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1. Introduction

A higher degree form, that is a form of degree d > 3 over a field k,isamap ¢ : V —> k satisfying ¢(ov) = a?¢(v) forall
o € k, v € V.The map ¢ can be polarized to obtain a symmetric d-linear form 6 : V x - -- x V. — k. If k has characteristic
0 or greater than d, then this construction allows us to establish a correspondence between forms of degree d and d-linear
spaces (V, ®). Using this correspondence D. Harrison initiated an algebraic theory of higher degree forms (somehow similar
to the algebraic theory of quadratic forms).

Harrison, in [1] introduced the concepts of regularity, indecomposability of a higher degree form and also defined its
center Cent(®), the analog to the space of symmetric matrices with respect to a bilinear form. It turns out that the center is
a commutative subalgebra of End(V). The automorphism group @ (®) of a regular d-linear spaces (V, ©) is defined as the
group of all linear bijections ¢ : V — V such that @ (vy, ..., vg) = @(o(v1), ..., 0(vy)) for all v; € V. Sometimes this
group is called the orthogonal group of (V, ®) in analogy with the quadratic case. The orthogonal group of a higher degree
form has been studied by several authors, for instance see [2-7,18].

In this paper we shall be interested in an action ©(®) on Cent(®). In the case of forms of cyclic center, this action and
its induced action at Lie algebra level enables us to give a description of O (®).

The organization of the paper is as follows. In the next section we recall the definitions from the literature of the objects
mentioned above. We also introduce the concept of forms with maximal center and give examples of forms satisfying this
maximality property. We furthermore explain how an element of the center may be used to twist the Lie algebra of the
form. In the third section we recall the definition of cyclic forms. We show that they have maximal center and use the
twisting operation to give a precise description of the Lie algebra. This turns out to be quotient of the positive part of the
Witt algebra. In the last section, we combine the action of @ (@) on Cent(®) with the information on the Lie algebra gathered
in the previous section to give a description of @ (@) in terms of a short exact sequence involving the automorphism group
of the k-algebra Cent(®). We finish the paper by calculating a concrete example.
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2. Forms of degree higher than 2

In this section we recall the relevant definitions and basic facts from the theory of higher degree forms. We introduce
the concept of maximal center and we explain how the center in general can be made into a module for the Lie algebra in a
canonical way. Finally, we show how it can be used to twist the bracket of the Lie algebra.

Let d be an integer d > 2 and k a field of characteristic 0 or greater than d.

Definition 2.1. A d-linearspace over kis a pair (V, ®) where V is a finite dimensional k-vector spaceand ® : Vx---xV —>
k is a symmetric d-linear form.

This means that @ (vq, ..., vg) is k-linear in each of its d slots and is invariant under all permutations of those slots.

Under the conditions on k, it is known that there is a correspondence between d-linear spaces (V, @) over k and
homogeneous polynomials of degree d in n unknowns and coefficients in k, see [1,8].

Two d-linear spaces (V, ®) and (V’, ®’) over k are called isomorphic, if there is a bijective k-linear mapf : V — V'
such that @' (f (vq), ..., f(vg)) = O(vq, ..., vy) forevery vy, ..., vg € V.In this case we write (V, ®) = (V', ®@).

If (V, ®) is a d-linear space over k and K /k is a field extension one gets a d-linear space over K by extension of scalars.
We denote this space by (Vi, O).

The orthogonal sum of d-linear spaces (Vi, ®,) and (V,, ©,) is denoted (Vq, ®;) L (V;, @,). It is the d-linear space on
the direct sum V; @ V, withmap @; L ®, givenby (©1 L ®3)(v1+uq, ..., v4+Uq) = O1(vy, ..., v4) + Ox(uUy, ..., Ug).
A d-linear space is called decomposable if it is isomorphic to the orthogonal sum of two d-linear spaces, otherwise it is called
indecomposable.

