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a b s t r a c t

In computer graphics and geometric modeling, shapes are often represented by triangular
meshes (also called 3D meshes or manifold triangulations). The quadrangulation of a
triangular mesh has wide applications. In this paper, we present a novel method of
quading a closed orientable triangular mesh into a quasi-regular quadrangulation, i.e.,
a quadrangulation that only contains vertices of degree four or five. The quasi-regular
quadrangulation produced by our method also has the property that the number of quads
of the quadrangulation is the smallest among all the quasi-regular quadrangulations. In
addition, by constructing the so-called orthogonal system of cycles our method is more
effective to control the quality of the quadrangulation.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In computer graphics and geometric modeling, shapes are often represented by triangular meshes (also called 3D
meshes or manifold triangulations). A triangular mesh is a surface (2-manifold) that is composed of triangles such that the
intersection between any two triangles is their common vertex or their common edge if the intersection is not empty.
A quad is a surface being homeomorphic to the unit squire I2 = [0, 1] × [0, 1]. For a quad S and a homeomorphism
ψ : S → I2, ψ−1(v) and ψ−1(e) are called a vertex and an edge of S if v and e are a vertex and an edge of I2, respectively. A
mesh quad is a triangular mesh quad, i.e., a quad that is also a triangular mesh. A mesh quad is also called a quad if there is
no confusion. Quading a surface is a process of decomposing the surface into a family of quads such that

i. The intersection of any two quads is the common boundaries, the common vertices, or empty.
ii. Any quad has four different vertices.
iii. Any two quads have at most two common edges and the two common edges are not adjacent if they have.

A quaded triangular mesh is called a triangular mesh quadrangulation or a quadrangulation if there is no confusion.
A triangular mesh is a standard surface representation and is widely supported by the graphics hardware. However, the

original meshes are usually notoriously expensive to store, transmit and operate (such as mesh compression, remeshing,
morphing, multi-resolution analysis, etc.). The quadrangulation of a triangular mesh is an effective method to overcome
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these problems. Moreover, quaded meshes are preferred for many applications, such as numerical PDE, most CAD/CAM
production softwares (which are based on tensor-product Non-Uniform Rational B-Splines (NURBS)), Catmull–Clark
subdivision, surface parameterization and simplification, hierarchical representations of surfaces, texture mapping, etc.

The existing approaches for quading triangular meshes can be divided into three categories.

1. Advancing Frontier. Eck and Hoppe [1] proposed a scheme to construct a quadrangular base mesh by computing a
maximal pairing over a triangular mesh. Shimada et al. [2] developed this method for planar finite element mesh
generation. Owen et al. [3] enhanced it to the Q -Morph algorithm with an advancing front traversal.

2. Differential Geometry Based Methods. Alliez et al. [4] proposed an approach to generate quad-dominant meshes by
computing integral lines of the two principal direction fields of the surface. Marikov and Kobbelt [5] developed a non-
parametric setting. Dong et al. [6] used a harmonic scalar field over the surface to trace curves. Ray et al. [7] developed a
similar quad-dominant method by using parametric functions to approximate the principal direction fields.

3. Topology Based Methods. Hetroy and Attali [8] proposed a quadrangulating scheme by using the Reeb graph of the
surface. Bremer et al. [9] computed the minima, maxima and saddles of some Morse function on a surface to construct
the quadrangulation called the ‘‘Morse–Smale complex’’.

One common disadvantage of the above methods is that they couldn not control the number of quads of the quadrangu-
lation. Another disadvantage is that the degree of some vertices could be very high, where the degree of vertex of a quadran-
gulation is the number of quads sharing this vertex if this vertex is inner; otherwise the degree is the number of the quads
plus one. The high degree vertices can result in unexpected geometric properties for the surfaces produced based on the
quadrangulation of triangular meshes. For example, the geometric quality of a NURBS surface is heavily dependent on the
degrees of vertices of the quadrangulation. Generally speaking, the higher the degree is, the more unexpected the geomet-
ric properties results, especially on high curvature locations. In addition, the above methods are also sensitive to noise. For
example, the quadrangulation produced by the Morse–Smale complex method usually contains many unexpected quads,
due to the fact that saddles of the Morse function are sensitive to noise.

