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Abstract: A statistical manifold (M, g, V) is a Riemannian manifold (M, g) equipped with torsion-
free affine connections V, V* which are dual with respect to g. A point p € M is said to
be V-isotropic if the sectional curvatures have the same value k(p), and {M, g, V) is said to be
V-isotropic when M consists entirely of V-isotropic points.

When the difference tensor o of V and the Levi-Civita connection Vg of g is “apolar” with
respect to g, Kurose has shown that o = 0, and hence V = V* = V,, provided that k(p) =
k(constant). His proof relies on the existence of affine immersion which may no longer hold when
k(p) is not constant. One objective of this paper is to show that the above Kurose’s result still
remains valid when (M, g, V) is assumed only to be V-isotropic. We also discuss the case where
(M, g) is complete Riemannian.
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1. Introduction

A statistical manifold is, in short, simply a Riemannian manifold (M, g) with one
additional structure given by a torsion-free affine connection V and its “dual” con-
nection V*, which is also assumed to be torsion-free; we say V and V* are mutually
dual whenever dg(X,Y) = ¢(VX,Y) + g(X,V*Y) holds for all vector fields X,Y on
M. Thus the geometry of statistical manifold simply reduces to usual Riemannian ge-
ometry when V coincides with V*. The notion of dual connection, which is also called
conjugate connection in affine geometry, was first introduced into statistics by Amari
[1] in his treatment of statistical inference problems and was proven to be quite useful
when one deals with certain types of family of probability densities [1]. A statistical
manifold is said to be conjugate symmetric [7] whenever the curvature 2-form of V is
skew-symmetric with respect to orthonormal frames of (M, g). Even though Lauritzen
[7] has shown the existence of a non-conjugate symmetric statistical manifold, the ones
which appear often in practice seem mostly to be conjugate symmetric, and from this
point of view, geometric characterization of conjugate symmetric statistical manifolds
may have some statistical significance. In this paper we deal almost exclusively with

Correspondence to: M. Noguchi, Nagoya University of Commerce and Business Administration,
Sagamine, Nisshin-cho, Aichi-gun, Aichi, Japan 470-01. E-mail: nogu@jpnnucba

0926-2245/92/$05.00 ©1992 — Elsevier Science Publishers B.V. All rights reserved


https://core.ac.uk/display/81988665?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

198 M. Noguchi

V-isotropic statistical manifolds, which evidently are included in the set of conjugate
symmetric statistical manifolds, and ask under what condition(s) V reduces to the
Levi-Civita connection Vg of g.

Meanwhile, Kurose [6] has noticed that there is a close relationship between the
geometry of statistical manifold and affine geometry, and has rephrased the work by
Calabi [3] and Shima [8] in the language of statistical manifold; this work partly con-
cerns the conditions under which ¥ reduces to the Levi-Civita connection of (M, g).

Section 2 introduces some definitions and notations, and describes the role of dif-
ference tensor a, of V and the Levi-Civita connection in our treatment of statistical
manifolds. We also discuss what happens when V is required to be left-invariant on
some Lie group or required to be almost complex on some Kihler manifold.

In Section 3 we attempt to generalize Kurose’s results concerning compact orientable
statistical manifolds [6], using Calabi’s trick [3] which Shima has mentioned in [8]. We
also make use of the decomposition theorem for algebraic curvature tensors, which
turns out to be applicable to the curvature tensor of V.

Section 4 deals with complete statistical manifolds and derives results similar to the
compact case discussed in Section 3. Qur proofs in this section rely on a lemma of
Cheng-Yau [4].

Section 5 starts out with defining “speciai” statistical manifold; a statistical man-
ifold is said to be special when @ = Sym(v ® g) for some 1-form 1. The above form
for o enables us to analyze the behavior of geodesics of V, and establishes some con-
ditions under which V becomes geodesically complete, provided (M,g) is complete
Riemannian. We also construct some examples of special conjugate symmetric statis-
tical manifolds whose V is geodesically complete. We also remark that the situation
above is once again related to Riemannian geometry via conformal Killing fields, as
shown in this section.

Finally, I would like to thank my colleague Prof. H. Nagayama for helpful discus-
sions, and my wife Mary for her cooperation during the course of my completing this
manuscript.

2 Preliminaries

Throughout this paper we assume that our manifold M is real n-dimensional and
connected. Given a C® vector bundle £ — M, we define the following objects:”

Q?(E)(U) = C*E-valued p-forms over U,
in particular,
QO(E)(U) = C* sections of E over U,

and
QP(E) = QP(E)(M),

C*®(U) = C* functions on U,
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where U is an open subset of M.

A connection V on a C* vector bundle £ — M is a map V : Q9(E) — QU E),
satisfying Leibnitz’ rule V( fs) = df@s+ fVs for all sections s € QUE)U), f € C=(U).
When E = TM (the tangent bundle of M), V : Q%(TM) — QY(TM) is called an
affine connection on TM. We denote QO(TM) = C* vector fields on M by XM, and
a Riemannian manifold with C*> Riemannian metric g by (M,g).

An affine connection V* is called a dual connection of V if
dg(X,Y) = g(VX,Y) + g(X,V*Y)

holds for all X,Y € XM, and as we shall see later, the last identity and V uniquely
determines V*, so we speak of the dual connection V* of V.

A triple (M, g, V) is called a statistical manifold whenever both V and V* are torsion-
free.

Let e = (e;) be an orthonormal frame on U and 6 = (#?) be the coframe dual to e. In
what follows, wy = (woj') denotes the connection 1-form with respect to e of the Levi-
Civita connection Vg, and w = (wj-), w* = (w*j-) denote the connection 1-forms with
respect to e of V, V*, respectively. We now define the difference tensor of V and v, to
be a = V-V, € QY(EndTM), where End TM denotes the bundle of endmorphisms
of TM.

Here and for the rest of this paper, * indicates the usual transpose of matrices. By
the definition of V*, we have

w*+'w =0,
and hence

w* = —tw,

which particularly implies that ¥V uniquely determines V*, as mentioned earlier.
We write o*; = a(8* ® e;) where {6 ® ¢,} is a local frame for End TM over U, and
simply write o for the matrix (o). Substituting

w=wg+a

into the above expression for w*, and using the fact that
wp + tWO =0,

we obtain

t

W =wp—‘ta. (2.1)

Let © and ©* be the torsion 2-forms of V and V*, respectively, and consider the
first structure equations for V, V* as follows:

O=dl+wnAb=dl+ (wo+a)rb

2.2
=(d0+woAO)+anb=and (22)
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since df + wg A @ = 0. Similarly,
O0*=df+w Al =db+ (wo—"‘a)Ab 23)
= (d6+woAB) —tanf=—taAl. '

Thus the condition ® = ©* = 0 is equivalent to requiring that aAf8="ta A8 = 0. Note
that if we write a;; = a(6' ® €;)(ex), then a A8 = 0 if and only if o' jp = a'g;. These
establish the following proposition:

Proposition 2.1. An affine connection V and its dual connection V* are both torsion-
free if and only if a A0 =0, a = ta.