Let (V, ®) be a d-linear space. Two subspaces S and T of V are called orthogonal if ©(S,T,V,...,V) = 0, that is
O, t,v3,...,v9) = Oforeverys € S,t € T and every v; € V. For example, if V. = V; L V, and we consider V;
as subspaces of V, then V; and V, are orthogonal. Conversely, if S, T are orthogonal subspaces of V with S + T = V and
SNT=0,thenV =S L T.

Definition 2.2. Let (V, ®) be a d-linear space and suppose S C V.Thenwe defineS* :={w e V: ®(w,S,V,...,V) = 0}.
We say that (V, @) is 1-regular (or just regular) if V- = 0. We say that (V, ©) is 2-regularif @ (w, w, V, ..., V) = 0implies
w = 0.

Of course 2-regularity implies regularity and in fact we shall only consider spaces that are at least regular and of degree
d > 3 from now on. Harrison proved that every regular d-linear space (V, ®) can be expressed as an orthogonal sum of
unique regular indecomposable spaces, [ 1, Proposition 2.3]. Moreover, he showed that the indecomposable components of
(V, ®) are determined by the “center”, which is defined analogously to the space of symmetric matrices for a bilinear form:

Definition 2.3. Let (V, ®) be a (regular) d-linear space over k. The center is defined as Cent,(V, ®) = {f € Endg(V) :
O (1), v2, ..., v5) = O(vy, f(v2), ..., va) for all v; € V}.

Of course, by the symmetry of the form, the second slot can be replaced by the ith slot for i > 2 in the above definition.
Let us mention the following useful properties of the center of regular spaces, also established by Harrison, [1, Section 4].
Note thatd > 2.

(1) Centy(®) is a commutative k-subalgebra of End, (V) containing k.
(2) Centy ((Vq, ®1) L (V,, ®3)) = Centy(Vq, ©1) x Centy(V,, ©,) as k-algebras.
(3) Centy (Vk, ©k) = Centy(V, ©) Qi K, where K is a field extension of k.

For many d-linear spaces the center reduces just to the ground field k. In fact, one can prove that if (V, ©) is 2-regular,
then Centy(®) = k, see [9].

We mention another d-linear space that has center equal to k.

Example 2.4. Let 4 be a central simple algebra over k, and let tr denote its reduced trace. Let (4, T%) be the d-linear space
corresponding to the degree d form tr(x?) on «. Explicitly, T? is given by T4 (x4, . .., x4) == dl!tr(zﬂe% Xx(1) - * - Xr(d)) Where

&4 denotes the symmetric group of degree d. Then Centy (s, TY) = k, see [10, Theorem 2.2].

We now give another example of a d-linear space that is constructed in quite a similar way to the space of the previous
example and still has a very different center. Instead of considering a central simple algebra over k we this time consider K,
a finite separable field extension of k.

Example 2.5. Let K be a separable finite extension of kand letb € K, b # 0. Define the d-linearmap ¥, : K x - - - xK —> k
by ¥y (X1, ...,Xq) = trgu(bx;---x4). The space (K, ¥) is regular, indecomposable and has center isomorphic to K,
see [1,11].

Hence in general, the center of a regular d-linear space may be small as in Example 2.4 or large as in Example 2.5. Indeed,
the center of the latter example is as large as possible, that is, it is a maximal commutative subalgebra of End,(V), see
Lemma 2.7 below. The forms that we introduce in the next section as our main object of study also have center with this
maximality property, so let us formalize it:
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Definition 2.6. Let (V, ®) be a regular d-linear space over k. We say that (V, ®) has maximal center if Cent,(V, ®) is a
maximal commutative algebra in End (V).

Lemma 2.7. (1) The orthogonal sum of d-linear spaces with maximal center has maximal center. Maximality is preserved under
scalar extension.

(2) Let (K, W) be as in Example 2.5. Then (K, ¥,) has maximal center.

(3) Let K be finite algebraic field extension of k and (V, s®) a regular indecomposable d-linear space over K with maximal center.
Let s : K —> k be a non-zero k-linear map and let be the d-linear space over k with map (vq, ..., vg) > s(@(vy, ..., vg)).
Then (V, s®) is regular, indecomposable and has maximal center. Moreover Cent,(V, s®) = Centg (V, ®).

