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1. INTRODUCTION

In [5], the main result (Theorem 10.1, p. 51) is that for a two-person
zero-sum differential game which ends at a predetermined time 7 and
satisfies the Isaacs condition (and other reasonable conditions), its value
function V= ¥(t, x) (in the sense of Friedman) exists. These games are the
ones studied in the present paper. Roughly, V(t,, x,) is the payoff if the
game starts at time 7, < T in state x,€ R™ and both players play optimally
thereafter. A broad class of optimal control problems which end at time T’
constitute a special case of this situation, since adding a powerless fictitious
second player (to the one player in the optimal control problem) guaran-
tees that the Isaacs condition will be satisfied. The results of this paper
seem to be new even in this case.

The existence and nature of optimal controls has never been adequately
established. What one is really looking for (see [9, p.27]) is a pair of R’-
valued functions &(t, x) and ¥(z, x), such that if at any time ¢ and any
state x the first player always plays the control @(z, x) and the second
plays the control ¥(¢, x), then both will be playing optimally.

We will call the set of all points (7, x) at which V V= (dV/éx,,...,
0V/éx,,) fails to be continuous the singular set for the differential game (this
corresponds to the singular surfaces of [11, p. 66]). Study of the singular
set is absolutely crucial for the problem of determining optimal controls,
since different regimes of optimal control are separated by the singular set
(see [3, pp- 353-356] and [9, p. 43]) and since optimal control in regions
where V_V is continuous is comparatively easy (see [9, p. 41]).
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If the result of the conmjecture stated in this paper is correct, then
oV/éx,,.., 0V/0x,, are each of bounded variation on the (1, x)-space, so
that for the first time strong theorems about the discontinuity set of BV
functions (e.g., [6, Theorem 4.5.9; compare Sect. 4.5.7 with Lemma 2 of the
present paper to understand the change of notation] and [16]) can be
applied to study the singular set. This paper proves that the conjecture is
true in case m = 1. The proof given generalizes to the m > 1 case at every
point but one (in the proof of Lemma 7, since there is no maximum prin-
ciple available for strongly coupled parabolic systems of equations), giving
some support to the conjecture.

The only hypothesis in the conjecture which is not reasonably standard
is that the Hamiltonian function H = H(z, x, p) has mild x-variation. This
concept is defined and argued for near the beginning of Section 4.

Lemma 10 is of some independent interest. It shows for the first time that
(at least in the m =1 case with mild x-variation) dW*/dx converges in L}
to dW/ox as k — oo, where (apart from a time-reversal) W is the value
function of the game (W(t, x)= V(T —1t, x)) and W* is an approximation
to W obtained by applying the method of vanishing viscosity to the
Hamilton-Jacobi equation W satisfies.

2. SOME BASIC ASSUMPTIONS,
TERMINOLOGY AND ESTIMATES

Let T be a positive number, fixed throughout the paper. This paper deals
with a zero-sum differential game between two players, %, and %, which
ends at time r= T. Compact spaces Y and Z are given, the control sets for
2, and Z., respectively. (For simplicity, assume that they are subsets of
some Euclidean space R”.) At any time ¢, x(¢) € R™ denotes the state of the
game at time 7. Starting at any initial time 7,€ [0, 7] and at any initial
state x,€ R™, x(t) evolves according to the following initial-value problem
for a system of ordinary differential equations:

dg),f ()=1(1, x(2), (1), z(t)) aefort,<t<T (2.1)

x(0) = x,. (2.2)

Here f: [0, T]xR™ x Y x Z - R™ is a given continuous function, y(-) is a
measurable function with values in Y (the control function for #,), and z(*)
is a measurable function with values in Z (the control function for £). It is
required that x(-) be absolutely continuous so that dx/dt is well defined a.e.
for 1,<t< T. We assume that

505/59/3-2
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(A) There is an integrable function k(') on [0, T7] such that
xf(t, x, y, 2) <k()(1 + |x]?) for te[0,T], xeR™, yeY, and ze Z,

where - and || denote the dot product and norm in R™, respectively.
(B) For every R> 0 there exists a constant A4, >0 such that

[f(t, x, v, 2)— f(L, X*, p, 2)| S Ap|x—x*|, whenever (e [0, T],

xeR™ with x| <R, x*e R™ with |x*| <R, ye?Y, and ze Z.

By [9, p. 2], the assumptions above insure that (2.1) and (2.2) have a uni-
que solution.