Proof. Since o;p = ofj;; =oF ;= aly,a=ta. O

Let o, £ be the curvature 2-forms of Vg, V, respectively. Then the second structure
equations are as follows:

Qo = dwo + wo Awg. (2.4)
Q =dotwAw=dwo+ a)+ (wo+a)A(wo+ )
=dwgtwAhwogt+aratdatwgAa+aAw (2.5)

=Qo+anatdat+wAha+ aAwg
by substituting (2.4).
The Levi-Civita connection Vg induces a covariant differential
D:QYEndTM) — Q*(EndTM)

by DB =dB+woAB+ B Awp for all g€ QYEndTM).
Now we obtain from (2.5) that

Q=Q+aAra+Da. (2.6)
Note that, in terms of e = (ey,...,€,), we have a decomposition
Q= A(Q)+S(Q), (2.7)

where A(Q) = 1(2-92), S(2) = $(2+'Q), and since the decomposition is independent
of all choices of an orthonormal frame, it is invariant and also orthogonal. We have
Qo+ Qo = 0 and also

aha+iara)=ara-tarta=ara-aAa=0.
Furthermore, we compute
tDazt(da-}-wo/\a—i-a/\wo)=dta—ta/\tw0—tw0/\ta
=da+wyAa+aAwy = Da.

Combining these facts we deduce

A(Q)=Q+anra, S(Q)=Da. (2.8)
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A statistical manifold (M,g,V) is said to be V-flat whenever V is a flat affine
connection. Let * be the curvature 2-form of V*. Then, since w* = —*w, we compute
O* = dw* + w* Aw* = ~Ydw + wAW),

and obtain Q* = —!Q. Thus, if V is flat, so is V*. Amari [1] has shown that a V-flat sta-
tistical manifold (M, g, V) admits a pair of systems of local coordinates z = (z1,...,z"),
y=(y',...,y") on U, which are dual to each other in the following sense: there exists
a pair of functions ¢,¢ € C°(U), such that y* = ¢/dz*, x* = 3¢/8y" hold in U. The
existence of such local coordinates plays an important role in the theory of statistical
inference, as described by Amari [1]. An example of V-flat statistical manifold with
non-flat Riemannian metric was first constructed on hyperbolic 2-space H? by Atkin-
son, Mitchell [2], Skovgaard [9], and Amari [1]in some detail. Their example can easily
be generalized to hyperbolic n-space H”?, as follows:

Example. Let (z!,...,2") be the standard coordinates on R™ and define
H" = {(z),...,2") € R": 2" > ).

We give H” the hyperbolic metric
ds? = Z(dzi)2/(z”)2,
i=0
and define an orthonormal coframe on (H™,ds?) by setting

6 = dz/z", t1=1...n.

The connection 1-form of the Levi-Civita connection Vy is given with respect to § =
(6',...,6™) by:

0o ... 0 -6
w= | : : ,

0o ... 0 —gn—1

g ... g1 0

and using the structure equation
df = —wg A 9,
we compute
Qg = dwy +wgAwg = (_91‘ /\9‘7)
Now we define
e~ ... 0 6!
o ... o g1
6t ... 1 29
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Then it is an easy exercise to verify that

and =0, a=la,

AQ)=Qs+ara=0,

and
S(Q) =Da=0.

Hence from (2.7), we conclude Q = 0 identically on H", and the affine connection
V determined by w = wp + « turns (H”,dsz) into a desired statistical manifold.

Remark on Kihler manifolds. Let (M,g) be a complex n-dimensional Kahler mani-
fold with its complex structure J and canonical Kahler connection Vy. Suppose that
(M,g,V) is a statistical manifold. We shall show V¥ coincides with Vg, if one imposes
on V an additional condition that V is almost complex with respect to J, i.e. VJ = 0.

We can find an orthonormal frame (ey,...,en,Je1,...,Je,) on U, which may be
regarded as a unitary frame on U, in the complexified tangent bundle TMC. As is well-
known, (see for example [5]), the complex linear extension of J gives the decomposition
TMC =T'M + T"M, where T'M, T" M consists of so-called type (1,0) vectors, type
(0,1) vectors, respectively. If we define ¢; = (e; —v—1Je;)/V2, & = (e; +vV—1J¢;)/V2,
then ¢;, 1 =1,...,n,span T'M and &,:=1,...,n, span T"M.

Now, since both V and V are almost complex, a = w — wp commutes with J and
takes values in the real representation of gi(n,C) C ¢l(2n,R), where gi(n,C) is the
n-dimensional complex general linear algebra and gl(2n,R) the 2n-dimensional real
general linear algebra. Writing Q!(g)(U) for the set of g-valued 1-forms over U, it

follows that o can be represented, with respect to the frame (€1,...,€n,€1,...,€n), as
A -B 1
a=\p 4] € Qi (gl(n,C))(U): ¢l(n,C) C gl(2n,R), (2.9)

where A, B € Q!(gl(n,R))}(U).
Extending o complex linearly to TM C and taking (€1, ...,€n,é1,---,& ) as a unitary
frame, we can represent « as

“ (A +\0/—_13 A—\(}—_w) € 2(gl(n, C) & gl(n, (V) : (2.10)

gl(n,C) ® gl(n,C) C gl(2n,C), and since & = ‘o in (2.9) implies A =*A, B =0, ain
(2.10) will simply be of the form

a= (6‘ 31) :A="1AeQ(gl(n,R))U). (2.11)

Let 6%, 6% be the forms dual to ¢, €, respectively. Note that a also must satisfy the
condition

a A (g) 0, (2.12)
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where we write 6 = (8°), 8 = (7).
From (2.11) and (2.12) we obtain the following equation:

oean(2)= (4 2)(0)-(229)

ANG =0, (2.13)
ANG=0. (2.14)

Writing A' = A' 0" + A k0’° and expressing (2.13-14) componentwise, we deduce
that A is sxmultaneously of’ type (1,0) and of type (0,1), and hence A vanishes identi-
cally, from which we conclude that ¥ coincides with V.

or

Next we discuss what Lauritzen called conjugate symmetric statistical manifolds
[7]- A statistical manifold (M,g,V) is said to be conjugate symmetric whenever the
curvature 2-form of V satisfies = A(Q). From (2.7-8) the last condition is clearly
equivalent to S(2) = Da = 0.

