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ABSTRACT

Given an arbitrary totally ordered set T', we distinguish three types of sequences
A=(g);er CR", called LI-, H-, and T-sequences according as det[q; ,q;,...,q] is
non-zero for some iy < iy < -+« <i,, is non-zero for all i;<iy<--- <i,, and is of
constant non-zero sign for all i, <iy < -+ <i,. In this paper we show that if T is of
finite cardinality, then the inhomogeneous system of linear inequalities

{a,xy=a, i€T\B(a),
sgn{a;, x) =sgna;, i€B(a),
A
is solvable for all saturated & = (a;);cr C R with S *(a) < n—1iff A is a T-sequence.
Here saturated means that there is a unique way of replacing the zeros of a by +1

and —1, in order to reach S*(a). B(«) is the union of those “intervals” of T of
maximal cardinality > 2 (called blocks), on which « has a constant non-zero sign.

1. INTRODUCTION

Let I' be an arbitrary totally (linearly) ordered set with < as order
relation. We shall use < for real numbers as well; the meaning will be clear
from the context. I' will be used as an “index set” of sequences. Denote by

e

A
A=(ag),cr and a=(a),

a sequence of vectors a,=(a,;,dy,...,a,;)ER" and real numbers a,ER’,
i€I', respectively. For p<co, we write (i,)f_, for a subsequence
(igyigy. o3 CT with iy <ip< -+ <.

LINEAR ALGEBRA AND ITS APPLICATIONS 18, 59-74 (1977) 59
© Elsevier North-Holland, Inc., 1977



60 BELA UHRIN

Assume that |[|>n>1, where |I'| is the cardinality of T, and for
(4)3=1 CT denote

Ay, 4, 0 4y

i

o oA Ag;,  dg;, " Gy
a(iy,ig,...,i,) = det] | . . . (1)

aml am'2 arun

The sequence A is called a

linearly independent (LI) sequence in R" if
a(iy,ig, ... 1,) 70 for some (i), _, CT,
Haar (H) sequence in R" if

a(iyig,...,i)#0  forall (i), _,CT,

Chebyshev (T) sequence in R" if

sgna(iy,ig,...,i,) =const#0 for all (ik):=lgI‘.

Then the following statements trivially hold:

(a) A is an LI-sequence iff there is an (4,);_, CI such that the system of
equations

A n
<a,.k,x> = 21 GxY=a,, k=12,...,n, Q)
i=

is uniquely solvable for all a.

(b) A is an H-sequence iff the system (2) is uniquely solvable for all
(i)%=1CI and all a.

(c) If A is a T-sequence then the system (2) is uniquely solvable for all
{(i)i~1 CI and all .

The unique solvability of (2) for all (4)%.,CT and all a characterizes
H-sequences but not T-sequences. Property (b) is sometimes called the
“universal interpolation property” of the sequence A.
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" The purpose of this paper is to introduce an “extended interpolation
property” and show that this property characterizes T-sequences (in case
IT| < o0).

For the formulation of our theorem we recall the following well-known
concept (see [4], [5], and [3] for its generalization). For a finite sequence
By, By, .., B, of real numbers we denote by § +(ﬁ1,,82,...,,8p) the maximal
number of sign changes in the sequence, where the zeros are given arbitrary
non-zero signs. For example, S *0,0,+1,-2,-3,0, +4)=4.

Define

S* () = supS ™ (o, ..., q),

where the supremum is taken over all positive integers p and all (§)f_, CT.
In the sequel we shall use the notation

Il

Ip(a) = (i€T:q,=0), I, (a)= (i€T:q,>0}, I_(a)={i€T:q,<0}.
Two sequences a = (&;);cr. 8= B;);er are considered different iff «; 5 3; for
some i €T,

Suppose now that |I'| < co, say

IS (1,2,...,m)

Then S *(a)=S *(a;,a,,...,a,), and in general there are many different

“fillings” of the zeros of a by numbers +1 and —1 to reach S *(a). More
precisely, there are many different sequences 8= (8, 8,,...,8,,) such that

+ —Q+ ] fori€l, (q)UI_(a),
§*(B)=8"(a) and B‘—[-f-lor—l fori€ [ (a).

