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We investigate the optimal rate of stabilization at large time of a solution to the
Neumann problem

N
U=y z—(a(x, 6, Vu) =b(x, t,u), in Qx(0,7), T>0
x.
i=1
N
Za,xtVun 0, on 9Qx(0,T)
u(x, 0) = ug(x) xeQ, uy(x) =0 in Q,

where Q = RY, N>2, is an unbounded domain with sufficiently smooth noncom-
pact boundary 0Q satisfying certain isoperimetrical inequality and n = (n;) is the
outward normal to 0. © 2001 Academic Press
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1. INTRODUCTION

In this paper we consider the following Neumann problem

N
u,=§ %(ai(x, t, Vu)) —b(x, t, u), in D=Qx(0, +o0) (1)

N
Y a;(x, t, Vu)n;=0, on 0Q2x(0, +0) (2)

i=1

u(x, 0) =uy(x) in Q, ug(x)=0 in Q. (3)

Here Q < RY, N>2, is an unbounded domain with sufficiently smooth
noncompact boundary 02 and n=(n;) is the outward normal to 0%Q.

The coefficients «;(x, ¢, &), i=1, 2, .., N and b(x, ¢, u) are Carathéodory
functions satisfying suitable growth conditions; moreover we assume that
the following ellipticity condition holds

N
Yoaix, 6, &) E=v(x) () [E]" ! ae xeQ, te]0, + o[, VEeRN,
i=1
where v(x) and Y/(¢) are nonnegative functions verifying additional condi-
tions to be made precise later on. The function b(x, ¢, u) is a lower order
term playing the role of absorption.

A typical example of (1) is the following equation

N
ut:i;] ('fx, <|x|'9t’“ |Vu|m_1§;li>—i uf,
where 0<O0<m, 0<k<l,m>1, A=0and ¢g=>1.

Our goal is to find the optimal bound of ||u(-, )| z»g) for t large, where
u is a nonnegative solution of the above problem with initial datum belong-
ing to L'(Q) or slowly decaying at infinity. Moreover, when b=0, m > 1,
and u, is compactly supported we establish a sharp bound of the interface.

The results presented here obviously hold for the Cauchy problem
corresponding to Eq.(1). Optimal bounds of maximum modulus of
solution to the Cauchy problem for nonstationary p-laplacian in the non-
weighted case can be found in [ 10, 14, 15]. Analogous results for a porous
medium equation are contained in papers [1, 7, 17].

Nonweighted parabolic Neumann problems in domains with noncom-
pact boundary and with L!-initial datum have been studied in [13] in the
linear case and in [5, 26] in the nonlinear one.
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For further literature concerning qualitative properties of solutions of
parabolic equations the reader can refer for instance to Kalashnikov’s
survey [ 16]. Concerning the existence of weak solutions in weighted spaces
we quote, among others, the papers [9, 11, 19, 24].

Our approach relies on sharp energy estimates which are essentially
based on a sharp form of a weighted Gagliardo—Nirenberg embedding
result for a wide class of domains satisfying suitable isoperimetrical properties.

Let us briefly summarize the contents of the paper. After a section
devoted to the notations and the statements of the main results, we state
and prove an embedding theorem (see Section 3). Sections 4 and 5 contain
the proofs of the optimal bounds of the maximum modulus of a non-
negative solutions of the problem (1)—(3) with initial data respectively in
L' and in L? ~ L™ with p,> 1. In the last section we prove that a solution
of the above problem with m>1, b=0, and u, compactly supported has
the property of finite speed of propagation.

2. NOTATIONS, HYPOTHESES AND STATEMENTS OF THE
MAIN RESULTS

Let Q = RY, N> 2, be an unbounded domain, containing the origin, with
sufficiently smooth and noncompact boundary 02. We denote by x=
(X1, X5, .., Xp) a point in Q.

As we have remarked in the Introduction, in order to prove the embedding
theorem (see the next section) we need some assumptions on the geometry
of Q; to this aim we introduce the function

L(V)=inf{measy_,(00 N Q2), Q = 2 open with lipschitz boundary,
measyQ =V}

and we give the following

DerFINITION 2.1.  Q belongs to the class %,(g) if there exists a positive,
nondecreasing function g € C(0, + oo) such that V' =V¥/g( V') is nondecreasing
and

L(V)=g(V) VYV>0. (1)

The above definition implies the existence of two positive constants y,, y,
such that

L(V)=y, VWN=VUN  for V small enough,
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and
L(V)=y, for V sufficiently large.

The first estimate gives us back the classical isoperimetrical inequality in
the case of bounded domains with lipschitz boundary (see [21, p.301]),
while the second one characterizes domains which do not contract at
infinity.

Let us note, moreover, that examples of domain which do not satisfy
condition (1) for small V' can be found in [21, pp. 10, 164].

Given R>0, let

Qr=02n{xeR":|x|<R}
and
V(R) =measy Qg.
Let us denote by # the inverse function of V(R).

DEFINITION 2.2. Q belongs to the class %,(g) if Qe %,(g) and there
exists a constant ¢, > 0 such that

Vv
g(v)
Domains belonging to classes similar to %,(g), %,(g) were considered by

Gushchin [12, 13] and subsequent papers.
It is easy to prove that if Qe %,(g) then

A(V)= ¢, YV >0. (2)

14
AMV)SN 5 V>0 (3)

Thus, assuming 2 € %,(g) essentially amounts to requiring that the
volume V/(p) is equivalent to pg(¥(p)). As a matter of fact 5 and 6 are
equivalent to

(I/N) pg(V(p)) < V(p)<(1/co) pg(Vip)) Vp>0. 4)

Moreover, from (4) it follows that |Q| = + oo, otherwise we would get a
contradiction letting p — + oo in (4).