Remark on Lie groups. Let G be a Lie group equipped with bi-invariant metric (-, -},
and let V be a left invariant affine connection on TG. Suppose (G, (-,-), V) is a conjugate
symmetric statistical manifold. We shall now show that, for some Lie groups, V being
left invariant is a strong enough condition for concluding that ¥ actually coincides with
the Levi-Civita connection V.

For left invariant vector fields X,Y, and Z, we have VoxY = [X,Y], and since
Da = 0, we obtain

[X,G(Y,Z)] - [Y,Q(X,Z)]
- Ot(Y, [sz]) + a(X’ [Y, Z]) - 2(1([X,Y],Z) =0

and about the curvature 2-form of V, we have

(2.15)

Q=Q+anra=-YX,Y],Z2]+oX,aY,2)) - o(Y,a(X,Z)), (2.16)

following from the fact 2 = A(2). Let us choose an orthonormal basis for the lie
algebra of left invariant vector fields on G. Let (C*;;) denote the structure constants
of G, with respect to the basis chosen above. Then we have the following identities for
Cix:

Cijp=—Clj = Cly,
since {[X,Y]}, Z) = (X,[Y, Z]), and

CPi5C' ke + CPjpClhi + CMiiClyj = 0,

which is just the usual Jacobi identity. We next express (2.15) and (2.16) in terms of
(C*;x) as follows:

- ] ! !

Cmyatsp — C™ oty — Clya™; + Clipa™y — 2C o™y = 0, (2.17)
> _ 1 ! )
R™y = —3ChC™ 0 + o™ el — o™ ey,
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where R™ ki; are the components of (1.

As an example we consider G = SO(3) together with the negative of the Killing-
Cartan form of it. Then C?j; =1 (—1) whenever (3, j,k) is an even (odd) permutation
of (1,2,3), and Cijk = 0 otherwise. Thus from (2.17) we conclude that aijk = 0; for
example, substituting i = 1, j =2, m = 1, and k = 2 into (2.17), we obtain aly3 = 0.

Here and for the rest of this paper, we adopt the following notations: z = (z!,...,z")
for a system of local coordinates on U, 8/8z = (8/0z!,...,0/0z™) for a natural
frame on U, {dz' ® 8/0z7} for a local frame for End TM over U; I}, = wo(dz! @
0/02)(0/0zF), T}y, = w(dz' @ 8/8z7)(8/0z*), o' ji = a(dz’ ® 8/0z7)(9/0z*), Ty =
9l 5k, Tijk = 9al'k, aijr = gao!;x, where (g;;) are the components of g with re-
spect to 8/9z. For 8 € Q'(End T M), the components of D take the form (D)5 =
B* k1 — Bk, where the index of the Levi-Civita covariant differentiation is written to
the right, following the comma.

Remark. From Proposition 2.1 it follows that given an affine connection V on (M, g),
(M, g,V) becomes a statistical manifold if and only if the components of the difference
tensor a,;; are symmetric in all pairs of indices.

We now define TrvV = Tra, where Tra is taken in the endomorphism part, and
remark that this Tra indeed is a well-defined 1-form on M, whose components in
terms of local coordinates are given as (Tra), = ajjk = gifa,-jk, where (g*) is the
inverse of the matrix (g;;) of the metric g.

It is interesting to note that for certain classes of statistical manifolds, a condition
Tr vV = 0 is sufficient for V to be reduced to the Levi-Civita connection V. An example
of such classes of statistical manifolds is provided by a theorem of Calabi [3], which is
restated in the paper by Shima (8] in conjunction with locally Hessian structure. The
theoremn mentioned above can be restated in the language of statistical manifold as
follows:

Theorem 2.2 (Calabi [3]). Let (M,g,V) be a statistical manifold such that M is
an open domain in the n-dimensional real affine space and V the natural flat affine
connection. If (M, g) is complete Riemannian and if TtV =0 on M, then V and Vg
coincide (and of course g is flat).

3. Compact conjugate symmetric statistical manifolds

For the rest of this paper we adopt the following notations: 8 = VTr v, Tr 8 = g% ,3”,
||| for the Riemannian length of what is inside, R';; for the components of Qo, R kI
for the components of ). Moreover, we shall follow the usual convention of raising or
lowering indices of tensors and also the usual convention of contracting tensors. We
shall write, as for the Riemannian curvature tensor, R,]kl = gimR™ Skl R; =g R,JH,

and R = g”R,J.
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We now attempt to find some conditions on a compact conjugate symmetric statisti-
cal manifold (M, g, V) under which the affine connection V reduces to the Levi-Civita
connection V. Since a V -flat statistical manifold is clearly conjugate symmetric, the
following theorem of Shima is interesting from the above point of view and can be
rephrased to read as:

Theorem 3.1 (Shima [8]). Let (M,g,V) be a compact orientable V-flat statistical
manifold. Then:

W [ me= [ 1mPso
M M
(2) If [, TrB =0, then V coincides with V.

Remark. By definition TrvV = Tra € Q!}(M). Shima has noticed that VTIra =
VoTra — aTrea, from which Tr(VTra) = Tr(VoTra) - || Tre|? follows. We now
integrate the last expression over M to establish (1). He has also noticed that a trick
devised by Calabi [3] works for proving (2). )

V is said to have constant curvature k [6] whenever the curvature tensor satisfies

- k
R = n(Tﬁ(gikgﬂ — 9a9ik)s

or equivalently
Y=k@Ap,

where = (6') is an orthonormal coframe. It is clear that a statistical manifold with v
having constant curvature is conjugate symmetric.

Remark. Schur’s theorem (n > 3) does not hold in general, since the covariant deriv-
ative by V of the metric tensor may not vanish.

We now state the following theorem due to Kurose, which slightly generalizes The-
orem 3.1.

Theorem 3.2 (Kurose [6]). Let (M,g,V) be a compact orientable statistical manifold
with V having constant curvature k. Then:

(1) / Trﬂ:/ (I Tr V|2 > 0;
M M
(2) If [, TrB3 =0 and if k > 0, then V coincides with V.

