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Global existence and regularity of solutions for the Yang—Mills equations on the
universal cosmos M, which has the form R' X §* for each of an 8-parameter
confinuum of factorizations of M as time X space, are treated by general methods.
The Cauchy problem in the temporal gauge is globally soluble in its abstract
evolitionary form with arbitrary data for the field @ potential in L, (S*)@®
L,,.(S*), where r is an integer >1 and L, , denotes the class of sections whose
first r derivatives are square-integrable; if r= 1, the problem is soluble locally in
time. When r is 3 or more the solution is identifiable with a classical one; if infinite,
the solution is in C®(M). These results extend earlier work and approaches {1-5].
Solttions of the equations on Minkowski space-time M, extend canonically
(moiulo gauge transformations) to solutions on M provided their Cauchy data are
moc erately smooth and small near spatial infinity. Precise asymptotic structures for
soluzions on M, follow, and in turn imply various decay estimates. Thus the energy
in r:gions uniformly bounded in direction away from the light cone is O(x,|™*),
whe-e x, is the Minkowski time coordinate; analysis solely in M, [8, 9] earlier
yielled the estimate O(|x,|~?) applicable to the region within the light cone.
Sim larly it follows that the action integral for a solution of the Yang-Mills
equitions in M, is finite, in fact absolutely convergent.

1. INTRODUCTION .

The Yang-Mills equations are conformally invariant, like the Maxwell
equatiois from which they originated, and so extend invariantly and
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maximally to the universal cover M of the conformal compactification M of
Minkowski space M,. In addition to M,, M contains the de Sitter spaces in
a canonical way, and otherwise provides a type of maximal model for space-
time known as the universal cosmos [7]. It thus appears natural to consider
the Yang—Mills equations on M, and extension to this larger space-time is
useful even from the standpoint of Minkowski space itself since the temporal
asymptotics in M, are derivable from this extension.

This paper shows that the earlier results by Segal [1]and by Eardley and
Moncrief [4] on the existence of a solution to the Cauchy problem for the
Yang—Mills equations in M, in the temporal gauge extend to M. The proof
uses suitable adaptations of the earlier methods for M, which are simplified
and generalized in certain respects, together with aspects of the geometry of
the imbedding of M, into M. This geometry was involved in a physically
related way in 6] and was used in the present connection by Christodoulou
[3] and by Choquet-Bruhat and Christodoulou [2] to show global existence
of solutions of conformally invariant or regular partial differential equations
with small Cauchy data. Here the precise asymptotics of solutions in M, are
derived from the treatment of this geometry in [7] in connection with
analysis of general space-time bundles. The asymptotics derivable in this
fashion are in a certain sense best possible; in particular, they yield temporal
decay rates significantly more rapid than those earlier obtained from the
study of conserved quantities in M,. In this connection see Glassey and
Strauss [8, 9]. For a result for fields with small data by a different approach,
see [2].

A summary treatment of the global existence question on M based on the
theory of Leray [10] for hyperbolic partial differential equations on general
manifolds was earlier given in [5]. The present treatment takes advantage of
invariance features of the Einstein Universe that facilitate subsumption under
more purely functional analytic considerations. In less than four space—time
dimensions, Ginibre and Velo [11,12] have shown global existence of
solutions for closely related equations. An early perturbative result is due to
Kerner [13]. A survey of related matters as of 1979 was given by
Choquet-Bruhat in [14]. Glassey and Strauss have studied global existence
in M, for a special class of solutions [15]. A recent survey in the general
context of hyperbolic equations of gauge theories was given by
Choquet—Bruhat in [16].

2. NONLINEAR ONE-PARAMETER GROUPS
The present treatment appears more intelligible in the general setting of

nonlinear semigroups as introduced in [17]. However no attempt at maximal
generality will be made here, and only full groups will be considered.
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Throghout the present section, B denotes a given Banach space; W(¢) for
t in R- denotes a given l-parameter continuous group of bounded linear
transformations on B; K,(u) for ¢ in R' and u in B denotes a given
continudus map from R' X B to B; ¢ a function from [0, 00) to itself that is
assume ] only to be bounded on bounded sets, and is otherwise generic. Thus
K, (u) it said to be “boundedly lipschitzian locally in £ in case

1K () — K )l < g ¢] + llull + ol [lu — o]

for sore ¢. By “solution” of the equation
t
u(t) = W(t) uy + j W(t — 5) K, (u(s)) ds, (1)
0

where 1, is given in B, will be meant a continuous map ¢ — u(¢) from an open
interval J in R, containing O that satisfies Eq. (1) in J. If J is all of R', the
solution is called global, and is otherwise called a local (in time) solution.

THEOREM 1. Let V(-) be a continuous 1-parameter group of bounded
linear cperators on B such that for all s and t in R' and u in B

V) K () =K (V()u), V() W(s)=W(s) V().

Suppose also that K, (u) is of class C" as a map from R' XB to B (n > 1).
Let P ddenote the infinitesimal generator of V(-).

If u, is in the domain D(P"), then u(t) is in this domain for all t in the
maximal interval T of existence for the datum u,. Moreover the map
(ug, t) -+ u(t) is continuous from D(P") X T to D(P") relative to the norm on
D(P"):

latlly = l2ell + 1| Puel| + -+ + ]| P"u]- @)

Procf. Consider first the case n=1. Since K,(u) is of class C' as a
function of ¢ and u, it is boundedly lipschitzian locally in ¢, so that local
solutio1s exist for arbitrary u, in B. Now suppose that u, is in D(P), and let

T dencte the maximal interval of existence for this datum (open, containing
0). The linear equation

90 = W) Pato + | W(t=9) 0K, Wi Y05 ds ®)

has a solution throughout T. Let z,(t) =e~'(V(e) — 1) u(t) — y(¢) for t in T.
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Then z, satisfies the equation
20)= WOle™ (V&)= D= Plug + | Wie=s)le™ (Vo) — DK,(u(s)

- allI{S(u)|u=u(s) y(s)] ds.

Now (F(e) — 1) K, (u(s)) = K,(V(e) u(s)) — K,(u(s)), which by the mean
value theorem in a Banach space is in the convex closure as & ranges over
the interval (0,e) of 9, K (u)|,-yumus (V(€)— 1) u(s). By continuity this
differs from 8, K,(u)l,-, (V(€) — 1) u(s) by o(1)l[(V(e) — 1) u(s)| uniformly
on any compact subinterval T, of T, as e - 0. Noting that

lel =" 1(V(e) = 1) ull < 2o + | »(s)I

the integrand is

W(t = 9)[0, K ()lu=us) 2e(8) + 01|z ()| + Il ¥(ID]-

It follows that uniformly on T,

lz.(O <o(1)+ j(: C || z.(s)|l ds,

which by Gronwall’s inequality implies that z,(s) is uniformly o(l) on T,.
Thus u(s) is in D(P) for all s in T, and Pu(s) = y(s). The continuity of the
map (u,, t) — u(t) in the || -||, norm also follows.

The general case now follows by an induction argument, similar to that
for the case n=2, which proceeds as follows. The linear inhomogeneous
equation

X(0)= W) PYO) + | W(t=)[0K Wy ¥6)
+ almes(u)Iu=u(s) (y(s), y(s))] dS

has a solution throughout 7. Now let

we(t)=e~'(V(e) — 1) y(t) — x(t)

for ¢t in T. Then w, satisfies
we(t) = W(t)[e™'(V(e) — 1) — P] ¥(0)
X [ W= 9)le™ (V)= D) 0K, Wl 6)

- auK's(u)lu=u(s) x(s) - alzml(s(u)|u=u(s) (y(s), y(s))] dS.
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Now for any C? map L from B to B with the property that V(s) L(u)=
L(V(s)1) for all s in R' and u in B,
e”'(V(e)~ 1)@,L(u))y
= lim (eh)™" (V(e) — )(L(u + hy) — L(u))

= ;liir; (eh)™" [L(V(e)(u + hy)) — L(V(e)u)— L(u + hy) + L(u)]
= }'1_1}(1) (eh) ' [Lu+p+q)—L(u+ p)—L(u+q)+ L(u)

+L(u+hV(e)y) —L(u+ hy)l,
where p = (V(e) — 1) u, g = h¥V(e) y. Further,
lim A~ [L(u + hV(e) ) — L(u + hy)| = @, L)(V(e) y — )3

lim, (eh)"'[L(u+p+q)—L(u +p)—Lu+q)+L(u)] is in the convex
closure of (3124L)|u1 (p. q), where u, varies on the line segment joining u and
u+p. I follows as earlier that w, satisfies an inequality of the form

[ <o) + [ (s}l ds

on com)act subintervals of T, whence w,(f) - 0 as e~ 0. This in turn shows
that y(¢) is in D(P) and that Py(t) = x(¢). As before, continuity of the map
(49, £) - u(t) in the || - ||, norm follows. Continuing this process one derivative
at a timre, the theorem follows.