An example of domain of class %,(g) (and then of class %,(g)) is the
paraboloid-like domain

Q"={xeRY:|x|<xt},
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where [x'| = (x3+ -+ +x3_ )" xy>1,0<h <1 (note that Q°is a cylinder
and Q! is a cone). In this case (see [5])

. WN—-1) _N-—1
— (N—1)/N 1/n — <
g(V)=ymin(V’ VN, AN-D+1S N

Let now v(x) be a nonnegative function in Q and ¥(s) be the decreasing
rearrangement of 5. We assume that

v(x) e L (L), (5)
su v(x)
i pQZR\iR ( —0 (6)
R— +© R
1 1 N

—e L¥%Q), l+-<m+1<N, =— (7)

v(x) o m+1

1
die, € }0, m-i—{ such that 7, (s) =s"19(s) is nondecreasing in

10, +oo[. (8)

Also, let y: 10, + o[ — R be a monotone nondecreasing function such
that

YeLl0,T) VT>0. (9)

Set

D)= [ ws) ds.

Assumptions (5), (7), and (9) are classical in the theory of weighted
parabolic equations (see [22]); technical assumption (8) implies that 7(s)
have power-like behavior and it is necessary, at least for power-like weight
(see [8]); moreover hypothesis (6) will be used to obtain a mass estimate
(see Corollary 4.1 later on).

Let a,(x, t, &), i=1, 2, .., N be Carathéodory functions in 2 x R¥*1! such
that the following structural assumptions are satisfied a.e. (x, ) € 2 x R,
Vé neRY:
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a(x,1,00=0  i=1,2, .., N, (10)

2 (ay(x, 1, &) —ay(x, t, ))& —ny) Zv(x) Y(2) [E—n™ L (11)
i=1

N

2 lay(x, 1,8 —a;(x, ;)| < v(x) Y] + D)™~ E—nl, (12)

i=1

where m > 1.
Let b(x, t, ¥) be a Carathéodory function in Q x R? such that the following
assumptions are satisfied a.e. (x,1)e Q2 xR, Vy, 7€ R:

b(x,1,0)=0, (13)
(b(X, [’%)_b(x’ Z’Z))(X_Z)>G|X_Z|q+lr (14)

where ¢ > 1 and ¢ is a positive constant.
The previous assumptions are classical in the theory of parabolic
equations with general coefficients and are satisfied, for example, if we take

a;(x, 6, &) =v(x)Y(e) |71 E, i=1,2,., N,
b(x, t, ) =1x1""" 1.

In order to give the definition of weak solution of the problem (1)—(3) we
have to specify the functional setting we shall use.

Let p,y>1; then W %v, Q) is the space of functions u for which the
norm

1/p

1/y
s o= [l ) (] vt v a
> (o] Q

is finite. W},:‘y)(vx//, D) is the space of functions u for which the norm
1/y 1/p
el = J, s dt> ¥ < J, sty 9 dt>
is finite. WII,: ;(w//, D) is the space of functions u for which the norm
1/y 1/p
g, o= [ Clal?+ a7y )+ ([ v(x) o) |Vl
Py Dr Dy

is finite. Due to assumptions (5), (7), and (9) the above weighted Sobolev
spaces are Banach spaces (see [22]).
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Now, we are in position to give the definition of a weak solution of
problem (1)—(3).

Let D;=Qx(0,T), T>0, uge LP(Q)nL*(2), uy>0 a.e. in 2 and
Po= 1.

DerFINITION 2.3. Let 1 <p,<2. A weak solution of the problem (1)—(3)
in D, is a nonnegative function ue W9 11,2000, D) 0" L*(Dy) such that

,

{—uv-l—z (X, 1, Vu) v, +b(x, t, u) }dxdtzj uo(x) v(x, 0) dx
o)

T

(15)

holds for any ve Werl >(W, D7) such that v(x, T) =0.
A weak solution of the problem (1)—(3) in D is a weak solution of the
problem (1)-(3) in D4 for any 7> 0.

DEFINITION 2.4. Let po>2. A weak solution of the problem (1)—(3) is
a nonnegative function ue W9, 2 (v, D) n L*(Dy) such that the iden-

tity (15) is satisfied for any ve W)\ | 24, D7) such that v(x, T) =0.
A weak solution of the problem (1)- (3) in D is a weak solution of the

problem (1)—(3) in D for any 7> 0.

Under the hypotheses (5), (7), (9), (10)—(14) the existence of a solution
u of the problem (1)—(3) follows from the results of [9, 11, 18-20, 23].
Now, let us denote by J ! the inverse function of

I L m+1~
JV)=V {g(V)} %) (16)

The following theorem concerns the large time behavior of a nonnegative
solution of the problem (1)-(3) with initial datum in L'.

THEOREM 2.1. Let Q€ %,(g). Assume that hypotheses (5)—(14) hold and
let u(x,t) be a solution of the problem (1)-(3) in Dy and uye LY (Q)n
L*(Q). Then there exist two positive constants C,, I such that for any t >0
the following estimate is true

Hu()HLl(.Q) g —1
HH( )”LOO(Q) Cl IIllIl< — Jt Ng=1) ) (17)
TN ol i)
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Remark 2.1. We point out that, using approximation arguments, the
above theorem still holds under the assumption u, € L'().

Moreover, when Qe %,(g) the result of the previous theorem can be
sharpened (see Theorem 4.1).

If we take Q=0" v(x)=|x|’ 0<O<m, "F>15tys1. V() =15
0<Kk <, uy e LY Q" N L2(2"), uy >0 then Theorem 2.1 implies that for
all t>1

1
(-, )|l oy < CN, m) g | 310 =4 if i>71 (18)
q—
while
“Ya-1 1
lu(-, D)l oy < C(N, m) 1774 if /1<q71 (19)
where
):(1+K)[1+(N—1)h]
and

H=H(h0)=m—D[1+(N—1)h]+m+1—0.

We notice that the number ¢* defined by the relationship 4= =7 plays
the role of critical exponent for the problem (1)—(3). Moreover, we note
that #°(1,0)=(m—1) N+m+1 is the well-known Barenblatt’s exponent
and the expression (18) when =0, x=0, A=1 is the same as that
obtained in [14].

In the case x =0 and 2 =1 formula (18) was given in [25] for a solution
to the Cauchy problem, while for k=0, § =0 it was proven in [5].