LEMMA 1. Let 6 >0 be chosen so that over any subinterval of [0, T] of
length less than § the integral of k(-) is less then . Let N be an integer larger
than T/5. Then for any R=1, any t,e[0, T], and any solution x(-) of
equations (2.1) and (2.2),

|x(2o)] < R implies that |x(t)] <2™R for t,<t<T.

Idea of Proof
Assumption (A) is used together with

X = F(t0) >+ || 2x(5) (5, X(5) y(5) 2(5)) s

It is shown that |x(z0))J<R implies that |x(¢)]<2R for
1o <1<ty +(T—1,)/N, and so on by induction, considering an interval of
the form to+n(T—t,)/N<t<ty+ (n+ 1)(T—t,)/N in each induction step,
for0<n<N-1.

Let g:R”" >R and 4: [0, T] x R" x ¥ x Z > R be continuous functions.
For given control functions y(*) and z(-) as above, define the payoff
functional P[ y, z] as follows:

PLy.21=g(x(T)) + | " h(t, x(0), 1), 2(1)) di. (23)

The aim of %, is to maximize this payoff. The aim of #, is to minimize this.
We will always assume that the Isaacs condition holds, i.e., that for each
fixed (¢, x, p)e [0, T] x R™ x R™ we have (with - indicating the dot product
in R™)
min max [ f(¢, x, y, z)- p+ h(L, x, p, 2)]
Y

zeZ ye

=max min [ f(¢, x, y,z)- p+ h(¢, x, ¥, z)]. (2.4)

yeY zeZ
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The common value of both sides of (2.4) defines H(t, x, p), the
Hamiltonian function of the differential game. Under the assumptions
stated above the wvalue function V:[0, T]x R™ - R of the game (in the
sense of Friedman) is defined [9,p.13]. Roughly, V(z,, xo) is the
maximum payoff that %, can force, given that the game starts at time ¢, in
state x,.

We will also assume for every R >0 that the constant 4, of assumption
(B) above also satisfies

(C) lglx)—gx*)| < Agplx—x*,

(D) ‘h(tax, Y, Z)_h(ta-X*7 y9z)|<AR|x_X*|a
whenever x e R™ with |x| < R, x* e R™ with |x*| <R, te[0,T], ye Y, and
ze Z. Then, defining V(T, x) = g(x) for each xeR™, V is continuous on
[0, T]1x R™ and uniformly Lipschitz continuous on compact subsets of

[0, T)x R™ [9, p. 10]. Also, V satisfies the Hamilton—Jacobi equation (or
Isaacs equation)

av oV oV
—+H —_— e, —— | = .
ot + (t’ ® ox,’ ’8xm> 0 (2.5)

at almost all points (¢, x)e [0, T]xR” [9, p. 12].

It turns out in what follows that we are interested in the values of V(z, x)
only for |x| <Q, where Q>1 is some (arbitrarily) large number. Clearly
we can modify the definitions of f(z, x, y, z), g(x), and A(t, x, y, z) for
|x| >2%Q so that for some P>2"Q we have f(1,x,y z)=g(x)=
h(t, x, y,z)=0 whenever |x| =P, te[0,7], ye ¥, and zeZ. Clearly the
values of V(¢, x) and H(t, x, p) are unchanged by this for |x| < Q, but that
V(t, x)=H(t, x, p) =0 whenever |x| = P, te [0, T], and pe R™ Clearly we
can do this so that the modified functions f, g, and 4 are continuous on
their respective domains, with assumptions (A), (B), (C), and (D) giving
(for some constants 4 and B) that

(6, x, y,2) i< B, |g(x)I<B,  |h(t,x, y,2)|<B, (26)

1t x, y,2) ~ f(5, x*, y, 2)| < A|x — x*¥|, (2.7)
[g(x)— g(x*)| < A|x—x*, (2.8)
|h(t, x, y, 2)—~ h(t, x*, y, 2)| < A |x — x*|, (2.9)

whenever 1€ [0, T], xeR™, x*eR™, ye Y, and ze Z. With some effort,
one can obtain the following estimates:

{H(t, x,0)| < B, (2.10)
|H(t, x, p)— H(t, x, p*)< B|p— p*|, (2.11)
[H(t, x, py— H(t, x*, p)| < (4| p| + A)|x — x*|, (2.12)
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whenever 1€ [0, T'], xe R™, x*e R™, pe R™, and p* € R™. For ¢t > T, define
flt,x, y,2)=f(T,x, y,z) and h(¢t, x, y,z)=h(T, x, y,z) for all xeR"™,
yeY, and zeZ For t<0, define f(t,x, y,z)=f(0,x, y,z) and
i, x, y,z)=h0, x, y,z) for all xeR™, yeY, and zeZ. The resulting
functions £, A, and H are continuous on their new domains, and properties
(2.6)-(2.12) continue to hold (with ¢e R replacing 1€ [0, T]).