CoreLLARY L.1. If V is a continous unitary representation of the Lie
group C' on B such that for all g in G, t in R*, and u in the Hilbert space B,

Viggwy=w@) vig), V(g K ) =K(V(g)u)) 4)

and if K (u) is of class C" as a function of (t, u), then the n-fold dijferéntiable
vectors in B with respect to V are invariant under the temporal propagation
defined by Eq. (1), within the interval of existence.

Progj. Apply Theorem 1 to each generator and its powers, and refer to
the thecry of differentiable vectors in group representations (Goodman [18]).

EXAMPLE. Let G be a Lie group, F a finite-dimensional vector space, B
an L,-fobolev space of functions f from G to F, and V(g) of the form:
(V(8)/)(x)=S(g™'x), x in G. If K,(u) has the form (K (u))(x) = p(u(x)),
where £ is a polynomial on F, then Eqgs. (4) hold.
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Thus the equation

@/o —4+c)p+q(#)=0; 60, x)=¢¢(x), (0, x)=4,(x),

with ¢, in H, and ¢, in H, and where 4 denotes the Laplace-Beltrami
operator on S°, ¢ is positive, and g is a polynomial of degree at most 3, has
local-in-time solutions to the corresponding evolutionary equation in
H, ® H, (cf. [17]) that remain in H,,, ® H, if in this space initially, n
being an arbitrary non-negative integer. The same is true for polynomials ¢
of arbitrary degree n is taken to be sufficiently large.

CoRrOLLARY 1.2. Suppose that K[ (u) is t-independent and boundedly
lipschitzian. Suppose D is a dense subset of B with the property that if u, is
in D then the solution u(-) of Eq. (1) has u(t) in D for all t in the interval
T(u,) of existence. Suppose there exists a positive constant e and a
continuous function ¢ from B to [0, co) such that if u(-) and v(-) are local
solutions with data u, and v, in D, then

1K (u(1)) — K(v()|
[ K (o)

luoll + ool + [ 2Dl u(t) — v()5

<

[ < oluoll + [N u(

Jor all ¢ that are both in (—e, e) and in the common interval of existence.
Then Eq. (1) has a global solution for arbitrary data in B.

Proof. Suppose that u, is in D. Estimating from Eq. (1),
t
Ol < CO + | C) 8(luq + 11Dl s ds

for ¢ in (—e, e) and T(x,). It follows from Gronwall’s inequality that || u(¢)|
remains bounded throughout the common part of the interval of existence
and (—e, ), which implies that (—e, e) is contained in T(u,). Since the map
u, — u(s) from D to D is invertible by the map u, — u(—s), the former map is
from D onto D, for sufficiently small s, so that the mappings L(s): u, - u(s),
u, in D, form a local 1-parameter group in D, say for |s| < g. Defining L(s)
for arbitrary real s by

L(s)=L(s,) L(sy) - L(s,) f s=8,+ 5, + -~ +5,, |8,/ <8,
it follows purely algebraically that L(s) is uniquely defined, and that L(-) is

a global 1-parameter group of transformations on D.
Now if u, is arbitrary in B, let {u,} denote a sequence of elements of D
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such that u,— u,, and let u,(-) denote the solution of Eq. (1) with Cauchy
datum u ,. Subtracting Eq. (1) for u,(-) from that for u,(-), it follows that

| ) = ] < €O (1) + CO [ 1K ) ~ K, 6 s,

where C-) is bounded on bounded intervals. Applying the hypothesis as to
the nornied term in the integrand, and Gronwall’s inequality, it follows that
|, (2) — u,(2)]| is o(1) for all ¢ in (—e, e), uniformly on compact subintervals.
Hence tt e sequence {u,(t)} converges uniformly on any compact subinterval
of (—e, €) to a solution of Eq. (1) with Cauchy datum u,.

This provides a local 1-parameter evolutionary group in B defining the
propagation u,— u(t) corresponding to Eq. (1), and it follows as in the case
of solutions with values in D that this extends uniquely to a global one-
parameter group.

3. THE YANG-MILLS EQUATIONS

Let T be a given compact Lie group, I' its Lie algebra, and (-,-) a I-
invarian: positive definite inner product on I The Yang-Mills equations
concern I- valued differential forms, i.e., multilinear antisymmetric forms
with values in I, on the space of C*® vector fields on the manifold in
question (cf. Lichnerowicz [19] and Choquet-Bruhat and DeWitt—Morette
[20]). T1e present investigation treats the case of the universal cosmos M,
which becomes the Einstein Universe when a metric is imposed on M that is
invariann under the maximal compact subgroup of the 15-parameter
automor hism group of M. Regarding M, compare [7], whose notation is
used her:.

An acmissible metric on M will be defined as one that is subordinate to
the given causal (or conformal) structure on M. All metrics, vector fields,
etc., wil be assumed C*® unless otherwise indicated. Given an admissible
pseudo-Hiemannian metric g, it will be extended by linearity from vector
fields to homogeneous maps from the space of vector fields to given algebras.
Thus if ¥; ( j=0,1,2,3) is any orthogonal basis for the vector fields near a
point p of M, e.g., (¥, Y;)= to,, and if P and Q are linear maps from the
space of such vector fields (as a module over the algebra of C* functions) to
an algebra A, then

8P, Q)= % P(Y) Q(Y) &(Y:, ¥)).

When s in the present application A is a Lie algebra, the notation
g(P, Q):= [P; @), or on occasion [P(-); Q(:)], will be used.
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The Yang-Mills equations are equations for a 1-form 4 and a 2-form F,
both having values in I'. They may be expressed as follows, X and Y being
arbitrary vector fields on the manifold in question, which is assumed
endowed with a given conformal structure:

F(X,Y)=dA(X, Y) - [A(X), A(Y)], &)
where d denotes the usual exterior derivative
(dA)(X, Y) = XA(Y) — YA(X) — A|X, Y];
and with & = xdx, v
(OF)(X) = [F(:, X)3 4(-)]. (6)

We recall the convention regarding *: if s,,..,5, is an ordered basis of
1-forms, the positive orientation being s;s,:--s,, then *(s,..-5,)=
8(Sp41 - Sp> Spy1or8,)8p4y 0 S, Pro forma, Eq.(6) depends on the
metric, but the equations are known to be conformally invariant and are
unique as regards the differential equations aspects considered here but may
be given a variety of equivalent formulations (loc. cit.).

The central questlon considered here is that of the Cauchy problem for
these equatlons on M relative to a fixed but arbitrary factorization of M in
the form R'X SU(2) into time and space factors. This problem may
convemently be treated in terms of scalar-valued functions defined globally
on M, representing the coefficients of 4 and F relative to the following fixed
basis. Let §; (j=0,1,2,3) denote the I-form on M such that Bi(X) =

Oulk=0,1,2, 3). The B; are invariant under left translatlons relative to the
presentatlon of M as the group [(2)~R' X SU(2)~R' X S*, where here
R! denotes the additive group of the reals.

In terms of the coordinates ¢, u,, u,, u;, these l-forms are given as

follows: f, =dt;

uyBy = (Ui + ui) duy + (uu, — uyu,) du, + (uuy + uyu,) dus,
U By = (u3 + ul) duy + (uyuy — uyuy) duy + (uyu, + usu,) du,,
u By = (u§ + ui) duy + (uyuy — uyuy) duy + (uyu, + u,u,) du,.