Let us also remark that (18) provides sharp dependence of maximum
modulus of a solution on the parameters of the problem, i.e. on v(x), Y¥(?),
m and the geometry of Q" when b=0 (see Corollary 6.1).

Now let us set

<2

J (S):S(m—l)/Po{S)}m*—l (s), Vs > 0. (20)

Po g(s

If the initial datum belongs to L?(Q) N L*(Q), po>1, we can prove the
following
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THEOREM 2.2. Let Q€ %B,(g). Assume that hypotheses (5)—(14) hold and
let u(x, t) be a solution of the problem (1)—(3) in Dy and uy, € LP(Q) N
L*®(Q), po>1. Then, there exist two positive constants C,, A such that for
any t>0

l[uto| LY(2,5)

[u(-, ) Loy < Ca - ’ (21
TP ol P )
where (t) is defined by the relationship
”uOHLl(ng(,))
TN IP) ol P
B luoll Lroorez,) (22)

14T —1 :
JPOI(A‘M[) [l anI’O(Q\Qﬁ([)))I/pO

Remark 2.2. When Q belongs to the class %,(g) the result of the
previous theorem can be sharpened (see Theorem 5.1). Moreover, in the
particular case Q=Q", v(x)=|x|’ with 0<0<m, "> ;557 (1) =
*, ug(x)=(1+|x|]) 7%, 0<p<1+4+(N—1)h (see also Remark 5.2), for any
t>1 we have

(-, 0| ogoy <yi £, (23)
where

P 1 +x
Com+1—0+pm—1)

Let us note that if k =0 =0, then (23) can be rewritten as
Hl/l( ) Z) HLOC(Q) < Y1 [_ﬁ/(m+ 1+ B(m—1))

and the above estimate reduces to the results of [ 15, 26].

Let us denote
Z(t)=inf{p>0:supp u(-, 1) =2,}.

Obviously, Z(t) gives a measure of the speed of propagation of the
support of u. When m>1 and the initial datum has compact support we
shall prove the property of finite speed of propagation for a solution of
problem (1)—(3) without an absorption term. As a matter of fact in Section
6 we prove the following
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THEOREM 2.3. Let the hypotheses of Theorem 2.1 be satisfied and b= 0.
Let supp u, = Bg . Then for all >0

Z(1) S C5(Z(0) + Go( 7 (1) o Fica))))s (24)
where
5 Z(t)
Z(t) = (SUPQZZ(,) v(x))l/(m+ 1)
and
Gols) = = ((s)) V" 1),
g(s)

3. AN EMBEDDING RESULT

The description of the geometrical characteristics of the domain via
isoperimetrical properties allows us to use naturally the symmetrization
approach to prove an embedding result. This approach seems to be the
most suitable for domains with noncompact boundary.

The following embedding lemma, which has interest in itself, will be
crucial in the proofs of Theorems 2.1 and 2.2; the nondegenerate case has
been considered in [27].

For the sake of simplicity, from now on we will always denote by ¢ a
positive constant, depending only on the data, which may vary from line
to line.

LemMA 3.1. Let Q€ %,(g) and v(x) satisfy the condition (5) and

1
T E L}, (). (1)

Assume, moreover, that there exist constants 0,y,>0, with 1 <0 <p <N,
such that

f ()P =9 dr < posi(s)7P =) Vs>, (2)
0

Then for any ue W) %v, Q) n LA(Q), 0 < f < q< 5% the inequality
/
gl
Gl(E%/(q_ﬁ)/Eg/(q_ﬁ))

1=y
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holds, where

1:[9 v(x) [Vu|? dx, Eyzjg lu|” dbx,

Gy(s) = 5741 [g(ss)} (),

provided G, is increasing.
If 0=, 7 depends only on 6, y,, N.

Proof. We first prove the theorem in the case 0 < g < 2%;.
Following the paper [3], we can construct for any se€(0, + ) a
measurable set D(s) = Q such that

(1) measy D(s)=s,
(i) sy <s5=D(sy) = D(s>),
(i) D(s)={xeQ: |u(x)|>r} for s=u(r),
where p(r) =measy{ [u(x)| >r} is the distribution function.

Moreover, there exists v(s) >0, s >0, such that

1

1
ID(S) v(x)l/(p—l)

=, s

dr. (4)

Let us denote by u*(s) the decreasing rearrangement of u(x); i.e.,
u*(s)=inf{z>0: u(r) <s},

and observe that if 6 <g¢ then

+oo + o0 q/0
L R et R Y R TR ) AT
0 0
For any fixed k£ >0, to be chosen later on, we have

+oo (k) b
J [u*(s)]esa/q—ldszj [H*(S)]Hsg/q_lds—l—J [u*(s)]% s%4—1 ds
0 0 (k)

=A,+4,. (6)
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In order to estimate 4, we integrate between 0 and u(k) the identity

d 4
L ()0 0/q—1
I <u (o) L s ds>

=0(u*(c))’1 % J: s91=1 ds + (u*(g))? g1,

then we use Young and Chebychev inequalities and known properties of
rearrangements so that

® /' du* 0
A, <c {J: (_ ud((76)> g% +0=1 o 4 (k)0 =08 Ez//;

=c[As+A4,]. (7)
Discriminating the cases ¢ < f and 0> f, one can easily prove that
Azgcﬂ(k)e/q*f’/ﬁ EZ//? (8)

(the constant ¢ in (8) equals 1 if 6= f).
Applying Holder’s inequality we can estimate A5 getting

(k) du* P 6/p
A< ([ (-2 (st01)7 (o do )

(k) g0a+0—1p/(p—0) 1-06/p
x <J0 (e(0) 7= =0 ) d"> ‘ ®)

Let us prove now that

[ <—d“*(")>p (¢(0))? 10) do <. (10)
0 dO'