In this paper, we present a novel approach to quad triangular meshes. Our method is distinguished from the existing
ones in the following three features:

1. The quadrangulations we constructed are ‘‘almost regular’’ or quasi-regular, that is, for closed orientable surfaces with
genus greater than 1, the degree of each vertex of the quadrangulations is four or five. Euler’s formula shows that for a
quadrangulation with a general genus, themaximum degree of its vertices cannot be smaller than five. Thus, our method
is optimal from the degree point of view.

2. The number of the quads of the quadrangulation obtained by our method is the smallest among all the quasi-regular
quadrangulations. This number is uniquely determined by the genius of the surface and not sensitive to noise.

3. By constructing the so-called orthogonal system of cycles our method is more effective to control the quality of the
quadrangulations.

The meaning of the second property above is that in application we can first construct a rough quadrangulation of a
triangular mesh with the number of quads as small as possible and then refine it if necessary. This way is very different
from the current methods. The current methods of quading a triangular mesh usually produce unnecessarily many quads.
In most cases, one have to merge those quads to fit the applications. It is obvious that refining a quadrangulation is much
easier than merging a quadrangulation.

We would like to point out that in this paper the theoretical results hold for general surfaces, but the algorithms are only
implemented for triangular mess surfaces.

2. Preliminaries

Throughout the remainder of the paper, we denote byM an orientable closed surface. The closure, interior and boundary
of a set S are denoted by S, Int(S) and ∂S, respectively.

A map f : A −→ B between manifolds A and B is called an interior homeomorphism, if f is continuous and f |Int(A) :
Int(A) −→ Int(B) is homeomorphic. Two manifolds A and B are said to be interiorly homeomorphic if there is an interior
homeomorphism between them.

An arc of M is a subset of M which is homeomorphic to the closed unit interval [0, 1] ⊂ R. A cycle of M is a subset
of M which is homeomorphic to the unit circle S1 = {(x, y) : x2 + y2 = 1} ⊂ R2. An open set R of M is called a
Jordan region, or a topological disk, if R is homeomorphic to the unit disk D = {(x, y) : x2 + y2 < 1} ⊂ R2. R is called
a closed disk if R ⊂ M is a disk. An open set Σ of M is called a handle of M , if it is homeomorphic to the cylinder surface
{(x, y, z) : x2 + y2 = 1,−1 < z < 1} ⊂ R3. An open set Ψ of M is called a pair of pants of M , if it is homeomorphic to a
sphere of cutting off three disjoint closed disks.

An open set Ψ of M is called a T -shirt ofM , if it is homeomorphic to a sphere of cutting off four disjoint closed disks.
AnM-graph G onM is a graph embedded onM without crossing edges. For convenience, we also call anM-graph a graph

if it is not confusing. The set of all vertices and the set of all edges of G are denoted by V(G) and E(G), respectively. Each
edge of G is either an arc or a cycle of M . G is called a cutting graph, if M \ G is a Jordan region. For an edge e of an M-graph
with end points v1 and v2, we define−→e = [v1, v2] a directed version of e, where v1 is the start point and v2 is the end point.
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Fig. 1. The mapping of a vertex’s Jordan region neighborhood.

The opposite direction is defined by←−e = [v2, v1]. For the case that e is close, the directions of e can be defined similarly. If
there is no confusion, we write−→e = [v1, v2] and

←−e = [v2, v1] by e and e−1, respectively.
We denote by H(g) a g-torus, or a sphere with g handles. According to the classification theorem of surfaces, M is

homeomorphic to H(g), if g is the genus ofM .
We denote by Pn the open regular n-gon in R2 with vertices pk =


cos 2kπ

n , sin
2kπ
n


, k = 1, 2, . . . , n. For each pair of

points p1, p2 ∈ R2, we denote by p1p2 the closed line segment from p1 to p2.
Let G be a cutting graph ofM with edges e1, . . . , en and h : D −→ M \G be a homeomorphism.We defineD = D/ ∼ the

identification topology of D by stitching the boundary of D under the equivalence ∼, where for v,w ∈ ∂D, v ∼ w means
that they corresponding to the same point of G. Then, D is topologically equivalent to M . We denote byh : D −→ M the
homeomorphism from D to M induced by h. Finally, we denote by h : D −→ M the function defined by h(v) = h({v}),
where {v} = {w ∈ D;w ∼ v} ∈ D is the equivalent class of v.

An edge e of G is an incident edge of a vertex v of G if v is an end point of e.

Definition 1. Let G be a graph onM and v be a vertex of G. Let all the incident edges of v be e1, . . . , eh, eh+1, . . . , eh+k where
e1, . . . , eh are arcs and eh+1, . . . , eh+k are cycles. The degree of v with respect to G, denoted by deg(v) = degG(v), is defined
to be the number h+ 2k.

