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Abstract

We derive explicit, closed-form expressions describing elastic and piezoelectric deformations due to polyhedral inclu-
sions in uniform half-space and bi-materials. Our analysis is based on the linear elasticity theory and Green’s function
method. The method involves evaluation of volume and surface integrals of harmonic and bi-harmonic potentials. In case
of polyhedra, such integrals are expressed through algebraic functions. Our results generalize numerous studies on this sub-
ject, and they allow to obtain fully analytical solutions for a number of physical and engineering problems. In the limiting
case of an infinite space, our relations have an essentially more compact form, than relations obtained by other authors.
We present solutions to classical Mindlin and Cherruti problems. We describe the elastic relaxation of a misfitting polyg-
onal quantum dot in bi-materials assuming isotropic and vertically isotropic properties. It is explained how to analyze non-
hydrostatic and non-uniform inclusions. We also study piezoelectric fields induced by inclusions in materials with cubic
and hexagonal lattices. Among other results, we have found that a cubic inclusion in an isotropic material reproduces fields
of quantum dots in GaAs (0,0,1) and GaAs (1,1,1) depending on the orientation of the cube. This suggests that one can
qualitatively model crystals with different lattices by choosing an appropriate inclusion shape.
� 2007 Shell International Exploration and Production B.V. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Analysis of mechanical deformations induced by misfitting inclusions in an infinite or semi-infinite elastic
medium is a fundamental physical and engineering problem, which has roots in 19th century (Thomson,
1882; Cerutti, 1882; Boussinesq, 1885). It has been originally studied within the context of thermoelasticity
and mechanics of solids (Mindlin, 1936; Goodier, 1937; Mindlin and Cheng, 1950; Sen, 1951; Eshelby, 1957)
and then in seismology and geophysics (Geertsma, 1957; Steketee, 1958; Rongved and Frazier, 1958; Geertsma,
1973). Reviews of earlier research on this subject can be found in books by Nowacki (1986) and Mura (1987).

The rapid development of nanotechnology in last years has brought a renewed interest to the above clas-
sical problem. A number of modern semiconductor devices, such as lasers, infrared detectors, and information
storage devices use composite materials, where tiny objects with the size of several nanometers are buried in
0020-7683/$ - see front matter � 2007 Shell International Exploration and Production B.V. Published by Elsevier Ltd. All rights reserved.
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the surrounding matrix (Rinaldi et al., 1994; Bimberg et al., 1998; Harrison, 1999; Cui and Lieber, 2001).
These objects are commonly called quantum dots, or quantum wires if they are extended in one of the dimen-
sions. Quantum dots induce elastic and piezoelectric deformations, which strongly influence properties of the
composite materials and hence the performance of devices. Calculations of corresponding deformations have
attracted significant attention in the literature (Grundmann et al., 1995; Shchukin et al., 1998; Davies, 1998;
Faux and Pearson, 2000). Recent reviews by Stangl and Holý (2004); Maranganti and Sharma (2005); Ovid’ko
and Sheinerman (2005, 2006) provide a detail discussion of these studies.

Elastic deformations due to quantum dots are found using an atomistic approach (Cusack et al., 1997;
Makeev and Madhukar, 2001; Kikuchi et al., 2001; Kohler, 2003; Wang and Li, 2004) or from continuum
elasticity (Grundmann et al., 1995; Pryor et al., 1997). As has been shown by Pryor et al. (1998), both methods
agree for small deformations. Equations of continuum elasticity can be solved numerically, using a finite dif-
ference method (Grundmann et al., 1995), a finite element method (Benabbas et al., 1996; Johnson and Fre-
und, 2001), a boundary element method (Yang and Pan, 2002), or an energy minimization method (Jogai,
2000). Although numerical simulations provide a complete solution to the problem, analytical calculations still
play an important role. In a number of studies it has been confirmed that descriptions of quantum dots using
idealized analytical models and more rigorous numerical techniques are in good agreement (Daruka et al.,
1999; Andreev et al., 1999; Romanov et al., 2001, 2005; Jonsdottir et al., 2006). Exact analytical formulas
can significantly facilitate analysis of material properties. They also provide a benchmark for codes, and
are helpful to obtain a better physical insight.

Analytical results can be roughly split in two groups. First, these are semi-analytical equations, which
require additional numerical calculations to get the desired answer. Examples are solutions in Fourier space
(Downes and Faux, 1997; Andreev et al., 1999; Andreev and O’Reilly, 2000) and solutions written in terms of
series expansion (Ru et al., 2001; Faux and Christmas, 2005). Second, these are fully analytical formulas,
where the answer is expressed through elementary or special functions. Such formulas are available for
three-dimensional inclusions in an infinite space or in half-space, which have the shape of an ellipsoid
(Eshelby, 1957; Seo and Mura, 1979), and disk (Wu and Du, 1995a,b, 1996; Glas, 2003).

Majority of analytical solutions are obtained by using the Green tensor approach. One finds elastic defor-
mations due to a point-wise inclusion (Mindlin and Cheng, 1950; Sen, 1951), and then integrate the result over
the volume of the actual inclusion. Recent examples of such an approach are given by Pan (2002c); Yang and
Pan (2003); Pan (2004a); Chu and Wang (2005). Calculations can be simplified by reducing volume integrals to
integrals over the inclusion surface (Yu et al., 1994; Downes et al., 1997). Since the elastic deformations are
described by harmonic and bi-harmonic potentials (Eshelby, 1957), the integration procedure is essentially the
same as in the theory of Newtonian potential (MacMillan, 1930). MacMillan (1930) explains how to integrate
the gravitational potential over cuboidal bodies. Waldvogel (1979) has developed an algorithm, based on a
three dimensional triangulation of the inclusion, to perform this integration over polyhedra. This algorithm
has been used by Rodin (1996) and by Nozaki and Taya (1997) to analyze the Eshelby problem for polyhedral
inclusion in an infinite space.

Rodin (1996) and Nozaki and Taya (1997) present explicit formulas for two-dimensional inclusions, which
are infinitely extended in one dimension and have a constant cross-section. In nanotechnological applications
such inclusions are called quantum wires. In this case one deals only with contour integrals over the wire
boundary (Downes et al., 1995; Faux et al., 1996). This circumstance has helped to carry out a rather extensive
analysis of quantum wires. Explicit expressions have been obtained for the trapezoidal (Gossling and Willis,
1995), as well as for rectangular, triangular, and circular quantum wires embedded in an infinite uniform space
(Faux et al., 1997). Relatively simple explicit formulas for polygon inclusions have been derived by Kawashita
and Nozaki (2001). Glas (2002a), Davies (2003), Gutkin et al. (2003) have studied hydrostatic rectangular and
trapezoidal wires in an isotropic half-space. Wires with polygonal cross-sections in anisotropic full and half-
spaces have been analyzed by Pan (2004a,b). Ru (1999, 2000, 2001, 2003) has developed a conformal mapping
method, which provides an implicit solution of the problem for wires with arbitrary cross-sections. Polygonal
inclusions have been also studied by Jiang and Pan (2004) and Pan et al. (2007) taking into account aniso-
tropic and magnetoelectric effects.

There exists another class of two-dimensional inclusions, which in contrast to quantum wires have a negligibly
small length in one of the dimensions. Such inclusions are studied in the dislocation theory (Steketee, 1958), which
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is frequently applied to nanomaterials (Gutkin, 2006). Analytical solutions describing rectangular dislocations in
a half-space have been derived by Chinnery (1961, 1963) and Okada (1985, 1992). Inclusions with a rectangular
and circular cross-sections in an infinite plate have been analyzed by Beom and Kim (1999) and Tian and Rajap-
akse (2007) correspondingly. Comninou and Dundurs (1975) give expressions for displacements and strains at
the free surface of a half-space due to angular dislocations. By combining angular dislocations one can model
arbitrary polygon-shaped dislocations. The model of Comninou and Dundurs (1975) has been implemented
in the Stanford Poly3D code (Thomas, 1993), which is used in geophysical applications (Maerten et al., 2005).

To investigate three-dimensional effects in quantum dots one can consider them as spherical inclusions
(Sharma and Dasgupta, 2002; Sharma and Ganti, 2004; Duan et al., 2005; Mi and Kouris, 2006). Most com-
monly, quantum dots have a polyhedron shape. The first particular case of a polyhedral inclusion, which has
been studied analytically, was a cuboidal (parallelepipedic) inclusion. Ignaczak and Nowacki (1958) (see book
by Nowacki (1986)) have derived expressions for the stress field outside a cuboidal inclusion in an infinite uni-
form space. They have analyzed a thermoelastic problem, where the eigenstrain in the inclusion is hydrostatic.
These results have been generalized for cuboidal inclusions with a dilatation strain by Faivre (1964) by Chiu
(1977). An alternative derivation is given by Li and Anderson (2001). Nozaki and Taya (2001) have used the
algorithm of Waldvogel, 1979 to describe polyhedral inclusions in an infinite space. They have presented an
analytical solution to the problem, although in a complicated form. Chiu (1978) has considered hydrostatic
cuboidal inclusions in a half-space. He has got an implicit solution in terms of Legendre functions for strains
parallel to the half-space boundary and for stresses. Hu (1989) has derived explicit expressions for stresses out-
side of a cuboidal inclusion. Glas (1991) has extended the work of Hu (1989) by calculating displacements and
the energy of deformations. The elastic field induced by a truncated pyramidal inclusion with a hydrostatic
eigenstrain has been calculated by Pearson and Faux (2000) and Stoleru et al. (2002) for the case of an infinite
isotropic medium, and by Glas (2001, 2002b) for the case of a half-space. Apparently, solutions of Glas (2001,
2002b) are the most general, three-dimensional analytical solution, which have been derived so far.

Available analytical solutions either represent too simplistic cases, or they are rather incomprehensive, which
restrict their usefulness. A similar situation occured in geophysical prospecting in analysis of gravitational and
magnetic anomalies (Strakhov and Lapina, 1990; Li and Chouteau, 1998; Holstein et al., 1999; Holstein,
2002). Original calculations of such fields produced by polyhedral bodies have been done in a Cartesian coordi-
nate system (Paul, 1974; Okabe, 1979). This approach leads to equations, which are difficult to use in practice.
Later it was recognized, that the above equations possess a number of invariant properties (Strakhov et al.,
1986). Various geometrical parameters representing polyhedra enter the integrals as constant multiplicative fac-
tors. This allows to carry out the integration in a compact, coordinate-free form, and to express the answer in
terms of few standard integrals (Pohánka, 1988; Götze and Lahmeyer, 1988; Holstein and Ketteridge, 1996).