The positive orientation on M will be defined 13_y the 4-form B,f6,8,58;. The
metric used henceforth is the invariant one on U(2): g(X;, X;) = ¢,0;;, where
(es> €15 €5, €3) = (1, —1, —1, —1). Using standard notational conventions and

letting i, j, k denote the indices 1, 2, 3 in cyclic order, one finds

dB, =0, dp; = zﬁjﬂk; d(BoB)=— Zﬁoﬂjﬁﬁ d(ﬂiﬂj) =05
*(BoB:) = B B> *(BoB:iB;) = B> *(B:8,8¢) = —Bo-
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For arbitrary 1- and 2-forms 4 and F, not necessarily satisfying (5) or (6),
we set .1, =A4(X)), F;=F(X;, X;); thus 4 =3",4,, and F=3%, ;F;B,8,.
Straight‘orward computations now show that

dd = Z X A;— X;4,) B:B; + 22" 4, BBy

i<j

where | involves summation over all indices 0,1,2,3 and Y.’ denotes
summation only over the three cyclic permutations of 1, 2, 3. Also,

—0F = (X Fo, + X, Fo, + X3F3) By + (XoFoy + Xy F 1y + X3 F i3 + 2F ) B,
+ (XoFoy + X\ Fy, + X F,3 + 2F5) B,
+ XoFos + X, F3 + X, Fy, + 2F ) 8.
It follows that in terms of scalar components, Eq. (5) takes the form
Foj=XgAd;— X;4,— [4,,4;] (j=1,2,3), )
Fj=XA,—X;A;+24,—[A;,4;] (i.j,k=1,2,3 incyclic order).
Noting ' hat
[F("/Yj)’A(')] =“[Fj0’A0] + [F(Xj’Xl)’Al] + [F(Xj’Xz),Az]
+ [F(X), X,), 4],
Eq. (6) ' akes the form (for j=0):
—(X,Fio+ Xy Fpo+ X3 F30) = [Fror A1) + [Fags A3] + [Fr,45]; (8)
and, introducing the notations
E,=F;, E=(E,,E,,Ey))=(Fyy, Fy, F3)s
H,=F,, H=(H,,H,,H))=(Fy;, F |5, Fy),
Eq. (8) inay also be written as follows,' with V = (X,, X,, X,):
V-E=[4;E]; ©)
and in addition the following equations are obtained:
—H=VXA+24—-A4XA, (10)
X,E=—V X H—2H—[E,A,] + [4A X H].

! The fullowing notations are used: (1) {4 XB|;= [4;, B;] — [4,, B;], where i. j, k are I, 2,
3 in cycliz order; (2) [4;B]=[4,,B,] + [4,, B,] + (43, B,]; (3) (VX A4),=X;4,— X, A,
where i, j, k are in cyclic order; (4) (Vf),= X, f, f being a function.
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The temporal gauge is defined by the condition 4, = 0. Assuming hence-
forth that this is the case, and noting that then X,4 = —E, it follows on

applying X, to the first of Eqgs. (10) and simplifying the second that
' X,E=—-V X H—2H+ [4 X H], an
XH=VXE+2E—[4AXE].

4. SoLUTION OF THE CAUCHY PROBLEM

In order to subsume the Yang-Mills equations under general theory, it is
convenient to use the “fixed-time constraint” (9) to improve the regularity of
one of the evolutionary equations. More specxﬁcally, the first of Egs. (11)
takes the form, as an equation for 4,

A=VXH+2H-[AXH]; H=-VXA—-24+A4XA.
Eliminating H by substitution yields the equation

A+VX(VXA)=—44—4VXA+64XA+VX(4XA)
+[AXVXA]—[AXAXA] (12)
Because of the partial degeneracy of the operator 4 -V X (V X 4), the
treatment given in [17] for scalar wave equations does not extend directly to

this equation. The equation can however be modified so that a similar
treatment becomes applicable. To this end, note first the identity

VX (VXA)=—LA+V(V-A4)—2V XA, (13)

where L denotes the Laplacian, applicable to arbitrary smooth A
(irrespective of the Yang-Mills equations). Substitution in Eq. (12) now
leads to

A+ —L)A=-34—-2VXA—-V(V-A)+64XA+VX(AXA)
+[AXVXA]—[A4XA4XA] (14)
Second, the only term on the right-hand side of Eq. (14) involving two
differentiations can be adequately desingularized by using Eq. (9). Indeed,

differentiation of Eq. (14) with respect to time gives the following equation,
now adopting the notation: L’ =I— L.

A+L'A=-34—-2VXA—V(V-A)+6[AXA|+VX[4dXA]
+[VXAXA|+VXAXA]—[[AXA]XA]|—[AXAXA]
(15)



122 CHOQUET-BRUHAT ET AL.

Now using the expression for V-4 as [4 ;4] given by Eq. (9), Eq. (15)
takes thz more regular form

A+ A=-34-2VXA—V[A;A)+6[AXA] +V X [AXA]
+[VXAXA]+[VXAXA]~[[AXA]XA]— ][4 XAXA4]
(16)

Thus if U denotes 4 @ A @ 4, then U(t, -) satisfies the equation
U'(r) = QU(r) + K(U(1)), (17)

where () is the linear operator whose matrix decomposition relative to the 3-
fold dirzct sum in terms of which U is defined is

0 I 0
o={lo o I} (18)
0 —-L' 0

and K takes the form K(u @ v ® w)=0® 0@ k, where k is deduced from
the rigit-hand side of Eq. (16) by the formal substitution 4 - u, A -,
A - w. Thus

k(u,v, v)=—-3v~2VXv—V[u;v] +6[uXv]+VX|uXv]
+[VXoXu]+ [VXuXv]—[luXov] Xu]—[uxuXv] (19)

We -efer to Eq. (12) as the evolution equation, Eq. (16) as the awxiliary
evolution equation, and Eq. (17) as the abstract such equation. Equation (17)
will be considered in the spaces [H,], defined as the Hilbert space direct
sum

(Hol =Ly 04 olS°, I @ Ly 041(S*, T ® L, ,(S7, T,

where L, (M, F), M being a compact manifold and F being a finite-
dimensional vector space, indicates the usual Sobolev space of functions that
are square-integrable together with their first 7 derivatives, and a is a non-
negative integer. Evidently the [H,] are all contained in Hy; as subsets of H,
in the topology of H, they will be denote simply as H,. Note that L’ is a
non-negative self-adjoint operator in L,(S*, F), assuming F is a euclidean
space ind the inner product of two vectors f and g in L,(S°, F) is defined as
{¢s (f x), g(x)) dx. Its non-negative square root will be denoted as B (the
contex: indicating the relevant finite-dimensional vector space F). The norm
in [H,] may be formulated as: |u® v@® wi|,=(|B**ul]> +|B**'v||* +
|B°w|?)"/%. By spectral theory, the operator B,, defined as B with the
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modified domain consisting of vectors in H, that are in the domain of B and
have transforms in H, (under B), is likewise self-adjoint in [H,], so that
continuous functions of B, are well-defined. The context will suffice to
indicate the value of g, and B, will be denoted simply as B.

Because of the nonlinear constraints on the Cauchy data, it is convenient
to solve the Cauchy problem for the Yang—Mills equations in several stages.
First the local-in-time strong existence is established for Eq. (17) in the space
H,. This implies corresponding existence in the spaces [H,], which are
conserved under temporal evolution. Next, the question of the preservation of
the constraint, when the Cauchy data for Eq.(17) satisfy the constraint
initially, is considered, resulting in local-in-time strong solution of the
Yang-Mills equations in the space H,. An a priori estimate for solutions of
the Yang—Mills equation on the Einstein Universe is then obtained from the
Cronstrém gauge [21] estimate of Eardley and Moncrief [4] in Minkowski
space-time, using the local causal equivalence of these two space-times.
Global-in-time existence for the Yang—Mills equations then follows in H,.

THEOREM 2. Egquation (17) has a unique local-in-time strong solution in
H, for arbitrary Cauchy data in this space.

LEMMA 2.1. Q is the generator of the following continuous one-
parameter linear group on H,:

sin tB l—costB
B B?

sin tB

Wit)y=]§ 0 costB

0 —BsintB costB

Moreover, this group leaves invariant H,, and the group obtained by
restricting to H, acts continuously on [H,].

Proof. 1t is straightforward to verify that W(¢) is a bounded linear
operator on H, and that W(t + ¢') = W(¢t) W(t') for arbitrary real t and ¢'. It
is easily seen that W(¢) maps H, into H,, and that for arbitrary U in H,, the
map t— W(t) U is continuous from R' into [H,]. That the group W(-) is
generated by Q follow on differentiating the given expression for W(¢), in
accordance with the Hille-Yosida theorem.