Working as in [ 3] we get

1

h {t<lul<t+h}

1 1/p
|Vu| dx < < v(x) |Vul? dx>

h J‘{-r<|u|s-r+h}

(p—1)/p
><< f v(x)l/(l’”dx>
h {t<lul<t+h}

VYh>0.
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Letting & — 0 it follows that

d d p
—— |Vu| dx<<— v(x) |Vu|pdx>
dT f{|u|>r} d‘[ J{‘l:<|u\}

d (p—1)/p
x| —— v(x)_l/(p_l)dx> . (11)
< de Lr<|u|}

By the definition of v(s) we have

4
dr

1

Do (12

[ e v ae= —p(r)
{r<lul}

On the other hand by the isoperimetrical property of € and the
Rishel-Fleming formula we deduce

d

glu(t)) < L(u(1)) < - LKM} |Vu| dx,

so, from (11) and (12), it turns out that

_ du(7)
dr

—(p=D d
(et siuo) (- 42) T <L [ v v

dr
Integrating in ]0, + oo[ the above inequality and using the identity

du(t) _ 1

dr d "
o (w(u(2)))

we obtain (10).
Now, by virtue of Lemma 2.2 in [3] there exists a sequence {v,} such

that
() =) e (13)

and

L(k) ds . o s
fo (1570 B =, lim L )T (14)

n— + oo
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Thus from (13) and (14) and our hypotheses on the weight v we infer

" o P 0/(p—0)
fo W“’S@ou(l«)(v(u(km . (15)

The monotonicity of the function
§0/a+0—1)p/(p—0)
(g(s))pa/(p—a) >
along with inequalities (9), (10), and (15) implies

(k)00
(g(u(k)))?

From (5), (7), (8), and (16) we deduce

As<cl’? (P(p(k)))o. (16)

o (ﬂ(k))ﬁ/qu@ 0/p q/0

(g(u(k)))?
(u(k))Va+t=1r
glu(k))

E,<c| (o) + o~ |

<e {1 v ()P + ) Va =V E;/ﬁ} ’

= c[(IG (k)P + (u(k)) V1=V E P, (17)

Now we choose k such that
1V7(G ()7 = k) V=P E

or, equivalently,

u(k)=o~! <E§/ﬂ>,

where @(s) = G,(s)/s?9=?/ and @ ~!(s) is its inverse function.
Substituting the above value in (17) we complete the proof in the case
q>0.
To achieve the complete proof we argue in the following way: let ¢, be
such that f <¢; <6 and choose ¢ > 6; note

91—B 49—
q—p d q9—p "

q91=4
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Applying Holder’s inequality we deduce
Eq <E(q1—ﬁ)/(q—ﬂ)E;;q—qo/(q—ﬁ) (18)
1 q )

The thesis now follows immediately from the first part of the theorem
and monotonicity of the right-hand side of (3) with respect to E,,.

Remark 3.1. The assumption (1) and that on the monotonicity of G,
will be fulfilled in the instances of application of Lemma 3.1, as a
consequence of (7), (8) and our choice of the parameters p, ¢, f, 0.

Remark 3.2. Assume that v(x) satisfy conditions (8); then
r ()M +D dr Lo si(s)Mm+D e >0 (19)
0

with yo=1/(1 —x, ;55).

Remark 33. If Q=Q" and v(x)=1 then inequality (3) is the classical
Nirenberg—Gagliardo inequality.

4. PROOF OF THEOREM 2.1

Before proving Theorem 2.1 let us premise some auxiliary results useful
in the remainder of the paper.

ProrosiTION 4.1. Let u be a weak solution of the problem (1)—(3).
Assume that hypotheses (5), (7), and (9) hold. Let

supp uy < By .

Then for any t>0 there exists a positive constant c¢, depending on
lu(-, 1)) o too, such that the estimate

R—R m+1\ 1/m
Han<eluldgew { —c| (T2} U L vRo R, (1)

holds, where

HR(z)zj W dx+H V() Y(7) [V dx di
2\2, 0 'o\e,

and

n(R)= sup v(x).

2p\2p
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Proof. Let R>R,, pe]0, R], and
0 if |[x|<R
|x| — R .
if R<|x|<R+p

&(x) =
1 if |x|=R+0p.

Choosing ™ *!(|x|)u as a test function in the weak formulation of

problem (1)-(3) we obtain:

%Lz u2§m+1dx+£: Lz év:l aiuxif’"+1dxdr+£: leé"’“udx dr

— _(m_|_1)jot L} Zg: a; & Mudx dr.

Using Young’s inequality and growth conditions in the right hand side

of the previous inequality we have
t
%J 2Em 1 dx+j f V(xX) Y(7) [V + 1 EmH dx de
Q 0 ‘@

< cglm+im j j V() Y(z) Va1 Em+ dx de
0 Q@

+ce” (m+1)f j |u|m+l |V€|m+l dx dr.

Hence, for ¢ > 0 sufficiently small, we obtain

A [ WM Hio) @)

HR+P(I m+1

where

M(t)=sup u(x, t).
(2]

By the maximum principle (its formal proof can be readily carried out as
in [ 28], Proposition 2) there exists a constant M, >0 such that

M(t)<M, Vte(0,T)
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and, from (2), we obtain

1

Hp (1) <cM? mexpr)H (1) dr (3)

Let us absorb, for the sake of simplicity, M, in the generic constant c.
Let us prove, by induction, the following inequality

k
Hp () <c* Iuolﬁm[ﬂm)]k- (4)

Taking u as a test function in the weak formulation of problem (1)—(3),
Hpg (1) <clluol3 (5)
easily follows, which proves (4) for k =0.

Let us assume that inequality (4) holds for some integer k£ > 0. By virtue
of (3) and using (4), we can obtain

Higva )< e D80 [ e) Hy g (0)
: Tt | v He,
g WO

o 15 P DD (1)1 [#(R)

Then, inequality (4) holds for any integer k > 0.
Let k> 1. Choosing in (4) p=(R— R,)/k we obtain

k(m+1)k[tlﬁ(t)]k
(R—RO)(m+l)kk!

H (1) <c* Huo\|§

[7(R)] .