Analysis of elastic deformations is more difficult than analysis of gravitational anomalies, because one
needs to treat several different integrals rather than a single integral of the Newtonian potential. Nevertheless,
calculations of correspondent integrals can be also carried out in a coordinate-free form. In this paper we per-
form such an integration for three-dimensional polyhedral inclusions in a half-space or uniform bi-materials,
which are isotropic or transversely isotropic. In Section 2 we introduce starting equations. Complete solution
to the problem in a uniform and isotropic infinite space is given in Section 3. In Section 4 we present equations
describing hydrostatic inclusions in isotropic bi-materials. We also consider a particular case of cuboidal inclu-
sions, which shows how results of previous studies can be reconstructed using our procedure. Section 5
explains how to generalize our procedure to describe non-uniform inclusions, non-hydrostatic inclusions,
and to include effects of anisotropy. The general theoretical approach developed in first Sections is applied
in Section 6 to analyze piezoelectric fields induced by quantum dots. Section 7 summarizes the results. Appen-
dices A, B, C contain details of calculations.

2. Elastic equilibrium

We consider polyhedral inclusions in a half-space or in a bi-material medium. The spatial coordinates are
denoted as xj with j = 1, 2, 3. The plane z � x3 = 0 coincides with the interface. The z-axis is directed towards
the inclusion. In what follows we calculate elastic deformations in the part of the space, occupied by the inclu-
sion, i.e. at z > 0.
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Static deformations of an elastic medium are described by the momentum balance equation
0 ¼ r � r$þ~F; ð1Þ

where~u is the solid displacement, r

$
is the stress tensor, and ~F is the external force. Eq. (1) is supplemented by

the stress–strain relation, which is commonly written in the form (Mura, 1987),
rij ¼ Cijmn eðeffÞ
mn � eðIÞmn

� �
¼ Cijmnemn: ð2Þ
Here, eðeffÞ
mn is the effective strain tensor, which is related to the solid displacement ~u as
eðeffÞ
mn ¼ ðum;n þ un;mÞ=2; ð3Þ
eðIÞmn is the misfitting strain tensor due to inclusion, Cijmn is the tensor of elastic moduli, and a comma in the
subscript denotes derivative with respect to spatial coordinates, e.g. um,n � oum/oxn.

The tensor Cijmn in an isotropic medium simplifies to
Cijmn ¼ kdijdmn þ lðdimdjn þ dindjmÞ; ð4Þ
where k and l are Lamé constants and dij is the Kronecker delta. Combining Eqs. (1)–(4) one casts the elastic
equilibrium in the form of the Navier equation,
ðH � lÞrr �~uþ lr2~u ¼ r � r
$ðIÞ �~F: ð5Þ
Here, H = k + 2l and r
$ðIÞ

is the inclusion stress tensor, rðIÞij ¼ CijmneðIÞmn. The stress tensor of a hydrostatic inclu-
sions with eðIÞmn ¼ eðIÞdmn is equal to, rðIÞij ¼ pðIÞdij, where
pðIÞ ¼ ð3kþ 2lÞeðIÞ ¼ 2l
1þ m

1� 2m
eðIÞ ¼ EeðIÞ

1� 2m
; ð6Þ
m = k/(2(k + l)) is the Poisson ratio, and E = 2l (1 + m) is the Young modulus. A hydrostatic inclusion with the
eigenstrain e(I)dmn induces the same deformation as the external force~F ¼ �rpðIÞ, where p(I) is given by Eq. (6).

The Green tensor Gijð~r;~r0Þ for Navier Eq. (5) is determined by the condition
H � lð ÞGij;is þ lGsj;ii ¼ �djsdð~r�~r0Þ: ð7Þ
Here, ~r0 is the position of a delta-functional inclusion, or the point where an external force is applied. The
function uið~rÞ ¼ Gijð~r;~r0Þ is the solution of Eq. (5), provided its right side is equal to
r � r

$ðIÞ �~F ¼ �dð~r�~r0Þ~ej, where ~ej is the unit vector along the coordinate xj. If the right side of Eq. (5) is
equal to �d;k0 ð~r�~r0Þ~ej, then its solution is obtained by differentiating the above Green tensor,
uið~rÞ ¼ Gij;k0 ð~r;~r0Þ. The subscript ‘‘k 0’’ after comma indicates that the derivative is taken with respect to x0k.
The general solution of Eq. (5) in the absence of external forces, ~F ¼ 0, is equal to (Mura, 1987)
uið~rÞ ¼
Z

V
CjkmneðIÞmnð~r0ÞGij;k0 ð~r;~r0Þd~r0: ð8Þ
The integration in Eq. (8) is carried out over the volume V occupied by the inclusion.

3. Infinite space

Uniform polyhedral inclusions in a uniform and isotropic infinite space is the simplest situation to be ana-
lyzed. In case of hydrostatic inclusions, we derive explicit expressions for the displacement. Arbitrary inclu-
sions are described by the Eshelby tensor, which has a relatively simple form compared to the expression
presented by Nozaki and Taya, 2001.

3.1. Hydrostatic inclusions

Since the curl of the solid displacement must vanish for hydrostatic inclusions, r�~u ¼ 0, Eq. (5) reduces
to the Poisson equation whose solution is written as (Downes et al., 1997; Davies, 1998),
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~u ¼ � p
4pH

rU ¼ � e
4p

1þ m
1� m

rU: ð9Þ
Here, U is the Newtonian potential, Uð~rÞ ¼
R

V d~r0=R, R ¼ j~Rj, and ~R ¼~r0 �~r. The integral of the gravita-
tional potential over the polyhedral bodies has been derived by several authors (Pohánka, 1988; Holstein
and Ketteridge, 1996). An alternative derivation is given in Appendix A, where we use a more general
approach. Taking into account that r

R
V d~r0=R ¼ �

R
V r

0ð1=RÞd~r0, where $
0

is the gradient operator in
the ~r0-space, one has
U;i ¼
X

polygons

ni

X
edges

ðRbI�1 þ RnJ�1 � jRnjhÞ; ð10Þ
and
U;ij ¼
X

polygons

ni

X
edges

bjI�1 þ njJ�1 � nj
Rn

jRnj
h

� �
: ð11Þ
Here, the summation is carried over polygons constituting the polyhedron surface and over their edges,~n,~b,
and ~v are local coordinate vectors explained in Fig. 1, subscripts n, b, and v denote projections along these
vectors, e.g. Rn ¼ ~R �~n, subscripts i and j denote projections along Cartesian coordinate vectors, e.g.
ni ¼~n �~ei. The integrals Iq and Jq are determined by Eqs. (A.9) and (A.10), the apex angle h is equal to
h ¼ arctanðRv=RbÞjs2

s1
, where s1 and s2 label the beginning and the end of each of the edges, and we use the stan-

dard notation gjyx ¼ gðyÞ � gðxÞ for any function g.
Eqs. (9)–(11), are sufficient to obtain explicit expressions for strains and stresses. The displacement and its

derivatives are determined by the same set of algebraic functions I�1, J�1, and h. This circumstance has been
discussed by Holstein, 2002 within the context of the similarity between the gravitational and magnetic poten-
tials of polyhedra.

3.2. Geometric interpretation

It is convenient to interpret Eq. (11) in terms of solid angles X (Holstein, 2002), which is similar to the inter-
pretation of electrostatic potentials due to double layers (Stratton, 1941). The differential solid angle dX is
defined as dX ¼ �rð1=RÞ � d~S (Stratton, 1941). According to this definition the sign of X coincides with
the sign of Rn. Eq. (11) can be written in the form
U;ij ¼
X

polygons

ni

X
edges

ðbjI�1 � njXÞ: ð12Þ
which is useful to estimate influence of the inclusion shape on induced stresses.
Polygon representing a polyhedron face. Point P is the projection of the observation point on the polygon plane. Coordinate
s satisfy the relation ~b�~v ¼~n.
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Let’s consider an inclusion with a unit strain, e = 1, and with the shape of a right prism. The two base faces
are normal to the z-axis while the lateral faces are parallel to the z-axis. Using above equations one finds the
vertical stress tensor,
rzz ¼ 2l
1þ m
1� m

Xu þ Xl

4p
� dI

� �
: ð13Þ
Here, Xu,l are the solid angles subtended by the upper and lower base faces at the point of observation, dI = 0
outside the inclusion and dI = 1 inside the inclusion. Eq. (13) is a three-dimensional generalization of the
expression derived by Downes et al. (1995) and Faux et al. (1997) for rectangular quantum wires.

In case of cuboidal inclusions, Eq. (13) is applicable to all three pairs of opposite faces. The sum of all solid
angles vanishes outside the inclusion and it is equal to 4p inside the inclusion. One concludes that rii = 0 out-
side and rii = �4l(1 + m)/(1 � m) inside the inclusion (Downes et al., 1997). These relations are valid for inclu-
sions of arbitrary shapes, because they can be approximated by a collection of cuboidal inclusions.

In the limit where the number of sides of a prism tends to infinity, Eq. (13) becomes applicable to arbitrary
cylindrical bodies whose cross-section is constant along the z-axis. The solid angle Xc subtended by a circle of
radius r is equal to Xc = 2p[1 � d/(d2 + r2)1/2]. Here, d is the distance form the observation point to the circle
center, and we consider points, which lay on the symmetry axis perpendicular to the circle plane. Applying Eq.
(13) one finds that
rzz ¼ �2l
1þ m
1� m

hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 4r2

p ð14Þ
in the cylinder center, where h is the cylinder height. Eq. (14) has been used to analyze stresses developing in
formations due to extraction of hydrocarbons from oil and gas reservoirs (Kuvshinov, 2007a). The fluid pres-
sure change pf inside a reservoir has approximately a logarithmic profile,
pfðrÞ ¼ pb

lnðr=rdÞ
lnðrb=rdÞ

; ð15Þ
for rb < r < rd, and it is constant for r < rb and r > rd. Here, rb is the well bore radius, rd is the radius of the
drained area, and pb is the fluid pressure drop near the well bore. The fluid pressure change pf acts on the sur-
rounding formation as an inclusion with a hydrostatic eigenstrain, whose amplitude is found by substituting
Eq. (15) into Eq. (6). To calculate the vertical stress for an inclusion with a varying amplitude e(r), one should
integrate Eq. (14) with the weight �o e/or. The corresponding integral can be found exactly. For the sake of
clarity, we restrict ourself to the approximation, rb� h� rd, which is usually satisfied for real reservoirs. In
this case
rzz

pb

¼ � 1� 2m
1� m

lnðh=rbÞ
lnðrd=rbÞ

: ð16Þ
Parameter h in Eq. (16) represents the reservoir thickness. Eq. (16) turns out to be accurate enough for many
practical purposes (Kuvshinov, 2007a). Although it has been derived under the assumption of an infinite and
uniform formation, its predictions are very close to predictions of numerical codes, which take into account
the full formation complexity.