(3)

DeriniTION 1. The sequence « is said to be saturated if there is only one
B for which (3) holds.

We also need the following simple concept:
The set of integers
J= {i1< j<i<k<m)

will be called a block of a if j <k, sgnoy=€#0 for i €], sgnoy_, # € (if j> 1),
and sgnay , ¢ (if k<m).
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Le., a block is an interval of maximal “length” (> 2) on which a has constant

non-zero sign.
The union of all blocks of « will be denoted by B(a).

Now, our theorem is the following [here T 2 (1,2,...,m)]:

THEOREM. Let

A
A =(a;.ay,...,a,)CR", 2<n+1<m< oo,

be a sequence of vectors 5 a,ER" (i=1,2,...,m). A is a T-sequence iff
the system

{a;,x>= oy, i€T\B(a),
(4)

sgnda,, x) =sgna,, i€B(a),

is consistent for all saturated sequences of real numbers a=(ay,ay,...,0,)
for which S " (a)<n—1.

Using this theorem we can prove an analogous result for an arbitrary
non-finite I', but it still remains essentially a finite statement (see [9] and the
remarks in Sec. 5).

Obviously our theorem is meaningful only when there are T-sequences at
all. The classical example for a T-sequence is the sequence

A
a,=(1,4,¢%...,t""YER", telCR.

More generally, any linearly independent system [or Haar system or
Chebyshev system] {u; (i)}%_;, i €T, of real valued functions defined on an
arbitrary totally ordered set I' determines an LI- [or H- or T-] sequence by

G, = (uy(i)ug(i)....,u, (i) ER",  iET.

This “sequence” ; is usually called the moment curve of the system. Now
each x€R" defines a function u(i)={d;x), i €T, called the generalized
(g-) polynomial of the system. In this terminology (2) expresses a well-known
fact about the interpolation properties of g-polynomials of an H- [or T- or
LI-] system. On the other hand there are also well-known theorems on the
existence of g-polynomials of a T-system having prescribed zeros and sign
change properties. The condition (4) is a kind of “extended interpolation
property” for g-polynomials.
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It is obvious that an LI- [H-, T-] sequence (g,);cr CR" defines an LI-
[H-, T-] system on I' by

A
uk(i)=aki, lEF, k=1,2,...,n.

Thus we could have formulated our theorem equivalently in terms of
T-systems and g-polynomials. We have chosen rather the terminology of
T-sequences because this shows more clearly that any statement about the
existence of g-polynomials is a consistency statement for (finite or infinite)
systems of linear inequalities. In this connection the methods of convex
analysis can be applied (see, e.g., Rockafellar [2]). In fact, it is the well-
known theorem of Helly on the intersection of convex sets in R™ which
(together with some purely combinatorial considerations) lies in the core of
our proof (for the Helly’s theorem see, e.g., Valentine [1}).

We divide our material into four sections. Section 2 contains a survey of
some known results about the existence of g-polynomials (of T-systems) with
prescribed zeros and signs, formulated in our terminology of T-sequences. In
Sec. 3 we deal with some combinatorial properties of finite sequences of
numbers 0, + 1, and — 1. In Sec. 4 the proof of our theorem is given. Section
5 contains some concluding remarks.

For the basic properties of T-systems and g-polynomials see the book of
Karlin and Studden [3], or a newer book of Krein and Nudelman [7].

