gpw)kfff) is an
isometry on Ag B,):

||’ =f|h(¢w(z))|2|k£:;‘>(z>|2dva(z)=/|h(u>|2dva(u)= 12,

]Bn ]Bn
forall h Aé (B,,). Using the identity
1—|w?
1 - E] - 45
on @)= T
we have
k(a)((p (Z)) B (1 _ |w|2)(n+0!+1)/2 _ (1 _ <Z, w))n-l—ot—l-l 1
w w -

(1= {@u (@), wh)+etl 7 (1 — w2 orket D2 7 g )
Since ¢, o ¢, = id, we see that

(US(UPR)) () = (ULh) (0w(2)k& (2) = (kD (0w ())& (2) = h(2),
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forallze B, and h € Ag (B,,). Thus (Uéf"))_l = ,Eja), and hence U&fx) is unitary. Furthermore,
Tfop, Uy = U Ty 2.3)
holds for f € L*®(B,).

Proof. For h € H*®(B,) and g € A2 (B,) we have
(USTh, U g), = (Trh. 8)a = (fh. 8)a

= / f(u)h(u)m dvy(z)
IBn

- / £ () {pu()8 (0 @) K @) dva(2)
]En

= / £ (90 @) (0u@)kL (2)g (9w () kS (2) dva (2)

B,
= (fUSh U 8), = (Tyop, U h, U]

o’

establishing (2.3). O
3. Necessary condition for boundedness

In this section we prove the following necessary condition for boundedness of the Toeplitz
product Ty T; with f and g in A2(B,).

Theorem 3.1. Let —1 < « < 00, and let f and g be in Ai (By). If Ty T is bounded on Ag B,),
then

sup Bq[lf1*](w)Be[lg*](w) < o0.

weB,

Suppose f and g are in Ai (B,,). Consider the operator f ® g on Aé (B,,) defined by

(f®@gh=(h.g)uf,

for h € Ai (B,,). It is easily proved that f ® g is bounded on Ag (B,,) with norm equal to
If@gl=1fllalgla-

We will obtain an expression for the operator f ® g, where f, g € Aé (B,), in terms of the
Toeplitz product Ty T;, which we will be able to use to bound the norm of f ® g by a constant
multiple of the norm of T¢Tg. To obtain a suitable operator identity, we will use the Berezin
transform: writing kz(,f‘ ) for the normalized reproducing kernels, we define the Berezin transform
of a bounded linear operator S on Ag (B,,) to be the function B,[S] defined on B, by

By [S1(w) = (Sk&, k&),

w o w

for w € B,,. The boundedness of S implies that the function B,[S] is bounded on IB,,. The Berezin
transform is injective, for B, [S](w) =0, for all w € B,,, implies that S = 0, the zero operator on



118 K. Stroethoff, D. Zheng / J. Math. Anal. Appl. 325 (2007) 114-129

Ag (B,) (see [8] for a proof). We will also make use of the following continuity condition of the
Berezin transform: if Sy — S in operator norm, then

Bo[S)(w) = lim Bo[Sn](w). (3.2

for each w € B,,. The above statement is an immediate consequence of the following inequality:
| Bo[S1(w) — Ba[Sn1(w)| < IIS — Sw -

To prove a suitable operator identity, we need the following lemma, which is inspired by [1,2].

Lemma 3.3. Let —1 <« < 00. If S is a bounded linear operator on Ag (B,,), then

m!
Z - v STzy
y:

lyl=m

< ISl

for every positive integer m.