From this inequality and also using Stirling’s formula it follows that

¢oR—R m+1
HAl1) < g 3exp { ~Klog e, ©)
Now, if
(R—R,)"+!
et Ry P
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the estimate (1) easily follows from (5). Otherwise, we can obtain (1) from
(6) taking as k the integer part of

{C(R _ Ro)m+l}l/m
() n(R) )

COROLLARY 4.1 (Mass estimate). Let u be a weak solution of the problem
(1)=(3). Assume that hypotheses (5)~(7) and (9) hold and supp ug = B,
Then, ¥Vt >0

LZ u(x, 1) dx<L2 () dx. (7)

Proof. Let R>0, t>0 and u(x, ) be a solution of problem (1)—(3).
Taking

0 if xeQp

if xeQ,,\Q2z

1 if xeQap

as a test function in the weak formulation of problem (1)-(3), we have
t t N
J J urfRdxdr+j J Z a;(x, T, Vu)(&g)y, dx de
0 ‘@ 0 -
t
+[ ] b ) Epdxdr=o. (8)
0 ‘Q
Using the growth condition (12) and Holder’s inequality (with exponents

m+1 and ™*t1), it follows that

N

a,(x, 7, Vu)(E )y, dx de

Id fom 4 t 1/(m+1)
< (Hg(1) /em+1) <f0 LZR\QR v(x) Y(1) dx df>

() n(R))l/“"“{ o)

(o) RV (AT,
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By means of Proposition 4.1 we obtain the following estimate

- (R_Ro)erl 1/m
H (1) RV <cuo|§,gexp{—y[

(1) n(R)
R™+L N (1) g(R) |V
S brorei i e ol (10)

Therefore, from (9), (10) and by virtue of hypothesis (6) we obtain

N

lim H S a,(x, 7, Vu)( )., dx dr =0,
0

R— 4+ Q ;-1
Letting R — + o0 in (8), (7) easily follows.
The next lemma will be crucial in the proof of Theorem 2.1.
Let us denote by 7 the constant involved in (3) with §= = and
vo=1/(1—x,;N/(m+1)). Moreover, for any r>1 we set

m+1>m+1. (11)

r+m

F(r)=y(m—1)(r+1)<

LEMMA 4.1. Let Qe %,(g) and u(x,t) be a weak solution of problem
(1)—(3) in Dy. Suppose that hypotheses (5)—(9) are satisfied. Then, for any
integer r =1 the inequalities

1/(r+1)
<J u'“dx) < . ~HuoH1,Q 1 -, (12)
2 (TN (o) Jug 7517+

/(r+1)
<j Wl dx> <MD |y, | Mo+ D = D=1 (13)
Q

hold, where c is a positive constant, independent of r, and J(s) is the function
defined in (16).

Proof. Letr>1; multiplying by both sides of Eq. (1) by «” and integrating
on 2, we get

d

N
- L} uwtldx=—r(r+1) L2 z a;(x, t, Vu) uxiu”—ldx

i=1

—(r+ 1)j b(x, t, u) " dx. (14)

Q
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Using the ellipticity and growth conditions, together with the identity

m+1
m+ 1> |l +m)/om 1)+ 1
m+r

|Vu|m+l urfl =<

we obtain

d o m+1\"*!

_ r < — 1 (r+m)/(m+1)m+1

L =+ )<r+m> W) [ v(x) [V e,
(15)

d
- L? wHldx < —c(r+ 1)[9 ui* dx. (16)

Now, let us estimate the right-hand side of (15) by applying Lemma 3.1
(with p=m+1, g="2%L(r 4 1), 0= F0ED )=+ DUED g mily o the
function " *™/m+1D and also by using the mass estimate (7). Thus it

follows that

dE,.y _ 1) WOLE, (0] 00D 1)
dt m—1 Gy([u I 5" JE, (1))

If we set

g 70"

W)= E} (1)

we can rewrite (17) as

~ VA
WG ) d = ) 75

(18)

where

- s m+1 N
G, (s)= { g(sJ w(s).

Integrating the last inequality between w(0) and w(z) we obtain

Jw)=T(r) () llu, | 75"



SOLUTIONS TO NEUMANN PROBLEM 273

which may be rewritten as

lu 767" - m—1
5 i T 0 B0 e g, (19)
r+1

From the last inequality immediately (12) follows.
Let us prove (13).
Applying the Holder’s inequality and the mass estimate (7) we get

r/(g+r—1)
J ur+1dx<Huo‘|(l?s—21)/(q+r—l) <j uq+rdx> )
Q Q

Using this inequality we can estimate the right-hand side of (16) from
above obtaining

d (g+r—1)/r
— j u'“dxé—c(r+l)|uo|lg1)/’<J u’“dx>
dt Jo ’ Q

and (13) easily follows integrating the above formula.

Proof of the Theorem 2.1. First of all we notice that letting r - + co in
(13) we get

lu(-, )| gy <ct=Y9=D, V>0, (20)
Let
pk:(m—}_l)k_ia k:1929
Then
Prtm
= 1.
m+ 1 Pr—1t

Let us denote

E1) :I u(x, )P dx,

(2]

E(0) = llug |19+ AR+ TP g |17 1) 7%,
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where

(m—1)7

2m+1 ’

I'=

k
A= [T (0, pI) D,

i=1

with 6,, 6, > 1 constants to be chosen later on.
Our goal will be to prove that for any #>0 and k> 1 it holds that

E(t) = E(1). (21)

In fact, once inequality (21) is achieved, since

k + oo
0 ph 1/(Pi+1)< < 1 0 p& >’
El( P exp ,-; PG
letting &k — co we will obtain
(-, )| oy < € Nt |11 (TP g 17~ 1) 70 (22)

Comparing estimates (20) and (22) we will get (17).

We now proceed by induction on k: the validity of (21), for k=1,
follows from Lemma 4.1, since I'(p,)> 17 and A4, > l.