(4) Let (s, TY) be as in Example 2.4, then its center is not maximal.

Proof. (1) A straightforward computation.

(2) Identify K with {m, : a € K} C Endy(K) where m, denotes multiplication by a. Suppose f € Endy(K) is such
that f omy, = mg o f for alla € K. Then for each a € K we have ¥, (f(a),xy...,x3) = Y (me(1)),x2...,x9) =
U,(ma(f (1)), %2...,%1) = Y(af(1),x;...,xq). Since ¥, is regular this implies that f(a) = af (1) for each a € K, with
f(1) € K and hence f = my(;) € K as needed.

(3) The d-linear space (V, s®) over k is regular and indecomposable by [12, Proposition 3] and has Cent(V, s®) =
Centg(V, ®) by [13, Lemma 4.2 v)). Since K C Centg(V, ®) one sees that any k-linear map on V which commutes with
every element in Centg (V, ©®) is also K-linear and so Cent(V, s®) is maximal.

(4) The center is not maximal since scalar multiplication by an element of k commutes with all End,(4). O

For more details on the forms (V, s®) given in (3) one may consult [1, Lemma 2.7], [13, Definition 2.3 iv)] and [12,
Proposition 3].

The orthogonal or automorphism group of a (regular) d-linear space (V, ®) is defined as the set of k-linear bijections of V
that leave ® invariant:

Definition 2.8. Let (V, ®) be a (regular) d-linear space over k. The orthogonal group of (V, ®) is
0@) ={o e GL(V) | O(c(v1),...,0(Wq)) = O(vq,...,v9) forallv; € V}.

Example 2.9. The orthogonal group of the form given in Example 2.4 is computed in [ 10, Theorem 3.1] and is infinite if k is.
On the other hand the orthogonal group of Example 2.5 is finite, see [11, Theorem 3.12].

Using the correspondence between d-linear spaces and homogeneous polynomials given in the beginning of this section,
one sees that the orthogonal group O (®) of (V, ®) is a linear algebraic group. Hence there is a Lie algebra associated with
O (®) that we shall denote L. By [ 14, Proposition 4.2], £ can be defined/described directly as follows:

Definition 2.10. The Lie algebra £ associated with (V, ®) is a subalgebra of gl(V). It can be described as

d
Y 0@ ... Lw),....,va) =0 forallvy,...,vg€V

i=1

Lo = {L € g[(V)

Example 2.11. The orthogonal groups of the spaces defined in Example 2.4 are computed in [ 10] from which one may derive
their Lie algebras. Let us use the above description to show that they are at least nontrivial. For a € +, let L, denote the left

multiplication by a in 4 and R, denote the right multiplication by a in #. One checks that Zle T, ooy La(X), - ., Xg) =
Zf;l T4(xy, ..., Ra(x;), ..., Xq), and hence by Definition 2.10 we have ad, = R, — L, € Lrd. Then the Lie algebra has
dimension at least dim; 4 — 1.

On the other hand, by combining the next Proposition and example, one gets that the Lie algebras of the spaces in
Example 2.5 are trivial.

Proposition 2.12. Let (V, ®) be a regular d-linear space (with d > 2 as always) over k and L be its Lie algebra.

(1) Suppose that (V, ®) = (Vq, ©1) L (V5, @;).Then Lo = Lo, X Lo,.
(2) For a field extension K /k, one has Lo, = Lo Qi K.

Proof. (1) See [ 14, Proposition 4.3]. (2) follows easily from Definition 2.10. O

Example 2.13. Suppose ©® is the d-linear form corresponding to the homogeneous polynomial F = alx‘li + -+ anxg

of degree d > 3 over k. Let {eq, ..., e;} be the the canonical basis of V = k". Then we have that @ (e;,, ..., e;,) = aj
ifiy, = i, = ... = iy and O otherwise. Thus we have an orthogonal decomposition V. = ke; 1L ke, L ... L ke,.
Proposition 2.12 now implies that Lo = Lo, X Lo, X -+ X Lg,, where ©; denotes the restriction of ® to ke;. Since

chark > dor chark = 0 we get £, = 0 and hence Ly = 0.
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A key property of the center of a d-linear space that we shall need in the following is its Lie module structure.