Proof. Given a positive integer m, let d;,, denote the number of elements of the set {y: |y| =m}.
Then {y: |yl =m} = {y1,»2,...,va,}. Observe that each y; is a multi-index, that is, yx =

V15 V2o -+ o> Vi) € N with |yl = vi1 +vk2 + -+ vien =m. Foreach k in {1,2, ..., dy}
consider the monomials

Yi(2) = /—z”k l gl L e,

Define the row block operator

M, = [Ty, Ty, .., Ty, 11 AL(By) X A% (By) X -+ x AY(By) — A(By)

by
fi
f2 dn d
Ma | =ZTmfk=P<Zwkfk).
! k=1 k=1
S,
Then
NP )
f2 dm
Mal Zleﬂk(Z)fk(z) dve(2)
: 2 k=1
S, i
dm d
</(X:Wk(zﬂz)(X:|fk(z)|2> dvy (2).
B, ‘k=I1 k=1

Using the multinomial formula,

Z|wk(z)| —Z \z”\ = (0P +1lP+ -+l =12 < 1.
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Thus
e
M, | . < (Z/|fk(2)|2d\)a(z)> = (A1, foueoes fa)]-
: k=1
fdn "

If S is a bounded linear operator on Ag(Bn), the operator
Sm:A2(By) x A2(By) x --- x A2(B,) — A2(B,) x A2(B,) x --- x A2(B,)
defined by

fi Sfi
f2 St
ml | T :
fd})l Sfd))l
is bounded, in fact,
1Smll < ISl

It is easily seen that the adjoint of M,, is the column block operator

Ty, 8
M ¢ =
T3, 8
For g € Ai(B,,) we have
ST
Ty 8 ‘?lg d
1 STwzg m
My SuMyg =My Sy | 2 | =My | | =) Ty (ST
T- . k=1
de 8 ST‘/_fdm g
dm
k=1
SO
dm
M, SuM;, = > Ty, STy, |
k=1
that is

m! X
Z WTZVSTEV =M, S, M% .
lyl=m *"

It follows that

m!
Z W v STzy

lyl=m

= | M S M | < 1Sl < IS,

as was to be shown. O
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We will use the Berezin transform to derive an operator identity suitable for our purposes. It
follows from (2.1) that
+otl
By[SI(w) = (1 —[w]?)""“ " (SK, K),.
for w € B,,. It is easily seen that TgKI(UD‘) = g(w) K. Thus
(TrT K&, KD), =Tk TrK ), = (g)K Y, Fw)K ),
— +ot1
= fw)gw)/(1 = |w?)"™",
and we see that
Bo [Ty Tgl(w) = f(w)g(w).

We also have

Bolf @ glw) = (1 - [w?)" ™ ((f @ 9 K@, k&),
= (1= )" K, g KL,
= (1= [w)" KW, o) £, kW),
= (1 = JwP)"" ! fw)gw).

We need the following lemma, which was proved in [11].

Lemma 3.4. I[f0 < B8 < 1 and k is a positive integer, then

2 Tk+1-p8) 4 Tk+1—B) <T(n+p)
1= =N (1) ————— 22— 4 (- ntk
(=0 /X_g( Yoo P Y rEra s 2wt

3

n=0
forall -1 <t < 1.

Assuming « to be a non-integer, we apply the above lemma with k =[] +n + 2 and 8 =
1 — {a}, where {«} = a — [«]. Using that I'({a}) ' (1 — {«}) = 7/ sin(7 {}), we get

n+1+[a]
j=0

Jjrn+2+a—j)

1 T(n +2+ o) sin( {a}) i rG+1—{a) 2l

x S+ 2+ o]+ )

+ (_1)n+[a

Note that the above formula is also valid in case « is an integer. Applying the above identity to
t= |w|2 =wiwi + - - - + w, Wy, making use of the multinomial formula (see, for example, [13,
Section 1.1]), we have

2l 3 (”+2+['°‘]+j)!wyg)y7
Y

ly |=n+2+[al+]j

and we obtain
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n+1+[a]

1— n+1+a_ 1y F'h+2+a) -y
(1—lw Z (=1 |]/|Z:jylr(n+2+a—j)w w
+(_1)n+[a] 'n+2+ a)sin(z{a})

b4
FG+1—t{e)
Jj=0 |yl=n+2+[a]+j
Combining the above formula with By[f ® gl(w) = (1 — lw|?)" 1 £ (w) g (w), we get

n+1+[a]