LEMMA 2.2. K is boundedly lipschitzian and C" (n=0,1,2..) from
[H,] into [H,] (@=0, 1, 2...).
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Progf. This means that if u€L,,,,, v€EL, ,,, and wE L, ,, then
k(u,v, vYy€L,,; and that in addition the inequalities and limits
corresponding to the asserted lipschitzian and differentiability properties of
K holc. The latter properties follow as usual in the present context of
polyno nials in the elements of Sobolev spaces, once the former is shown, by
the use of the Sobolev inequalities. To establish the former property, suppose
first that @ =0. The most singular terms in k are then [V X u X v] and
[V X v X u]; it will suffice to treat these terms, the others being simpler. Both
V X u and v are in L, ;, which by a Sobolev inequality implies that they are
both ir L. It follows that [V X u X v] is in L,; but since S° is compact, L,
is contained in L,. If now a is positive, V X u is in L, , with b > 2, and the
product or commutator of V X u with an element of L,  for any c<b
remains in L, .. In the case of [V X v X u] the argument is similar. With this
observition the proof proceeds as earlier.

Procf of theorem. This is immediate from the lemmas and [17].

THEDREM 3. If the Cauchy data for Eq. (17) are in H,, and satisfy the
constreint equation V - v = [u;v] and the evolutionary equation (14), then
both o these equations are satisfied throughout the interval of existence of
the strong solution.

Proof. Setting g=V-v—{u;v|, and G=E+V X H+2H —[4 X H|
as a function of u, v, and w, via the replacement of 4, A,and 4 by u, v, and
w, respectively (E and H being regarded as dependent on A, 4, and 4 in
accordance with the earlier given equations), computations similar to those
in the derivation of Eq. (16) show that

g§=-V.G+[4;G], G=-Vg. (20)

Nov’ in the space L,(S°,I*)@ L,(S* I'), the operator whose matrix
relativ: to this direct sum decomposition is i (¢. §) is hermitian on the
submanifold of infinitely differentiable elements, and is moreover invariant
under rotations on S°, acting on I in accordance with the action on forms
of the rotation group O(4) of S°. It follows that this operator, on the
indicared domain, has a unique self-adjoint extension, say P (cf. [22]). Now
letting Z(t)=e "P(G() D g(t)), then Z'(t)=e *F(—iPYG() D g(®)) +
e ""(--Vg® —V - G + [4 ; G]), inasmuch as it follows by standard approx-
imaticns that the domain of P includes all G ® g with G in L, ,(S°, I'*) and
g in .., ,(S° I') and that on this domain P acts as the earlier indicated
differential operator.

Fron Eqgs.(16) and (17), Z'(f)—e "*(0® [A(); G(t)] =0. Now
G(0) =: 0 because the Cauchy data satisfy Eq. (14), and g(0) = 0 because the
constraint equation is asumed to hold initially. It follows that
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t N
Z() = L e PO @ [A(s); G(s)]) ds,
and bounding [|4(s)||,, by (const.)||4(s)].;, it results that

12001 < const) [ 1Z(6)a |4y 2 ds.

This implies, together with Gronwall’s inequality, that Z(¢) = 0 throughout
the interval of existence of the solution to Eq. (17). 1

In connection with the next theorem it is convenient to define the abstract
evolution equation as Eq. (12) considered as a differential equation for A(¢, -)
in a Banach space of functions on space. Similarly, the abstract constraint
equation is Eq. (9) as a similar differential equation for 4, with E formulated
as —A.

THEOREM 4. The abstract Yang—Mills equations (evolution and
constraint) have a global solution in H, that is strong for the evolution
equation and strict for the constraint equation, for arbitrary Cauchy data in
H, satisfying the constraint initially.

LEMMA 4.1. There exists a positive number e such that if F is the 2-form
associated with a C® local-in-time solution to the Yang-Mills equations, and
if t is both in (—e, e) and in the interval of existence of the solution, then

IF @, oo < $UFO, Nz + 14O, ).

Proof. By the invariance of the equations under rotations of S°, it
suffices to establish the inequality at any one point ¥ of SU(2), where SU(2)
is identified with S° as usual (cf. [7]). Moreover, the global L, , bounds on
the right side of the inequality may then be replaced by corresponding
bounds over neighborhoods of the domain of dependence at time O of the
point (¢, V).

Now M, is causally equivalent to an open submanifold of R' X SU(2) via
the imbedding given in [7]. This carries the space-like surface x,=0 in M,
into the space-like surface ¢ = 0 in M. Noting the conformal invariance of the
equations and the equivalence in relatively compact subsets of euclidean
space of the Sobolev norms of forms relative to the bases f; on the one hand
and dx; on the other, it follows that it suffices to establish the bound claimed
in the lemma in M, for |¢| < e for some positive number e and ¥ = I. This
bound is readily deduced from inspection of the argument of Eardley and
Moncrief [4], applied to C* data, together with use of the trace theorem,
L,,- L, (B) (with B a ball of R®).
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Proqof of theorem. 1In Corollary 1.1, let ¥(:) be the representation of the
isometty group G of S° that gives its action on the vectors A ® 4 ® A. The
satisfaction of Eqgs. (4) is a slightly stronger version of the invariance of the
equaticns under G, and virtually immediate. As shown in Lemma 2.2, K(-) is
of class C" for arbitrary non-negative integral n. It follows that the n-fold
differer tiable vector subspace of H, is invariant under the temporal
propagation defined by Eq. (1). But this subspace is just H, [18]. It follows
that th: common part H_, of the H, is invariant, and evidently H_ is dense
in H,.

Consider now Corollary 1.2, with B taken as H, and D taken as H_. As
just shown, if the initial datum #, is in D, it remains there throughout the
interval of existence of the associated solution. The remaining hypothesis
follow: from Lemma 4.1, and the theorem follows.

CoROLLARY 4.1. If the Cauchy data in Theorem4 areinH, (a= 1, 2,...,
or o). they remain in this space for all times.

Procf. Included in the preceding argument.

COROLLARY 4.2. If the Cauchy data in Theorem 4 are in H,, then the
solution is equivalent to a function on M that satisfies the equation in the
elementary pointwise sense.

Proof. A, A, and 4 are all in L, ,, or more regular spaces, if the data are
in H,, and so may be uniquely defined pointwise at each fixed time so as to
be coatinuous on S°. It then follows by standard methods that the
derivatives involved in the equation exist in the elementary pointwise sense,
and yield the same functions that are defined by the in part abstract
operat ons on function spaces involved in the earlier treatment, modulo null
functions.

5. RELATIONS BETWEEN SOLUTIONS ON M AND ON M,

Eve:y solution of the Yang—Mills equations on M restricts to a solution on
M,. Cn the other hand, the spatial components of M and M, at time O are
the s:me except for the absence of the point at infinity in the latter,
corresyonding to the point —I of SU(2). It is natural in view of this and the
conformal invariance of the equations to expect that solutions on M, may
extenc under reasonable conditions to solutions on M. Indeed, it is shown in
this scction that every solution of the equations on M, that is moderately
smooth and small at space-like infinity extends to a solution on M. The
asymgitotics of solutions on M, are then deducible from the regularity of
solutions of the equations on M that follows from the global solubility of the
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Cauchy problem in this universal space-time. In particular the temporal
asymptotics will be treated in a later section.

The temporal gauges on M and M, are distinct except at time 0. The
transformation from the one gauge to the other is however not at issue in the
next two sections. To define on M the natural extension of the temporal
gauge on M, let T; denote the unique causal vector field on M that agrees
on M, with 9/0x;. A 1-form A4 on M will be said to be in the flat (resp.
curved) temporal gauge in case A(7,) (resp. 4(X,)) vanishes on M.
Regarding the form components, the following notation is used (cf. [23]).
The primed standard components are with respect to the bases for forms
derived from the dx;, while the unprimed standard components are with
respect to those derived from the g, (i.e., the flat and curved standard
components, respectively). Thus A =3"7_oA4;8;; F=Y ., FyB;Bi; AIMy=
2)_0A]dx;, etc. The term electric field part of the 2-form F is defined as
follows: (i) curved part, 3°; F;of8,8,, denoted °E; (ii) flat part, }; Fj,dx;dx,,
denoted /E. V' denotes the gradient operation on R*.