Let /eC®(R) with I(x)=0 for all xeR, l(x)=0 for |x|=1,
[ lx)dx=1, and l(x)=1—x) for all xeR. For any ¢>0, define
l.(x)=I(x/e)/e for all xeR. For any locally integrable function F=
F(t, x, p) defined on R’, we define its e-mollification [F], = [F],(¢, x, p) as
follows:

[F1.(2 x, p)= fRJ L(t—1)l(x={) L.(p—=) F(z, ¢, m) dr d¢ dn.

We define ¢-mollifications of functions of a different number of variables
similarly.
Define

H(t,x, p)=H(T—1,x, p) and HI=[H]y

foreach te R, xe R™, pe R™, j=1, 2,.... Clearly each #’e C*(R*"*!) and
7 — # uniformly on any compact subset of R*"*! as j— co. Clearly
each of the s/ vanishes for |x| > P+ m'”. Fairly easy estimates show that

|#(L, x, p)— H(1, x*, p)| <A(Ipl+m'>+1)|x—x*, (2.13)
|71, x, p)— H'(1, x, p*)| < B |p— p¥| (2.14)
for all 1eR, xeR™, x*eR™, peR™, p*eR™, and j=1,2,... We can use

the above estimates to apply [10, Theorem 2.1] to get for any 0 <¢< 1 and
for j=1,2,.., a unique bounded solution W%/ of

oW oW
*Tox, 7 o,

W0, x) = g(x) for xe R™. (2.16)

oW/
a1

—ij(t,x ):mw&f for0<t<T,xeR”, (215)

Following the proof of [10, Theorem 2.1} we obtain constants K, and K,
independent of 0 <e< 1 and j=1, 2,..., such that

| W=/(1, x)| < Ko, (2.17)

oW
S )

1

<K, (2.18)
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for 0<e<1, j=1,2,..,0<t<T (Caution: There is a time-reversal when
going from our situation to that of [10].), xe R, and i= 1, 2,..., m. In fact,
defining y=B+ Bm'?, y,=max(4 + Am'? B), y* =max(4, B), any &
such that 6>y +7y/(y” +1), any 7 such that 2y.(1+ |o])|o| <y(1 + |v|?)
for all veR™, and any 75 with n>3y +7y/m(y")>, we may take
Ko=(y" +1)e’" and K=m"?y e,

3. FuncTioNs oF CLASS BV
The following definition is that of [ 16, p. 2267:

DEFINITION.  Let £ be an open subset of R”. Then a locally integrable
function f: Q2 — R is of bounded variation if and only if there exist set
functions ..., p,—each of which is a signed measure of finite total
variation when restricted to the Borel subsets of any compact subset of
£2—such that

f f‘%dxl'“dxnz _[ ¢d.u'1(x) (31)
Ie] ax,v Q2

for every ¢ € C(Q) and i=1,.., n. The set of all such functions is denoted
BV(Q).

Thus, roughly, f€ BV(R) if and only if its first order derivatives (in the
sense of distribution theory) are signed measures. If 4 and B are Borel sub-
sets of £ which are not contained in a compact subset of £, it could hap-
pen that (e.g.) u,(4)=00 and p,(B)= —oo0, so that u,(4 LU B) cannot be
defined; this explains the awkwardness in the description of y,,..., t, above.

Compare the following lemma with [6, Sect. 4.5.77:

LEMMA 2. Let f be a real-valued function which is locally integrable on
an open subset Q of R™. Then f'€ BV(RQ) if and only if there exists a sequence
,€CH(8), j=1,2,.., with

im L If,—fldx=0  and li_minfj Vfi| dx < o (3.2)

J K

J
Jor every compact K= Q, where |Vf)| = [(9f,/0x,)* + -+ + (8f,/dx,)2]">.