3.3. Eshelby’s tensor

Arbitrary (not necessarily hydrostatic) inclusions are conventionally described in terms of the Eshelby ten-
sor Sjkmn, which relates the effective strain eðeffÞ

jk with the eigenstrain of the inclusion,
eðeffÞ
ij ¼ Sijkle

ðIÞ
kl : ð17Þ
In an infinite and uniform medium it is equal to (Mura, 1987)
Sijkl ¼
1

8plð1� mÞ W;ijkl � 2mU;ijdkl

�
� ð1� mÞðU;ikdjl þ U;ildjk þ U;jkdil þ U;jldikÞ�; ð18Þ
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where Wð~rÞ ¼
R

V Rd~r0 is a bi-harmonic potential. Rodin (1996) has described an algorithm to calculate the
potentials U and W for polyhedral inclusions, and has calculated the Eshelby tensor in two dimensions. He
concluded that in three-dimensions one should rely on symbolic computer algebra. Nozaki and Taya
(2001) have managed to perform these calculations analytically, although they have finished with lengthy for-
mulas. Our method leads to essentially simpler relations. The second order derivatives of the harmonic poten-
tial U are given by Eq. (11). The fourth order derivative of the bi-harmonic potential W is calculated from Eqs.
(A.3) and (A.16),
W;ijkl ¼ 2ninjU;kl þ
X

polygons

ni

X
edges

fbjvk½ðnlRn þ blRb þ vlRvÞ=R�js2

s1
þ ½ðbjnk þ njbkÞRn

þ ðbjbk � njnkÞRb� vl=Rjs2

s1
� ðnlRn þ blRbÞI�3

h i
þ ½ðbjnk þ nkbjÞnl þ ðbjbk � njnkÞbl�I�1g: ð19Þ
4. Hydrostatic inclusions in isotropic bi-materials

Hydrostatic inclusions in a semi-space have been originally studied by Mindlin and Cheng (1950) and Sen
(1951). Below we consider a more general case of bi-materials (Rongved, 1955; Yu and Sanday, 1991; Yu
et al., 1992; Tinti and Armigliato, 1998; Singh et al., 1999). The peculiarity of hydrostatic inclusions in bi-mate-
rials is that, similarly to inclusions in an infinite space, they are described by derivatives of Newtonian potential.

4.1. Green’s functions

The displacement ~uG induced by a delta-functional hydrostatic inclusion with p(I) = 1, is described by the
equation (Kuvshinov, 2007b)
~uG ¼ 1

4pH
r0 /ð�Þ þ s0j/ðþÞ þ s0z

o/ðþÞ

oz0

 !"
�2~ezs0z

o2/ðþÞ

oz02

#
; ð20Þ
which can be reconstructed from solution of Rongved (1955); Yu and Sanday (1991); Yu et al. (1992). Here,
/(±) = 1/R±, R± = [(x 0 � x)2 + (y 0 � y)2 + (z 0 ± z)2]1/2,
s0 ¼
l� l0

l=2þ jl0

; ð21Þ
and j = (3 � 4m)/2. Parameters without a subscript refer to the material containing inclusion, and l0 is the
shear modulus of the other material. The case of a medium with a free boundary is recovered in the limit
l0! 0, which implies s0 = 2. From Eq. (20) it follows that the displacement in bi-materials is related to dis-
placement in an infinite region ~uð1Þ as
~u ¼~uð1Þ þ s0j~u
ðþÞ þ s0z

o

oz
uðþÞx ; uðþÞy ;�uðþÞy

� 	
; ð22Þ
where~uðþÞðx; y; zÞ ¼~uð1Þðx; y;�zÞ. Eq. (22) holds for inclusions of arbitrary shapes, and it generalizes the rela-
tion given by Davies (2003). The displacement at the interface, z = 0, is equal to
~uðx; y; 0Þ ¼ ½4ð1� mÞ � ð2� s0Þj�~uð1Þðx; y; 0Þ. The displacement at the free surface is increased by a factor of
4(1 � m) > 2 compared to the displacement in an infinite medium. This is a known fact in geomechanics of
hydrocarbon reservoirs (Geertsma, 1973), which has been rediscovered by Davies (2003).

The factor s0 in Eq. (20) appears in front of terms with /(+). In the Mindlin and Cheng formalism (Mindlin
and Cheng, 1950), such terms represent the ‘‘image’’ nucleus. Consequently, the elastic fields in bi-materials
are obtained from corresponding expressions in a half-space, if one multiplies contributions of the image
nuclei on s0/2. We give the expression for the vertical stress, which is used in our further analysis (Kuvshinov,
2007b),
rG
zz ¼ �

l
2pH

o2

oz02
/ð�Þ � s0

2
/ðþÞ þ s0z

o/ðþÞ

oz0

 !
� 2l

H
dð~r�~r0Þ: ð23Þ
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4.2. Polyhedral inclusions

Eq. (23) contains a term with the third order derivative of /(+). This term is integrated using the relation
Z
V

/;i0j0k0d~r
0 ¼

X
polygons

ni

X
edges

bjvk

R





s2

s1

� ½ðbjnk þ njbkÞRn þ ðbjbk � njnkÞRb�I�3

( )
; ð24Þ
which follows from Eqs. (A.3), (A.15). Eq. (24) together with Eqs. (10) and (11) provides a complete descrip-
tions of elastic fields due to polyhedral inclusions in bi-materials. To integrate the value /(+) one uses the coor-
dinate system x+ = x, y+ = y, z+ = �z, where /(+) coincides with the standard Newtonian potential.

Fig. 2 shows the normalized vertical stress produced by a uniform tetrahedral inclusion, which has been
calculated using above relations. The stress is normalized on the factor l/H. For clarity we consider a half-
space with the free-surface at z = 0. One face of the tetrahedron is a regular triangle inscribed in a unit circle
laying in the plane z = 0.3. The coordinates of the tetrahedral top are equal (0, 0,1.7). The figure shows the
stress levels in the vertical plane of symmetry y = 0. The vertical stress is continuous through the horizontal
face. The stress has jumps at other faces. The level lines of the stress are continuous. This is a ‘‘geometric’’
continuity – lines corresponding to different values of the stress join smoothly at the inclusion boundary.

Arbitrary convex polyhedra can be represented as a combination of tetrahedra without gaps and overlaps.
Consequently, the problem of polyhedral inclusions can be reduced to tetrahedral inclusions. The drawback of
this approach is that it requires calculation of integrals, which cancel in the resulting expression. It might be
preferable not to decompose polyhedra into tetrahedra, but to evaluate the volume integrals directly from gen-
eral expressions.
4.3. Block-shaped inclusion

Let’s calculate the vertical stress, rzz, due to a block-shaped inclusion and explain how to recover formulas
reported by Hu (1989) and Glas (1991). The stress rzz (23) depends on the values Uð�Þz0z0 ¼

R
/ð�Þz0z0 dV , and

UðþÞz0z0z0 ¼
R

/ðþÞz0z0z0dV , which are simplified to
–0.8 –0.6 –0.4 –0.2 0 0.2 0.4 0.6 0.8 1 1.2

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

z

normalized vertical stress

–1.5

–1

–0.5

0

0.5

Fig. 2. Normalized vertical stress induced by a tetrahedral inclusion in half-space.
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Uð�Þz0z0 ¼
X

top;bottom

n2
z

X
edges

J�1 �
Rn

jRnj
h

� �
; Uð�Þz0z0z0 ¼

X
top;bottom

n3
z

X
edges

RbI�3: ð25Þ
Eq. (25) is valid for an arbitrary right prism, whose base lays in the horizontal (x,y)-plane. The summation
there is carried out over two horizontal faces, which are denoted as ‘‘top’’ and ‘‘bottom’’. All the other faces
do not contribute to rzz. We use the coordinate system where the vertical z-axis is directed downwards, so that
the vertical coordinate of the ‘‘top’’ face ztop is smaller than the vertical coordinate of the ‘‘bottom’’ face
zbottom, ztop < zbottom.

To find the sum over the ‘‘top’’ face of the inclusion, we label the vertices of this face as i = 1, 2, 3, 4 (see
Fig. 3). The integrals J�1 and I�3 are calculated along the closed path 1! 2! 3! 4! 1. Integration over
the ‘‘bottom’’ face is performed similarly. Terms with h in Eq. (25) vanish after integration for points laying
outside the inclusion. Inside the block, their sum is equal to 2l/H, which cancels the delta-functional term in
Eq. (23).

Replacing the summation over edges by the summation over vertices we arrive at
rzz ¼ �
l

2pH

X
vertices

ð�1Þi�1 arctan
f�R�

�x�y

� �
� s0

2
arctan

fþRþ
�x�y

� ��
þs0z

�x�y
Rþ

1

�x2 þ f2
þ
þ 1

�y2 þ f2
þ

 !#
: ð26Þ
Here, R� ¼ ð�x2 þ �y2 þ f2
�Þ

1=2, f± = z(i) ± z, �xðiÞ ¼ xðiÞ � x, etc. and coordinates written with subscripts ‘‘(i)’’ re-
fer to block vertices, where i is the vertex label. The sign of the factor (�1)i�1 for different vertices is indicated
in Fig. 3 by pluses and minuses.

Eq. (26) in a half-space coincides with the expression derived by Hu (1989) for points outside the inclusion.
Glas (1991) has suggested that Hu’s formula can be used inside the inclusion provided one adds there the term
p(I) given by Eq. (6). According to Eq. (26), Hu’s expression is applicable inside the inclusion if the term
�(2l/H)pdij is added to it, so that suggestion by Glas (1991) is incorrect. To confirm validity of Eq. (26) one
can check that it provides continuity of rzz through the ‘‘top’’ and ‘‘bottom’’ boundaries of the inclusion. We have
calculated rzz due to a block-shaped inclusion using general integral relations for polyhedra and using summation
over vertices (26). In both cases the results were identical. The corresponding stress-field is shown in Fig. 4.

5. Extension of the method

Our previous analysis can be extended to treat analytically anisotropy effects, non-hydrostatic inclusions, and
non-uniform inclusions. In addition, we give solutions to the Mindlin and Cherruti problems, and consider two-
dimensional wires. In most cases we only outline the derivation procedure. We do not give all the resulting expres-
sions, because they are rather bulky, although their derivation does not present conceptual difficulties.

5.1. Anisotropy effects

We consider hydrostatic deformations of a transversely isotropic space that represents a particular case
of anisotropy. The properties of a transversely isotropic medium in a given direction depend only on the
Fig. 3. Block-shaped inclusion in a half-space, ‘‘+’’ and ‘‘�’’ denote sign of the weight (�1)i�1 in Eq. (26).



Fig. 4. Normalized stress rzz in the plane y = 0 induced by a parallelepiped-shape inclusion, �0.5 < (x,y) < 0.5, 0.4 < z < 0.8. The plane
z = 0 is the free surface.
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angle between this direction and the symmetry axis. Crystals with hexagonal lattices provide an example
of such a medium. We assume that the symmetry axis is ~ez, which corresponds to the choice of Miller
indices (0,0,1).