Remark. =V TrV has the local expression §;; = a; j — a¥;;oy;, and since (M, g,V)
is conjugate symmetric, we have by definition Da = a5 — ;5,1 = 0 and hence have
a;; = a;;, which indicates § is symmetric. We can now rephrase the conclusions of
Theorem 3.2 to read:
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(1) B cannot be negative definite.
(2) if B is negative semi-definite and if k£ > 0, then V coincides with V.

The last two statements are identical to the conclusions of Corollary 2 in [6].
The following theorem shows that on 2-sphere S? with its standard metric gg, The-
orem 3.2 has a further generalization.

Theorem 3.3. Let (S2%,g0,V) be a conjugate symmetric statistical manifold. Then:

[ res= [ 410wz
g2 S2
(2) If Jg. TrB =0, then V coincides with V.

Proof. We only need to prove (2). Since (S?, go, V) is conjugate symmetric we have
p g

Da =0, 3.1)
or

aijk,l = aijl,k-
We may choose a system of local coordinates (z,y) on U C S2, identifying U with R?
and expressing the metric ds? = gg as

2 _ 4(dz? + dy?) .
Since a must satisfy

a/\(‘;z):o, a=ta, and TrVv=Tra=0,

we have

_ [ Bdx + Ady Adz — Bdy
*= \ Adz - Bdy -Bdz — Ady

for some A, B € C°(R?). Then (3.1) is equivalent to
0A 0B _ 4

% Oy Teggec P (3.2)
B 0A 4 )
5ty T Trar e T A

Introducing a complex coordinate z = z + v/—1y on R?, we define

0 170 0 0 1,0 7]

5 =3 Tyy) %= amtV Ty)
where “7” indicates the usual complex conjugation. Setting f(z,Z) = A+ vV—1B, we
can now express (3.2) as:

of 2z

7 v = ¢3
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where |- | denotes the Euclidean norm on R2. Introducing another C* complex valued
function g(z,z) by requiring f = (1 + |2]?)g, and substituting the last expression into
(3.3), we obtain

of 2z

_ 229(\2
5z~ Tap! = 15

Thus f satisfies (3.3) if and only if g is holomorphic. Moreover, since |a|%, = (1 +
|212)2(A% + B%) = (14 |21%)?1f12 = (1 + |2|2)6|g[?, regularity at z = co and Liouville’s
theorem imply g = 0, and hence a =0. 0O

For a general compact manifold other than S%, we still can slightly generalize The-
orem 3.2 using Calabi’s trick, which was also used by Shima in proving Theorem 3.1.

Theorem 3.4. Let (M,g,V) be a compact orientable statistical manifold with affine
connection V whose curvature tensor satisfies

~ R
Riju = m(gilcgﬂ — Git9jk)-

Then:

m [ me= [ gmeveso

(2) If [, Tr 3 =0, and z'ffM R(R-R) >0, then V coincides with Vy. Consequently,
if n > 3, Shur’s theorem implies (M, g) is a space of constant curvature R/(n(n-1))
with constant R > 0.

Remark. Here R is not assumed to be constant. Moreover, as we shall see in the
following proof, [, TrB = 0 implies R — R = lla> > 0, and hence the condition
Jur B(R — R) > 0 is weaker than R > 0.

Proof. We only need to prove (2). Since (M,g,V) is conjugate symmetric, we have
Da = 0 or a;jx; = a;jix; observe that the last condition is equivalent to saying oy
are symmetric in all pairs of indices. We also have € = Q¢+ aAa, which can be written
in terms of components as

Rijii — Riji = 0" Qi — @i Qi - (3.4)
From (3.4) we obtain

Rij — Rij = aMajp — oF oy, (3.5)
where we simply write o, = @i, and contracting (3.5) we get

R—- R =o'*a;; —a'a;
! (3.6)

2
= [Jagjil? = o]l
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Let A be the Laplace operator of g. We then have from (3.6):

LA(R - R) = L(a"*ay5,) ! - JAllailf?, (3.7)

and computing the first term on the right, we obtain

Mo ai) it = (aFayjng),!
) ™ ; (3.8)
= Nlagjeall” + o oyie,
We now compute
« ]kazjk ll - a”kglmaz]k Im
= a”kg aljk,,-m (Note that ai]‘k,[ = a,-jl’k) (3 9)

= &% g™ (ayik mi + Uik R lim + sk R jim + @15 B ki)
= aij"aj,k,- + R,-jaik’ajkl + 2R,-]~k,a“majkm
Remark. The trick we have used above to get from the second step to the third step

and then from the third step to the fourth step is due to Calabi [3] and is also used by
Shima [8].

Substituting (3.9) into (3.8) we get
L@ *an) ;) = llosjrill? + o oy 4 + Rija' ol + 2R maimaik . (3.10)
We then substitute (3.10) into (3.7) to establish
1A(R - R) = Rija*ady + 2Rt ™oy,
+ llespal? 4+ @i o g — A2
= (Rij - Rij)a™al iy + 2(Riju — Rijia)ai™adk, (3.11)
+ Rijaifody + 2R, ot ™o
+ llegjeall? + o*a; - LAlaG])?.
Observe that from (3.4) we have
WRijki — Rijuill> = (Rijut — Riw)ai™ad* — (R — R)a*madl, (3.12)
= 2(Riju — Rijm)a™al*p,

and from (3.5) we have
IR; — Rijl|? = (Ris — Rij)a ol jy — (Rij — Rij)aboy .
Combining (3.11) through (3.13) we obtain
JA(R - R) = ||Rij — Rijl* + 11 Bijia — Rijuall® + llevijnall”
+ Rijaiklajkl + 2I~i,~jk1a”majkm (3.14)
+ (Rij — Rij)akoy ' + o' aj i — J Al



Geometry of statistical manifolds 209

We now observe that if fM TrfB =0, then TrV =0 or a; = 0, and substituting the
last expression into (3.14) we establish

LA(R - R) = |Rij — RijI1? + | Rijut — Rijutl® + llewaje gl

Tl Tk (3.15)
+ Rija*ad 4 2R, jya™ otk .
1f )
= R
Riju = m(gikg]‘l - Gitdjk)s
then (3.15) becomes
LA(R-R) = ||Rij ~ RijII* + | Rijrt — Rijiall® + llevijull?
bl o (3.16)
+ n(n——l)R”a”k” .