Rewriting (15) for r = p, . ; and manipulating therein the constants we
can deduce

dE 1
Kl ——— () T (1), (23)
dt Pr+1

where
T(1) :f V() [Vau(x, £)7e 17+ 1 dx.
Q
From the interpolation Lemma 3.1 it follows that

) Eg’ifll)/(Pk+1*Pk)+1(t)
Jilt) =7y

E;cm* 1)/(Pk+1fpk)(l) Gl(Egckarl + 1)/(Pk+1*Pk)([)/EgcpiTl)/(PkJr] *Pk)(t)) ’
(24)
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Now we set

SN—1)N m+1
wtz) = | e
g(z)
—1 1 1
PR S R ' S L
Pr+1— Pk Pr+1— P N
B = m—1 +pk+1+l m+1‘

Pks1—Pr Prs1i—Pe N

Working as in [5], from (24) we deduce

(Ejera(1))*
E (1)) W(E;{PkJrl + 1)/(Pk+l_Pk)(t)/E§€Pi‘i‘ DApee1=Po(1)) "

Jk(t)>7( (25)

With the help of Holder’s inequality, mass estimate (7), and the inductive
hypothesis we infer

T()=7 (Er (1))
(E(0)Pe w(|ug || (Peer+ DA2es) JE Pk 1))

Therefore from (23) we get

= y)

dEk+l < _ y ¢ _ Ekk+l . (26)

dt Pt (E(0))Pew(ug |71 VPt [Ey o (2)VPre1)
If we set
_ g e+ Ve
Ji(1) T E ()
from (26) it turns out that
7l DD
W( ) fil0) Pt Peer =L dfy > w(1) - dr. — (27)
Pi+1

(Ex(1))Px

We notice that assumption (8) and the monotonicity property of
s1=YN/g(s) (recall the definition of the class %,(g) ) imply the monotonicity
of the function w(s) s*1; moreover, there exists x, > 0 such that the function
s*2/J ~(s) is nondecreasing (we can take x,=m — 1 + (m +1)/N —1x,).
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These two facts give

W) fi(1) B DPet

20
jk w(s) sPer—D=1 goc 0
£(0) (A= 1) Pres1— Ky

Jot W(T)(Ek(f))_ﬂ" dr)Ak_ﬂk(Pk“) Huoul—(pkﬂ)ﬁkw (28)

(1)) Pebiee
x jO’ () (F(2)) B i,

where

a(t)=IP(t) lug |7t

Moreover, we have

(W (1)) Pere !
Pkﬁk’cz dr=-—"-"""
J v K2 Prpi+1
and also
t - A 7P+ 1)
jo Y(0)(Ex(r)) Prdr Zm g || AP+ DT = a(1)))2ePr (1).

(29)
Integrating (27) and using inequalities (28) and (29) we have

) l.—1 —
W) Do T U= D st 2K
Pr+1 145, Bu P

><A;ﬁk(pk-"1)(J71(a(l)))ﬁkpk IZ(Z) (30)

l[ug Hrlnil

Let ¢(z) =w(z) zP+1%~D_Then from (30) it turns out that
Slt) =@~ Le(m, N) Aot Dp om (T~ a(2))) e a(t)], (31)
where

m—1 m+1

N
e N) =207 Ngram 1)

Since the function

Sl/(PkJrl('lk_ 1))/(p _I(S)
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is nondecreasing, it follows that
@ Y(9s) = 6V PG =Dy —1(5), VOo<d <.
Therefore, from (31), after calculations we obtain

g |91+

Ep () < (AL (o) prr ]V et D} P

(a1t
whence the estimate (21) follows by choosing
0,=(1/a)'", 0,>1.

If Qe %,(g) then the result of Theorem 2.1 can be sharpened as the
following theorem shows.

THEOREM 4.1. Let Qe %,(g) and the hypotheses of Theorem 2.1 be
satisfied.
Assume the function

is nondecreasing in 10, + o[ .
Then, there exist two positive constants Cs, I such that for any t >0 the
estimate

(s )] Cymin (e e )
P Ty 1751

holds, where 2 ~'(s) is the inverse function of
P(s)=s""1@™m+1(s) T(s). (32)

Proof. We can proceed as in the proof of Theorem 2.1, after observing
that, due to (2), inequality (18) may be replaced by

m+1 )

W=2(1) A7 (w(1)) T(w (1)) dw)%

U0 |75

Since the function

S

N
@

N
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is nondecreasing, then the function
R () T(s)

is also nondecreasing and from the above inequality we obtain

A7) TOR) ()" 3 ¢ T g7 [ ) .

Now the thesis readily follows.

5. PROOF OF THEOREM 2.2

Before going into the details of the proof the following technical results
will be useful.

ProOPOSITION 5.1. Let uy(x,t) and uy(x,t) be solutions of problem
(1)—~(3) with initial data wu,;(x),u,5(x)eLPonL®(Q). Assume that
hypotheses (10)—(14) hold. Ifum( ) <ugp(x) for ae. xeQ, then u(x,t) <
uy(x, t).

Proof. The proof follows immediately taking as a test function in the
weak formulation of problem (1)—(3) (w™*(x, #))?> !, where

w(x, t) =u,(x, t) —uy(x, t).

PrROPOSITION 5.2.  Under the same assumptions of Proposition 5.1, for
any p=p,—1 and t >0 we have

t
J |w|1’+1dx+yff |w|”+‘1dxdt<J ltg; — tgp |+ dx, (1)
Q 0'Q Q

where w(x, t) =u,(x, t) —uy(x, t).
Proof. 1t is sufficient to take |[w|?~!w as a test function in the weak

formulation of problem (1)—(3).

LeEMMA 5.1. Let Qe %,(g). Assume hypotheses (5)—(9), (11), (14) be
satisfied. Let u;(x,t),i=1,2, be solutions of the problem (1)—(3) in D
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respectively with initial data uy; € LP(Q) N L*Q2, po>1, i=1, 2. Then there
exist C,, Cs, A >0 such that for any t >0 the inequalities
ur(-5 1) —usr( -, O Loy

401 —uozuLPO(g)

<G —1 47, —1\11/ (2)
[‘]po (A (£)(llutgy — upall Lroga))™ =) 1770

luy(, 1) —1n( -y )] ooy < Cst ~ M@ (3)

hold, where J, is the function defined in (20).