Idea of Proof

(=) Assume that fe BV(Q). Let K|, K,,.. be a sequence of compact
subsets of 2, with Q as their union and with each K, containing all
previous ones in its interior. For j=1,2,.., define f; to be the j'-
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mollification of the function which is identically equal to f on K and iden-
tically equal to O elsewhere. The first part of (3.2) can be proved by show-
ing that each of the three integrals on the right-hand side of

L i~ 11 dxsfk \f,— | dx+fk|h,—hldx+jk lh— f1 dx

can be made arbitrarily small, where 4 is a continuous function with 4, as
its j ~ *-mollification. To prove the second part of (3.2) it suffices to obtain a
bound for each | 9f;/0x,| dx. Replacing f; by its integral formula, taking
0/0x; inside that integral, using (3.1), finding a simple upper bound involv-
ing |y, (the total variation measure which comes from p;), applying the
Fubini theorem, and using the fact that |g,| is finite on compact subsets of
€ gives the second part of (3.2).

(=) Assume the existence of a sequence ;€ C*(£2) with the properties
stated. Let W be any bounded open set with closure W< Q. We may
assume (by choosing a subsequence if necessary) that there is a constant C
such that [ |Vf|dx<C for j=1,2... Fix i with 1<i<n For any
@ € CP (W) define

de
Lip)= — Wa—ifdx-

An easy estimate shows that for any ¢ and ¢@*e CF(W) we have
|L(¢)— L(¢*)| < C|l@ — @*||, where || - || denotes the supremum norm. Let
Co(W) denote the completion of CF (W) under the norm |- ||. Since L is
uniformly continuous on CZ(W), it has a unique extension to Cy(W). The
Riesz representation theorem ([15, Theorem 6.19], e.g.) then gives the
existence of a unique regular Borel signed measure y,|, for which (3.1)
holds for every o e CP(W). If W< U< Uc Q for some bounded open set
U, then the uniqueness portion of the above result shows that u;|, and
Uil agree on any Borel subset of W. Thus a set function y; as required is
defined.
Compare the following lemma with [12, p. 218]:

LeMMa 3. Let f be a real-valued function which is locally integrable on
an open subset Q of R". Then e BV(82) if and only if for every compact
K< Q there exist positive constants Cy and 0 g such that

J /Gt y) = f )] < Cil ) (33)

for every ye R" with |y} <dg.



DIFFERENTIAL GAMES AND BV FUNCTIONS 303

Idea of Proof

(=) Assume that fe BV(Q). Let K< be compact. Select any com-
pact K* < Q having K in its interior, and take 4 to be the distance from K
to the boundary of K*. Using Lemma 2, select a sequence f;e C*(Q),
J=1,2,., with lim, , [, |f;—f1dx=0 and [ |Vf}dx<C for some
constant C and j=1, 2,.... Starting with

n

1 :
J Zﬁj—r"—(x—i—ty)y,-dt dx
0,

J 1o n—peorac=| | ¥ 2

K

for |y| <ok, we easily see after simple estimations that we can take
Cy=nC.

(<) Assume that for every compact K«  there exist Cx and 6 so
that (3.3) holds. For each j=1, 2,..., define f; as in the first part of the proof
of Lemma 2. Tedious but straightforward calculations show that (3.2)
holds for every compact K« Q. Thus by Lemma 2, f € BV(Q).

4. A CONJECTURE AND SOME ESSENTIAL LEMMAS

DEFINITION.  We say that H = H(t, x, p) has mild x-variation if and only
if H = 0H/0x;is continuous for i=1, 2,..., m and there is a constant C such
that

lH.\',(t’ X, p)-Hx,-(taX*a p*)| <Cwlx_x"‘l +C|P*p*|
fori=1,2,..,m teR, xeR", x*eR™, peR™, and p* ¢ R™.

CONJECTURE. Make the assumptions of Section 2. Assume that H has
mild x-variation. Assume that g has Hoélder continuous second derivatives.
Then for i=1, 2,..., m,

a—Ve BV((0, T)x R™).
0x

Our main result (in Sect. 5) is that the conjecture is true for m = 1. Since
we will use the characterization of BV functions given in Lemma 3 to prove
this, clearly our consideration (a few lines after (2.5)) of the values of
V(t, x) only for |x| < Q is justified.