2. SOME PRELIMINARY RESULTS

Here T, A, and « are, as in Sec. 1, an arbitrary totally ordered set, a
sequence of vectors

AZ

(@), SR,
and a sequence of real numbers
A
2 1
&= (ai)iel‘CR :
Assume in this section that |I'| > n+1>2, and A is an arbitrary T-sequence

in R,
It can be shown easily (see [3]) that using the notation

B.2 (Caprd), .  xER™,



64 BELA UHRIN

we have

S*(B,)<n—1  forall f##x&R" (5)

This relation suggests that if we try to characterize those sequences a for
which the homogeneous system

sgn{a;, xy =sgne;,  1€EP, (6)

is consistent for (as large as possible) P CI, then, probably, we have to
assume that S *(a) < n— 1. Indeed, for a wide class of I' and A the following
statement has been proved:

If S*(a) < n—1, then (6) is consistent for some P CT, where P depends
on T and A but, in general, does not depend on a.

For example, a classical result of Krein [6, 7] (in its modified form due to
Karlin and Studden [3]) states:

Let
a

I'=[ab]CcR’, —w<a<hb< + oo,

A
a. =

= (u(i),uy(i),...,u,(i)) ER",  i€T,
where {u}3_,CC([a,b]) is a (continuous) T-system and a € C([a,b]). If
S *(a) < n—1, then (6) is consistent for P=(a,b). Here C(T) denotes the set
of real valued functions continuous on T (if T has some topology).

Another well-known result is due to Krein and Rehtman [5] (see also [3]
or [7]):

Let

T2K 2KU{+w),

where K is the set of non-negative integers. Let {w );_,CC (IZ) be a
T-system,

a2 (uy (i) us (i),....u (i) ER",  i€T,

and « € C(K). If a,> 0 for all i€T, and S *(a) < n— 1, then (6) is consistent
for P=T =K.
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Karlin and Studden [3] gave a more general (but weaker) statement:
Let

A po— —
T=K, a€C(K), and a,€R" €T,

be the same as in the previous statement. If S *(a)<n—1, then there is a
f5x€ R" such that {a;,x)a; >0 for all i€T.

This result has been sharpened recently by Tihanyi and Uhrin [8], who
proved:

Let

e

=K, «€C(K) and a€R™ €T,

be as previously. If S*(a) <n—1, then (6) is consistent for P=K (see also
Uhrin [9]).

The latter result followed, by standard constructions, from the following
finite
Proros1TION (see [8], [9]). Let 2< n+1<|T| < +c0,

A

A= (a)cr

be a T-sequence in R", and
A
a= (o), CR g
If S*(a) < n—1, then (6) is consistent for P=T.

Our Theorem shows that in the finite case A is a T-sequence iff the
system (4) is consistent for all a in a particular subclass of the a-fulfilling
S*(@)<n—1.

3. FINITE SEQUENCES OF NUMBERS 0, +1, AND —1

In this section

A
r=(1.2,...,m), m< + o0,

and w = (w,, w,,...,w,,) is a sequence of numbers 0, +1, and —1.
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DeriNiTiON 2. i €T is a O-multiple zero of w of type 1 or 2, if i+1€T
and wyw; ., <0 or w,w;, >0, respectively.

DerFNiTION 3. i €T is a k-multiple zero of w of type 1 or 2 (for k > 1), if
i—Li+k€l, wy=w,, ;= =w,4;,1=0, and w;_w;, (<0 or w;_,w;,;
>0, respectively.

Denote by Z/(w) (k> 0, j=1,2) the set of k-multiple zeros of w of type j.
Easy considerations show that the numbers |Z}(w)|, |ZZ(w)|, and S *(w)=
S *(wy,w,,...,w,,) are related through the following identity (see [9], [10]):

§* (w)+ kEO[|z;k<w>|+|z;k+1<w>l]=|r1—1. (7)

(|H| stands for the cardinality of the set H.)
Assume that w has r(w) blocks (see Sec. 1), r(w)>0, and denote its
blocks by B;(w), By(w), ..., B,,(w). Further denote

U Bi(w)  (if r(w) =0, then take B (w)=0).

Clearly we have

Bw)= U ({ii+1)},

i€ Z& (w)
which implies

|B (w)|=|Zg (w)|+r(w). (8)

The following lemma is of basic importance in our investigations.