Throughout the succeeding sections, M is taken in a fixed factorization as
R' X SU(2), and functions ¢ (forms, etc.) on M correspondingly taken in the
form ¢(¢, V), where t € R' and V € SU(2), unless otherwise specified. As
earlier, M, is taken as canonically imbedded in M, the origin in M,
corresponding to the point 0 X I in M. Functions ¢ on M, will be taken in
the form ¢(x,, x). If 4 is a 1-form on M, it has restrictions in several senses
including: (i) to Einstein time 0, denoted A(0, -); (ii) the restriction in turn of
A(0, -) to the tangent spaces of S°, i.e., a 1-form on S°. For brevity the latter
1-form will be called the restriction of A to S* at (Einstein) time t = 0; this
restriction will be denoted as 4. The restriction in turn of 4 to the
spatial component R® of M, at time x, = 0 will be denoted as (o4

If Fis a 2-form on M, the situation is similar. As earlier, however, it is
convenient to decompose F into electric and magnetic components, and to
take each of these as vectors, in a temporal gauge. This complicates the
transformation properties of the trace of the electric component on §?; it
transforms as a pseudo 1-form (cf. [23]). Specifically, the trace on S* (resp.
R?) of the electric component of F on M (resp. M,) at time O is defined as
the pseudo-form 3 ; F;(0, -) 8, (resp. 3_; Fy(0, -) dx;). The components then
transform under conformal transformations on S° (resp. R’) as a vector of
weight 2 (rather than as the vector of weight 1 corresponding to a strict 1-
form) if it is required that the restriction to S* (resp. R?) is to commute with
conformal transformation on M (resp. M,). The restriction of a 2-form
L(-,-) to S at time =0 (resp. R® at time x, = 0), contracted with the
vector field X, (resp.d/dx,) in the second position: L(-, X,) (resp.
L(-,08/9,)) will be denoted as 4 L (resp. (oo)L).

THEOREM 5. If A and F are 1- and 2-forms on M, their restrictions to



128 CHOQUET-BRUHAT ET AL.

M, have standard components related as in Egs. (21), following. In
particulzr, A(X,) =0 at time t=0 in M if and only if A(8/x,)=0 at time
xo =0 in M,. Moreover, the restrictions oA and SE of A and °E to S° at
time t==0, where E is defined as E,(0, ) B, + E,(0, -) B, + E;(0, ) §;,
satisfy ihe curved constraint equation (9) if and only if the restrictions 49,4
of A ard WfE of ’E to R® at time x,=0, where (JE=E' dx, + E'ydx, +
Ejdx, satisfy the “flat” constraint equation: V' - (JE = [ 40,4 5 0o]E]-

The constraint part of the theorem could be deduced from the conformal
transformation properties indicated above without a component-wise
analysit, but the relations of the components given below will be useful later.

Ay = 3(1+ uU_u)Ay— %uOuIAl - %“ouzAz - %uousAa,

Aj= —Jugu, Ay + (3ut +u, p) A, + Guyuy + uy p) 4,
+ (%“3“1‘“21’)‘43,

Aj= —qugu,dy + Guyu, —uy p) A, + Gui +u, p) 4,
+ (%uzus +u, p)A4,,

Ay= —dugus A+ Gusu, +u, p) A, + (3uyu; —u, p) A4,
+ (Ui +u, p)4;.

Fiy= p(p—3_,(u} +ud)) Fo, + 3p(us + u_ (u,uy + uyu,)) Fo,
+ 3p(—uy + u_ (uzu, — uyu,)) Foy + 3o p(uyuy — U u3) F iy
+ Jug p(ul + u3) Fyy — jug p(uy uy + uyu,) Fy,

b2 = 3p(—ty + u_y(uyuy — uzu,)) Fo,

+p(p— %u—l(uf + ug)) Fy, + %(“1 +u_(uyus + uyu,)) Fo,

s — gg Py + uyUg) Fry + 3uq pluyty — tyuy) Fiy

+ ';’uop(ug + u%)F:n’
Fiy=:3p(u, + u_y(uyu, + uyu,)) Foy + 3p(—u, + u_(uuy —uyuy)) Foy
+p(p —3u_,(ui + u3) Foy + ju, P(“f +ud)F,

— 3uo p(usu, + uyu,) Foy + jug p(uyu, — Uyuy) Fyy,

Fiy == Juq p(uy uy + uyug) Foy + 3uy pluyuy — uyu,) Fo,
— 3ty p(uf + u3) Fo; +p(p— ju_,(ui+ u%)) F,,
+ 3wy +u_ (g, + uyu,)) Foy + 3(—uy + u_y(uyu; — uyu,)) Fyy,
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53 = —3lq pus + ug) Fo + %uo pluyu, + usu,) Fo,
+ 3ug plusuy — uyuy) Foy + 3p(—uy + u_(usu, — uyu,)) Fiy
+p(p— %u—l(ug + ug))an + 3p(u; + “-1(“1?2 + uyuy)) iy,

0
uu) Fos +4p(u, > u_(uyu, +u;u,

(u.u. + P . 5
(i3 T %144/ 703 % —i\#1¥3 i%4

NF.,
77

+ 3p(—uy + u_ (U uy — usuy)) Fpy + p(p— ju_ (U3 + u3)) Fyy.
LEMMA 5.1.  The restrictions of the B; to M, are expressible as follows in
terms of the dx;: ’
Bo=3(1 +u_,u,) dxy— jug(u,dx, + uydx, + uydx,),
B, = —tuqu,dx, + (Gul + u, p) dx, + (3u,u, — u; p) dx,
+ (uyuy + u, p) dxy,
B, = —3ugu, dx, + (3ui + u, p) dx, + (Gu,u, + u, p) dx,
+ (Fuyu5 — u, p)dx;,
By = —Suguydx, + (Gusu, —u, p) dx, + (3u,u; +u, p)dx,
+ (3u} +u, p)dx;.
Proof. Since
To=3(Xo+Lo) =31 +u_u) Xy — ugu, X, — ug, X, — ugu; X5,
and, for example (cf. [7}]),
Ty=3(L_,,+Ly)
=—dugu X+ 2u_ u, + ud + ud) X, + 3(u_ us + uyuy + uyu,) X,
+ M uy +uuy - uyu) Xy,
we have
Bo(To) = 3(1 + u_,u,), BATo) = —3ueu;,
Bo(T)) = —duou;, BAT,)=3u} +usp (J=1213),
BaoTy) = $u,uy + uy p. By(T,) = 3u,uy — u, p,
By(To) = guyuy +u; p,  Bi(To) = quyuy — uy p,
Bi(T3) = jusu, + u, p, BoATs) = 3uy 5 — u, p.

Now recalling that p = $(u_, + #,), the lemma follows.

580/53/2-3
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LeEmMMA 5.2.  The restrictions to M, of the products of two of the B; are
expressille as follows in terms of the products of two of the dx;:
BoBy=p(p — tu_,(u3 + u3)) dx, dx,
+ 3p(—uy + u_ (uyu, — uyuy)) dxqdx,
+ 30(uy + u_ (uyuy + uyu,)) dxydx,
+ 3ug p(u, Uy + u,yu,) dx, dx,
— juy p(ul + u3) dx,dx,

+ 3ug p(uy uy — uyu,) dxydx,,

BoBy=1p(uy + u_ (u,u, + uyu,)) dx,dx,
+p(p— qu_,(u +u3)) dxodx,
+ i p(—u; + u_(uyuy — u u,)) dxydx,
+ duy p(uyuy — uyu,) dx, dx,
+ 1y p(u U,y + uyu,) dx, dx,

— 3uq pu + u3) dx,dx,,

BoBy=3p(—uy + u_ (U uy — uyu,)) dxgdx,
+ip(u, +u_ (uyuy + uu,)) dxydx,
+p(p — ju_,(ui + u3)) dx,dx,
— Suy p(u? + ul) dx, dx,
+ dug p(usu, — uyu,) dx, dx,

+ '%uo pluyuy + uyu,) dxydx,,

BB, = $uy p(uuy — u,uy) dxydx,
— ug puyus + u,u,) dx,dx,
+ Juy p(ui + ul) dx,dx,
+p(p— 3u_ (i +u})) dx,dx,
+ 3 p(—uy + u_ (u,uy — uyu,)) dx,dx,
+ 4 p(u, +u_ (uyuy + u ) dx,dx,,
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B.B; = %u p(u§ + ug) dx,dx,

0
+ guq p(uyu, — u,u,) dxydx,
— U P(ust; + uyu,) dxgdx;

+ 30y + u_ (3, + uyu,)) dx,dx,
+p(p — qu_,(u3 + u3)) dx,dx,

+ 4 p(—uy + u_ (uyu, — uyu,)) dx,dx,,

ByB, = —tuy p(u,u, + usu,) dx,dx,
+ 3uy p(u} + u?) dxydx,
+ du, p(u,uy — uyuy) dx,ydx,
+ip(—u, +u_ (u,uy —u,u,)) dx,dx,
+ 3 puy + u_ (u,u, + uyu,)) dx,dx,
+p(p—3u_,(u}+u?)) dx,dx,.
Proof. These expressons are obtained by multiplication of the

expressions given earlier for the §; in terms of the dx,, followed by algebraic
simplification.