It is almost certain the requirement that H have mild x-variation is not a
best-possible assumption in the conjecture. However, the proof given here
requires essentially this assumption, the assumption is true in the impor-
tant case in which the Hamiltonian function H(t, x, p) is independent of x,
and some assumption about the functions H (¢, x, p) must be made for the
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conclusion of the conjecture to be true, as the following counterexample
shows:

COUNTEREXAMPLE. Let F be a Lipschitz function of compact support in
R™, with (for some i with 1<i<m)dF/0x; not in BV(R™). Consider the
differential game with /=0, g=0, and A(1, x, y,z)=F(x). Then
H(t, x, p)=F(x), so H_(t, x, p)=(0F/0x;)(x). We will show that 0V/ix,
is not in BV((0, T)xR™). Suppose, for -contradiction, that
oV/ox,e BV((0, T)xR™). Let K be any compact subset of R™ Let
K*={(1,x); T/3<t<2T/3, xe K}. By Lemma 3 there exist constants C*
and J* such that

2773
JAT/3 J\K
for every yeR™ with |y|<dé* Since f=0 and g=0, we clearly have

V(t, x)= (T —t) F(x), so 0V/0x,= (T — t)(0F/0x;). Substituting this into the
above integral and performing the z-integration, we obtain

)

for every y e R™ with | y| < §*. Since this can be done for every compact set
K< R™, by Lemma 3 we have (0F/éx;) e BV(R™), a contradiction.

ov

- d< *
ox dx dir < C*| y|

oV
(t,X+y)—a—xi(t, x)

6C*

oF oF
= dXS—T—gU’l

o (x+)’)—a‘_(x)

i i

If A has mild x-variation, it is quite easy to show that

2 ) 62
d H and

dx, 0%, 35 ox A/ are bounded uniformly for j=1, 2,...,

(4.1)

for teR, xeR™, peR™, i=1,2,.,m, and k=1, 2,.., m. This is the form of
the assumption we will use in what follows.

Since our final result will be proved only for the m=1 case, we will
assume that m = 1 from now on, using x for x, and p for p,. There appears
to be only one point in what follows for which a generalization of the proof
to the m>1 case can not be made. That point will be identified when it
occurs (Lemma 7).

LeMMA 4. Make the assumptions of the conjecture for m=1. Then

(a) each W% = W*/(t, x) is a C* function on (0, T] x R.
(b) W=/, oW™//ox, 0> W*//ox?, and OW™’/0t are bounded and Holder
continuous on [0, T] x R. (The bounds depend on 0 <e¢<1 and j=1,2,...)
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(c) For any ¢ and j with 0<e¢< 1 and j=1,2,..., there is a constant
C.; such that for 0<t1<T and xeR with |x| > P+2 we have
53W5,j
ax®

W
ox?

<C, e~

Proof. For (a), apply [8, Theorem 11, p.74]. For (b), apply [13,
Theorem 8.1, p. 495]. For (c), let v/ = 0*W*//5x%. From (2.15) and (2.16)
for m=1 and the fact that #/ and g vanish for |x| > P+ 1, we have after
two differentiations that

o 9t
=g —
ot ox?

for 0<t<T, |x{=P+1,
(0, x)=0  for |x|=P+1.

But we have the explicit formulas

1 X ! 1 —xf4elr — 1
Ul X) =3 s |, e 00 e

o(f—1)
oU 1 t 1 i
— = x2/4e(t — 1 d
Px (¢, x) 2(87{)1/2 jo (I_T)yzé’ D(t) dr
I x g 1 —~2x st 1)
+§ (em)'? {0 (t—1)*"? 4£(tht)e #(x) dr

for the unique bounded solution of dU/dt = s0°U/dx? for 0 <1< T, x>0,
U0, x}=0 for x>0, and U(t,0)=&(¢) for 0<t< T, provided that
¢: {0, T} - R is continuous with @#(0)=0. Making the appropriate
changes of coordinates (®(f)=v™/(t, P+1) for one of them,
&(t)=v™/(1, — (P + 1)) for the other) and using the boundedness of & gives
(c) after some tedious but straightforward estimates.

DerFINITION.  For O<e<1 and j=1,2,., let ™/ =0W*/dx and let
v = PPWSI/ox.

LemMa 5. Make the assumptions of the conjecture for m=1. Let
0<t<T. Let G=G(t, x) be continuous on [0,t1)xR and let G, 8G/x,
0°G/ox?, and 0G[8t be continuous and bounded on (0, 1) x R. Then
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0= ~[ @~6),— dx+ | (17G)] o dx

+j jﬂ pad (6 %, u)G dx dt

2G oK’/ . 0G
P, €]
+J‘ J‘ I: 2 ap ([, x; U ) ax

J

+6p Ox

(#, x, u® )G:l dx dt. (4.2)

Proof. Differentiate (2.15) twice with respect to x (with m=1) to
obtain

ot Ox

o™ 9 [0/ oA/ o 0%/
= e f ey pid | -
[5 (&, x, >y + o {t, x,u™)v ] Eéxz 0

for 0<t<T and xeR. Multiplying both sides of the above by G,
integrating over (J, 1 —d) x (— M, M), doing several integrations by parts,
and taking the limit first as M — o0 and then as 6 - 0* (using (a), (b), and
(c) of Lemma 4 and the fact that #/=0 for |x| = P+ 1) gives (4.2).