. PN F(n+2+oe) w Y
Bolf ® gl(w) = ; ( l)jl); T aara " W
n (—1)"+["‘] I'n+2+ a)sin(m{a})
T
> rG+1-— -
<y > (]+T{a})w”f(w)g(w)wy. (3.5)

J=0 |y|=n+2+[a]+j
Thus the above identity and uniqueness of the Berezin transform imply the following operator
identity:

n+1+[a]

. F'h+2+a)
— —1)/ T Ty T3 T:
1es ]X_(:) b l; yIC+2+a—j) 8

I'n+ 2+ a)sin(m{a})

T

X Z Z M T TeTsTzy. (3.6)

y!
Jj=0 |y|=n-+2+lal+j

+ (_ 1)n+[a]

Remark. That the operator on the right-hand side of (3.6) defines a bounded operator follows
from Lemma 3.3, which implies

(e¢]

2

Stirling’s formula shows that the series

oo

<> FG+1—{a})

3 FrGg+1—{a)
—~ (n+2+[a]+ )

) Ty TyT; Ty

1Ty Tgll.

ly |=n+2+[a]+j

o0

3 FG+1—{a)
—~ (n+2+[a]+ )

converges. Thus

o0
rg+1—{«
=0 |y |=n+2+[e]+j Y

is a bounded operator, which by (3.2) has Berezin transform equal to

Z 3 il GO ST
o zV . g zv 1.

y!
Jj=0|y|=n+2+[a]+j
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Thus the operator on the right-hand side of (3.6) has Berezin transform equal to the right-hand
side of (3.5). By uniqueness of the Berezin transform the two operators must be equal, establish-
ing operator identity (3.6).

We are now ready to prove the necessary condition of Theorem 3.1.

Proof Theorem 3.1. Suppose f and g are analytic on Ai(IB%n) such that the densely defined
Toeplitz product T T; is bounded on Ai(Bn). Using identity (3.6) and the estimate in the above
remark, we see that there exists a finite constant C, such that

If ®gll < CullTrTgll,
thus
I fl2lgll2 < Call Ty Tgll. 3.7
It follows from (2.3), applied to f and g, that
TfOWw Tgo(ﬂw = (TfOWw Ulﬁ)oo) Ulg)a) (T§°f/7w Uli)a)) Ulﬁ)a)
= (U T U (U To) U = U (T T U,
for all w € B,,. Inequality (3.7) applied to f o ¢, and g o ¢, gives

ILf oouli2llg o puwll2 < CallTrop, Tgop, | = Call T Tzl

hence
Bo[If1*](w) Ba[lg1*](w) < C2IT, T3 1%,

for all w € B,,. So, for f, g € Ag (By), a necessary condition for the Toeplitz product 7y T to be
bounded on A2(B,) is

sup By[|fI*](w)Bea[lg*](w) < oo. (3.8)

weB,
This completes the proof of Theorem 3.1. O
4. Sufficient condition

In this section we will prove a condition slightly stronger than (3.8) in the following theorem.

Theorem 4.1. Let —1 < o < 00, and let f and g be in Aé(]BSn). If for e > 0,
sup B[l f17+](w) Ba[1gl***](w) < o0, (4.2)

weB,

then the operator Ty T is bounded on Ag B,).

By Holder’s inequality,

1/2 1/(2+e)
</|f|2dva) < (f|f|2+8dva> :
]BH Bn
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Applying this to the function f o ¢,,, making use of (2.2), it follows that
Bo[IfP]w)'? < Bo[I £ 1PH*] () /CF),
and thus
2 172 2+e 2+¢ 1/(24+#) 4
(Ba[lfP]w)Ba[l181*]w)) '~ < (Ba[I /1] (w) Ba[ 1817 J(w)) , (4.3)

for all w € B,;, so condition (4.2) implies necessary condition (3.8).
In the proof that Ty T is bounded on Ag (B,,) if condition (4.2) holds, we will need estimates
on T7h and its derivatives, as well as an alternative way to write the inner product formula in

ALZ(B,).
4.1. Two estimates
We will need the two estimates contained in the following lemmas.