Proposition 2.14. Suppose (V, ®) is a d-linear space over k with center Cent,(V, ®). For f € Lo and ¢ € Cent,(®) we have
[f, ¢] € Cent,(V, ®) where the bracket is the commutator. This induces a module structure for £ on Cent;(®).

Proof. The proof of [f, ¢] € Centy(V, ®) is a direct calculation involving the definitions/descriptions of Cent,(V, ®) and
L. The module structure on Cent,(V, ®) follows then from the basic fact that the commutator satisfies the Jacobi identity.
g

We now describe how the elements of the center can be used to twist the Lie algebra structure on Lg.

Proposition 2.15. Let { € Centy(®). Then there is a new Lie algebra structure on Lg given by
[f.gly =fvg—gyf forf,ge Lo.
We denote £ with this Lie algebra structure by £V = OC‘(/Q

Proof. Itis clear that [f, gl is bilinear and satisfies [f, f],, = 0 whereas the Jacobi identity is a simple calculation based on
the definition. Let us therefore verify that [f, g]y € £ foranyf, g € £. We must show that

Of, glyvi,v2, ..., v0) + Oy, [f, glyva, ..., va) + -+ O(vy, ..., [f, glyva) = 0. (1

For the first term of the above summation we have

O(f, glyvi, v2, ..., v) = O(fYg — g¥fHvy, va, ..., vg)
= —O{gvi,fv,...,va) =+ — OWgu1, V2, ..., fvy)
+OWfvr, 8v2, ... V) + -+ OWfvr, va, ..., 800)
= O(fvi,8v2, ..., Yvg) + -+ O(fvy, Yz, ..., 8v4)
— 0@y, fuvy, ..., Yvg) — - — O, Y, ..., fva)

where in the last equality we used that ¢ € Cent,(®) to move it to an ‘unoccupied’ slot. Expanding in the same way
the other terms of (1) we obtain similar expressions. Therefore, for each pair of distinct indices (i, j), there are exactly
two terms in (1) of the form ©@(vy, ..., fvi,...,8v,...,¥v,...,vg) for I # i, j, one term from the expansion of
Oy, ..., [f,glyvi, ..., v, ..., vg) and another from the expansion of & (v, ..., v;, ..., [f, gly v}, . .., vg). Since the two
terms have opposite signs, their sumis zero. 0O

3. Cyclic spaces

We shall from now on focus on the “cyclic spaces”, which are the d-linear spaces whose center contains a cyclic map. In
this section we recall the definition and basic facts of these spaces and then go on to calculate their Lie algebras, using the
results from the previous section. Somewhat surprisingly, we find that they are closely related to the Witt algebra.

We assume from now that k is algebraically closed and char k = 0 even though some of the results may hold in a greater
generality.

Definition 3.1. Let (V, ®) be a d-linear space. We say that (V, ®) is cyclic if Cent,(®) contains a cyclic element i for
End(V). This means that there exists v € V such that V = span{v, ¥ (v), ¥2(v), ..., ¥"N(v)} for some N.

We need the following result from [15]:

Proposition 3.2. Let (V, ®) be regular and cyclic with cyclic element ¢ € Centy(®). Then Cent,(®) = k[y] and is of
dimension n (wheren = dim V).

Regular indecomposable cyclic spaces exist in any dimension n > 2 and for any degree d > 2. Moreover for fixed n, d
they are unique up to multiplication by a scalar. There is a concrete construction of them, due to Reichstein [16], which we
shall recall now:

Definition 3.3. Let {vq, ..., v} be a basis of the vector space V,, and d > 2 an integer. Let ®4 be the d-linear form defined
by:

1 ifij+i+---+ig=Wd-1n+1
Oalviy: Vg - -, Vig) = {O otrllerwise.