For O<e<l, j=12,., and O<t<T, define PB(x)=p>""(x)=
sign[v*/(t, x)] for all xe R. (For any y>0, sign y= +1. For any y <0,
sigh y= —1. For y=0, sign y=0.) For each #>0, let [#], denote the A-
mollification of 8. For the G of Lemma 5 we take G = G*>™" which is the
solution of

0G  0°G oA’ o 00 O*H/
e P S e
G(t, x) = [Bu(x), (4.4)

where (4.3) holds for 0 <1< 1, xe R and where (4.4) holds for xe R.

(1, x, u)G=0,  (4.3)

LEMMA 6. For eache, j, t, and h withO<e<1,j=1,2,.. 0<1t<T, and
k>0, the solution G = G“*" of (4.3) and (4.4) above exists and satisfies the
conditions for the G of Lemma 5.

Proof. Apply [13, Theorem 8.1, p. 495] after a time-reversal.
LEMMA 7. Let M be a constant such that |0°#7/0p ox| <M for all
J=1L2.,1eR, xeR, and peR. Let G=G**" be the function described

above. Then
|G=4e(e, x)| < eMT (4.5)

forall h>0,0<e<l,j=1,2,.,0<1<T,0<1<1, and xeR.
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Proof. Let £*/[G] be defined by the left-hand side of (4.3). For any
F=F(1, x), let

2 i
oF X (1, x, uevf)a—F+ IMF.

&,j = —_—
QVIF)=F +e ox*  dp ox

Then for any h>0, 0<e<1, j=1,2,.,0<t< T, we have for G=G*/>*
that '
0/[G*] =264 [G]=0. (4.6)

Using a maximum principle (e.g., [ 14, Theorem 10, p. 183] with time direc-
tion reversed, with u=¢ " 2"""9G?_1 and taking L[F]=F,+&F,  —
A1, x,u™) F, and h=0, so that L{u] =e ***~90*/[G*] > 0) together
with the fact that |G=*“*(1, x)| <1 for all xeR, we obtain the estimate
(4.5).

Remark. 1t is here that a generalization to the m > 1 case seems not to
be possible. In the m > 1 case, a parabolic system of equations, coupled in
the first derivative terms, replaces (4.3). No maximum principle seems to be
available in this situation [ 14, p. 192, Remark (ii)].

LemMA 8. There is a constant E such that

j [v°/(1, x)| dx < E (4.7

forall0<e<1,j=1,2,.,and O<t<T.

Proof. Substituting (4.3) and (4.4) into (4.2) and using (4.5), (4.1), and
(2.16) together with the fact that #/=0 and g=0 for |x| > P+ 1 shows
the existence of a constant E such that

f v*/(t, x)[sign v*/1,(z, x) dx < E (4.8)

forall 0<e<1,j=1,2,.,0<t<T, and k> 0. Taking the limit as # >0+
and using the dominated convergence theorem applied to v™/(1, -) e L'(R)
on {xeR;v*/(z, x)#0}, we obtain (4.7).

LEMMA 9. Select any sequence ¢, ¢,,..., with ¢;— 0*. Define W/ = W%/
for j=1,2.... Then

(a) the functions Wi(t, x) converge as j— oo to a limit function
W(t, x), uniformly on compact subsets of [0, T] x R, and there is a constant
M, such that

[W(t*, x*)— W(t, x)| S M,[|t* — t| 2 + |x* — x| ] (4.9)



308 WILLIAMS AND SCALZO
forall te[0,T], t*€[0,T], xeR, and x*eR, and
W(0,x)=g(x) forall xeR. (4.10)

(b) W is a viscosity solution of

w f(t 4 0 4.11

—_—— X, — |= .

Jt T Ox (4.11)
for 0<t< T and xeR.

(c) W is the unique bounded uniformly continuous viscosity solution of
(4.11) (for 0<t< T and x e R) and (4.10).

(d) W(T—t, x) is a bounded uniformly continuous viscosity solution of
(4.11) (for 0<t< T and x e R) and (4.10), where V is the value function of
the differential game in the sense of Friedman (after the modifications in Sec-
tion 2 are made which ensure that f = g=h=0 for |x| > P). Thus

W(t, x)=WV(T—¢ x) (4.12)

for 0<t<T and xeR.