LEMMA 5.3. Let A and F be given 1- and 2-forms on M whose fixed-time
sections are in L,,®L,, on S, and such that the mapping from the
Einstein time t to the section is continuous. Then when t =0,

3 3
Z (TjF(,)j_ [Aj{aF’o,']):PJ 2 (XjFOj_ [Aj’FOj]); pP= %(1 + u,).

j=1 Jj=1

Proof. The expression on the left will be reduced to p? times the sum on
the right. By approximation, it is no essential restriction to assume that 4
and F are C*. Using the formulas for 4] and F{; in terms of the 4; and F;;,
it results (for example) that the coefficient of [4,, Fy,;] on the right-hand side
is § p times

(w3 + uyuy + usu,)(—uy + usu, — uyu,)
+ (uy + ug + ui)(“l + Uy Uy + Uy Uy)

+ (—uy + upuy — uyu)u, + u§ + uy)s

but this equals 0 by direct computation, as do its cyclic permutations.
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The coefficient of [4,, Fy, ] however is §p times

(g + ui + ud)(uy + ul +ul)
+ (—uy + wuy —uyu )(—uy + ug Uy — uzuy)
+ (g + usu, + uyug )y + uyu, + uyuy),

which equals (1 + u,)% hence the overall factor p* as stated.
By th: formulas for T; when x,=0, >}_, T;F}, is § times the sum

[(ug + td +ud) X, + (us + uuy + uyu,) X,
+ (—ty + U uy — uyu,) X
X A pQuy + ui + uz) Fo, + plus + uyuy + usu,) Fo,
+ p(—uy + uyu, — uyu,) Fos}

+ two other cyclically related terms.

It fol.ows readily that the resulting terms involving differentiation of the
Fy; leac to p® times the differentiation terms on the right, using the same
equations as before. It remains to check the terms involving differentiation of
the coefficients. The coefficient of F,, is for example

T,(p(u. + u% + uﬁ)) + Ty(p(—us + uyuy — uzuy)) + T(pQuy + uyuy + uyu,)).

This is shown to cancel out using the equations, at time t=0:u,=
p(l—3), p=(1+3r*)"" and u;=px; (j=1,2,3).

Prooj” of Theorem. The theorem is now a direct consequence of the
lemmas

CoOROLLARY 5.1. Given Cauchy data for the Yang—Mills equations in
the (flat) temporal gauge on M, at time x,=0, consisting of the 1-forms
A(x) and E(x) (x € R®), there exists a solution A ® E of the Yang-Mills
equatiors on M in the curved temporal gauge attaining these values on
restrictions to time t =0 and from S* to R, in the sense that A(0, x) = A(x)
and .7(0,x)=E(x)dx,, in the space (at each fixed time)
L, . (5,)@®L, (S, where r > 1, if and only if

(' A(x) and E(x) are in LY (R*) and LY$(R?), respectively;
(iiy the same is true of the transforms of A(x) and E(x) under
conformal inversion on R’

Morcover there exists an integer s depending only on r such that if
A(-Y® E(-) and the function |x|*(4(x)® E(x)) are both in L,, ,(R’)®
L, (R®), then (i) and (ii) are satisfied.
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Proof. Conditions (i) and (i) mean that on S°, A(:) ® E(-) is locally in
L,,,,®L,, over arbitrary subregions of SU(2) that exclude neighborhoods
of —I and I, respectively. It is therefore in this space globally on S°. The
fixed-time constraint remaining valid on S*® by the theorem, the existence of
a solution to the equations on M in the curved temporal gauge, having the
indicated Cauchy data at time ¢ = 0, follows.

Noting that under conformal inversion the multipliers for the coefficients
of either strict or pseudo 1-forms are dominated by powers of |x| (cf. e.g.,
[7] regarding multipliers), and noting the relation between the curved and
flat components of forms on S* given in Eqs. (21), it follows that the norms
in LS, ® LY on R® of the transforms of A(x) and E(x) under conformal
inversion are dominated by the global norms over R? in these spaces of a
sufficiently high power of |x| times the given functions A(x) and E(x).

6. ASYMPTOTICS OF FIELDS ON M ON RESTRICTION TO M,

Given a field on M, that extends in a continuous manner to the closure of
M, in M, its asymptotics in M, along paths tending to infinity in various
directions take a precise form, by virtue of the compactness of the closure of
M,. The asymptotics considered here will be along paths that are respec-
tively null-, time-, or space-like, or more specifically, of the forms:

(N) [x=(x¢sx)=sn+c:s>o0] for some n=(l,n) where n’
(=1—|n*)=0 and c= (c,, ¢) €E M,;

(T) |x:xy>0,x>ex}], for some e € (0, 1);

(S) [x:x,>0,x*< —exi], for some e > 0.

In cases (T) and (S) the regions in question are cones that are bounded away
from the null cone whose vertex is (0,0) in M,, and the asymptotics as
X, — oo will be uniform over space. In the case of (N) the asymptotics below
will be uniform over all null directions (1, n) and over a bounded range of
values of the vector c; usage of “uniformly” below is in precisely this sense.

The asymptotic expressions given below for a given field f are all of the
form bg, where b is a nonvanishing purely geometrical factor dependent only
on the point of space-time in question, and g is a constant dependent on the
field. The notation f~ bg then means that f/b — g. Thus in case g # 0, f~ bg
is equivalent to the relation f/bg — 1 as usual; if g=0, f~ bg is in general
materially distinct from the relation f— 0.

The form of the function ¢, treated in Theorem 6 is motivated by the
relation between a solution ¢ of the curved wave equation and a solution ¢,
of the flat wave equation: ¢, =pé (cf. [7]).
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THECREM 6. Let ¢ be a continuous function on M, and let ¢, = pg. Then
along ti'e null lines (N),

Polxo> X) ~ (L(n - €)/x,) $(B(n, c))

uniformly as x,— oo, where n-c denotes the Lorentz-invariant inner
product, L(c-n) is a positive constant, and B(n,c) is a point on the
boundary of M, in M.

If on the other hand (x,, x) tends to infinity within the sectors (T) or (S),
the asyrptotics are as follows (uniformly; |x,| - o0):

(T): Bo(xy, X) ~ (4/x%) $(m X I);
(8): §o(xo, X) ~ —(4/x7) $(0 X —I).

Remark. The functions involved in the asymptotics along null directions

are  given  specifically as  follows:L(n-c)=[1 +3(n-c)*]""%
B(n,¢):= (u_,, ug, U;,.., u,) (where these are the coordinates in S' X S* for
the releant point of R' X §%; cf. [7]), with u_,=~3(n-c)L(n - ¢)= ~u,,

ug=L(t-c) uy=nL(n-c) (j=1,2,3), where n= (n,, n,, n,).
Note that within the sectors (T) and (S), |x?| is bounded on either side by
(const.) x2.

Progf. Since w;=x;p (j=0,1,2,3)
S

asymptotics of u_,, u,, and p, as in

LEmvA 6.1. Along the null lines (N),
P(xg,x)~L(n-c)xg* uniformly as x, — o0.

Within ‘he sectors (T) or (8),

P(xe, x) ~4|x*|™! uniformly as x,— oo.

Along the null lines (N), uniformly as earlier,
u_y~xq ' L(n-c) (1 —3x4(n - c)—3c?);
Uy ~x5 "' L(n- c)(1 + 3xo(n - ¢) + c?).
With.n the sector (T), u_,— —1, and u,— 1; and within the sector (S),
u_,—- 1, uy— —1, in both cases uniformly as x,— co.

Remark. The asymptotics for u_, and u, along the null lines cover
several relativistically distinct cases. If n - ¢+# 0, then u_, and u, approach
nonzerc constants. If n . ¢ =0, they approach O as x; ', unless additionally
c?=1¢. If ¢*=4, u_, =0, while if ¢* = —4, u, =0 on the ray in question.
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Proof of lemma. Recall that u_, = p(1 — §x?), u, = p(1 + 4x?), and p =
fu_ +u) = (1—4x) +x0)7"7 = (14303 +x) + (x*)?/16)"""2. In
the sectors (T) and (S) the 4x? and (x?)?/16 terms dominate all the others,
leading to the stated asymptotics. On the null line where x=sn+c (s
tending to +00), x2 =2s(n - ¢) + ¢? and 1(x2 + x?) + (x?)?/16 is asymptotic
to x2 + 4x2(n - ¢)*. Referring to the definition of L(n - c), the asymptotics for
p follows.