Since o; = 0, (3.6) reduces to R— R = llei;k|?, and substituting the last expression
into (3.16), we obtain

IA(R~-R) = |Rij — RijII> + | Rijut — Riuall® + llevije gl

n+1 = =
+mR(R—R).

(3.17)

Integrating both sides of (3.17) over M, and remembering [, R(R-—R) > 0, we

deduce that R;;x = Rijkl, from which we obtain R = R and conclude that a vanishes
identically on M. 0O

It is well-known that a Riemannian curvature tensor R;;4;, as an “algebraic curvature
tensor,” decomposes orthogonally into the following three parts: Weyl part, trace-free
Ricci part, and scalar curvature part. Observe that the only Riemannian properties
needed for the decomposition are: (1) the endomorphism part of curvature 2-forms is
skew-symmetric with respect to orthonormal frames; (2) connections are torsion-free;
(3) Bianchi’s 1st identity holds. For a conjugate symmetric statistical manifold we
note that V and its curvature 2-form Q have all the properties listed above, and hence
the decomposition can be applied to Rijk, and also to the difference (R, — Rijk[).
Consequently, we have

. 4 ,
(”vvijkl - Winll* + —5lIGi; — Gl

2 Hy2
i ——(R- >
N Rijr — Rijull® = ¢ + n(n — 1)(R R)*  forn >4,
4)|Gi; - Giil* + 2(R- R)®  for n = 3,
[ (R—-R)? forn=2,

(3.18)

where W1, Wijkl correspond to the Weyl part, and G, G,-j correspond to the trace-
free Ricci part in the above decomposition.
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We now suppose that TrV =0 (so that a; = 0) and

R
Riji = n(TT)'(gikgjl — Gil9;k);

the last expression clearly implies Wijkl = G’ij = 0 at all points in M.
Combining (3.17) and (3.18), we obtain

( ~ 4
Rij — Rij|l* + IWyjall® + mlle'jH2

2 52 2
+ n(n_ 1)(R_R) +||az_7k,1”
3 +_n+1 R(R-R) forn>4,
LA(R-R) = n(n—1)

) ) (3.19)
IR:; — RijII? + 411Gii1* + 2(R — R)? + ||agje )l

+ %R(R —R) forn=3,
N1Rij — Rijll* + (R— RB)? + l|age 1
k +3R(R-R) forn=2.

We observe that (3.19), together with obvious inequality ||R;; — R;;||? > (1/n)(R - R)?,
(where equality holds when n = 2), establishes
( 8

AWijull® + —511GilI?

) 2(n+1) =
A(R-R)> 4 +n(n_1)(R—R)R for n > 4,

8/|Gi;II? + 4(R— R)R  forn =3,
(3(R— R)R forn=2.

As an application of what we have just derived we prove the following theorem which
can be thought of as generalization of Theorem 3.3:

(3.20)

Theorem 3.5. Let (M,g,V) be a compact orientable statistical manifold with non-
negative scalar curvature R and affine connection V whose curvature tensor satisfies

R
Rijn = n(n—_f)(yikgjz — Gil9jk)-
Then:

(1) /M TrfB = /MnTrvn2 > 0.

N If[,, TrB =0, then R;:1; =0 and R = const < 0, unless V=V, (and R =R =
M J
const for n > 3).

Proof. We shall prove (2) only for the case n > 4, since the case n = 2,3 can be
treated similarly. We have from (3.20) the inequality A(R — R) > 0 due to the fact



Geometry of statistical manifolds 211

that R > 0. Observing that R — R = lla;;kl|? > 0, we obtain by Bochner’s lemma that
R-R=const >0.If R—R= IIa,,kIIZ = 0, then V = Vg, and by Schur’s theorem it
follows that R = R = const > 0. Observe that (3.20) becomes

22(n+1)
n(n-1)
Thus if R— R = lloil12 > 0, then we must have W, = Gi; = R = 0 at all points
in M. But this implies R;;z; =0, hence R=0, and therefore R = const < 0. O

0> 2|Wijll* + ~—lIGll (R-R)R.

4. Complete Riemannian conjugate symmetric statistical manifolds

tical

EB

anifold su hthaf(M g) is com-

atis
plete Rlemannlan Here we shall prove the following theorem which is analogous to
Theorem 3.5 for compact case:

Let (M, g,V) be a conjugate symmetric stat

..... 7:)7 et

Theorem 4.1. Let (M,g,V) be a statistical manifold such that (M,g) is complete
Riemannian. Suppose Trv =0, R > 0, and

. R
Rijn = m(gikgjl — Gigik)-
Then V coincides with V.

Proof. We have from (3.20) the following inequality which holds for all dimensions
greater than one:

2(n—-1)
n(n—1)

Remembering R > 0 and R— R = llas;kl|? > 0, we compute the term on the right of
(4.1) as

A(R-R)> =——L(R- R)R. (4.1)

2(n+1)
n(n—1)
2(n+1)
“n(n-1)

and combining this with (4.1), we establish

2(n + 1)
n(n—1)

We now observe that from (3.5) the Ricci tensor R;; satisfies R;; - R = aflagy,
since a; = 0, and this implies that (R;; — ,J) is positive semi- deﬁmte and hence R;;
is bounded from below since fiw = Rg,] /n, where R > 0 by assumption. Now we can
apply [4, Corollary of Theorem 8], derived by Cheng and Yau, to the mequahty (4.2)
to conclude that R — R = lle;jll? = 0 at all points in M and hence that V = Vy. O

2Ant1)
n(n-1)

(R_ R)2,

(R— Ry 4+ 2t DR(R R)

=T L(R-R)R= (=

A(R-R) > (R- R)%. (4.2)
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Remark. Theorem 4.1 may be thought of as a generalization of Theorem 2.2 in the
sense that M is no longer required to be an open domain in R™ and V is allowed to
have non-zero curvature.

We also remark that if R is bounded away from zero, then R;; will be strictly positive,
and Bonnet’s theorem implies that M is in fact compact, since (M, g) is assumed to be
complete Riemannian.