Lemma 1. Let G be a cutting graph of M with edges e1, . . . , en and h : D −→ M \ G be a homeomorphism. Then the following
statements hold:

(1) If v ∈ V(G) is a vertex of G. Let d = deg(v). Then, there are exactly d points x1, . . . , xd ∈ ∂D such that h(xk) = v, k =
1, . . . , d;

(2) If u ∈ G is not a vertex of G. Then, there are exactly 2 points x1, x2 ∈ ∂D such that h(xk) = u, k = 1, 2.

Proof. (1) For any point v ∈ G and any Jordan region neighborhood V of v in M, V is divided by G into d components
V1, . . . , Vd, where d = deg(v) if v is a vertex of G and d = 2 if v is not a vertex of G (see Fig. 1 for d = 4). Choose V small
enough such that h−1(Vk) ∩ h−1(Vh) = ∅ if k ≠ h. For each k ∈ {1, . . . , d} we can select a sequence of points {uk

n}
∞

n=1 ⊂ Vk

such that uk
n → v as n→∞.

Set xkn = h−1(uk
n) ∈ h−1(Vk), n = 1, 2, . . . . Suppose that {yn}∞n=1 is a convergent subsequence of the bounded sequence

{xkn}
∞

n=1 and xk is the limit of {yn}∞n=1. Then xk ∈ ∂h−1(Vk) ∩ ∂D. By definition,

lim
n→∞

h(xkn) = lim
n→∞

h(h−1(uk
n)) = lim

n→∞
uk
n = v.

On the other hand, by continuity,

lim
n→∞

h(yn) = h( lim
n→∞

yn) = h(xk).

Thus h(xk) = v. Since h−1(Vk) ∩ h−1(Vh) = ∅, xk ≠ xh if k ≠ h.
Denote by DV =

d
i=1 h−1(Vk). Becauseh|DV : DV/ ∼−→ V is a homeomorphism and h−1(Vk), 1 ≤ k ≤ d, are disjoint,

h|h−1(Vk) : h
−1(Vk) −→ V k is also a homeomorphism.

If there is another point xd+1 ∈ D such that h(xd+1) = v. Choose a sequence {zn}∞n=1 ⊂ D converging to xd+1. Then

lim
n→∞

h(zn) = h(xd+1) = v.

Hence h(zn) is contained in the neighborhood V of v for sufficiently large n. This means that there is some j ∈ {1, . . . , d}
such that there are infinitely many items in {h(zn)}∞n=1 contained in the component Vj, i.e., there is a subsequence {wn}

∞

n=1
of {h(zn)}∞n=1 contained in Vj. Hence h−1(wn) ∈ h−1(Vj), n = 1, 2, . . . . This yields xd+1 = xj and completes the proof of the
Lemma. �
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Fig. 2. Interior homeomorphism.

Lemma 2. Suppose that G is a cutting graph of M with n edges e1, . . . , en. Let P2n be a regular 2n-gon and let pk, 1 ≤ k ≤ 2n,
be the vertices of P2n. Then, there is an interior homeomorphism φ : P2n −→ M satisfying the following conditions:
(1) For each k ∈ {1, 2, . . . , 2n}, there is an edge e of G such that φ|pkpk+1 : pkpk+1 −→ e is interiorly homeomorphic, where

p2n+1 = p1;
(2) For any directed edge [v1, v2] of G, there are two and only two segments pkpk+1 and phph+1 such that φ(pkpk+1) = [v1, v2]

and φ(phph+1) = [v2, v1].

Proof. Choose a homeomorphism h : D −→ M \ G. h can be uniquely extended to a continuous map h̃ : D −→ M and h̃ is
interiorly homeomorphic by definition.

Suppose that all the preimages of the vertices of Gwith respect to h̃ are labeled clockwise as x1, x2, . . . , xm. According to
(1) of Lemma 1.1 we have

m =
−
v∈V(G)

deg(v) = 2n.