Lemmad4.4. Let —1 <a < o00. For f € LB, v,) and h € H°(B,) we have

Boll f1*1(w)!/?
|<Tfh>(w>|< i |2)(n+a+l)/2|| llees

forallw e B,.

Proof. By Cauchy—Schwarz’s inequality,

2 f @IIhE)] ?
|(Tfh)(w)| < (/dea(1)>
B,

If ()2

Il _ (Z, w)|2n+2o¢+2

dva(z)/|h(z)|2dva(z)
B,

Bull fP1(w)

= W” ”aa

and the stated inequality follows. O

Lemma 4.5. Let —1 <o < 0o and € > 0. For f € L>(By, vo), h € H®(B,), and multi-index y
with|lyl=m > m+a+1)/2 we have

Bl f17FE1(w) /240 |h<z>|5 1/
/ |1 _ UO((Z)) £

(1 _ |w|2)m |n+a+l

(D7 Tph) | < €

forall w € By, where 6 =2+ ¢)/(1 +¢).

Proof. Let e > 0. For f € Ag(Bn) and h € H°°(B,,) we have

« f@h@)
(Trhy(w) = (T7h, K§), /(1_ o oyyrtart e weBy,

n
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thus

(DY T7h)(w) =

F(n—i—oH—m—I—l)/ ¥ f(Dh(z) vy (2)
(1_ w(Z),

Fn+a+1) w, z))rtotmtl

for every multi-index y with |y| =m. Applylng Holder’s inequality, we get
(DY T7h) ()|

|f(Z)|2+€ 1/(2+¢)
(/ 11— (w |2n+2a+2 va(z)>

h(2))° J 1o
* 11— (w, z)|@m+etatmtDe)/(1+e) Va(2)
By

2te10,,1/(24e) 8 1o
Ball £ 21 (w) < @) dva(z)) .

(1-— |w|2)(n+0t+l)/(2+8) 1 — (w, Z>|(2m+(n—&-oz—&-m—&-l)s)/(1+s)

Since 2m > n + o + 1, we have

}1 —(w, 2) ’(2m+(n+oz+m+1)5)/(1+s) |w|)(2m—n—(x—1+m8)/(1+8) ’1 ~ (w.2) |n+a+1

> (1
> 2—ﬂ/(1+8)(1 _ |w|2)ﬂ/(1+5)‘1 — (w, Z”n-&—oﬁ—l

’

where 8 =2m —n — o — 1 4+ me, and thus

s 1/5
< |7 (z)] dv, (Z))

1 —(w, Z>|(2m+(n+0l+m+1)5)/(1+8)

o 2B/(2+¢e) |/’l(Z)|8 ® 1/8
= (1- |w|2)f5/(2+8) |1 —(w, 2) |n+ot+1 dve(z :

Hence
|(DVTth)(w)|
Boll fIPF)w) /@10 9h/Cte) |h@)I° e
= (1-— |w|2)(n+a+1)/(2+a) (11— |w|2)ﬁ/(2+s) < 1 —(w,z) |n+a+l (Z))

2+4¢ 1/Q2+e) ) 1/8
_ o Bell £ 1) (fu— |h()] W)> .

= [wP)" et
This proves the stated inequality. O
4.2. Inner product formula in Ag B,)

In this subsection we will establish a formula for the inner product in Aﬁ (B,,) needed to prove
our sufficiency condition for boundedness of Toeplitz products. Let F and G be in Ag (B,,). Then

A[F(x)G)|=4) D;F(z)D;G().

j=1



K. Stroethoff, D. Zheng / J. Math. Anal. Appl. 325 (2007) 114-129 125

and, by induction,

A"[F()G(z)]=4" Y DYF(z)D’G(), (4.6)
ly|=m
where the sum is over all multi-indices y with |y | = m. We have

A[(1= 122 ] =48B - (1 =12 > = 4B +n— (1 -1z, 4.7)

for all B > 2. To obtain an inner product formula suitable for the estimates we have established
in the previous section, we will need the following lemma:

Lemma 4.8. Let —1 < o < 0o and let m be a positive integer. There exist constants
ap,az,...,ayy—1 and by, by, ..., by (depending on m, n and o) such that

2m—1
AM [(1 . |Z|2)Ol+2m . Z (1/(1 i |Z|2)a+2m+]}
j=1
=4mF(ot+2m+1) Zbk

_| | oz+2m+k—1
Ca+1) ’

IZI (4.9)

Proof. Using (4.7) and induction it is easy to show that for every —1 < o < 0o and positive
integer m, there exist scalars A4,0, . .., Aq,m (depending also on m and n) such that

Am[(l oz+2m Z)\ak a+k, (4.10)

where Ly 0 =4"T' (0 +2m + 1) / I'(a + 1). Fix a positive integer m. For convenience of notation,
define Ay j =01if j > m and « is arbitrary.

From (4.10) we subtract Z?’il_l A™a;(1 — |z|*)%+2m+I] for scalars ay, ..., ayu—1 that will
be chosen such that all terms involving powers (1 — |z|2)“+k, with 1 < k < 2m — 1, drop out. To
show that this can be done, we use (4.10) to note that

2m—1 5 ) 2m—1 m i
> AMa(1=1eP)* ] = 30 Y Saiharsk(1 - 12P) T
j=1 j=1 k=0

2m—1j+m .
+
= Z Zaj)»aﬂ',z—j(l - Izlz)a
j=1 t=j
2m—13m—1 '
+
= Z Z ajratjo—j(l— |Z|2)a ,
j=1 t=j
using that Ay j ¢ j =0if £ > j + m. Interchanging the order of summation, we have

2m—1 .
Z A [a](l _ |Z|2)(x+2m+j]
Jj=1

2m—13m—1

=33 ajharji—i (1= 22"

j=1 k=j
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2m—1 k 3m—12m—1

:ZZ 0[+jkj1_|zl a+k+z Zaj a+j.k— j(l_|Z| )oz+k
k=1 j=1 k=2m j=1
Hence
2m—1 )
j=1
2m—1 k .
= A0 1—|z| Z ( ak_Zaj)w+j,k—j>(1_|Z|2)a+
j=1
3m—12m—1 '
+ 3N ajhas (1= 12T
k=2m j=1
Choose ay, ..., ay,—1 such that

k
Aok = Zaj)\a+j,k—j,
j=1

for k=1,...,2m — 1. This can be done since (Aqy+ j,,-,l)iz’;;ll is a lower diagonal matrix with
non-zero entries on its diagonal. Putting
2m—1
b = — Z AjAgtj2mtk—1—j
j=1

fork=1,...,m,Eq. (4.9) follows. O

Let —1 < & < 00 and assume that F, G € Ag (B,,) are analytic on an open neighborhood of
the closed unit ball B,,. Now, it is easily seen that

AM[(1-1217)7] = Ak[%(l - |z|2)2ﬁ] =0

on S, for k < B, where % denotes the normal derivative.
Repeatedly applying Green’s formula and using Lemma 4.8, we get

/A’"[FG](Z)[(I —z%) Z 2’”“] dvg(z)

Bn
2m—1
Z/Am[FG](Z)|:(] _ |Z|2)(¥+2m . Z aj(l _ |Z|2)ot+2m+]:| dv(z)
B, j=1
2m—1 )
sz(z)%Am [(1 e Y a1 |z|2)"‘+2’”+-’} dv(z)
B, j=1
| D@ +2m+1) ne o et 2mtj-1
_/F(Z)G(z){4 W(1— 121%) —;bj(l—lzl ) }dv(z)

B,
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D@ +2m+1) < yerm met-j—
_4 Ww,cm—g”j f F@GR(1 = 127" dva(2).

n

It follows that

(F,G)a
_ Ca+1) m B Zm-, 2m+]
_4mr(a+2m+1)/A [FG) (Z)[(l 121%) X:: :|dvoz(Z)
#3005 [ FOGE0 -1 o)