Then (V,, ®,) is regular, indecomposable and cyclic. Indeed, let ¥ : V, —> V,, be the linear map defined by ¥ (v;) = v;_4
(where we define vg := 0). Then v belongs to Cent,(V,,, ®4) and is cyclic. Denote the center of (V;;, ®4) by Centy(n, d) and
the Lie algebra by £(n, d).
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We know by Proposition 3.2 that Centy(n, d) = k[v]. The next series of results aim at computing £ (n, d).

Lemma 3.4. (V,,, ®,) has maximal center.

Proof. Let yy € Centy(n, d) be as above and consider V,, as k[X]-module through X > 1. Since ¥ is cyclic, this gives an
isomorphism of k[X]-modules V, = k[X]/(X") = span,{1, X, ..., X" !}. Hence iff € End;(V,) commutes with v, it may
be viewed as a linear map on span,{1, X, ..., X"~} commuting with X. We then have f(1) = P(X) for some P(X) € k[X]
and f(X") = X'f(1) = P(X)X' mod X". In other words, f acts on V, as multiplication by P(v/), that is f € Centy(n, d) as
claimed. O

Proposition 3.5. Assume that (V,,, ®y) is as above. Then L£(n, d) is a subalgebra of the upper triangular matrices of gl,, (k) and
hence solvable.

Proof. Let ¥ and {vq, ..., v,} be as in the above definition and take f € J.(n, d). By Proposition 2.14 we have that
If,¥] = fv — ¥f € Centy(n,d). But [f, ¥] is traceless and so it belongs to v Cent(n, d) = k[ ]. Since [f, ¥] =
YU, v+ [f, w1y fori > 1 we get now by induction that [f, ¥'] belongs to ¥k[v/]. Set v := v, so that v; = ¥"v.
We then have

foi=fy" v =Y "o+ [f, ¥" v € v k(Y v = span{v;, vi_1, ..., v1}

and the proposition is proved. O

Lemma 3.6. Forany d > 2 and n > 2 we have

dimy £(n, d) < dimy Centy(n, d) = n.

Proof. We need only check the first inequality. Proposition 2.14 gives rise to a linear map i : £(n, d) — Centy(n, d), f —
[f, ¥ 1, where i is as above. We show that i is injective.

Suppose thatf € L£(n, d)Nkeri.Thenf € Centy(n, d), since (V,,, ®4) has maximal center, thatis O4(f (uq), uz, ..., ug) =
Oq(ur, f(ug), ..., ug) = --- = Og(ug, Uy, ..., f(ug)) foralluy, ..., uy € V,. But we also have
Ou(f (u1), Up, ..., Ug) + Og(uy, f(U2), ..., Ug) + -+ + Og(uy, Uy, ..., f(ug)) =0
since f € £(n, d). Combining, we get ®O4(f (uy), ua, ..., ug) = 0foralluy, ..., uy € V, (recall char k = 0). This implies that

f = 0because (V,,, ®y) isregular, and so indeed i is injective. Moreover, since tr[f, /] = 0 we have 1 ¢ imiand the Lemma
isproved. O

For small n and d we can compute the Lie algebra .£(n, d) explicitly.

0 4a —a

—2a b 0 a —2b c 0
Example 3.7. We have £(3, 3) = H: 0 a —Zb] :a,be k} and £(4, 3) = {|:8 g b 4ic:| :a,b,ce k}.
0
0 o0 0 —2a

These examples suggest that there might be a sort of inclusion of the n dimensional case into the n + 1 dimensional case.
We shall show that this is indeed the case.
Let ¥ € Centy(n, d) be as above. Define the linear maps

t: V= Vi, t(vy) = v, 7 Vi = W, 7 (V) = vi1.

Then we have

Proposition 3.8. The map p : £(n,d)¥ — L(n+ 1, d) defined by f — 1o f o 7 is a Lie algebra embedding, where £(n, d)¥
is the twisted Lie algebra structure on L£(n, d) introduced in Proposition 2.15.