Proof. From [7, the first two paragraphs of p. 1004 and the sentence
just after Theorem 4 on p. 1001 ], we obtain (a). From [4, Proposition IV.1
on p.41 and Proposition V.1 on p.48], we obtain (b). From [4,
Theorem V.2(ii) on pp. 49 and 50], we obtain (¢). In [2, Theorem 3.1], (d)
is proved under slightly stronger hypotheses than ours. To obtain (d)
under our assumptions, because of [4, Proposition IV.1, p. 41] it suffices to
show that (after time-reversal) V{(t, x) is the limit of vanishing viscosity
approximate solutions of problems of the type [4, (4.1),, p. 41]. Using the
construction on p.23 of [9] we may get for a given (¢,,x,) an
approximate game with upper value V/ (14, x4} close to V(tg, Xo).
Lemma 3.2 of [9] applies to this approximate game so that vanishing
viscosity approximate solutions W' (g, x,) are close to V7 (1,, x,) and
hence close to V(t,, x;), say | W' (25, xg) — V(ty, Xo)] <6 (for some 6> 0).
This estimate is valid for a (¢, x)-neighborhood about (¢,, x;), so by using
compactness arguments, we can get a sequence of vanishing viscosity
approximate solutions W which converge to V uniformly on every com-
pact subset of (0, T) x R.

LemMMa 10. Fix any d with 0< 8 <T and any a and b with a <b. Then

jim [

a

ow*

ow
P (t,x)——g(‘c,x) drdx =0. (4.13)




DIFFERENTIAL GAMES AND BV FUNCTIONS 309

Proof. Since W(t, x)= V(T —t, x), W is uniformly Lipschitz continuous
on the set S={(7, x);6<1<T,a— 1 <x<b+ 1}, say with Lipschitz con-
stant M* (see [9, Theorem 2.3, p. 107). By Rademacher’s theorem, 0W/dx
is defined almost everywhere on S. Since 0W/dx is bounded and
measurable on S, it is integrable there. For j=1, 2,..., let J(j) be chosen so
that for all (1, x)e S and all k> J(j) we have |W*(t, x) — W(z, x)| < 1/~
For j=1,2,.., and any (7, x) € S, define

Wit, x + 1/j)— W(1, x)
1 '

gj(r, x)=

An easy estimate shows that for j=1,2,., k= J(j),as<x<b,and 0 <1< T
we have

Wk(z, x + 1/j) — W*(z, x)
1/

g(t, x)— <2/

Since |y [(0°W*/0x?)(z, x)| dx < E for 0<t< T (by Lemma 8) we have for
all £ and j (with x* below denoting a real number depending on %, j, x
and 7, but with x < x* <x + 1/j) that

LI

a

WH(t, x + 1)j)— W*(1, x) oW*
1/j ox

T oWk ow*
*y_
o (7, x*) E (7, x)

b x+ 1/
< J J
S

a Re

b+ 1/f
</

But [5[T|g/t, x)— (0W/dx)(t, x)| dtdx >0 as j— oo follows from the
bounded convergence theorem, since g/, x)— (0W/0x)(t,x) almost
everywhere on § as j— oo and since | g,(t, x) — (OW/0x)(, x)| <2M*.

We can now complete the proof. Let ¢>0 be given. Select j so that
{2171 g1, x)— (OW/ox)(z, x)| dr dx <&/3, so that (T—8)(b—a)2j~ ' <¢/3,
and so that (T—6) Ej ' <¢/3. We clearly have then for k= max(j, J(j))

[

a

dt dx

(7, x)

dt dx

Il
& >
<—§

W
a a3
62W"

(7, )

(, f)) dE dr dx

f dx d& dv < (T— &) E(1}j).
E—1/

ow*
0x

ow
(z, x)——-—-(r x)| drdx<e.
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LemMa 11. For any a<b, any h withO<h<1, and any 6 with0<6<T

we have
T rb
J

a

ow oW
@yt =, y)'a’ydrs(T—cS)Eh. (4.14)

Proof. We have for k=1, 2,..., that

LT

k
+h)_aw

<LLf”

T rb+h aZWk
<]
3 Ya

— (1, d <(T-—- .
o (x e:)' [ avaasm-o b
Taking k£ — oo and using Lemma 10, we have (4.14).

(v, y)! dy dt

o’ Wk

= (1, f)' dé dy dt

The sequence of lemmas we have just completed (Lemmas 5, 6, 7, 8, 10,
and 11) was suggested by a somewhat similar argument in [12, Sect. 4].