We again make use of Corollary of Theorem 8 of Cheng and Yau [4] to establish the
following theorem:

Theoram 4.2, I ot ( o

<
~—

e £ efnhehnn] manifold curh that (
o€ a Stalisil £4: TManijoca SUCh har |

S

1 m G, uch ¢
Riemannian. Suppose TtV =0, R > ¢ for some constant ¢ > 0, infps R exists, an

. R
Riju = m(gikgﬂ - Gigjk)-

Then V coincides with V.
Proof. Choose a constant a such that 0 < a < 1. Since R > ¢ > 0, we have
R—(Le)'"aRa <e—(le)l=aea <0

at all points in M. Now, since infps R is assumed to exist, we can choose a constant
¢ > 0 large enough to ensure

R>cfe—(le)'=aen} » {R—(Le)'"sRu}
at all points in M. We then have

(1)'-aR= > R - (R-R), (4.3)

0|m1
(":Ir—t
v

taking ¢ > 1 if necessary.
From (4.3) we obtain

1 2ve-1, e
R>(0) (=R,
and combining this with (4.1), we establish

2n+1)
n(n—T)

> e () Ry

AR-R)> =" (R-R)R

As in the proof of Theorem 4.1, (R;;— R,']-) is positive semi-definite, and since infps R
exists, it follows that R;; is bounded from below. Now [4, Corollary of Theorem 8] is
applicable, and we deduce that ||o;;[|*> = R - R = 0 at all points in M, and hence
V=V 0O
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Example. We consider (R?,ds?,V), where ds? = dz? + dy? is the standard metric
on R?, in the natural coordinates (z!,z?) = (z,y). Note that Q) = 1Rdz A dy. If we
assume TrV = 0, then a can be expressed as

_(dB  dA
“=\da -dB)’

where A, B € C*°(R?). Note that the condition

Ada:_dB dAAd:c_O
“"dy) T \dA -dB dy )~
is equivalent to requiring that the function f = A + +/=1B is holomorphic on R?.
Moreover, since §2p = 0, we have

G ano e 0 —2dAAdB
=ANC= 1 9dANdB 0 ’

from which we obtain

= 0A\? 0A\?2 0B\? 0B\?2
R=-{(5z) +(5) ) ={(@) +(5) }

The above example shows that the conclusion of Theorem 4.1 no longer holds if we
drop the condition R > 0. It also shows that in Theorem 4.2 the condition B > € > 0
is essential and the condition that infas R exists is also essential; to see this take, for
example, f = (z + vV=1y)2.

If we set f =z + +/—1y, then

o= dy dz
T \dz  —-dy )’
and we compute R = —4. Observe now that the whole situation descends to 2-torus
T? via a covering projection R? — T2. This shows that the condition [,, R(R—R) > 0

in Theorem 3.4 is essential. However, we do not know whether the condition R > 0 in
Theorem 3.5 is essential or not.

5. Special conjugate symmetric statistical manifolds

Let (M,g,V) be a conjugate symmetric statistical manifold so that Q;jk,| aTe sym-
metric in all pairs of indices (since Da = 0 identically on M). A statistical manifold
(M,g,V) is said to be special whenever we can write

a=Sym(y®g)

for some 1 € (M), where Sym(y ® g) means the usual symmetrization of ¥ ® g.



214 M. Noguchi

We now compute the following quantities:

ik = 3(Vigjk + Vi9ki + Yr8is)s (5.1)
ap = gk = ' (Yigjk + Vigki + Vegij) = 3(n +2)¥k, (5.2)
lew;ill? = a¥%aysy, = L(n + 2)|1il 2, (5.3)
el = §(n + 2)2 )19l (5.4)
Rijp — Rijrr = =5 {1¥ml*(gikg5 — 9ug5x) + (Yi¥egit — Yitngix) (5.5)
+ (9ix®%5% — 9a¥5¥e) b
Rij — Rij = —L{nllvl?gi; + (n — 2)%i5}, (5.6)
R- R=—g(n-1)(n+2)Iil" (5.7)

We next prove the following proposition:

Proposition 5.1. Suppose a = Sym(y ® g). Then Da = 0 if and only if Votp = 1fg
for some f € C°(M).

Proof. First we assume Vot = 1 fg for some f € C*°(M), that is to say ¥;; = 119
for f € C°(M). Covariantly differentiating (5.1) and substituting the last expression,
we obtain

ikt = 5(Viagik + 509k + Vradis)
= %(ngjk + 9i19ki + 9ki9i5 )
and we clearly have
Qijkl = Ol k-

Next we assume ;1 = @;ji k- Then from (5.2) we observe that

0= g"(eyhg — Cijik) = Qg — Qg
n+2 (5.8)
=3 (Vi1 = Y1k)s

which implies that the 1-form 1 is closed. We now compute

0= g"(tjng — Xijik)
= a; — Y75 (¥i kg1 + Vi k91 + Y1x9i5)
= L(n+2)%;y — 30— 3(g7 k)90 — 314

n

= g{'ﬁi,l - %(gjkll)j,k)gu}, (%i = t,; follows from (5.8))

and observe that our claim follows by taking f = (2/n)g"¢;; € C®(M). O
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Remark. We have seen that if @ = Sym(¢¥®g¢), then Da = 0 is equivalent to requiring
that i satisfies the equation

Yoty = gg for some f e C>*(M). (5.9)

Note that the metric tensor g canonically identifies Q'(M) with X(M) as ¢ — X¥ €
X(M), X — X € QY(M), where ¢ € QY (M), X € X(M), and if Lx denotes the Lie
derivative with respect to X, ¢ satisfies (5.9) if and only if diy = 0 and Lyvg = fg for
some f € C'*°, Thus there is a bijective correspondence between the set of solutions to
(5.9) and the set of conformal Killing fields X such that dyX = 0.

The following theorem in [5] suggests that the existence of a non-isometric conformal
Killing field is a fairly strong condition on (M, g).

Theorem 5.2. Let (M,g) be a connected n-dimensional Riemannian manifold for
which CO(M) # I9(M) where CO°(M) denotes the largest connected group of conformal
transformations of (M, g) and I°(M ) denotes the largest connected group of isometries
of (M,g). Then:

(1) If M is compact, there is no harmonic p-form of constant length for 1 < p < n
(Goldberg and Kobayashi).

(2) If (M,g) is compact and homogeneous, then (M,g) is isometric to a sphere
provided n > 3 (Goldberg and Kobayashi).

(3) If (M, g) is a complete Riemannian manifold of dimension n > 3 with parallel
Ricci tensor, then M is isometric to a sphere (Nagano).

(4) (M,g) cannot be a compact Riemannian manifold with constant non-positive
scalar curvature ( Yano and Lichnerowicz).