LemMma.  Let w=(wy,w,,...,w,) be a sequence of numbers 0, +1, and
—1, where m > 2. If S*(w) < m—2 and w is saturated, then r(w)>1 and

|PN B (w)|>r(w)+1
for all subsets P CT such that |P|> S ™ (w)+2.

Proof. First we prove that the assumption that w is saturated implies

U (Z& (w)u Z4_, (w)=@. (10)

k»1



FINITE CHEBYSHEV SEQUENCES IN R" 67

Suppose that the set in (10) is not empty, and let i € Z3 (w) for some k> 1
The part of the sequence defined by i is of the type

+1,0, 0, ..., 0, +1
i—1, 4 i+1, - i+2k—1, i+2k’

If we fill in this part by +1 and —1 in an arbitrary way, the maximal
number of sign changes will be 2k. This can be reached by at least two
different fillings, for example: w;= — 1w, ;= +1,...,w; ;= +1or w;=
+1,w,,,=—1,...,w; . or_,= — 1. This implies that w is not saturated, con-
tradicting our assumption. We would similarly come to a contradiction if we
assumed that Z3, _,(w)# @ for some k> 1

Using (7), the condition (10) implies

St (w)+|Z5 (w)|=[T|-1=m~1, (11)

and this shows, using the assumption S *(w) < m—2, that |Z3(w)|=m—1—
S*w) > 1, ie., r(w)> L.

Assume that for some P CT" with |P|> S *(w)+2 we have |P N B(w)| <
r(w). Then using the identities (8) and (11) we get

|P|= |Pﬂ (T\B (w )|+]PmB )| <|T\B(w)|+ r{w)
=T = |B(w)|+r(w)=S* (w)+1,

and this contradicts the condition |P|> S*(w)+2. Hence the lemma is
proved. ]

For the proof of our theorem, besides the lemma, we shall need the
following simple constructions.

Consider a subsequence P=(i)f_;CI and let w;,w,,. W be an
arbitrary sequence of numbers +1 and —1. Define the sequence w=
(W, wy,...,w,,) as follows:

w, if 1<i<i,

wii w, if §<i<i, fork=12..,p-1] (12)
w, if i, <i<m.
ip P

It is clear that w is saturated, and we can easily see that for this sequence we
have

MNB(w)CP and S*(w)=87 (w,
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It is also clear that

P#T = B(w)#@and PNB(w)#yJ. (13)
Define a new sequence w = (1, g, ..., W,,):

a |w, for i€B(w)

0 14

YiT10  for ieDN\B(w). (14)
First we prove that

U [222k<u~’>UZ2lk-1(“~))]=@' (15)

k>1

If F\B(w) @, then (15) holds trivially. Let I'\B(w)=(jpjg---51,) 11<Ff2
* <js;. The definition of B(w) implies that if j; =7, — 1, then w;, #w,

ThlS shows that in each subset of T\ B(w) which consists of ad]acent (in I‘)
elements, the numbers w; alternate in sign. The set I'\B(w) is equal to the
union of subsets of the above type (of maximal “length”), and of such j’s
whose both neighbors (in T') belong to B (w). Clearly, the latter elements are
members of Z (i), and the first elements of the above mentioned subsets are
the elements of either Zg, , ,(10) for some k > 1 or Z, (D) for some k > 1. This
proves (15).

Now using the identity (7) and the trivial relation Z3(%)=ZZ(w), we
have § *(w)= S * ().

It is not hard to show that (15) also implies that w is saturated [see also
the identity (17) below].

Thus, we have the following relations for w:

B(w)=B(w), S*(&)=8%(w), and & issaturated.  (16)
Let us note finally that all concepts and statements of this section are valid

in an unchanged form for an arbitrary sequence a=(a,,@s,...,a,,) of real
numbers, when applied to the sequence

A
sgna = (Sgnay,...,Sgna,,).

For notational simplicity, instead of $ *(sgna), B (sgna), etc., we shall write
S *(a), B(w), etc.