Denote by xkxk+1 the closed arc on ∂D from xk to xk+1, k = 1, 2, . . . , 2n, where x2n+1 = x1. For any k given, there
are v1, v2 ∈ V(G) such that h̃(xk) = v1 and h̃(xk+1) = v2. Since h̃ is continuous, h̃(xkxk+1) is compact and connected.
Moreover, there is no vertex of G locating on h̃(xkxk+1) except v1 and v2. Thus h̃(xkxk+1) is an edge of G. Note that the
compactness of xkxk+1 implies that h̃|xkxk+1 is an open map. h̃|Int( xkxk+1) : Int(xkxk+1)→ h̃(Int(xkxk+1)) is injective and hence
a homeomorphism.

Given a directed edge [v1, v2], select an interior pointw on this edge. By (2) of Lemma 1.1 we can find two distinct points
y1 and y2 of D such thath(y1) = h(y2) = w. Suppose that y1 ∈ xkxk+1 and y2 ∈ xhxh+1, as shown in Fig. 2. Since w is
not a vertex of G,h(xkxk+1) andh(xhxh+1) must be the same edge of G. By symmetry we can assume thath(xk) = v1 andh(xk+1) = v2. Noting thath(xk+1xk) andh(xhxh+1) compose a loop onM , we must haveh(xh) = v2 andh(xh+1) = v1.

It is easy to find a homeomorphism g : P2n → D with g(pk) = xk, k = 1, 2, . . . , 2n. The composition φ = g ◦h is the
map required. �

Definition 2. The directed edge sequence φ(pkpk+1), k = 1, 2, . . . , 2n, denoted by BG, is called a virtual boundary ofM with
respect to G, where φ and pk are defined as in Lemma 1.2. The vertices of G are also called the vertices of BG.

Since M is orientable, it is easy to see that BG is composed, reordering if necessary, of 2n directed edges
e1, e2, . . . , en, e−11 , e

−1
2 , . . . , e

−1
n , where {e1, e2, . . . , en} is the set of all edges of G. We should note that ek of BG is directed

and ek of G is undirected. In fact, ek of BG is obtained from ek of G by assigning a direction.

Definition 3. The continuous mapping φ : P2n −→ M defined in Lemma 1.2 is called a generalized canonical mapping, or a
generalized polygonal schema.

Definition 4. A cycle Γ ofM is nontrivial, if M \ Γ is connected.

Definition 5. Let G0 and G1 be two graphs on M such that p ∈ G0 ∩ G1. G0 and G1 are said to be orthogonal to p, if there is
a homeomorphism φ : U → D := {(x, y) : x2 + y2 < 1}, where U is a small enough neighborhood of p, such that the
following statements hold:
(1) φ(G0


U) = {(x, 0)| − 1 < x < 1};

(2) φ(G1


U) = {(0, y)| − 1 < y < 1}.

Note that (1) and (2) imply φ(p) = (0, 0).

Definition 6. A finite set of nontrivial cycles Γ1, . . . ,Γk is called an orthogonal system of cycles on M , if the following
statements hold:
(1) there are points p1, . . . , pk−1 such that Γi


Γi+1 = {pi};

(2) Γi

Γj = ∅ if |i− j| > 1;

(3) Γi and Γi+1 are orthogonal at pi for i = 1, . . . , k− 1;
(4) M \

k
i=1 Γi is connected.
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Fig. 3. A cutting graph of an orthogonal system.

Lemma 3. Suppose M is an orientable closed surface with genus g > 0 and Sk = {Γ1, . . . ,Γk} is an orthogonal system of cycles
on M and Sk = Γ1 ∪ · · · ∪ Γk, where k ≤ 2g.
(1) If k = 2h− 1 is odd, then M \ Sk is homeomorphic to H(g − h) by resecting two closed disjoint disks.
(2) If k = 2h is even, then M \ Sk is homeomorphic to H(g − h) by resecting a closed disk.

Proof. We use induction to h. If h = 1 and k = 1, then Sk = Γ1. It is easy to see that M \ S1 is homeomorphic to a surface
M1, which is orientable and with two cycles C1 and C2 as its boundary, as shown in (b) of Fig. 3. We denote by M1 the surface
obtained from M1 by gluing two disks along C1 and C2. Then M is homeomorphic to the connected sum of M1 and a torus,
where the connected sum of two surfaces is the surface that is formed by taking a disk out of each surface and connecting
the two holes with a tube. Since M is homeomorphic to H(g),M1 must be homeomorphic to H(g − 1). Thus M \ S1 is
homeomorphic to H(g − 1) of cutting two disks off.