Proof. Set w(x, t) =uy(x, t) —uy(x, t); let us multiply both sides of (1)
by v(x, t) = |w(x, t)|", r >0, and integrate.
Thus it turns out that

d

d[j "V dx + (r + 1) f {

||Mz

(a;(x, 1, uy) —a;(x, 1, uy)) wy, [w|" | dx

+(r+ I)J (b(x, t,uy) —b(x, t, u,)) |w|"dx=0. (4)

Q

Due to hypotheses (11) and (14) we get

d 1 m+1
= L} lwl"Vdx +r(r +1) <Z++r> ) L y(x) [Vl +m/em+ Djm+1 gy
+a(r+1)j lw|"* 4 dx <0, (5)
Q
Thus
d o m+1 m+1
— r < —_ 1
7 Lz|w| dx r(r+ )<m+r>
x(2) [ v(x) [VwlEmlm e D ()
Q
ﬁj |w|r+1dx<—(r+1)aj lw|”*4 dx (7)
dt Jo = Q '

As in the proof of Theorem 2.1, inequality (7) implies the estimate (3).
Now, setting

E[1) :Ll [w|? dx



280 ANDREUCCI ET AL.

and estimating the right-hand side of (6) by applying Lemma 3.1 to the
function wt+m/(+m) with

el gD (Db Hma ]
P ) m+r ’ rem T I N
we deduce
ﬂE (1)< _H) W(E)(E, (1)) r+m/r+D
die TR m— 1 GL((E,(0) I IO)E, () )

(8)

where I'(r) is the constant defined by (11).
Assume r>p,— 1; arguing as in the proof of Lemma 4.1 the previous
inequality can be rewritten as

((0) =Pt Gy (o) =

——— (E,(0) ™™oy (r),  (9)

where

Ep(o)(r+ D/(r+1—p,)
E +1(¢)Pa/(’+ 1—p,)*
r

w(t)=

Integrating the last inequality between 0 and ¢ we infer

E, (1) S (E,(0) 7070 [T HA(r, po)(Epy(0)) =20 (1)) =1 = polm,

Vi>po—1,
where A(r, po) = (r/(r +1—po)) I'(r).
Actually, starting from the above inequality, the proof of (2) can be

rigorously performed as in Theorem 2.1 using a similar iterative process. In
fact, choosing

pe=pom+1)*=1/m,  k=1,2,.,
by induction on k£ we can prove

o 26+

E ~ >
[, 14 o = B(a) ot = mom

pr+1

() <Ap!

where

m—1 B
(pot 1" 17
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and

k

A= [T (Oop)/ri+D

i=1
with 6,, 0, suitably chosen positive constants.

Remark 5.1. 1f Qe %,(g), then in the thesis of Lemma 5.1 the function
J,, may be replaced by

7

A, (5) = s g+ () 3(s).
In fact, we can start from (9) arguing as in the proof of Theorem 4.1.

Proof of the Theorem 2.2. Let uye LP(Q)n L*(Q2) and {g(x) be the
smooth cut-off function in 2,z introduced in the proof of Theorem 2.1
(that is {z(x)=1 in 24 and {z(x) =0 outside of Q,z).

Then uyg(x) = ug(x) {p(x) € L'(Q2) N L™(Q).

Let ugx(x, t) be a solution of (1)—(3) with initial datum u,x and set

C()R(X, Z‘) = u(xa Z) - uR(xa Z)
From Theorem 2.1 and Lemma 5.1 we deduce
e -, )| pogy < Nutg( -, )l Loy + 0 R(5 O Loy

HuOHLl(.QZR) HuOHLPO(Q\QR)

c — — .
T ol i) 5o (AT it g )7
(10)

If now %(t) is defined through formula (22), plugging in (10) R = %(t)
the thesis immediately follows.

THEOREM 5.1.  Assume Q€ B,(g) and the hypotheses of Theorem 2.2
hold.
Let, in addition, the function

be nondecreasing in 10, + oo[.
Then in the thesis of Theorem 2.2 the function J~' may be replaced by
V(W(s)) where W(s) is the inverse function of

V(s)™ =1 s+ 15(V(s)).
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Proof. Indeed, as we observed in Theorem 4.1, the function J(s) may be
replaced by 2(s) and direct calculations show that 22~ !(s) = V(W(S)).

Remark 5.2. Suppose Qe %,(g) and v(x)=v(|x|) with v(|x|) a non-
decreasing function. Assume uy(x) = (¥(|x|)) 7% 0<o<1, poo>1, |x| > 1.
Then, as a consequence of the previous theorem, for any #> 1 there exist
positive constants y;, y,, 3 and a function % (¢) such that

(11)

lu(-, 1) Loy <

Y1
(N7 ()~
where 7 (t) satisfies for any 7> 1

- g,f(t)m-rl

(1) < (F(1))]°m=1

v
W7 (1))

<739(2).

6. PROOF OF THEOREM 2.3

We prove now the property of the finite speed of propagation for the
problem (1)—(3) with b=0 following the approach of [5, 6].
Define a sequence of cut-off functions {(,}, n>1, so that

(=1, erpn\Qﬁ",
(,=0, x¢Q, \Q
|D¢, | <27 /(ap),

Pn—1°

where 0 <o < 1/2 is given and
Pu=p+027"p,  p,=(p—027"p)/2, p=4R,.

Using in the weak formulation the test function C;"“u”, 60>0, after
standard calculations as in [28, pp. 91-92], one gets

sup ul o dx+j j 0= 1(x) Y(z) [Va ™+ e+ dx die
0 YQ

O<t<t “2(7)

m+1 y t
<c<> o j l//(f)j WO dxde Ynx=1, (1)
g P 0 Qﬂn—l\gﬁn—l

where Q(7)={xeR":(x,7)eQx (0, T)} and v, = Supg, V(X).
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Setting v, =u" /Dt " with 4> 2+ we have for n> 1

Y, (/)= sup L?()Ufldx—i-fo L V(x) Y(7) [Vo, |+ dx de

O<z<t
on m+1 y ¢
< - P m+1
\c<a> p jo W(e) <szn1 dx>dr, (2)
m+1)(1+6)
where & = 7+ DA+0)

Now we put

Fis) = s D0 m e 1 g1 )7 (31 ),
Fy(s)=[F;\(s)]0n—/a+0

(as usual 7 is the constant involved in (3) with 6= gﬁ"mﬂ{ and y,=
/(1= 3259).