Bll
Combining the above formula with (4.6), we obtain the following formula for the inner product
in A2(B,):

Fla+1) 2m
WGl = m.z_ / DY F@DYGR(1~ [zP) ™ dve(2)

2m—1
LY d Y / D’ FODTGD(1 - 127)" dva(2)

=t lyl=mp

+) b, f F)G@(1— 122" dvy(2), @.11)

j=1 B,

for any m € N. Given F, G € Ag (B,), apply the above argument to the dilates F, and G, de-
fined by F,(z) = F(rz) and G,(z) = G(rz), for |z] < 1/r. Using that . — F in Ai(IBSn) and
DYF, - DYF in Aa+m(]B3,,), for every multi-index y with |y| = m, Eq. (4.11) for general
F,Ge Ag (B,,) is the limit of (4.11) for the dilates F, and G, as r — 1~ (by Theorems 2.16 and
2.17 in [13] the terms occurring in the inner product formula are all in L2(B,,, diy)).

4.3. Sufficient condition for boundedness

We are now in a position to prove our sufficiency condition for boundedness of Toeplitz prod-
ucts.

Proof of Theorem 4.1. Assume that for ¢ > 0, M is a positive constant such that
Bo[ | f17*](w) Bu[lg P+ ] (w) < M>*2,

for all w € B,,. By (4.3) we also have
Bo[| f17](w) Ba[lg*](w) < M

for all w € B,,. Let h and k be bounded analytic functions on B,,. It follows from Lemma 4.4 that

M
|5 ) (Tgh) )| < e Ml Kla.
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thus

f (T (2)(Tgk) (2)| (1 = 127) ! dva(2) < MBIkl
B,

for all ¢ > n 4+ o + 1. So if we choose a large m, such that 2m > n + o + 1, then each of the
terms

[l @] (1= dv

]B)l

is bounded by M ||k||q ||k |le, fOor j =1,...,m.
Let Q, be the integral operator on L*(B,,, vy) defined by

_ u(z)
Qqu(w) = / —|1 TR dvy(z), weB,.
By

Using Lemma 4.5 for a multi-index y with |y|=m > (n + « 4+ 1)/2, we have

M 1/5 1/5
W(Qalhls(w)) / (Qa|k|8(w)) o

for all w € B,, where 6§ = (2 4+ ¢)/(1 4+ ¢). Since p =2/§ > 1 and Q, is LP-bounded [13,
Theorem 2.10] there exists a constant N > 0 such that

|(DY Tgk) (w)(DY T 7h) (w) | < C?

f(Qa|h|5(w))2/‘3dva<w> < Nf(|h|‘*<w>)2/‘3dva<w> = N|h|2,

Bn ]B"

and, likewise,

f (QalklP () dvy(w) < NI

Bn

By the Cauchy—Schwarz inequality,

/ (Qalhl? )" (Qu k1 W))® dvy(w) < N1 lg 1kl

‘We conclude that

/ DY Tek() DV T7h() (1 — 1212)*"™ dva(2)| < MNC? |||k o

n

for j =0,1,...,2m — 1. Using inner product formula (4.11) with F' = T3k and G = Tf-h we
conclude that there is a finite constant L such that

(T Tgk, h)a| < LIAlalKlle,

for all bounded analytic functions 4 and k on IB,. Hence the operator T;7; is bounded on
Ag (By,). This completes the proof of Theorem 4.1. O
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4.4. Compact Toeplitz products

The following theorem states that the Toeplitz product 77 T is only compact in the trivial case
that it is the zero operator.

Theorem 4.12. Let —1 <« < 00, and f and g be in Ag (By). Then T¢Tg is compact if and only
if f=0o0rg=0.

Proof. If T/ T is compact on A2 (B,,), then its Berezin transform vanishes near the unit sphere
By[T¢T;l(w) — 0

as lw| — 17. We have seen that B, [T T3](w) = f(w)m, SO
| f w)g(w)| = [ Bal T Tel(w)| — 0

as l[w| — 17, and it follows from the Maximum Modulus Principle that fg = 0.
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