Green’s functions in vertically isotropic bi-materials are given by Pan and Chou (1979b); Yu et al. (1995);
Yu and Rath (2000). One can recover the required equations from these Green’s functions by considering the
limiting case of a center of dilatation. Alternatively, they can be derived using the reflectivity method of Ken-
nett (1983), as it has been explained by Kuvshinov (2007b). The latter method is more general, because it is
applicable to multi-layered media. It also leads to essentially more compact equations. The procedure
described in Appendix B gives
~uG
?ð~rÞ ¼

1

2pB
r0? kþ

aþeRð�kþ; kþÞ
þ a11eRðkþ; kþÞ þ a21eRðk�; kþÞ

" #(

þk�
a�eRð�k�; k�Þ

þ a12eRðkþ; k�Þ þ a22eRðk�; k�Þ
" #)

; ð27Þ

uG
z ð~rÞ ¼

1

2pB
o

oz0
qþ

aþeRð�kþ; kþÞ
� a11eRðkþ; kþÞ � a12eRðkþ; k�Þ

" #(

þ q�
a�eRð�k�; k�Þ

� a21eRðk�; kþÞ � a22eRðk�; k�Þ
" #)

: ð28Þ
Here,
~Rð�ki; kjÞ ¼ ½ðx� x0Þ2 þ ðy � y0Þ2 þ ð�kizþ kjz0Þ2�1=2
; ð29Þ
and constants B, k±, a±, and a1,2 are explained in Appendix B. Eqs. (27) and (28) reproduce Eq. (20) in the
isotropic limit. Note, that transition to this limit is not trivial, because one needs to resolve uncertainties of the
type ‘‘0/0’’.
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Although Eqs. (27) and (28) look rather complicated, their underlying structure is simpler than the struc-
ture of correspondent isotropic equations. The coordinate dependence enters only through the modified radiuseRð�ki; kjÞ. Stretching the horizontal coordinates as ðx; yÞ ¼ kjð~x; ~yÞ and placing the coordinate origin at the
observation point, one transforms eRð�ki; kjÞ to the Newtonian potential. After that one can integrate all
the terms in Eqs. (27), (28) to find elastic fields produced by polyhedral inclusions.

Calculations based on Eqs. (27), (28) show that the anisotropy does not have an essential influence on elas-
tic fields. This agrees with conclusions of Andreev et al. (1999). On the other hand, the anisotropy can change
the pattern of the induced piezoelectric field. We study such effects in Section 6.
5.2. Non-hydrostatic inclusions

The Green tensor representing non-hydrostatic inclusions in an isotropic, uniform half-space is commonly
written in a rather complicated form (Mura, 1987; Maranganti and Sharma, 2005; Ovid’ko and Sheinerman,
2005). The correspondent expression can be simplified to
Gijð~r;~r0Þ ¼
1

16plð1� mÞ 4ð1� mÞ 1

R�
þ 1

Rþ

� �
dij �

o2

ox0iox0j
½R� þ ð3� 4mÞRþ�

(

þ2x3 ð3� 4mÞ di3
o

ox0j
� dj3

o

oxi

 !
þ x03

o
2

oxiox0j

" #
1

Rþ
þ 4ð1� mÞð1� 2mÞ o

2vþ
ox0ioxj

)
: ð30Þ
Here, v+ is a harmonic potential,
vþ ¼ ðzþ z0Þ lnðRþ þ zþ z0Þ � Rþ: ð31Þ
The fact that the Green tensor admits representation of the form of Eq. (30) is intuitively obvious, because
equilibrium of a semi-infinite body can be described in terms of the Galerkin vector, which is written as a com-
bination of functions R± and v+ (Mindlin, 1936).

One can also derive Eq. (30) from the expression given by Yu and Sanday (1991) for elastic Green’s tensor
in an isotropic half-space. Expression by Yu and Sanday (1991) has a simple form, but it cannot be used
directly for our analysis, because it contains non-harmonic functions of the type xln(R+ + z + z 0). One uses
the circumstance that only derivatives of such non-harmonic functions appear in the equation for Green’s ten-
sor. Performing differentiation and rearranging terms, one obtains Eq. (30), which contains only powers of R

and the harmonic potential v+ (31). Then one can make integration using the procedure of Appendices A and
C.1. The term x03=Rþ is casted in the desired form straightforwardly, x03=Rþ ¼ oRþ=ox03 � x3=Rþ. Elastic fields
due to non-hydrostatic inclusions in bi-materials can be also expressed through the potentials 1/R±, R±, v±

(Mura, 1987), and hence can be integrated analytically.
5.3. Mindlin and Cherruti problems

The classical Mindlin and Cherruti problems deal with deformations of a semi-infinite solid induced by an
interior or surface force ~F. One meets Cherruti problem also in analysis of piezoelectric effects in quantum
dots (Davies et al., 1998). Usually one assumes that the force is applied to a single point. In this formulation
the problem is reduced to calculation of the Green tensor. Much work has been done in the elasticity theory to
calculate the Green tensor in a transversely isotropic (Chowdhury, 1987; Liao and Wang, 1998) and non-uni-
form (Wang et al., 2003) media. We restrict ourselves to a uniform isotropic half-space, where the Green ten-
sor is given by Eq. (30).

The formal solution to the Mindlin and Cherruti problems is given by the integral
uið~rÞ ¼
Z

F jð~r0ÞGijð~r;~r0Þd~r0; ð32Þ
where the integration is carried over the volume V or the surface S to which the force is applied. In contrast to
Eq. (8), the Green tensor here is not differentiated. Integral (32) can still be found analytically as is explained in
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Appendix C.2. As an illustration, we consider a unit vertical force Fz applied to a horizontal polygonal plate,
which is buried at some depth. The normal surface displacement uz due to this force is equal to
Fig. 5.
radii a
uz ¼
1

4pl

X
edges

½2ð1� mÞrbI�1 þ ð1� 2mÞðrnJ�1 � jrnjhÞ�: ð33Þ
Figs. 5 and 6 show results of calculations according to Eq. (33) for a star-shaped plate, buried in formation
with m = 0.25. The shape effects are essential only at short distances. At distances larger than the characteristic
size of the plate, the response is similar to the response from a point source.

5.4. Inclusions with non-uniform eigenstrain

If the inclusion strain has a linear dependence on the coordinate,
eðIÞij ¼ eð0Þij þ eð1Þijk xk; ð34Þ
where eð0Þij and eð1Þijk are constant tensors, then in additions to previously calculated integrals one needs to inte-
grate Green’s functions with weights x0k. The corresponding integrals have been calculated for ellipsoidal inclu-
sions using the Ferrers and Dyson formula (Moschovidis and Mura, 1975; Mura, 1987). In this Section we
explain how to perform such an integration over polyhedra. We consider hydrostatic inclusions only.

For our purpose we need to express functions of the type rnxixj. . . through derivatives of rn and then use
equations of Appendix A. We start from the relations rrn ¼ nrn�2~r and r	~r ¼~ei 	~ei, where 	 is the sign of
the tensor multiplication as in Appendix A. Applying the operator $	 to these relations recursively one finds
r	rrn

n
¼ rn�2~ei 	~ei þ ðn� 2Þrn�4~r	~r; ð35Þ

r 	r	rrn

nðn� 2Þ ¼ rn�4
X
f~r	~ei 	~eig þ ðn� 4Þrn�6~r	~r	~r; ð36Þ

r 	r	r	rrn

nðn� 2Þ ¼ rn�4
X
f~ej 	~ej 	~ei 	~eig

þ ðn� 4Þ rn�6
X
f~r	~r	~ei 	~eig þ ðn� 6Þrn�8~r	~r	~r	~r

h i
: ð37Þ
Normalized surface displacement due to a unit vertical force applied to a horizontal star-shaped plate. The outer and inner star
re 1 and 0.1, and the plate is buried at an infinitesimally small depth.



Fig. 6. The same as Fig. 5 with the plate buried at depth 0.2.
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The curly brackets { � � � } in Eqs. (36) and (37) denote all different permutations of distinguishable vectors. For
example, the sum

P
f~r	~r	~ei 	~eig contains six terms, since every arrangement is determined by positions of

two vectors ~r, and hence the number of distinguishable combinations is equal to C(4, 2) = 6. The sumP
f~ej 	~ej 	~ei 	~eig contains three terms: the indices ‘‘i’’ and ‘‘j’’ are dumb, and we do not distinguish their

interchanging i M j. Eqs. (35)–(37) allow to express values rn~r	 . . .	~r through combinations $ 	 . . . 	 $rn

that have been integrated in Appendix A.
Combinations of the type~r	 � � � 	~r=r appear when one calculates the Newtonian potential

R
ðqe=rÞdV pro-

duced by bodies with densities qeð~rÞ varying according to a polynomial law, qe ¼ cð0Þ þ cð1Þi ri þ cð2Þij xixj þ � � �.
Analytical expressions for the Newtonian potential produced by polyhedra with linear density have been pre-
sented by Pohánka (1998); Hansen (1999); Holstein (2003). Densities with a quadratic and cubic dependence
on one of the coordinates have been analyzed by Gallardo-Delgado et al. (2003) and Garcı́a-Abdeslem (2005)
for the case of right rectangular prisms. Our equations provide analytical formulas for the Newtonian poten-
tial of polyhedra whose density is an arbitrary polynomial of the fourth degree.

Inclusions with an arbitrary eigenstrain, can be approximated by piece-wise linear inclusions, similarly to
what is done in finite-element codes. One splits the space into tetrahedral cells and specifies the values of the
eigenstrain in the vertices. The eigenstrain tensor inside each of the tetrahedra can be chosen in the from of Eq.
(34). For each component eðIÞij one can adjust the four arbitrary constants eð0Þij and eð1Þijk with k = 1, 2, 3 in such a
way, that eðIÞij has the specified values in the four vertices of the tetrahedron. Summing contributions from sep-
arate tetrahedra one obtains the total elastic field. The resulting eigenstrain field will be continuous every-
where. Thus, a linear finite-element analysis of inclusions in bi-materials can be done analytically.
5.5. Quantum wires

Formally, we have already derived the two-dimensional quantum wire solution. It can be viewed as the lim-
iting case of our formulas, where the inclusion has an infinitely large extension in one direction. However, gen-
eral equations in this limit contain infinitely large terms canceling each other. For this reason, it is more
convenient to make the transition to the two-dimensional case analytically, similarly to what is done in the
gravity theory (MacMillan, 1930).

We assume that the wire is aligned along the y-axis, and integrate the potentials 1/R±, R±, and v+ in the y-
direction from �y0 to y0, where y0 is a large value. Neglecting constants of integration, which disappear when
the Green tensor is differentiated according to Eq. (8), we obtain the two-dimensional counterparts of the
above potentials,
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/ ¼ �2 ln q; w ¼ �q2 ln q;

v ¼ ðx2 � z2Þ ln q� 2xz arctan
z
x
; ð38Þ
where q = (x2 + z2)1/2. The potential v in Eq. (38) is a harmonic function, which is equal to the real part of the
complex function nlnn, with n = x + i z.