If h = 1 and k = 2, then Sk = Γ1 ∪ Γ2. By the definition of the orthogonality of two cycles, Γ1 crosses Γ2 to the point
Γ1


Γ2. This means that for a homeomorphism φ : M \ S1 → M1,Γ2 is mapped to an arc C3 connecting C1 and C2 as shown

in (c) of Fig. 3. Thus, M1 \ C3 is homeomorphic to a surface M2 which is homeomorphic to H(g − 1) of cutting off a closed
disk.

Now suppose that statements (1) and (2) of the lemma hold for some h < g .
For k = 2h+1, according to the induction assumptionM \ S2h is homeomorphic to a surfaceMa which is homeomorphic

to H(g − h) by resecting a closed disk whose boundary is a cycle, say S. Let φ : M \ S2h → Ma be a homeomorphism. Then,
φ maps Γ2h+1 to an arc C whose two end points, say p and q, are on S, as shown in (a) of Fig. 4.

We glue a disk along S to Ma and obtain a closed surface Mb. Then Mb is homeomorphic to H(g − h). We choose an arc
L connecting p and q in the disk, as shown in (b) of Fig. 4. It is clear that Ma is homeomorphic to Mb \ L. Thus M \ S2h+1 is
homeomorphic toMa \ C , which is homeomorphic toMb \ (L ∪ C). Note thatMb is homeomorphic to H(g − h) and L ∪ C is
a cycle on Mb. Using the statement (1) of the lemma for a surface with g − h genus and k = 1, it is clear that Mb \ (L ∪ C)
is homeomorphic to H(g − h− 1) by cutting off two closed disjoint disks. Therefore, we conclude that the statement (1) of
the lemma holds for k = 2h+ 1 = 2(h+ 1)− 1.

For k = 2(h + 1), according to the mathematical induction, M \ S2h+1 is homeomorphic to a surface Mc which is
homeomorphic to H(g − h − 1) by resecting two closed disjoint disks. Let φ : M \ S2h+1 → Mc be a homeomorphism.
Then φ maps Γ2h+2 to an arc C3 connecting the two boundary cycles C1 and C2, as shown in (c) of Fig. 4. ThusM1 \ S2(h+1) is
homeomorphic to a surface Md which is homeomorphic to H(g − h − 1) by cutting one disk off, as shown in (d) of Fig. 4.
Thus the statement (2) of the lemma holds for k = 2h+ 2 = 2(h+ 1). �

Corollary 1. Suppose S = {Γ1, . . . ,Γ2g} is an orthogonal system on M, where g is the genus of M. Then Γ1 ∪ · · · ∪ Γ2g is a
cutting graph of M.

Definition 7. A cutting graph G of M is said to be orthogonal, if there is an orthogonal system {Γ1, . . . ,Γ2g} such that
G = Γ1 ∪ · · · ∪ Γ2g .

In the remainder of the paper, we always assume that the g-torus H(g) (g > 0) is a smooth surface embedded in R3.

Theorem 1. Every close oriented surface with positive genus has an orthogonal cutting graph.
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Fig. 4. Some pictures used in the proof of Lemma 3.

Fig. 5. Orthogonal cutting graph.

Proof. Suppose that M has genus g . It is easy to see that there is an orthogonal system {C1, C2, . . . , C2g} of H(g) such that
Ci ∩ Ci+1 = {vi}, as shown in Fig. 5.

Since M has genus g,M is homeomorphic to H(g). Therefore, there exists a homeomorphism φ : H(g) → M . Setting
Γi = φ(Ci), i = 1, 2, . . . , 2g, {Γ1,Γ2, . . . ,Γ2g} is an orthogonal system on M and B = Γ1 ∪ · · · ∪ Γ2g is by definition an
orthogonal virtual boundary ofM . �

3. Quasi-regular quadrangulations

Definition 8. A quadrangulation Q ofM is quasi-regular if all its vertices are of degree four or five.

Lemma 4. Let Q be a quasi-regular quadrangulation of a closed surface M with genus g > 0. Then Q has exactly 8(g − 1)
vertices of degree five.

Proof. Denote by V , E and Q the number of vertices, the number of edges and the number of quadrangles ofQ, respectively.
Since each quadrangle has four edges and each edge is shared by two adjacent quadrangles, we have

E = 2Q .

Denote by V4 and V5 the number of vertices of degree four and the number of vertices of degree five, respectively. Then

V4 + V5 = V and 4V4 + 5V5 = 2E.