The theorem now follows directly.

The asymptotics in M, of l-form and 2-form fields that extend
continuously to M are given next. Only the generic order of decay (power of
|x,] ") is given for each case; the more precise asymptotics of the scalar
coefficient functions in Theorem 5 are given in Lemma 7.1.

For estimates of the energy outside the region treated in Corollary 7.1, see
Theorem 8. The order of decay valid for arbitrary 2-forms, not necessarily
solutions of the Yang—Mills equations, is substantially greater than that
obtained for solutions of these equations by analysis entirely within M,
[8,9]. Moreover, this order is best possible even for solutions of the
equations because of the convergence of, for example, the sectors under (T)
to the point 7 X I, at which some regular solution of the equations takes on
generic nonvanishing values.

THEOREM 7. Let A be a continuous 1-form on M (or defined merely on
the closure of M, in M). Then along null rays of the form (N), the flat
components A} (j=0,1,2,3) defined in My are O(1) as x,— oo and are
uniformly O(x,2) as x,— oo in the sectors (T) and (S).

Assume further that A is in the Minkowski temporal gauge (A} = 0). Then
the asymptotics of A}, A4, and A} in (T) and (S) remain O(xy ?), but along
the null rays (N) become O(x;").

If F is a continuous 2-form on M (or again merely on the closure of M,),
then along the null rays (N) the flat components F}; are uniformly O(x; "),
and in the sectors (T) and (S) the F}; are uniformly O(x;*).

Progf. 1t suffices to determine the asymptotics of the coefficient
functions appearing in Theorem 5, listed as follows. Let i, j, and k be any
permutation of 1, 2, and 3.

X,
(a) 1+u_1u4a (f) x_lu—lpi

0

(®) wuou;, (8) puo(uj + uj),
() Ugu;, (h)  pug(u;u; + uu,),
(d) u,p, (i) p(+u_u)u,+u_uu;)

(©) u; ps G) p(p—3u_\(u; +u})).
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The case (N) of null rays must be divided into the subcases
(N1) n-c=0andc*=4,
(N2) n-c=0andc’=—4,
(N3) n-c=0and|c?|#4,
(N4) n-c#0.

The functions in case (f) appear when the 1-form equations of Theorem 5
are specialized to the case A;=0; then

(M +u_u)Ady=ug(u, A, + u,A, + u;4,)

and thus for example
I xl
A1=puA, + uy4, — u,4;) +;’u—1 PA,.
1]

Asymptc tics for the functions (a) to (j) are given in

LEMMA 7.1. The following asymptotics in M, are valid uniformly as
Xo— +oC !

(@ l4+u_,u,~L(n-c) for (N1-N4),
2 2
1+u_1u4~&°xt—x-—)— for (T), (S)
Lin-c) x,
(b) Ug;~ Loy for (N,—-N4),
Xo
16x,x;
gty ~ — 3 for (T), (S)
Ln-c)Y x.x;
©) uyuy ~ 2O ) X%y for (N1-N4),
Xg
tytty 16;‘;"‘1' for (T), (S),
(d) u,p=0 for (N2)

for (N1) and (N3),



(©)

(f)
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1 (n-c)L(n-c)’
O

u,p

1 (n-e)L(n-c)x

2 x2
4x;

Xox?

~ —

(8) puo(ui +uj)

L(n-c)* (x] +xj)
X3
256x,(x? + x})
(x*)*

(h)  puo(u;u; + uu,)

X;X;

Xg

~

1
~ =3 (xx; £ x, (1 + ic?)
Xo

L@ c)*

0

256
~ 0% (x;x; + 5x°x,)

(x*)*

for (N4),

for (T) and (S),

for (N1-N4),

for (T), (S),

for (N1),

for (N2) and (N3),

for (N4),

for (T), (S),

for (N1-N4),

for (T), (S),

for (N2),

for (N1), (N3),

o (e x; £ 3(n - ) xox,)

for (N4),

for (T), (),
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i p((1+u_u)u, +u_ uu)

X,
X2 for (N1),
gt for (N2), (N3),
L(n-c) x, 1\ L(n-c) x;x;

e () T
0 1]
for (N2),
128x,(x3 + x?) 64x;x;
~—_— _1 "y
@ DGy
for (T), (8),
G) p(p—tu_y(ui +u))
1
~— for (N1),
P or (N1)
11 (1—4c) xx;
p -3 x2 for (N2), (N3),
Ln-c)* 1 (n-c)L(n-c)x?+x})
~ Tt 3
b'H 4 Xy
for (N4),

16 32(x] +x})
~ ———_(x2)3 for (T), (S).

CoroLLARY 7.1. Given a twoform F as in the theorem with (flat)
components E and H, and given R > 0 and e € (0, 1), then

| (EP +[H) dyx=0(x;")  as x,~ +oo.
IxI<R+exy

Proyf. It follows that |E|*+|H|?>=0O(x,*) in such sectors, whose
volumss at a fixed time are proportional to x3.
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7. ASYMPTOTICS OF SOLUTIONS TO THE YANG-MILLS EQUATIONS IN M,

The asymptotics of Yang-Mills fields are relatively simply deducible from
their regularity on M by virtue of gauge invariance of the norms of the fields
on restriction to M,. It suffices that the requisite gauge transformation, from
the curved to the flat temporal gauge, exists in every bounded open set in
M,, as it does with the loss of one order of differentiability. The asymptotics
of the potentials requires a study of the regularity of the gauge transfor-
mation involved at the limiting points +z X I, which represent the limits
under temporal displacement in M, of points in M,. This section first treats
the simpler question of asymptotics of fields, and then studies the
asymptotics of the curved-to-flat temporal gauge transformation, and applies
this to the asymptotics of the potentials.

THEOREM 8. Let A and F denote the 1- and 2-forms of a solution to the
Yang-Mills equations on M, in the flat temporal gauge. Let r be a given
integer greater than 1. Then there exists an integer s (depending only on r)
such that if at time x, =0,

(1+|xF)YAO, ) ®EQ,x) EL,,, (R DL, (R’).

then F decays temporally in accordance with the following estimates:
(1) Forany R>0ande€ (0,1),

sup,  |Fjy(xo, x)| = O(x5'*)
Ix] <R +exqg
and

| Y Ry dyx = 0(x; ).

Ix| <R+exy j<j
(2)  sup,ps | Fij(xo, ) = O( x5 ')
(3) ForanyR>0andec (0,1),
| Fifxq, x)| = O((x3 + x*) %) whenever 0 < x, < R + e |x|
and
| 3 |Fyl* dyx = 0(x; ).
Ixgl <R +eix| j<j

The generic constants on the right-hand sides are bounded by Sobolev
norms of the Cauchy data.

Proof. The solution (4, F) of the equations in the Einstein temporal
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gauge v'ith the same Cauchy data at ¢ = 0 is continuous on M, and restricted
to M, clearly differs from (4, F) at any given point in M, by a local gauge
transformation. The quantities estimated in the theorem being gauge-
invariant, the results of the previous section for 2-forms extending
continu>usly to the closure of M, in M apply here.

(1. This is Theorem 7 and Corollary 7.1.

(2/ By Theorem 5, each Fj; is equal to p times a continuous function
on M, and

p=(1—x*) +x5)7"=0(x|"")  (as|x,| > )

in M, throughout space.