Since elastic deformations are determined by derivatives of potentials, it is sufficient to use Eqs. (A.12) and
(A.14). Derivatives along the vector~n are absent in the two dimensional case. Making the substitution F = $f,
we have
Z Z

polygon

r	r	rf dS ¼
X
edges

~b	 ~v	rf js2

s1
�~b	 ð~n�rf Þjs2

s1
þ~b	~b

Z
r2f drv

� �
: ð39Þ
Setting f = /, w, v one calculates the required integrals. In particular,
Z Z
ðln qÞ;ijdS ¼

X
edges

biðvj ln qþ bjhÞ


s2

s1
; ð40Þ

Z Z
w;ijkldS ¼

X
edges

fbi½vjw;kl þ bjðvkbm � bkvmÞw;ml � 4bjbkðvl ln qþ blhÞ�g


s2

s1
: ð41Þ
Eqs. (40) and (41) are sufficient to determine the Eshelby tensor in an infinite space.
Notice an analogy between Eqs. (12) and (40). Eq. (12) contains the solid angle X subtended by the surface,

and Eq. (40) contains the edge apex angle h. Following the discussion of Section 3.2, one concludes that the
diagonal components of the stress tensor in directions perpendicular to the boundaries of a rectangular wire
are determined by the sum of apex angles of two opposite boundaries (Downes et al., 1995).

6. Piezoelectric fields

The piezoelectric fields in quantum dots have been calculated both numerically (Grundmann et al., 1995;
Jogai, 2001) and analytically (Larkin et al., 1997; Williams et al., 2004, 2005). Davies (1998, 1999) has derived
simple equations for spherical and cuboidal dots in a uniform infinite medium. More sophisticated approaches
have been developed by Pan, who has analyzed the anisotropy effects (Pan, 2002c) and introduced a fully cou-
pled model (Pan, 2002a), where not only does the elastic stress generate a piezoelectric field, but also the pie-
zoelectric field influences the stress–strain relation. The model of Pan (2002a) has been used to investigate a
semi-infinite anisotropic medium (Pan, 2002b; Pan and Yang, 2003). Wang et al. (2006) have analyzed the case
of an arbitrary anisotropy. In order to calculate the required integrals, Wang et al. (2006) approximated arbi-
trary surfaces by a set of triangles, which is essentially the same as the approach suggested by Rodin (1996).

Results by Pan (2002a,b); Pan and Yang (2003) refer to a point quantum dot, and they have been derived in
the Fourier space, except for the case of an isotropic medium with a conducting surface. In order to analyze
finite size effects one needs to use the inverse 2D Fourier transform and then perform an additional three-
dimensional integration. An alternative approach has been suggested by Williams et al. (2004, 2005), who
reduced calculation of piezo-electric field to calculation of surface integrals. This simplification was possible,
because Williams et al. (2004, 2005) considered an elastically anisotropic infinite space. Still, the resulting sur-
face integrals have not been found explicitly.

In this Section we derive fully analytical, algebraic relations for piezoelectric fields induced by cuboidal
quantum dots in bi-materials. It is also explained how to obtain the corresponding relations for polyhedral
dots. We restrict ourselves to a semi-coupled model, which according to Pan (2002a) is accurate enough for
GaAs.

6.1. Strain-induced potential

Strains in a solid medium induce an electric polarization with the dipole momentum per unit volume
~P ¼ dijkeðeffÞ

jk . Here, dijk is the piezoelectric tensor. The correspondent electric displacement vector is given
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by ~D ¼ �~E þ 4p~P, where ~E is the electric field, and � is the intrinsic dielectric constant of the medium. In the
static case, the electric field is determined by the scalar piezoelectric potential u, ~E ¼ �ru. If external electric
charges are absent, then the electric displacement vector satisfies the equation r � ~D ¼ 0, which reduces to
r2u ¼ 4p
�
r � ~P: ð42Þ
Solution of Eq. (42) is written as u = uP + ub. Here, uP is a particular solution and ub is a harmonic poten-
tial, which is chosen to satisfy the condition at the interface.

One can express uP through the vector pseudopotential ~P: uP = (4pdijk/�)Pk, ij, which is defined as a non-
singular solution of the equation r2~P ¼~u (Davies et al., 1998). The vector pseudopotential for isotropic half-
space is found by integrating the Green tensor (30) taking into account the expressions $2r = 2/r, $2r3 = 12r,
and r2½3ð~a �~rÞ2v� r3� ¼ 18v. In case of hydrostatic inclusions in a transversely isotropic media, one needs to
integrate values eRð�ki; kjÞ (29). To perform this integration, we introduce the function v(± ki,kj),
vð�ki; kjÞ ¼ ð�kizþ kjz0Þ ln½eRð�ki; kjÞ � kizþ kjz0� � kizþ kjz0: ð43Þ
One can check that r2vð�ki; kjÞ ¼ ðk2
i � 1Þ=eRð�ki; kjÞ, which leads to
r2 vð�ki; kjÞ � �vð�ki; kjÞ
k2

i � 1
¼ 1eRð�ki; kjÞ

: ð44Þ
Here, �vð�ki; kjÞ is a harmonic function, which is obtained from v(±ki,kj) by stretching the horizontal coordi-
nates as (x,y)! ki(x,y). The function �vð�ki; kjÞ is introduced to avoid non-physical singularities that would
represent external charges.
6.2. Isotropic cubic lattices

Cubic lattices are characterized by three independent Voigt constants: C11 = C22 = C33, C12 = C13 = C23,
and C44 = C55 = C66. In this Section we consider a particular case, where the above constants are related
by the isotropic condition C11 = C12 + 2C66.
6.2.1. Particular solution

The piezoelectric tensor dijk for crystals with cubic lattices has six non-zero elements with i5j5k. All these
elements are equal to d14, so that ~P ¼ 2d14ðeyz~ex þ exz~ey þ exy~ezÞ, and Eq. (42) reduces to
r2u ¼ 6d14

�H
o
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ox0oy 0oz0
1

R�
þ s0ð1� jÞ

3Rþ

�
þ s0z0

o
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� s0

o
2Rþ
oz02

�
: ð45Þ
Integrating Eq. (45) we find
uP ¼
3d14

�H
o2

ox0oy 0
z0 � z
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1

Rþ

�
: ð46Þ
We have performed the differentiation with respect to z 0 explicitely, since form (46) is convenient to analyze
conditions at interface.
6.2.2. Conducting interface

If the interface is conducting, then u = u(cond) = 0 at z = 0, which is satisfied for
uðcondÞ
b ¼ � 3d14

�H
o2

ox0oy0
z0

Rþ
þ s0ð1� jÞ
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z0

Rþ
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2
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2

o

oz0
1

Rþ

�
: ð47Þ
Eqs. (46) and (47) coincide with equations by Pan (2002a) for a traction-free interface. Combining Eqs. (46)
and (47) and performing the integration with respect to z 0 we find
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uðcondÞ ¼ 3d14
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: ð48Þ
Eq. (48) reproduces the result by Davies (1998) in the limit of an infinite medium. Eq. (48) can be integrated to
give the piezoelectric potential induced by arbitrary polygonal inclusions. The integration is trivial for the case
of parallelepiped-shaped inclusions, where the resulting piezoelectric potential is obtained by summing the
expression standing in curly brackets over the vertices of the parallelepiped with alternating signs.

Fig. 7 shows the electric potential in the plane y = 0.5 and the vertical electric field at the interface induced
by a parallelepiped-shaped inclusion. The piezoelectric potential and the electric field have an octuple struc-
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ture. Maxima and minima are located near the positions of vertices. The same pattern has been observed by
Pan (2002a).
6.2.3. Insulating interface

The boundary condition for an insulating interface reads as Dz = 0, or oub=oz ¼ ouðinsÞ
b =oz ¼

�ouP=ozþ ð4p=�ÞP z at z = 0. Pan (2002a) has expressed the corresponding potential uðinsÞ
b in terms of double

Fourier integrals. We see however that the potential uðinsÞ
b admits an analytical representation,
uðinsÞ
b ¼ d14

�H
o

2

ox0oy0
3z0

Rþ
� s0ð5� 2jÞz0

2Rþ



þ 1þ s0

2
ð1� 2jÞ

h i ovþ
oz0
� 3s0

2
z02

o

oz0
1

Rþ

�
: ð49Þ
Combining Eqs. (46), (49) and performing another integration with respect to z
0
, we find the full potential
uðinsÞ ¼ d14

�H
o

3

ox0oy0oz0
3ðR� þ RþÞf � 3þ s0

2
ð1þ 2jÞ

h i
z
ovþ
oz0
þ 1þ s0

2
ð1� 2jÞ

h i
vþ �

3s0z2

2Rþ

�
: ð50Þ
Fig. 8 shows the piezoelectric potential and the horizontal electric field Eh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

x þ E2
y

q
produced by a paral-

lelepiped-shaped inclusion at the insulating surface. The geometry and normalizations are the same as in
Fig. 7. The resulting fields agree with calculations of Pan (2002b) for quantum dots in GaAs (0,0,1). Fig. 9
shows piezoelectric fields due to a cuboidal inclusion with unit length, whose diagonal is perpendicular to
the interface. The piezoelectric fields are similar to those found by Pan (2002b) for a quantum dot buried
in GaAs (1, 1,1).
6.3. Anisotropy effects in cubic lattices

In this Section we consider the substrate GaAs (0, 0,1), whose elastic moduli are equal to
B = C11 = 118 · 109 N/m2, G = C66 = 59 · 109 N/m2, and F = C13 = 54 · 109 N/m2. One can model this lat-
tice by specifying the elastic constants C66 and C12 = C13, and then calculating C11 from the isotropic condi-
tion C11 = C12 + 2C66 = 172 · 109 N/m2. Such an approach however predicts incorrect values of elastostatic
strains (Pan and Yang, 2001) and incorrect patterns of piezoelectric fields (Pan, 2002b). We propose an alter-
native method of modeling, where a cubic lattice is approximated by a vertically isotropic medium. Namely,
we treat B, G, and F as three independent parameters. We also use the conditions C11 = C22 = C33, C13 = C23,
and C44 = C55 = C66, which are satisfied for cubic lattices. In contrast to actual cubic lattices, the parameter
C12 is not equal to C13, and it is found from the relation C12 = C11 � 2C66, which holds also for transversely
isotropic media. Calculations given below show that the method proposed gives qualitatively the same results
as rigorous modeling (Pan, 2002b).

Substituting Eqs. (27) and (28) into Eq. (42) one finds that the piezoelectric potential in a transversely iso-
tropic medium satisfies the equation
r2u ¼ 4d14

�B
o3

ox0oy 0oz0
qþ þ 2kþ
� � aþeRð�kþ; kþÞ

� a11eRðkþ; kþÞ � a12eRðkþ; k�Þ
" #(

þ q� þ 2k�ð Þ a�eRð�k�; k�Þ
� a21eRðk�; kþÞ � a22eRðk�; k�Þ

" #)
: ð51Þ
Each of the terms proportional to 1=eRð�ki; kjÞ is integrated using Eq. (44), which gives the function uP.
The function v(1,kj) is harmonic and at z = 0 it coincides with v(±ki,kj). Consequently, the boundary con-

dition on a conductive interface is satisfied if one sets v(±ki,kj)! v(±ki,kj) � v(1,kj) in Eq. (44). One should
also make the substitution �vð�ki; kjÞ ! �vð�ki; kjÞ � �vðki; kjÞ to ensure absence of singularities along the axis
x � x 0 = 0 and y � y 0 = 0.