Proof. Certainly p is an injection of vector spaces. Since 7 o t = ¥ we have that

(). p(@)] = ymgn —gnfm = fygm —ig¥fr = p(f, gly)

and hence it is a Lie algebra homomorphism. It only remains to be proved that p(f) € £(n+ 1, d). But this follows from the
following formula and its permutations:

Oq(Lviy, Viy, ..., V) = Oq(viy, TV, ..., TV,)

forvi, € Vo, vj,, ..., vy € Vypq. It can be read off from the standard forms given in Definition 3.3. O

Lemma 3.9. Define D,, € End,(V,,) by D,, : v; — (n — 1 — d(n — i))v;, for all i. Then D, is a semisimple element of £(n, d).
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Proof. By definition ®¢(vi;, vi,, ..., vy) # 0=} ;ij = (d — 1)n + 1. But

Oq(Dyviy, Viy, . .., Vig) + -+ Og(viy, Viy, ..., Dpuyy) = d((n -1 - Z(n - ij)) Oq(vi;, Viy, -+ -5 Viy)
= d((n — 1) —dn—i—Zij) @d(U,'l, Vigy v s U,'d) =0,

and hence D, € £L(n, d). Moreover, since .£(n, d) is a linear Lie algebra and D, acts diagonally in V,,, it follows that it is a
semisimple element in the sense of Lie algebras. The Lemma is proved. O

Lemma 3.10. The following commutation rule holds in L£(n, d).

[Dn, Y] = dyr.
Proof. Apply D, to the equation Y v; = v;_q. O
Theorem 3.11. £L(n + 1,d) = p(L(n, d)) P kDyyq and dimy L(n, d) =n — 1.

Proof. We proceed by induction. Take f € £(2, d) and write f = [al az] with respect to the basis {v1, vy} of V5. The

as ayq
condition

Oq(f (v2), V2, ..., V2, V1, V1) + Og(vy, f(V2), ..., V2, V1, V1)
+ 642, v, ..., f(V1), v1) + Oa(v2, V2, ..., V1, f(v1)) =0
implies that a3 = 0. Similarly one gets that a, = 0 by acting on (v;, v, ..., v3) and finally a; + (d — 1)as = 0 by acting on
(v, vy ..., V2, V7). We conclude that £(2, d) has dimension 1.
Assume now inductively that the theorem is true for .£(r, d) for r < n. We then get by Proposition 3.8 that p(L£(n, d))
consists of nilpotent matrices. Thus, the vector space sum of the theorem is direct and so dim £ (n+1, d) > dim p(L(n, d))+

1. The assertion on the dimension now follows using Lemma 3.6 and from this we get that p(L£(n, d)) and D,;1 span
L(in+1,d). O

Remark 3.12. Recall that the Witt algebra W is the Lie-algebra on generators {L,|n € Z} and relations [L,, L,] =
(m - n)Ln+m~

The following theorem states that £(n, d) is a quotient of a certain subalgebra of W, namely the one given by {L, |n =
0, 1, 2, ...}. It is the main theorem of this section.

Theorem 3.13. Let D, := 1D, and X, = (D}, + r%='1)y". Then we have

(i) {X:|r=0,...,n—2}isabasis of L(n,d)
(ii) (X, X.] = {(s—r)Xs+rij’s+r<n—1

0 otherwise.
Proof. (i) We first claim that X, # O forr = 0, ..., n — 2. But this is a consequence of the formula X, v, = ”_;_r v, that
follows easily from the definitions. Since {v; |i = 1, ..., n} is a basis of V,, we even see from this that {X, |r =0, ..., n—2}

is a linearly independent subset of End(V},). So we just have to show X, € .£(n, d). For this it is enough by linearity to check
that

Qd(erils Viyy o v vy vid) + @d(vilvxrvizv e Uid) +- 4+ @d(vils o 7erid) =0.

By definition of ®; we only need to check the casei; +i, +---+ig=(d—1)n+ 1+r.
Now we have forallj=1,...,d:

d—1

n—1 .
—(m—i+r)+r .