According to Euler’s formula, we have

4(V4 + V5)− 2(4V4 + 5V5)+ (4V4 + 5V5) = 8(1− g),

or

V5 = 8(g − 1). �

Corollary 2. Every quasi-regular quadrangulation of a closed surface M contains at least 10g − 10 quads, where g > 1 is the
genus of M.
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(a) Cut the surface along Sis. (b) The surface is divided into handles and T-shirts.

Fig. 6. Handles and T-shirts.

Fig. 7. Cutting handles and T-shirts into quads.

Proof. From E = 2Q , it holds that

Q = −(V − E + Q )+ V = 2(g − 1)+ V ≥ 2(g − 1)+ V5 = 10g − 10. �

Lemma 5. For g > 1, there exists a quasi-regular quadrangulation Q of H(g) with 10g − 10 quads.

Proof. Let {C1, C2, . . . , C2g} be an orthogonal system of H(g). H(g) can be divided into 2g − 2 handles and g − 1 T-shirts,
see Fig. 6.

Each T-shirt can be divided into 6 quads and each handle can be divided into two quads, as shown in Fig. 7. Hence, we
obtain 2(2g − 2)+ 6(g − 1) = 10g − 10 quads. �

Theorem 2. Suppose M is a connected closed orientable surface with positive genus g > 1. Then, there is a quasi-regular
quadrangulation Q of M with 10g − 10 quadrangles.

Proof. SinceM is homeomorphic toH(g), there exists a homeomorphismh : H(g)→ M . Thus, a quasi-regular quadrangula-
tionQ ofH(g) induces a quasi-regular quadrangulationh(Q)ofM and thequads ofh(Q) are the images of the quads ofQ. �

Remark 1. If g = 1, then it holds V = Q . Since any quadrangulation contains at least one quad with four different vertices,
then any quadrangulation of M contains at least four quads if the genus of M is one. This kind of quadrangulation can be
constructed by cuttingM into four pieces.

4. Algorithms and implementations

In this section we give an algorithm for constructing quasi-regular quadrangulations as described in Theorem 2.5. To this
end, we first use the method presented in [10] to construct an orthogonal cutting graph on M . Then, we use the following
algorithm cuttingM into handles and T-shirts.

Algorithm 1. Suppose that there is a given orthogonal system Γ1, . . . ,Γ2g of M . Denote vi ∈ Γi ∩ Γi+1, i = 1, . . . , 2g − 1
and G = Γ1 ∪ · · · ∪ Γ2g . Then, Γ2h, h = 1, . . . , g , is divided into two arcs by v2h−1 and v2h, say L1 = Lh,1 and L2 = Lh,2,
where v2g ∈ Γ2g is additionally selected such that v2g−1 and v2g evenly divided the length of Γ2g .
(1) For h = 1, by choosing a point ui ∈ Li(ui ≠ v1, v2, i = 1, 2), we respectively construct a cycle Si such that Si ∩ G = {ui}

and Si is orthogonal with Li to ui. In addition, we ask S1 ∩ S2 = ∅.
(2) Similarly, for h = g , let ui ∈ Li(ui ≠ v2g−1, v2g , i = 1, 2). Construct a cycle S4g−6+i such that S4g−6+i ∩ G = {ui} and

S4g−6+i is orthogonal with Li to ui, i = 1, 2. Also, we ask S4g−5 ∩ S4g−4 = ∅.
(3) For 1 < h < g , by choosing two points u4h−5, u4h−3 ∈ L1 other then v2h−1 and v2h, we construct two cycles Si, i =

4h− 5, 4h− 3, such that Si ∩G = {ui} and Si is orthogonal with L1 to ui. Similarly, we choose ui ∈ L2, i = 4h− 4, 4h− 2
and construct two cycles Si such that Si ∩ G = {ui} and Si is orthogonal to L2 at ui. We still ask that Si ∩ Sj = ∅ if i ≠ j.
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Fig. 8. Quadrangulation.

Nowwe have 4g − 4 cycles Si, i = 1, . . . , 4g − 4 onM . These cycles divideM into 2g − 2 handles and g − 1 T-shirts. To
complete the quadrangulation we divide each handle into two quads and each T-shirts into six quads as shown in Fig. 7.

We implement the algorithm for triangular meshes with a half-linked edge list data structure. The quadrangulation can
be obtained in O(n) time, where n is the numbers of the triangles of the surface mesh. Fig. 8 shows a numerical result.

Remark 2. When constructing an orthogonal cutting graphwith Algorithm4.1,we have already considered some geometric
optimizations to construct the quadrangulation.
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