The vertical component of the dipole momentum Pz is equal to
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Fig. 8. Piezoelectric potential and horizontal electric field at z = 0 due to a parallelepiped-shaped inclusion in a half-space with insulating
surface.
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4p
�

P z ¼
4d14

�B
o4

ox0oy0oz0oz
1

kþ
aþvð�kþ; kþÞ � a11vðkþ; kþÞ � a12vðkþ; k�Þ½ �



þ 1

k�
a�vð�k�; k�Þ½

�a21vðk�; kþÞ � a22vðk�; k�Þ�
�
: ð52Þ
From Eqs. (44), (51), (52) one sees that the value Dz = �o uP/oz + (4p/�)Pz is a sum of fourth order deriva-
tives with respect to x 0, y 0, z 0, and z of some expressions, symbolically written as (. . .). The brackets (. . .) con-
tain terms proportional to v(± ki,kj) and �vð�ki; kjÞ. Since ov(±ki,kj)/oz / ± ki, the substitutions
v(±ki,kj)! v(±ki,kj) 
 kiv(1, kj) and �vð�ki; kjÞ ! �vð�ki; kjÞ 
 �vðki; kjÞ in above brackets result in the solution
for an insulated interface.
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The vertical electric field at an insulating interface is equal to Ez = �(4p/�Pz). To calculate Ez for a cuboidal
inclusion, one sums the expression in curly brackets in Eq. (52) over the vertices. Fig. 10 shows the result of
this calculation. The same pattern as in the left side of Fig. 10 has been obtained by Pan (2002b), who calcu-
lated piezoelectric fields due to buried quantum dots. A deeply buried cube produces practically the same field
at the interface as a dot. When the size of inclusion is comparable to its depth, then the difference with the dot
becomes visible. When the cube lays close to the surface, then the central circle in Fig. 10 disappears, and the
pattern becomes topologically the same as in the isotropic case. This example shows that the approximation of
a point-wise inclusion can fail to describe the interface effects adequately.
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6.4. Nitride-based dots

Nitride alloys generally possess hexagonal lattices. The piezoelectric as well as elastic structure of such lattices is
transversely isotropic. If the symmetry axis is in the z-direction, then the non-vanishing components of the piezo-
electric tensor are equal to d113 = d223 = d15, d311 = d322 = d31, d333 = d33 (Williams et al., 2004; Pan, 2002a), and
r �~P ¼ d31

or �~u
oz
þ d15r2

?uz þ ðd33 � d31Þ
o2uz

oz2
: ð53Þ
Eq. (42) reduces in the case considered to the form of Eq. (51), and it is solved in the same way. The difference
with the cubic lattices is that one meets double differentiations with respect to same coordinates. To integrate
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the resulting expressions one should use equations of Appendices A, C even for cuboidal inclusions. One
should also have in mind that the piezoelectric field is strong in nitride alloys, and hence a semi-coupled model
might be inadequate (Pan, 2002a).

7. Conclusions

We have considered misfitting inclusions in uniform semi-space and bi-materials, which can possess a trans-
verse isotropy. Analysis of deformations induced by such inclusions is reduced to calculation of integrals con-
taining harmonic and higher harmonic functions and their derivatives. In case of uniform polyhedral
inclusions, we have expressed the correspondent integrals through algebraic functions. This provides a fully
analytical description of the induced deformations.

The above result allows to solve exactly a number of problems in physics and material science. The simplest
example is analysis of elastic fields due to inclusions in an infinite space, which has been considered in Section
3. Rodin (1996) has described an approach to find the Eshelby tensor in this case by subdividing the inclusion
in rectangular simplexes. Explicit calculations have been carried out by Nozaki and Taya (2001), who have
arrived at bulky equations. Our method leads to relations (11), (18) and (19), which have essentially simpler
form. Another advantage of this method is that one does not need to triangulate the inclusion surface. This
reduces the calculations and makes the integration procedure more transparent.

We have generalized results of Glas (1991, 2001) concerning hydrostatic inclusions in a half-space in three
respects. First, we have derived explicit analytical formulas for arbitrary polyhedral inclusions. Second, we
have considered inclusions in bi-materials. Third, we have taken into account anisotropy effects. In addition,
we have removed existing inaccuracy in calculation of stresses inside the inclusion.

We have analyzed anisotropy effects following the approach presented in Appendix B. This approach is
based on the reflectivity method by Kennett (1983) and it has several advantages compared to methods pre-
sented in the literature (Pan and Chou, 1979b; Yu et al., 1995). It is physically more transparent, since the
answer is expressed in terms of reflection and transmission matrices, and it is also applicable to multi-layered
media. In previous studies, elastic fields of quantum dots in multi-layered media have been determined implic-
itly, as solutions of a system of algebraic equations (Yang and Pan, 2003). Recursion relations (B.22), (B.23)
together with Eqs. (B.25) and (B.26) provide an explicit solution to the problem.

We have reduced standard expressions for the non-hydrostatic Green tensor to form (30), which contains
only harmonic and higher harmonic functions, and hence it can be integrated analytically. This gives a com-
plete solution to the problem of uniform non-hydrostatic polyhedral inclusions in a half-space. As an illustra-
tion, we have solved the Mindlin and Cherruti problems for polygons.

In the case of inclusions with a non-uniform eigenstrain, one deals with the same type of integrals, which
can be found explicitely. This opens the possibility to carry out analytically calculations of finite-element type.
The derived equations, being applied to the Newtonian potential, give the gravitational field produced by
bodies whose density varies as a fourth order polynomial. Solution of this type has not been presented in
the literature.

The method developed has been applied to calculate piezoelectric fields around quantum dots in both iso-
tropic and anisotropic (transversely isotropic) media. In previous calculations of piezoelectric fields by Pan
(2002a,b), the corresponding Green functions have been found only in Fourier space, except for the case of
a traction-free conductive surface (Pan, 2002a). We not only have derived these Green functions in the coor-
dinate space, but also have integrated them analytically over the inclusion volume. Note, that a cubic inclusion
in an isotropic material reproduces fields of quantum dots in GaAs (0, 0,1) and GaAs (1,1,1) depending on the
orientation of the cube, see Figs. 8 and 9. This suggests that effects related to the lattice geometry can be qual-
itatively modeled by choosing an appropriate inclusion shape.

Our results can be also used in cases, where a fully-analytical solution is not feasible. For example, Sharma
with co-authors have proposed to describe nonlocal effects in quantum dots by the Yukawa potential,
exp(�r/k)/r, where k is some characteristic length, and have analyzed the dot shape effects by calculating three
dimensional integrals (Sharma and Dasgupta, 2002; Zhang and Sharma, 2005). In Appendix A we have
expressed integrals of arbitrary functions f(r) over polyhedral volumes through line integrals, which allows
to significantly simplify calculations.
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We expect that our results will help to better understand physical properties of quantum dots and they will
be also useful in traditional geophysical and elasto-mechanical applications.
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Appendix A. Basic integrals

In this Appendix we calculate integrals, which are used all across the paper. The derivation procedure is
similar to what has been done in gravimetry theory (Holstein, 2002). An essential difference is that we carry
out the calculations in a more general form, without using particular properties of the Newtonian potential.

A.1. Problem statement and notations

We consider volume integrals of the type
Z Z Z
o

ox1

o

ox2

� � � o

oxm
rqdV : ðA:1Þ
Here, q is an integer number, xj are coordinates, and the integration is carried out over the volume of a poly-
hedron. Integrals (A.1) can be formally treated as contractions of the tensor
TðqÞm ¼
Z Z Z

ðr 	 . . .	rÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
m times

rqdV ðA:2Þ
with a set of coordinate vectors~e1; . . . ; ~em, i.e. as TðqÞm ð~e1; . . . ; ~emÞ. Using Green’s theorem, one expresses vol-
ume integrals (A.2) through surface integrals,
TðqÞm ¼
X

polygons

~n	UðqÞm�1; ðA:3Þ
where
UðqÞm ¼
Z Z

polygon

r	 . . .	rð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
m times

rq dS; ðA:4Þ
and ~n is the normal vector to the surface in the outer direction.

A.2. Integrals UðqÞ0

An arbitrary vector ~Xs, which is parallel to a flat surface,~n � ~Xs ¼ 0, satisfies the identity~n � r � ð~n� ~XsÞ ¼
r � ~Xs. Using the Stokes theorem to integrate this identity over a polyhedron we arrive at
Z Z

polygon

r � ~XsdS ¼
I
ð~n� ~XsÞ � d~l ¼

X
edges

Z
~b � ~Xsds: ðA:5Þ
Here, d~l ¼~vds and~v is the unit vector along the polygon edge. Direction of~v is determined by the convention that
the polygon boundary is oriented counter-clockwise when looking at the surface from outside the polyhedron.

We apply Eq. (A.5) to the vector ~Xs ¼~rsf =r2
s , where f is an arbitrary function and~rs ¼~r�~nð~n �~rÞ is the

projection of the radius vector on the surface. This results in
Z Z
polygon

~rs � rf
r2

s

dS ¼
X
edges

rb

Z
f � f ð~rnÞ

r2
s

drv: ðA:6Þ
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We have taken into account that r � ð~rs=r2
s Þ ¼ r2 ln rs ¼ 2pdð~rs), where dð~rsÞ is the delta function in two

dimensions, and have added the term proportional to f ð~rnÞ to represent this delta function.
Eq. (A.6) for f(r) = rq+2 gives
ðqþ 2ÞUðqÞ0 ¼
X
edges

½rbIq þ rn J q � jrnjqJ 0

� �
�; ðA:7Þ
where we have introduced the notations
Iq ¼
Z

rqdrv; J q ¼ rnrb

Z
rqdrv

r2
s

: ðA:8Þ
The integral J0 is related to the apex angle h as J0 = rnh, the integral I0 is found by elementary integration,
I0 ¼

R
drv ¼ rv, and the integrals I�1 and J�1 are equal to
I�1 ¼ lnðr þ rvÞjs2

s1
; J�1 ¼ arctan

rnrv

rbr

� �



s2

s1

: ðA:9Þ
Using the recurrence relations
ð1þ qÞIq ¼ rvrq þ qr2
?Iq�2; J q ¼ rnrbIq�2 þ r2

nJ q�2; ðA:10Þ
where r? ¼ ðr2
b þ r2

nÞ
1=2, one determines the integrals Iq and Jq for all q. Substituting Eq. (A.10) into Eq. (A.7)

we obtain the recurrence relation for UðqÞ0 ,
ðqþ 2ÞUðqÞ0 ¼ qr2
nU
ðq�2Þ
0 þ

X
edges

rbIq; ðA:11Þ
which involves computation of Iq only.