Example. Let us give an example of (M,g) admitting non-trivial solutions to the
equation (5.9). Consider n-sphere S™ with its standard metric, and define o(z) =
(z,a) € C>°(S™), where z € S C R*!  a is a vector in R*t!, and (-,.) denotes the
Euclidean inner product on R™*+!. Then, as shown in [5], o satisfies

1
Vodo = ——o0y,
T

and also Obata’s equation

n
Ao = -—0.
r

Now % = do clearly satisfies (5.9).

A statistical manifold (M, g, V) is said to be V-complete whenever V is geodesically
complete. The following example shows that (M, g, V) may not be V-complete even if
(M, g) is complete Riemannian.

Example. Consider (R?,ds?, V), where ds? = dz? + dy? and V is determined by the
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[ dy dx
a‘(m —@)‘
(Incidentally, we have TrvV = 0 and R = —-2.) We observe that the equations of
geodesics y(t)= (z(t),y(t)) of V are given by

tensor

%+ 244 = 0,
§+(2)° - (9)* =0,

where “ 7 indicates differentiation with respect to the parameter . We now verify

that the pair

z(t) = const,
y(t) = y(to) - In{1 — (o) (t — t0)}
determines a geodesic which cannot be extended to all of R. Furthermore, since the

whole situation descends to 2-torus T? via a covering projection R? — T2, it follows
that (M, g,V) may not be V-complete even if (M, g) is compact Riemannian.

6. Special statistical manifolds and V-completeness

Let (M,q,V) be a statistical manifold and let y(t) be a C® curve in M. We call
¥(t) a V-geodesic whenever v(t) is a geodesic of V. Observe that the metric g turns the
difference tensor @ € !(End T M) into a tri-linear map, which shall also be denoted
by «, in a natural manner. We now prove the following proposition relating the time-
derivative d/dt||¥(2)||? to the tri-linear map a:

Proposition 6.1. Let y(t) be a V-geodesic on a statistical manifold (M,q,V). Then
we have

d,. . . .
LI = ~20(3(0),3(0), 3(1).
Proof. Using the notations in Section 2 we have
Fijk = I_‘i]'k + aijk (61)
in local coordinates. Since ¥(t) is a V-geodesic, it by definition satisfies the equations
¥+ T vk =0,
which are equivalent to the equations
¥4 Tk = —a k74" (6.2)

in view of (6.1).
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We now compute

d, . d ciad
E“’)’Hz = a(giﬂl"/])
0Gij .1.i
= 5;—{7’7’7’ + 97 + 9ii VA
= (Tu; + D)7 + 9555 + 975,
where Fijk = g,'lfljk,
= (g: 7" + a9 + 4 (93" + Titi¥?3') by (6.2)
= —2a;;¥'975%. O
We next prove a lemma concerning the magnitude of ||¥(t)||, where v(t) is a V-
geodesic on a statistical manifold (M, ¢,V).

Lemma 6.2. Let (1) be a V-geodesic on a statistical manifold (M,g,V), and let to
be a point in the domain of y(t). Suppose a = Sym(do ® g) for some o € C(M).
Then we have

IF(OIl = 117 (to)l|le™ { () =e Blta))},
Proof. Proposition 6.1 implies
d . i AR
P = 204937474 = =20, 4)I711®
_ d <112
= —2{o (YOI,
and now the conclusion of Lemma 6.2 follows. 0O

We now establish the following theorem about V-completeness of a statistical man-

ifold:

Theorem 6.3. Let (M,q,V) be a statistical manifold such that (M,g) is complete
Riemannian, o = Sym(do ® g) for some 0 € C°(M), and L = infys o exists. Then
(M,g,V) is V-complete.

Proof. It suffices to show that every V-geodesic 7 : [a,b) — M can be extended past
t = b. Suppose ¥(t) is defined at t = tg. Then by Lemma 6.2 we obtain

17N = 117 (to)lle~{eO@®)=obr(ta))}

< i (to)||etotrito) =L} (6.3)

Setting C(7,t0) = ||7(to)llel?((?)=L} > 9, (6.3) can simply be written

7@l < C (7, to)- (6.4)
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Choose a convergent sequence t, 1 b. Then we have from (6.4)

d(¥(tm),¥(tn)) < /ttm 17 ()dt < C(7,t0)|tm — tul, (6.5)

where d(-,-) is the metric determined by ¢ in the usual manner. We note that (6.5)
implies that {7(¢.)} is a Cauchy sequence with respect to d(-, ). Since d(-,-) is assumed
to be complete, we have v(t,) — pe M.

Fact (see for example [5]). Let V be an affine connection on (M, g). Then, for every
point p € M, there is an open neighborhood W and a positive number € > 0 such that
(1) For any two points ¢, ¢’ € W, there exists a unique vector v € M, (the fibre of
TM through ¢) such that ||v|| < € and exp, v = ¢, where exp denotes the exponential
map of V.
(2) For each ¢ € W, the map exp, maps the open e-ball in M, diffeomorphically onto
an open set Uy D W.

For the limit p of the sequence {y(t,)}, we choose an open neighborhood W and a
positive number € > 0 so that the conclusions (1) and (2) in Fact above hold. Note that
we may choose sufficiently large numbers n, m so that the following conditions hold at
the same time: t, < tm; Y(tn),7(tm) € W;

tm — talC (7, 70) < €. (6.6)

We now fix the numbers n, m chosen above and define (s) = y(t(s)), where t(s) =
(tm —tn)s + tn. Observe that the inverse of ¢(s) equals

=it
so that
7(0)=7(tn) and  F(1)=7(tm), (6.7)

and also observe that 7(0) = (tm — t,)¥(tn). The last expression together with (6.6)
establishes

1701 = Itm — talll3 ()l < Itm — talC (7, t0) < €. (6.8)

According to (1) in Fact there exists a unique vector v € My such that ||v|| < e
and expsg)v = §(1). By the definition of exponential map, together with (6.7), we
obtain

4(8) = exps (o) SV (6.9)

for a’ < s < b’ where a’ = s(a), b’ = s(b). Setting s; = s(t;) we clearly have s; 1 b'.
We thus only need to show that §(s) can be extended past s = b’. By our construction
we have 7(s;) = 7(t;) and thus have ¥(s;) — p. Let B¢(5(0)) C Mj() be the e-ball at
7(0) such that exps o) Be(7(0)) > W 3 p. Then there exists a unique £ € B(7(0)) such
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that exps )€ = p, and similarly for each i there exists a unique &; € B.(7(0)) such that
exps(0) & = 7(s:). Now, since exps(g) : Be(7(0)) — Us0) D W is a diffeomorphism and
4(s;) — p, we must have §; — ¢, and this means that from (6.9) that §; = s;v for all i.
We then deduce that £ = b’'v and (s) = €XPs(0) SV clearly extends past s =b'. O

The following corollary is a trivial consequence of Theorem 6.3:

Corollary 6.4. Let (M,g,V) be a special statistical manifold with o = Sym(y ® g).
Suppose dp = 0 and the universal cover M is compact. Then (M,g,V) is V-complete.