LemMMA 12, For any a<b and any 6 and 6* with 0<é6*<T—-6<T
there is a constant C such that

e

— (T + h*, )~%%/(r, y)| dy dv < Ch* (4.15)
Jor all k* with 0 < h* <.

Proof. Because of (4.12), (2.5), and the fact that W is locally Lipschitz
continuous, we know that dW/0r= #(t, x, 0W/0x) almost everywhere.
Thus for small ¢>0 we have for every te (¢, T—¢) and every xeR that
[0W/ot], = [H#(¢, x, 0W/0x)],, where [ ], denotes the e-mollification
described in Section 2, and thus

am =g (%) | 10

holds for (¢, x) e (¢, T—¢) x R, since [dW/dt], = [ W1],/0t on this same set
(see [1, Theorem 1.8, p. 6], e.g.) and since mollified functions are of class
c=.

It suffices to prove (4.15) with W replaced by [ W], for all sufficiently
small £¢>0 (where C is independent of ¢ and where 0 < h* <§ is replaced
by 0 <h* < —¢g), since the fact that [ W],./ox=[dW/dx], — 8W/0x in
LY([6*, T—6+h*]x[a, b]) as e >0+ for each fixed #* with 0 <h* < ¢
(see [1, Theorem 1.7, p. 5], e.g.) then clearly allows us to prove (4.15). For
convenience in the remainder of this proof, write W*=[W1]..
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Since for 0 < h* < 6 — ¢ we have

j~T\5 J<b
o* a

ow*
ox

(t+h* y) dy dr

L

o owr

I
[l

= h* Li“;”'*f (f;t aaWr

o ow*
0x

//\

W e y)| de dy de

//\

(& y)

<
j dr dy de
{—h*

(&, y)‘dydé,
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it suffices to show that this last integral is less than some constant C
independent of ¢ and 4*. In view of (4.16), it clearly suffices to show that

%LT:M;:* J-b

a

o (i 2] evom
o)

dy df

(4.17)

is bounded by some constant C independent of ¢, 4*, and h (for A small
and positive). Denoting by ¢,(t, x)=/.(¢) [,(x) the mollification kernel, the

integrand of (4.17) is equal to

“ F [o.C—71, y+h—Y)=9,(l~1, y—Y)]

—

ow

Hlt, Y, —
X (r p

(7, Y)) dY dt

— o (e8]

—# (r, Y, ‘2—2/ (r, Y))] dY dr

-0

—# (r, Y,— (1, Y+ h))
(

oo

oC oo

+# |1, Y, (r Y+ h)) (r, Y,aa—ljc/(r, Y))] dY dr

Jx JX P (E~1, y— Y)[Jf(r, Y+ h,%zz(r, Y+h)>

e &—r1, y—Y)[Jf(r, Y+h,%—2/(r, Y+h)>
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S(AK+A)h+JiO f 0. (é—1, y—Y)B

aw
—x(t, Y)’ dY dr,

where the (AK+ A)h part of this last estimate comes from (2.12) and
(2.18), and where the remainder of the estimate uses (2.11). Substituting
this last bound into (4.17), it clearly suffices to obtain an upper bound
independent of ¢, 2*, and A for

i L eiemere,

ow

ow
XB|E(T, Y+h)__67(rs Y)‘ dY dr dy dé3

which under the substitution z=y— Y and = ¢ — 1 is easily seen to be

o es) { pT—6+n* b |0W
f_ijm(z,zw[zj. [ gz —ny—z+n
oW
——a;({—t,y—z) dyd{]dzdt.

But for |#| <& and |z| < & (otherwise ¢ (1, z) =0) we have the expression in
square brackets above bounded by

ow

. — (1, x+h)—a—(r x)| dx dr,

1 T—6+h*+rJ~b+s

h 8% —¢ a—¢e

which is bounded independently of ¢, #*, and 4 by Lemma 11.

5. THE MAIN RESULT

THEOREM. Make the assumptions of Section2. Assume that m=1.
Assume that H has mild x-variation. Assume that g has locally Holder con-
tinuous second derivatives. Then

-‘Z-Ke BV((0, T) x R),

where V is the (Friedman) value function of the original differential game
(before the modifications which made f=g=h=0 for |x| = P).
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Proof. Lemmas 11 and 12 show that 0V/0x satisfies the conditions of

Lemma 3 for 2=(0, T)x R.
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