A.3. Integrals with derivatives of functions

Once the values UðqÞ0 are known, the integrals UðqÞm can be also calculated analytically. One can do it by mak-
ing the substitution~r!~r�~r0 in expressions for UðqÞ0 and then differentiating them with respect to components
of~r0. Since such a procedure is very tedious (MacMillan, 1930), we use direct integration.

Decomposing the gradient of an arbitrary function f as rf ¼ ð~n � rf Þ~nþrsf , where $sf denotes differen-
tiation in the polygon plane, and using Eq. (A.5) we obtain
Z Z

polygon

rf dS ¼
X
edges

~b

Z
f dsþ~n

Z Z
polygon

ð~n � rf ÞdS: ðA:12Þ
For power functions f(r) = rq, from Eqs. (A.6) and (A.12) it follows
UðqÞ1 ¼
X
edges

½~bIq þ~nðJ q � jrnjqJ 0Þ�; ðA:13Þ
which can be also written as the recurrence relation UðqÞ1 ¼ qrn~nUðq�2Þ
0 þ

P~bIq.

A.4. Higher order derivatives

Applying Eq. (A.12) to f = $F, after some algebra we find
Z Z
polygon

r	rF dS ¼~n	~n
Z Z

polygon

r2F dS þ
X
edges

~b	~vF



s2

s1

�
þ ð~b	~nþ~n	~bÞ

Z
~n � rF ds

þ ð~b	~b�~n	~nÞ
Z
~b � rF ds

�
: ðA:14Þ
If the function F is harmonic, then the first term in the right side of Eq. (A.14) vanishes, so that the volume
integral is expressed through line integrals. If F = rq, then Eq. (A.14) reduces to
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UðqÞ2 �
Z Z

polygon

r	rrqdS ¼ qðqþ 1Þ~n	~nUðq�2Þ
0

þ
X
edges

~b	~vrqjs2

s1
þ q ~b	~nþ~n	~b

� 	
rn

hn
þ ~b	~b�~n	~n
� 	

rb

i
Iq�2

o
: ðA:15Þ
Differentiation of Eq. (A.15) gives
UðqÞ3 ¼ qðqþ 1Þ~n	~nUðq�2Þ
1 þ q

X
edges

~b	~v	~rrq�2



s2

s1

þ ½ð~b	~nþ~n	~bÞrn þ ð~b	~b�~n	~nÞrb�



	 ~vrq�2


s2

s1
þ ðq� 2Þ~r?Iq�4

h i
þ ½ð~b	~nþ~n	~bÞ 	~nþ ð~b	~b�~n	~nÞ 	~b�Iq�2

�
; ðA:16Þ
where~r? ¼ rn~nþ rb
~b.

To derive integrals with higher order derivatives one replaces F in Eq. (A.14) by $ 	 . . . $ 	 F.

Appendix B. Transversely isotropic medium

Green’s function problem for transversely isotropic half-spaces and bi-materials was investigated in numer-
ous studies. The history of the problem and explicit expressions are presented by Pan and Chou (1979a,b);
Walker, 1993; Yu et al. (1994, 1995); Yue, 1995; Yu and Rath, 2000. Liao and Wang (1998, 1999) review solu-
tions for displacements, strains, and stresses in a half-space subjected to different types of loads. In this Appen-
dix we outline an alternative derivation of Green’s functions, which is based on the reflectivity method by
Kennett (1974, 1983) (see also Fuchs and Müller (1971) and Müller (1985)). This is the standard method in
theory of seismic waves in horizontally layered media (Booth and Crampin, 1983; Ursin, 1983; Fryer and
Frazer, 1984), and it turns out to be an effective tool in geomechanical calculations (Kuvshinov, 2007b).

B.1. Governing equations

The momentum balance equation and the stress–strain relation describing a uniform elastic layer with arbi-
trary anisotropy can be reduced to a set of first order differential equations with respect to the vertical coor-
dinate z (Woodhouse, 1974). For a transversely isotropic layer these equations have the form (Takeuchi and
Saito, 1972; Kennett, 1983),
o

oz
r �~u? ¼

1

N
r �~s?z �r2

?uz; ðB:1Þ

ouz

oz
¼ 1

H
ðszz � Fr �~u?Þ; ðB:2Þ

oszz

oz
¼ q

o
2uz

ot2
�r �~s?z � F z; ðB:3Þ

o

oz
r �~s?z ¼ q

o2

ot2
� B� F 2

H

� �
r2
?

� �
r �~u? �

F
H
r2
?szz �r �~F?; ðB:4Þ

o

oz
ðr �~uÞz ¼

1

N
ðr �~s?zÞz; ðB:5Þ

o

oz
r�~s?zð Þz ¼ q

o2

ot2
� Gr2

?

� �
ðr �~u?Þz � ðr �~F?Þz: ðB:6Þ
Here, B, H, N, F, and G are elastic moduli of the medium, which are expressed through Voigt constants Cjk as
B ¼ C11; H ¼ C33; N ¼ C44; F ¼ C13; G ¼ C66; ðB:7Þ
and we have introduced the notation ~s?z ¼ ðsxz; syz; 0Þ. In the fully isotropic case B = H, G = N, and
F = H � 2N. The peculiarity of a transversely isotropic medium is that six Eqs. (B.1)–(B.6) split in two inde-
pendent groups. For this reason, closed form analytical expressions for Green’s functions in such media can be
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found. Four Eqs. (B.1)–(B.4) describe deformations with the vertical polarization. Two equations (B.5) and
(B.6) describe deformations with the horizontal polarization.

We consider dilatational deformations caused by a potential external force~f ¼ �rp. Since r�~f ¼ 0, the
deformations with the horizontal polarization are absent. We apply an integral transform in the horizontal
plane, which converts the Laplacian operator into a multiplicative operator
r2 ! k2
?; ðB:8Þ
where k? has the meaning of a horizontal wave vector. Assuming a harmonic time dependence of the form
exp(�ix), we reduce equations for deformations with the vertical polarization to
o

oẑ

r � ~̂u?
ŝzz

r�~̂s?z
k?

k?ûz

0BBBB@
1CCCCA

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
~w

¼

0 0 1=N 1

0 0 �1 �X2

�X2 þ B� F 2=H F =H 0 0

�F =H 1=H 0 0

0BBB@
1CCCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A

þ

0

0

p̂

0

0BBB@
1CCCA

|fflffl{zfflffl}
~̂f

:
ðB:9Þ
Here, X2 ¼ qx2=k2
? is the normalized frequency, k? is the horizontal wave vector, ẑ ¼ k?z, and hats with other

variables denote their integral transforms.

B.2. Eigenmodes and eigenvalues

The matrix A in Eq. (B.9) has four eigenvalues, ± k+ and ±k�, where Re(k±) > 0. The squares of eigen-
values k2

� are determined by the dispersion relation
k2
� ¼

1

2
b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4c

p� 	
; ðB:10Þ
with
b ¼ BH � F ðF þ 2NÞ � ðH þ NÞX2

NH
; c ¼ ðB� X2ÞðN � X2Þ

NH
: ðB:11Þ
The eigenvectors of A are columns of the matrix M,
M ¼

1 1 1 1

�s� �sþ �s� �sþ
qþsþ q�s� �qþsþ �q�s�
�qþ �q� qþ q�

0BBB@
1CCCA ðB:12Þ
The order of columns of M is specified according to the order of eigenvalues k+, k�, �k+, � k�. The constants
s± and q± entering Eq. (B.12) are equal to
s� ¼ N
Hk2

� þ F þ X2

F þ N
; q� ¼

B� X2 � Nk2
�

k�ðF þ NÞ : ðB:13Þ
Once the eigenvalues and eigenvectors of the matrix A are known, one obtains the general solution of Eq.
(B.9),
~wðzÞ ¼M � ~C þ~wpart; ~CðzÞ ¼ eEð̂z�ẑ0Þ � ~Cðz0Þ: ðB:14Þ
Here, ~wpart is a particular solution of Eq. (B.9),
~wpart ¼
p̂

B� X2
1; F ; 0; 0ð ÞT; ðB:15Þ
E is the eigenvalue matrix, and
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eEðẑ�ẑ0Þ ¼

ekþð̂z�ẑ0Þ 0 0 0

0 ek�ð̂z�ẑ0Þ 0 0

0 0 e�kþð̂z�ẑ0Þ 0

0 0 0 e�k�ð̂z�ẑ0Þ

0BBB@
1CCCA: ðB:16Þ
We have assumed that the matrix A is non-degenerate, so that its four eigenvalues are distinct. If the matrix A
is degenerate, then the eigenvalue matrix E is replaced by the Jordan matrix, and one composes the matrix M
from the generalized eigenvectors of A (Kuvshinov, 2007b).
B.3. Reflection and transmission matrices

Eq. (B.14) can be viewed as a translation rule for the vector ~C . In the absence of external forces
~CðbÞ ¼ Qðb; aÞ � ~CðaÞ. If points a and b belong to the same material, then Qðb; aÞ ¼ exp½Eðẑb � ẑaÞ�, where
ẑa and ẑb are normalized vertical coordinates of corresponding points. If points ‘‘a’’ and ‘‘b’’ belong to different
materials separated by a horizontal interface, then from the condition ~wðaÞ ¼ ~wðbÞ it follows
Qðb; aÞ ¼M�1ðbÞ �MðaÞ: ðB:17Þ
Direct calculation shows that the matrix Q in Eq. (B.17) has a symmetric block structure,
Qðb; aÞ ¼
Quðb; aÞ Qdðb; aÞ
Qdðb; aÞ Quðb; aÞ

� �
; ðB:18Þ
with
Qu;dðb; aÞ ¼
1

2½sþðbÞ � s�ðbÞ�
�Dð�;þÞ � qþðaÞ

qþðbÞ
Dðþ;�Þ �Dðþ;þÞ � q�ðaÞ

qþðbÞ
Dð�;�Þ

Dð�;�Þ 
 qþðaÞ
q�ðbÞ

Dðþ;þÞ Dðþ;�Þ 
 q�ðaÞ
q�ðbÞ

Dð�;þÞ

0@ 1A: ðB:19Þ
Here, Dðr1;r2Þ ¼ sr1
ðaÞ � sr2

ðbÞ, the upper sign in ‘‘ ± ’’ and ‘‘ 
 ’’ refers to Qu and the lower sign refers to Qd.
The vector ~C has four components. The sub-vector ~Cu composed from the first two components of ~C

describes amplitudes of the eigenmodes propagating in the negative direction (opposite to~ez). The complimen-
tary sub-vector ~C d describes amplitudes of the eigenmodes propagating along ~ez. Kuvshinov (2007b) has
shown that LU-decomposition of the matrix Q gives the reflection and transmission matrices for vectors
~Cu;d , which in accordance with the reflectivity method of Kennett (1983) are equal to
Tða; bÞ ¼ Quðb; aÞ
�1
; Rðb; aÞ ¼ �Tða; bÞ �Qdðb; aÞ: ðB:20Þ
Since Eq. (B.20) contains only 2 · 2 matrices, the calculation of T and R is straightforward, although it leads
to bulky expressions. If the medium ‘‘b’’ is infinitely soft, then the elements of the reflection matrix R(b,a) are
equal to
R11 ¼ �R22 ¼
qþs2