@d(vil,...,erij,...,vid) = 1

Summing up we find
Og(Xrviy, Viy, -, Vi) o+ Og(vig, vy, LX) =n—1—nd—rd+rd—-1)+d-Dn+1+r=0

as claimed.
(ii) One proves first that [D;v, ¥°] = sy° by induction on s using the formula [D), ¥] = ¢ from Lemma 3.10
together with [D}, ¥*] = ¥[D,, ¥*~'1 + [D,, Y]¢°"!. From this one gets [D,y", ¥°] = sy by induction on r and
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then [D,y", D,y*] = (s — r)D,y"**. This formula is valid for all integers r, s > 0. But now

’ d—1 r / d—1 s

[Xr,Xs]=[<Dn+r 1 l)lﬁ,<Dn+s 1 1)‘#]

/Ty A0S d—1 /TS d—1
=[Dn1//,D,11ﬁ]+ST[D,1W,1ﬁ]—T

d
d—1
= (s— Dy + (s* - rz)Tw”T = (s — M Xsyr

as claimed. Hence to get the expression of (ii), we must check that X, = 0 forr > n— 1. Forr > n this is clear since ¥" = 0.
And forr = n—1itfollows from v; = 0forl < 0 and from the formula X, v,, = “‘;_r vn_r that we used in the proof of (i). O

(D, y°, ¥']

Remark 3.14. Note that neither .£(n, d) nor Centy(n, d) depends on d.

Remark 3.15. One may askifit is possible to realize the Witt algebra itself as the Lie algebra of a higher degree form. Allowing
infinite dimensional vector spaces, one possible way of doing so is to let V be the vector space with basis { v; |i € Z} and
define ®,4 by

1 ifin+i+---+ig=0

O Wiy, Viys - -, Vig) = {0 otherwise.

We leave out the details.

Question 3.16. Is it possible to realize the Virasoro algebra, the central extension of the Witt algebra, as the Lie algebra of a higher
degree form?

4. The orthogonal group

In this section we use the results from the previous section to obtain a precise description of the orthogonal group in the
cyclic case.

In general, in order to determine the orthogonal group of a regular space (V, @) with d > 2 one may assume that it is
indecomposable. Indeed, under the action of an automorphism of (V, ®), the indecomposable components are just being
permuted, as one sees by the uniqueness of the components.

The following Lemma is the key point for the results of this section. It is the group theoretical version of Proposition 2.14.

Lemma 4.1. Let (V, ®) be a regular d-linear space over k. Then ©(®) acts on Centy(®) by conjugation, that is for each
o € 0(®)andf € Centy(®), we have 6fo ! € Cent(O).
Proof. Follows directly from the definitions. O

Let ;g := {¢ € k | ¢4 = 1}, which by the assumptions on k has order d. Note that x4 may be identified with a subgroup
of O(®). Let G be the group of automorphisms of the k-algebra Cent,(®). It is an algebraic group and the action of O (®) on
Centy(®) induces a homomorphism of algebraic groups x : @(®) — G. We can now formulate our next theorem:

Theorem 4.2. Let (V, @) be a regular indecomposable d-linear space over k with maximal center. Then x induces the following
exact sequence of groups

1— g — 0(0) 5 G.

Proof. Suppose that o € O () satisfies x (o) = 1, thatis 6 po~! = p forall p € Cent;(®). Then o is in the centralizer of

Centy(©®), which by maximality implies that o € Cent(®). Hence for all vy, ..., vq4 € V, we have
OW1,....va) = OO (1), ....0 () = Ov1,...,0%Wva)).

By regularity of the space we get from this o¢ = idy. Therefore the minimum polynomial of & divides X¢ — 1 in k[X] and
so the eigenvalues of o are multiplicity free and o is diagonalizable. If ¢ had more than one eigenvalue, then (V, ®) would
be decomposable by [15, Lemma 2.6]. Hence o has exactly one eigenvalue and we conclude that ¢ = ¢idy with ¢¢ = 1as
needed. O

We now return to the cyclic spaces (V,,, ®) of the previous section. The following is our main theorem.

Theorem 4.3. Let (V,, ®,) be the regular, indecomposable cyclic d-linear space over k with cyclic element v € Centy(n, d).
Then the homomorphism yx induces the following short exact sequence of groups

1—> pg —> 0(0g) = G —> 1.