We next exhibit some examples of special conjugate symmetric statistical manifolds.
Example 1. M = R? with g;; = §;;. Since all solutions to Vo) = 1(TrVop)g are
exact, we only need to solve ¢ ;; — 1Acd;; = 0. The last equations in this case are just

011 —022=0,
(6.10)
12 =0,
where (z1,2%)= (z,y) are the standard coordinates on R2. The general solutions to
(6.10) are of the form
o(z,y) = a(z® + y?) + bz + cy + d,

where a,b,c,d are real constants. Note that o1 = 2az + b, 02 = 2ay + ¢, and hence
a1 = 2az + b, a1z = oz = az11 = (2ay + ¢), @122 = @212 = g = 1(2az + ),
Q292 = 2ay + ¢. We compute

Tra = §{(2az + b)dz + (2ay + c)dy},
Neall? = ${(2az +b)% + (2ay + ¢)*),
llaijel? = 3{(2az + b)? + (2ay + ¢)*},
R = #{(2az + b)* + (2ay + ¢)?}.
We remark that if ¢ > 0, then (M, g,V) is V-complete.

Example 2. M = H? with Poincaré metric

1
9ij = y—zéij-

We must solve o ;; — %Aa&j =0or
011— 022 =0, 012=0,
which can also be written as
Fo_ o _200
0z? 9y? yoy’
d%o 100 _ 0
Ozdy  yoz

(6.11)
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The general solutions to (6.11) are given by

ar + b
o(z,y) = +¢,
Y
where a,b,c are real constants. Observing 0, = a/y, 02 = —(az + b)/y?, we obtain
o1 = afy>, a1z = o1 = o = —%(ax-}—b)/y“, Q122 = Q212 = Q321 = %a/y3,

azee = —(az + b)/y*. We compute

Tra = 384, Haztb),,
3y 3y

l§a2(z2 + %) 4 2abz + b2

9 y2 ’
2 4 a’(z? + y?) + 2abz + b2
llejell” = 3 7 ;
éa2(:1:2 + y2) + 2abz + b2 B

yZ

Note that if @ = 0, b > 0, then (M, g,V) is V-complete.

llosl|? =

R= 2.

©

Example 3. M = S? with g the canonical metric on S2. We use local coordinates
(z,y) such that the metric takes the form

_ 4(dar:2 + dy2)
g_ (1+x2+y2)2'

We must solve o ;; — $Acé;; =0 or
011—022=0, 012=0,

which are equivalent to

0%c 0% 4 doc 0o
57 ot T v e V) <O (6.12)
d%c 4 2y da n 2z 9o _ .
920y " 1+22+y? 0 1+22+y20y
If we use a complex coordinate z = = + v/~1y, (6.12) takes a simple form
2 =
%o 2z 0o _ (6.13)

922 ' 1+ (2202
Set H = (1+ |2|2)200/0dz. Then we compute

3H_ 272 820' 2z 80'
3 = (57 Tomas)
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and we see that o satisfies (6.13) if and only if 9H/0z = 0 or H is anti-holomorphic.
Thus we must solve

do H
-7 .14
0z (1+ |z|2)2 ’ (6.14)

where H is an arbitrary anti-holomorphic function. We next set ¢ = F/(1+ |z|?) and
compute

oF 5
do _ ;9;(1+|Z|2)—F2
Oz (1+]2%)?
Comparing (6.14) with (6.15) we deduce that o satisfies (6.14) if and only if F
satisfies

(6.15)

_OF 2 _
H_E(1+|z|)—Fz

or

_OH _ 0 (0F 9 Ul N

0= = {5+ D) - P2} = (14121 55,
and if and only if F satisfies

O’F

= =0 .16

o (6.16)
Now, since

0’F 1(/0*F 0O*F 0°F

57 = 1 (5am ~ 5y7) oy}

and F is real, F satisfies (6.16) if and only if F = a(2? + y?) + bz + cy + d, where
a,b,c,d are real constants.
Thus the general solutions to (6.12) are of the form

_ a(:z:2+y2)—|—bw+cy+d
Let (z',z2,2%) be the standard coordinates of R®. Then the so-called stereographic
chart is defined by

(6.17)

1 4u 2 4v s 2(u?+0?)
=T e YRy Y S,
4+u“+v 44+u“+ 44+u“+v
and our coordinates (z,y) are related to (u,v) by z = %u, y= %v. We now recall from
Example after Theorem 5.2 that functions ¢ = z* = (z,¢;), with (ey, ez, €3) the natural

basis of R3, considered as functions on S% ¢ R3 are all solutions to o;; — $Acg;; = 0;
in fact,

1_ 2z 2 _ 2y s_ 2(z*+9%)
=i 22+ T T2 Y T {i e
1+z%+y 1+az2+y 1+ 2%+ y?
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are just special cases of (6.17).

It is interesting to note the following well-known fact about conformal Killing fields
on S™: all conformal Killing fields on the standard n-sphere (8", g) are obtained by
first restricting the Killing fields on R"*! to S™ and next projecting them onto 7'S™.
Four independent solutions in (6.17) indeed correspond to the translations along the
coordinate axes of R3.

Needless to say, (S™,g,V) with ¢ = (z,a), @ € R"*!, will be a V-complete special
conjugate symmetric statistical manifold.

Finally we compute the following quantities for (S2, g, V) with o given by (6.17):

by -2~ 2cay+2a—d)z+b

g Y
i1 (1 + 22 + y?)?
0q= b(z?—y®) —2czy+2(a—d)y+b
’ (1+z2 +y2)2 ’
111 — ,1(1+z2+y2)2,
o 4
aiyz = 0121 = Q211 = _ﬁﬂv
3 (1+22+47)
0',1 4

122 = (212 = (221 = TW_-I-!/;’)W

4
Tro = 30,1de + §02dy,
lesl® = (% +0%)(1 + 2% +9)%,
laiell® = 3(c3 + 0%)(1 + 27 +47)?,
R=—§(0% o)1+ + )

Q222 =
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