þ þ q�s2
�

qþs2
þ � q�s2

�
; R12 ¼

2q�sþs�
qþs2

þ � q�s2
�
; R21 ¼ �

2qþsþs�
qþs2

þ � q�s2
�
: ðB:21Þ
Eq. (B.20) determines transmission and reflection matrices through interfaces. The reflection matrix through a
uniform layer vanishes. The transmission matrix through a uniform layer is equal to exp½�Eþðẑb � ẑaÞ� for
ẑb > ẑa and to exp½Eþðẑb � ẑaÞ� for ẑb < ẑa. Here, E+ is the upper-left 2 · 2 sub-block of the eigenvalue matrix
E.
B.4. Matching procedure

Let’s consider a medium consisting of uniform, horizontal layers. The external ‘‘pressure’’ p is applied to
the plane z = zs. We treat this plane as a layer with an infinitely small thickness hs and call it the ‘‘source
layer’’. The vertical derivative of p vanishes inside the ‘‘source layer’’, op/oz = 0, while its horizontal
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derivatives there can be arbitrary. Starting from the outmost interfaces and using the composition rules for the
reflection and transmission matrices (Kennett, 1983)
Tða; cÞ ¼ Tða; bÞ � ½I� Rðc; bÞ � Rða; bÞ��1 � Tðb; cÞ; ðB:22Þ

Rða; cÞ ¼ Rðb; cÞ þ Tðc; bÞ � Rða; bÞ � ½I� Rðc; bÞ � Rða; bÞ��1 � Tðb; cÞ; ðB:23Þ

one determines the reflection matrices R+ � R(1,z+) and R� � R(�1,z-). Here, z± are points lying just out-
side the ‘‘source layer’’ in the positive and negative vertical direction correspondingly. The sub-vectors ~Cu and
~Cd at points z± are related as
~C dðz�Þ ¼ R� � ~Cuðz�Þ; ~CuðzþÞ ¼ Rþ � ~C dðzþÞ: ðB:24Þ
Taking into account that the value szz � p is continuous and matching solution (B.14) across the ‘‘source
layer’’ one has
ðI� Rþ � R�Þ � ~Cuðz�Þ ¼ C0ðIþ RþÞ �
kþaþ
k�a�

� �
; ðB:25Þ

ðI� R� � RþÞ � ~C dðzþÞ ¼ C0ðIþ R�Þ �
kþaþ
k�a�

� �
: ðB:26Þ
Here,
C0 ¼
k?hsp̂

B� X2
; aþ ¼

sþ þ F � B
2ðsþ � s�Þ

; a� ¼ �
s� þ F � B
2ðsþ � s�Þ

: ðB:27Þ
Eqs. (B.22)–(B.26) provide a complete description of hydrostatic deformations of a multi-layered medium. We
apply these equations for the case of bi-materials. The components of the vector ~w in the material to which the
force is applied are equal to
r � ~̂uG
? ¼ C0½a1e�kþjd̂�ẑj þ a2e�k�jd̂�ẑj þ a31e�kþðd̂þẑÞ þ a32e�ðk� d̂þkþ ẑÞ þ a41e�ðkþ d̂þk� ẑÞ þ a42e�k�ðd̂þẑÞ�; ðB:28Þ

ŝG
zz ¼ �C0fs�a1e�kþjd̂�ẑj þ sþa2e�k�jd̂�ẑj þ s�½a31e�kþðd̂þẑÞ þ a32e�ðk� d̂þkþ ẑÞ� þ sþ½a41e�ðkþ d̂þk� ẑÞ þ a42e�k�ðd̂þẑÞ�g;

ðB:29Þ

r �~̂sG
?z

k?
¼ C0fqþsþa1e�kþjd̂�ẑj þ q�s�a2e�k�jd̂�ẑj � qþsþ½a31e�kþðd̂þẑÞ þ a32e�ðk� d̂þkþ ẑÞ�

� q�s�½a41e�ðkþ d̂þk� ẑÞ þ a42e�k�ðd̂þẑÞ�g; ðB:30Þ

k?ûG
z ¼ C0f�qþa1e�kþjd̂�ẑj � q�a2e�k�jd̂�ẑj þ qþ½a31e�kþðd̂þẑÞ þ a32e�ðk� d̂þkþ ẑÞ� þ q�½a41e�ðkþ d̂þk� ẑÞ þ a42e�k�ðd̂þẑÞ�g:

ðB:31Þ
Here,
ai1 ¼ aþRi1; ai2 ¼ a�Ri2; ðB:32Þ
Rij are elements of the reflection matrix R(b,a), where ‘‘a’’ labels the medium containing the inclusion and ‘‘b’’
labels the other medium. All the other parameters in Eqs. (B.28)–(B.31) refer to the medium ‘‘a’’.

The exact form of the integral transform (B.8) has not been specified yet. It is convenient to apply the zero
order Hankel transform to calculate Green’s functions for a dilatational source. In this case p̂ ¼ 1=ð2pÞ. Tak-
ing X = 0 and using the relation
Z 1

0

kn
?J 0ðk?qÞe�k?zdk? ¼

on

ozn

ð�1Þn

ðq2 þ z2Þ1=2
ðB:33Þ
to perform the inverse Hankel transform, one arrives at Eqs. (27) and (28).
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Appendix C. Non-symmetric harmonic potential

Green’s tensor representing elastic deformations induced by inclusions with non-hydrostatic strains con-
tains the function v ¼~a �~r lnðr þ~a �~rÞ � r, where~a is a constant unit vector. In contrast to the potentials con-
sidered in Appendix A, it is not spherically symmetric. However, the potential v is harmonic, $2v = 0, which
allows to reduce volume integrals to line integrals using Eqs. (A.3) and (A.14).

C.1. Inclusions

To find elastic deformations induced by strain inclusions, one needs to calculate integrals of the type
Z Z Z
r	r	rvdV

¼~n	
X

polygons

X
edges

~b	~vv



s2

s1

þ ~b	~nþ~n	~b
� 	Z

~n � rvdsþ ð~b	~b�~n	~nÞ
Z
~b � rvds

� �
: ðC:1Þ
Line integrals in Eq. (C.1) are given by the expressions,
Z
r?vds ¼~a?½rv lnðr þ~a �~rÞ þ r2

?L�1 þ~a? �~r?L0 � L1� �~r?L0; ðC:2Þ

Ln ¼ Lnð~aÞ ¼
Z

rndrv

r þ~a �~r ; ðC:3Þ
where the subscript ‘‘?’’ indicates direction perpendicular to the integration path, e.g.~r? ¼~r� rv~v. The inte-
grals

R
~n � rvds and

R
~b � rvds are obtained if one multiplies the right side of Eq. (C.2) on ~n and ~b

correspondingly.
If the vector ~a is parallel to~v then
Ln ¼
Z

rndrv

r � rv
¼ 1

r2
?

Inþ1 

rnþ2

nþ 2

� �
: ðC:4Þ
If the vector ~a lays parallel to~r? (recall that~r? is constant along the integration path) then
Ln ¼
Z

rndrv

r � r?
¼ ðnþ 1Þ In�1 


In

r?

� �
� rn

rvr?
ðr 
 r?Þ: ðC:5Þ
To find integrals Ln for the case javj ¼ j~a �~vj 6¼ 1 and b ¼ j~a? �~r?j=r? 6¼ 1, one introduces the ‘‘angle’’ variable
c = arctan(rv/r?), and makes the substitution u = tan (c/2). In terms of the variable u the integrals Ln reduce to
Ln ¼ 2rn
?

Z
1þ u2

1� u2

� �nþ1
du
ð. . .Þ ; ðC:6Þ
where (. . .) is the quadratic polynomial of u,
ð. . .Þ ¼ ð1� bÞu2 þ 2avuþ 1þ b: ðC:7Þ

For n = �1,
Z

du
ð. . .Þ ¼

1

s1=2
arctan

ð1� bÞuþ av

s1=2
; b2 þ a2

v 6¼ 1;

¼ �½ð1� bÞuþ av��1
; b2 þ a2

v ¼ 1;

ðC:8Þ
where s ¼ 1� b2 � a2
v P 0. The integrals with n 5 �1 can be obtained recursively, using the standard tech-

nique of partial fraction decomposition.
The volume integrals containing forth order derivatives of the potential v are given by Eq. (C.1), where one

makes the formal substitution v! $v. In this case the line integrals in the right side of Eq. (C.1) contain
values
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r	rv ¼
~a	~a�

P
i
~ei 	~ei

r þ~a �~r þ r

ðr þ~a �~rÞ2
~aþ~r

r

� �
	 ~aþ~r

r

� �
; ðC:9Þ
where~ei are basis vectors of the coordinate system. It is sufficient to consider the case, where both operators $
in Eq. (C.9) act transversely to the vector~v. Then
Z

r? 	r?vds ¼ ~a? 	~a? �
X

i

~ei;? 	~ei;?

 !
L0 þ~a? 	~a?Lð2Þ1 þ ð~a? 	~r? þ~r? 	~a?ÞL

ð2Þ
0 þ~r? 	~r?Lð2Þ�1;

ðC:10Þ

where the values Lð2Þn are introduced as
Lð2Þn ¼
Z

rndrv

ðr þ~a �~rÞ2
¼ 2rn�1

?

Z
1þ u2

1� u2

� �nþ1 ð1� u2Þdu

ð. . . Þ2
: ðC:11Þ
Integrals Lð2Þn are found essentially in the same way as integrals Ln.

C.2. Applied forces

In calculating elastic deformations due to applied forces one meets volume integrals containing second
derivatives of v, which reduce to Eq. (A.12). The line integrals in this equation are equal to
Z

vds ¼ ~a? �~r? þ
avrv

2

� 	
rv lnðr þ~a �~rÞ � rv~a? �~r? þ

r2
?I�1

2
� 3I1

2
� 1� a2

v

2
r2
?L0 � L2

� �
þ~a? �~r?

2
r2
?L�1 þ 2~a? �~r?L0 þ L1

� �
: ðC:12Þ
Since $2v = 0, the gradient of v is equal to the curl of some vector ~X, i.e. rv ¼ r� ~X. It can be checked that
~X ¼ ð~a�~rÞ 1

2
lnðr þ~a �~rÞ � r �~a �~r

4ðr þ~a �~rÞ

� �
; ðC:13Þ
so that
R R

~n � rvdS ¼
R R
ðr � ~XÞ � d~S ¼

H
~X � d~l. Line integrals are calculated analytically,
Z Z

ð~n � rvÞdS ¼
X
edges

~v � ð~a�~rÞ
2

� rv lnðr þ~a �~rÞ � rv

2
þ r2

?L�1 þ~a? �~r?L0 � L1

h i
: ðC:14Þ
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