Thus the embedding result (Lemma 3.1, applied with g=p=m+1,
f=¢& u=v,_,) implies

fo () dr L} b
< Lt . <L2 . dx)(mﬂ)/g

(m+1)/e
.F2[<L2 v(x) |Vv,,_1|'”+1dx>/<L2 vi_ldx> } dr.

Suppose by now F; ! is convex; then, by elementary reasoning, we infer
that for any fixed constant ¢ >0 the function sF,(¢) is nondecreasing for
s> 0.

Thus applying Jensen’s inequality we obtain

' + m+1)/e T 1
J, wioyde | vl de< YD g <W> 3)

If F; ' were not convex then, reasoning as in [5], there would exist a
convex function @ such that

Yo Fy {(s) < P(s) < F 5 '(s);

therefore we might replace F, ! with @ when invoking Jensen’s inequality
and then switch back to F, ! again, exploiting the above two-sided
estimate.
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Then from (2) it turns out

m+1
e 2] g pppenenn (L)
o pm+l l//(t) Yg,”i_ll)/(l-'—a)

Due to hypothesis (8) and Definition 2.1, the function F,(1/s) s* with a, =
Nm—1)/((m+1—x,;N)(1+80)+ N(m—1)) is nondecreasing and therefore
from (4) we get

4n(m+ 1)

)Y ~
Yn<CW prJ,ll//(f)ft(lo) yi+e, Vnz=2, (5)
where
Vv t
I,:=—2~ ) u™*0 dx dr,
o= |, j%w( )
1
— (5 ) (m—D/1+0)«
ft(s) (yls) 1F2 <lz(t)(yls)(ml)/(l+9)>,

_(m=1)(1—a)
0= 1+6 ‘

Hence, using Lemma 5.6, Chapter II of [18] we have that Y, —» 0 as
n— +o0; ie, u(x, 1)=0, xe 2,\Q2,,, provided

v ~ (262)m+1

The last inequality is true if

2 m+170 -
{C <0_> } jj(l(mfl)(otlfl))/(l +0) (7110)(,,,,1)/(1 +0) lﬁ(t)

< 1 1 (m—1)/(1+0)
(7 )
Y(1)(7 L) Do

Since (recalling the definition of G, in Theorem 2.3)

S(m— 1)/(1+6)

=Gy
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inequality (6) can be rewritten as

~ —(1+6)/(m—1)
Vllog{‘p(l) F1<1/Go_1<770 (11/,)17(”‘“)))} . (7)

On the other hand, by the definition of /,, Theorem 2.1, and Corollary
4.1 we have

I <c vp (’/‘j' t HuO H 'L','l?:fg
0=*1 m+1 _ ~ _ 1
P (J NI Nluo |l )™+ 0!

Therefore it is sufficient to estimate p from the following inequality

s vp (a(l))(m+49)/(m—1)
F(m+9)/(m—l)pm+l (J_l((l(l)))m+9_l

S ey

where a(t) = F‘Z(I) lluo Hﬁ(};) .
Noticing now that

a(t)=(J Y a(1)))" ' Go(J ~!(a(1))),
formula (8) becomes

J =N a(t)) G+ DO =D (] ~H(a(1)))

- p PN+ 0m—1)
<c Gyt <y — >< > ) 9)
3Y0 3 (vp)l/( +1) vp
If we now put
e n=7*Gy ' (al1) (10)

(vp)l/(m+l)

for a sufficiently large constant y*, then (9) is satisfied and therefore (24)
is proven.

COROLLARY 6.1. Let Qe%y(g) and v(x)=|x|% 0<0<m. Suppose,
moreover, that the assumptions of Theorem 2.3 be satisfied. Then

Z(1) ~ W(a(1)) (11)
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and

H”o“Ll(g)
[l -, I)HL"O(Q) = V(iW(a(l))) > (12)

where

a(t) = T(1) Juo | i)
and W(s) is the inverse function of

V(s)™ =1 sm T 15(V(s)).

Proof. To prove (11) we observe first that, being

it follows that
Gols) ~ ((s))! =0+,
On the other hand, from Remark 5.1 and (10), it turns out that
p(m+170)/(m+1) =y*( W(a(l)))(”’*l*‘g)/(m*l) (13)
which means
Z(1) <yWla(n)). (14)

From the mass estimate (Corollary 4.1) and Theorem 2.1 we get

it ey < (-, ) iy P(Z(1)) <VV(”V°V'(5((;’)>)) nzi)  (15)

whence (11) follows by exploiting (14).
To conclude we observe that (12) easily follows from (11) and (15).

Remark 6.1. Let Qe By(g), b=0 and v(x)=|x|? 0<0<m. Suppose
that uy(x) = V(|x]) 7!, |x| > 1.
Then, for sufficiently large ¢, the two-sided estimate

In 2(t) In Z(7)

71 W< u-, O L2 <72 V2(0)
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holds, where 2(t) is the inverse function of V(R)"~!' R™*1=% and 7 is
related to ¢ through the relationship

~ T

l//(l)=W-

In fact, following the outlines of the proof of Theorem 2.2 we can find
the upper-bound putting in (10) R = 2(7).

In order to obtain the lower-bound, we observe at first that from the
mass conservation law we deduce

juoRdx=j uglx, t)dx  Y1>0, (16)
Q Q

where u,r=u,{(|x]), { is the usual cut-off function in the ball Bg, and ug
is a solution of the problem with initial datum u,g.
On the other hand by the comparison principle it follows that

ug(x, t) <u(x, t) ae. XxeQ, V>0 (17)

and easy calculations give
NI 20| ule o) de< -, D)l ey VIZ)) (18)
Z(t)

Moreover, from formula (24) we deduce
Z(1) <73 2(1) (19)
and combining together (18) and (19) we obtain
71 2() < (-, 1) L=y V(2(1)).
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