Remark. That w is saturated follows also from a more general identity
proved in [9] (see also [10]):
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Denote by M (w) the number of different sequences B fulfilling (3) of
Sec. 1 with a=w. Then we have

2 if w=8,

M(w)=1 ] (2k+1)1Z&@lgp)Zslwl  jf 0 p, (17)
k>»1

where 8 is the zero sequence.

4. PROOF OF THE THEOREM

The fact a is saturated is equivalent to the equality M (a)=1. First we
prove the “only if” part of the theorem.
- Let A be a T-sequence in R", and let a=(a ,ay,...,a,) be such that
S *(a) <n—1 and M(a)=1. Denote

A | {x€R™:{a,x)=q;) if i€ET\B(a) i
" | {x€R":sgnda,xy=sgne,} if iE€EB(a) (e

We have to prove that
M C+o. (19)

ier
The sets C, are convex subsets of R" (hyperplanes and open halfspaces), and
according to Helly’s theorem it is enough to prove that
N C#@ forall I= ()= CT. (20)
i€l

According to our Lemma, § *(a)<n—1 and M(a)=1 implies that r(a)> 1
and

1N B(a)] > rla) +1, (21)

where B(«a)= uf’(_“iﬂf(a], and Bj(a) are the blocks of a. The inequality in

(21) implies that

HN B (a)]>2 (22)
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for some 1< s < r(a) (depending on I). Clearly if i1, €B (), 0< p<g<n

then also 1,,,1,, +1--» 1, EB(a). Since the subdetermmants A(f1ofgs-++»],) are

of constant non-zero 51gn for all ()%=, CT, itis easily seen that the equation

det| ;0 L B B B (23)

@, iy i, Qi i
has a solution g, 4, ., Y, Yp4 15+ -5 ¥, Such that

sgny, =sgn & s

SEN Y, =5QNE

Y= if 4 €T\B(a),

sgny, =sgna, if 4 EB(a).

Clearly, the last n rows of the determinant in (23) are linearly indepen-

dent (as vectors in R"*!) because A is a T-sequence in R" and m > n+1.

Hence the solution row ( 4, y;,...,y,) of the equation (23) must be equal to a
linear combination of the last n rows:

Y= 2 xfaﬁk=<a,-k,x>, k=0,1,...,n, (25)
i=1

where ¢, =(a1,.*,a2,.k,...,a"ik) and x=(x,,%5...,%,). But this means x&

NierCo and this proves the “only if” part of the theorem.
To prove the “if” part of the theorem, assume first that

a{fy g« sfa) =0 for some (jk);’=lg1‘. (26)

This implies that the equation

2 y,a,=0 (27)

k=1

has a non-identically-zero solution ¥;,;,...,y, . Introduce the notation K *

={fk:9;, >0} and K™= {j;:y;, <0}. Clearly |[K*UK™|>2 (one of them
may be empty), and denoting n,=y,, iEK ™ and »,=—1y,, iEK ™, we can
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write

2 N0, — > va,=0. (28)

iekK* i€k~

1< <ig< - <i,<m, 2< p<n, and set

Let K* UK ™ ={iyip...,i 2

P
+1 if €K,

k=12,....p.
~1 if ek, i

w, =

Construct the sequences w= (1w, wy,...,w,,) and w=(10,,W,...,w,,) in the
same way as in (12) and (14) of Sec. 3. According to (13), p < n <m implies
that B(w)# @ and B(w)N (K * UK 7)#@. By (16), the same is true for w,

ie.,
B(w)*@ and B(w)n(K*UK ™ )#g. (29)
Assume that the system

{a,x)=w;=0 if i€\B(w),
{a, x> <0 if {€B(w)and w,; <0, (30)
{—a,x><0 if i€B(w)and w;,>0

has a solution x € R™. Multiplying the corresponding rows of (30) by », and
v, we get from (29)

- 2 na,x) + 2 va,x) <0,

i€EK™ iEK™

and this contradicts (28). But the construction of w shows that § *(w) <n-—
1, and according to (16) we have S *(w)< n—1 and M (1) =1. Thus, w is a
sequence fulfilling the assumptions of the theorem and (30) has no solutions,
i.e., the assumption (26) led to a contradiction.