M. O'Ryan, S. Ryom-Hansen / Journal of Pure and Applied Algebra 213 (2009) 892-900 899

Before we can give the proof of the theorem we need a couple of preparatory lemmas. Let us first analyse the group

G in more detail. Consider the set G := k* x k"2 and define p; : G — Centy(n,d) bya = (ai,0y...,0,_1) —
a1y + a? + - - a,_1¢ """, Define moreover p, : G — Mat,(k) by
1 0 0 --- 0
0 a¢ 0 ... 0
2
p@) =0 %2 & 0
n;l

0 an » * a

where the ith column consists of the entries of p;(a)’. This induces an operation m : G x G — G where m(a, b) is the
second column, with the first entry deleted, of the matrix product p,(a) 0, (b).

Lemma 4.4. Let (V,, ®y) be as above. Then G is a group with multiplication given by m and neutral element e :=
(1,0,0,...,0). The groups G’ and G are isomorphic.

Proof. Notice first that a € G is completely determined by a(y) since a is a k-automorphism of Cent,(®). Moreover,
a(y) = a4+ - -+a,_19" ! fora; € kand a; # 0because " = 0and ¢/ # 0 forj < n— 1. Hence a determines a vector
f(a) = (ay,...,a,_1) € k¥ x k"2, and so we haveamap f : G — G'. Since Cent;(®) is generated by v, we deduce that
f is bijective. The multiplication and neutral element of G give by transport of structure via f exactly the multiplication m
and neutral element e on G’ and the Lemma is proved. O

Lemma 4.5. G is a connected algebraic group.

Proof. From the previous Lemma we know that p, : k* x k"2 — Mat, (k) makes k* x k"2 in bijection with its image G.
The inverse map is given by projection on the second column. Hence, as a variety G is isomorphic to k* x k"2 and so G is
connected. O

Lemma 4.6. The dimension of Gisn — 1.

Proof. By [17, section 13.2] the Lie algebra g of G is the Lie algebra of derivations of k[y/]. But any derivationd : k[y¥/] —>
k[vr] is uniquely determined by d(¢) and so g has dimension n — 1. Hence also G has dimension n — 1. (Alternatively, one
can argue directly using G = k* x k""2). O

We are now able to prove Theorem 4.3.

Proof. We need only show x : @(®4) —> G is surjective. Set H := x (O (6y)). It is a closed subgroup of G, [17, Section
7.4, Proposition B]. By Theorem 3.11, the Lie algebra of (V,, ®;) has dimension n — 1 and hence also @ (®;) has dimension
n — 1. Then G/H is a variety of dimension 0 and so H contains the identity component G°, [17, Proposition 7.3 (b)]. But by
Lemma 4.5, G is connected and therefore G =H. O

By Theorem 4.3, x induces an isomorphism @ (0y)/1q = G. In general, however, we do not know how to describe the
inverse map of y directly without passing through the Lie algebras.
Of course for small values of n and d, one can use an ad hoc approach. Let us give an explicit example. Assume that

1.0 0 1.0 0
n = d = 3. From the above description, G is generated by the elements p = |:0 o 021| and € = |:0 1 0:| . We look for
0 0 « 0 B 1
0 € O(O®3) suchthat x (o) = p and T € O(®) such that (o) = €. Let us start with .
Such o must satisfy x (¢)(¥/) = oo ~! = «ay. Combining with ¥ (v;) = vi_; and writing o (v3) = av; + bvy + cvs

o’c ab a
an easy computation shows that o = [ 0 ac b] . Then, using the fact that o is an automorphism of @3 we obtain the
0 0 4

following system of equations: a?c® = 1, abc? = 0, b?c + ac? = 0. Solving this system and denoting by /o a fixed cubic
root of o we see that the matrix of o is

ada 0 0
o= 0 Ju 0
0 0 Jaja

To obtain 7 € O(®) we proceed similarly and find

¢ 2B¢/3 —B**/9
0 ¢ -Bc/3 |,
0 0 e

T =

where ¢ a cubic root of 1.
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