Now let us assume that A is an H-sequence but not a T-sequence, i.e.,
assume that

a(fisfare-sfn) >0 and  a(kyky,....k,) <O (31)

for some ()7_1,(k;)i—1CI'. We can see easily that there is a sequence of
n+1 different indices (ij,i5,...,%,41) C{1jor-++>fu} U {kpkosv..,k,} such
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that
0Fsgna(iy,....ip_1dpr s osdna1) #SENA(ig e sipiprgseensing ) 70 (32)

for some 1< p<n+ 1 Put A, =a(inis,.obp_pipspsiner) @ =(—1DMA,,
and m, = —a; for k=1,2,. n+ 1. The condition (32) shows that sgna; =
sgna;  #0; ‘hence S+ ( o Qs )< n—1. This implies that for the
sequence a={(0,&,...,q,) defmed by (12) (with p=n+1) we have

ip Qi+ 50 ) <n—1 (33)
The relation M (a)=1 holds trivially, because a has no zeros. Further, we
have

|’ail aiz e ai,‘“ n+1 . n+1
dta, a, - a |7 2 () A= 2 aZ=8<0, (34)
! 2 +1 k=1 Pt

and clearly the system of equations
i 6
yk( ‘ )=( ) (35)
k=1 “ 4

has the unique solution y, =7, (k=1,2,...,n+1).
Assume now that the system

{a,x)=q for i€T\B(a),
{a,x)<0 for i€B(a)and ¢ <0, (36)
{—a,x)<0 for i€B(a)and >0

has a solution x € R". [It may happen now that B (a)= @, but this does not
affect the proof.] Multiplying the corresponding rows of (36) by n; , k=
1,2,...,n+1, we get

<, =—a} if {ET\B(a),
7<%, %) <0 if i €B(a)andq, <0, (37)
;{8 %) <0 if i €B(a)anda, >0.
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Adding up these inequalities, we obtain

n+1

S 1,a,%> <0,
k=1

which contradicts (35).

We see that (36) cannot have any solution, and S *(a)<n—1, M(a)=1.
Thus, (31) led to a contradiction. This proves the “if” part of the theorem
and the whole theorem is proved. [ ]

5. CONCLUDING REMARKS

(1) For the proof of existence results such as our Theorem or the
Proposition of Sec. 2, Helly’s theorem was used in [9], where in addition to
these results, some other more general results were proved. In [9] the
identity (7) played an important role also in the proof of the Proposition of
Sec. 2. As A. Tihanyi observed, the proof of the Proposition can be
established directly from the assumption S *(«) < n— 1. This proof is given in
[8).

(2) In [9] a more systematic study of finite sequences of numbers
0, +1, —1 and the quantities | Z](w)|, M (w), and S *(w) can be found. It is
proved, for example, that the relation M (w)=1 (which means w is saturated)
is equivalent to the following property of w (if w8 and I(w)* @):

ST (wpwy, Wy Wy, w,)<SY (w)  forall i€l (w).
(38)

This in turn is equivalent to

U [Z5(0)UZho, (w)]=0 (i w=b). (39)
k»1

(3) It can also be shown that the concepts introduced here for finite
sequences of numbers, can, to some extent, be generalized to arbitrary
functions defined on an arbitrary totally ordered set I" (see [9]). The main
problems which arise are related to the continuity of a and the connected-
ness of I'. For example, for any continuous function a defined on [a,b] and
having only finitely many zeros among which at least one is of the first kind,
we have M («) > 1. Nevertheless, it is shown in [9] that both the Proposition
of Sec. 2 and our Theorem may be generalized for an arbitrary totally
ordered set. These generalizations however are not yet satisfactory, and it
will be a matter of further study to get more exact results for infinite I
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