(31 The fixed coefficients (g)-(j) examined in Lemma 7.1 are easily
estimat:d to be O((x2 + x*)~?) in the stated region by use of the asymptotics
provided since x* > (const.)(x? + x?)? there. Thus the energy at time x, in
this region is bounded by a constant times

J (x3+x¥) " *d,x
11> 1 xol

By the change of variables d,x = r* dr df2 and r = x,s, the integral is easily
estimatad to be O(x; *). ‘

The detailed consideration of the gauge transformation from the curved
(Einstein) temporal gauge to the flat (Minkowski) temporal gauge leads to
extrem:ly precise results regarding the asymptotics of the Minkowski
temporal gauge fields, as x, tends to +oo. These estimates are uniform in x
as x raages over a compact set and may be evaluated to any desired order in
Xy. In order to deal with the gauge transformation issue it is convenient to
work i1 part in the spaces C" in addition to Sobolev spaces, as in

THEODREM 9. Let A(x) and E(x) be Cauchy data for the Yang-Mills
equaticns in the flat temporal gauge on M, at x,=0. Given any integer
r > 4, ‘here exists an integer s such that if

1+ X YAE) @ EX) € Ly (R D L, ,(R)

and V' - E = [A ; E|, then the Cauchy data extend to L, ,, (S’)® L, (S*),
the solution A @ F of the Yang—Mills equations in the curved temporal gauge
given by Corollary 5.1 is in C""'@®C""* on M, and the standard
compo.ients A ; and F ij» ltogether with their derivatives by the X;
(j—-:O, 1,2,3) up to orders r — 1 and r — 2 resp., vanish at the point 0 X —I
in M.

Moreover there exists a C'~' gauge transformation defined on the open



YANG—MILLS EQUATIONS ON THE UNIVERSAL COSMOS 141

region (—n, m) X S* in M and transforming A @ F into a solution in the flat
temporal gauge, whose restriction to M, is identical to the solution to the
Yang-Mills equations on M, with Cauchy data A(x) and E(x).

Proof. Extendability of the Cauchy data follows from Corollary 5.1, and
A®FEC™'@®C"? by the Sobolev inequalities. The vanishing of the
spatial derivatives of 4 and F at 0 X —I follows from the observation that if /
is a continuous function on S* such that [g;|x|® |f| d;x < oo for some
b> -3, then f(—I) =0 (use d,x = r* dr dQ where r = |x|); the vanishing of
the time derivatives then follows from use of the Yang-Mills equations.

Let (4, F) be the solution of the Yang—Mills equations in M, in the
Minkowski temporal gauge. It remains to define a C"' extension to
(—m, m) X S of the solution of the equation defining the requisite gauge
transformation U(x,, x) in M, from the curved to the flat temporal gauge:

U~'@/ox,) U=U"'4,U, U@©O,x)=1; (22)

and then show that for this extension U, (U~ '4U — U~'6U, U~ 'FU) solves
the Yang-Mills equations in the Minkowski temporal gauge and equals
(4,F) in M,. Since A,=0 (Einstein temporal gauge), 4, = —Ju,(u, 4, +
u,A, + u;A,) by Theorem 5, and thus A}, is in C"~!(M). Thus clearly U has
continuous derivatives in M, up to order r — 1. We extend U by solving the
canonical extension of (22) to M using

0 1
§=7(1 +u_yuy) Xo — duo(u, X, + 1, X, + 4 Xy)
0
(which, for |¢| < m, vanishes only at 0 X — I, as u_, =—u, =1 there), and

show that there is a unique solution U with the stated regularity.

The question is a purely local one at 0 X — 7, so it is convenient to treat
the problem in conformally inverted coordinates x; (j=0, 1,2, 3), so that
0 X —I corresponds to all x;=0. The vector field to integrate is then
(cf. [24])

. X 1 17,
T =12 7 706 (y? 2y 2
0= ax0+2s 4(’“’+"‘)ax0

1 17 7] 1
+7x0 (xla—x:l+xzaz—+x3—a—x:),
whose integral curves are given locally by x;/(xj — x*) = const. for j =1, 2, 3
(conformally inverted coordinates). It may be seen that each such curve near
0 X —1I intersects the x,-plane at one point, and that each such curve may be
parametrized locally by x,. One computes easily that along any specific such
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curve --T, is thus represented by i(xZ+ x’)(8/dx,). Recalling now the
previou:: expression for 4), and noting that u,u,/(x} + x?) is bounded in a
neighborhood of 0 X —I, it follows that the solution U is uniformly
continunus in a neighborhood of 0 X —/ and so extends to a continuous
functior. (Here we need only that 4,, 4,, 4, are bounded near 0 X —/1.) In
the following set |x|* = x] + x”.

To ootain the higher derivatives of U, it suffices to consider a locally
equival¢ nt scalar problem:

for x,=0, (23)

where 4 is a local coordinate function on the gauge group I', and the
functions f; (like the 4;) are C"~' and have derivatives that vanish at the
origin t> order r — 1, whence 8~ "f;= O(1) and

9= O x D f;=O(x} ). (24)

That is for g < r—2, for all x in some neighborhood of 0, and for some
constant ¢ < ¢, |4 |lcr-1, [89f(x)| < c|x]7 179

Let the integral curve ending at (x,, x) be parametrized by (s, v;), with s
betweer 0 and x,, so that

= U=12,3)

Solving for the y;, get

2 _ 232 4s2x2 ]/2—)6'2— 2
yj::yj(xo’x’ s)=xj ((xO X ) + 2x2) ( 0 X ),

and then clearly @y; = O(|x|'~9), uniformly for |s| <|x,|, for all ¢ >0 (&
indicating formation of the complex of derivatives with respect to the x,;
k=0,:,2,3). Also, set F;,=F(x,, X) = 4x,x,/|x|*; clearly 8”F,; = O(|x| %)
for g > 0. Then the solution ¢ of (23) is given by

Xg 3
Bios 1) = [ 7 3 Ff5 ¥ (0s % 9505, ¥ (oo %, 8)) s

It follcws from the bounds (24) and above estimates for the derivatives of
the y; ¢nd F; that the integrands obtained by differentiating under the integral
sign ur- to order r — 1 with respect to the x; (j=0, 1, 2, 3) remain bounded
as |x|-»0, so that ¢ is in C"™".
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Thus (U~ 'AU—U-'9U, U 'FU),=(A",F") say, is defined in
(—m, ) X 83, is of class C""2 X C""? and thus at least C* X C', and is a
classical strict solution of the Yang—Mills equations by gauge invariance.
When x,=0, U 'A;U-U"'9,U=4; and U 'F;U=F} for
i,j=10,1,2,3,50 (4", F") has the same Cauchy data as (4, F), and (4", F")
also satisfies the Minkowski temporal gauge condition precisely by Eq. (22).
Thus (4,F)=(A",F") by uniqueness for the Cauchy problem for the
Minkowski temporal gauge, completing the proof.

The system (22) seems not so easily set up on (—=, ) X S* in a Sobolev-
space context. Nevertheless, solving (22) by ordinary differential equation
methods, it results that the C"~' norm of U over any compact subregion of
(—m, n) X §? is bounded by a constant depending on the region times the
C" ! norm of 4 in that region. Unfortunately, control over one derivative of
the potential is lost in the extension: 4 is C"~' in M, by the Sobolev
inequality, but its extension U~'AU — U~ 'dU (outside M,) is only clearly
C"~2. For this reason we take r > 4.

The line of argument earlier indicated for the determination of the
asymptotics of the potentials will now be completed, with the aid of the
gauge transformation established in the preceding theorem in a more
restrictive context.

THEOREM 10. With the hypotheses and notation of Corollary 5.1 and
assuming further that r is at least 3, there exists a C* T-valued function V(x)
on R® (where I is the given compact Lie gauge group) and unique elements
¢, and fi;=—f;; of the Lie algebra I' (k=1,2,3 and i, j=0, 1, 2, 3) such
that

xplA(x, X) + V(x) ™' 8, V(%) + Jx5 ° V(x) ™' £, V(x)
+3x V) (e fia = X3 fs +¢) V)| =0
as x,— +oo, uniformly for x restricted to a compact set, and likewise for
1, 2, 3 cyclically permuted; moreover

x| Fy = x5 VOO, V(0 = 00k 1)

as x,— +oo for any pair i, j=0, 1, 2, 3, again uniformly for |x| < R.

Remark. The formal context may be clarified by the observation that the
above series for A; and Fj, must be and in fact are consistent with the
Minkowski temporal gauge equations (8/0x,)A;=Fy and eg.,
Fi,=08,45— 0,4, — 4}, A}] to the order x;*.

Proof. Let (4, F) be the solution of the Yang-Mills equations in the
Einstein temporal gauge on M having the same Cauchy data at r=0. The
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comporents A ;and F ,; are then resp. C* and C' on M. The solution U(x,, x)
of

8 i
U ’—éx—o U=U""4{(x,,x) U,
U, x)=1
in M, is then, like 4 and A also at least C2. By Theorem §,

“T(’) = —%uo(ul/‘fl + uz"rz + uaffs)- (25)

By Lemma 7.1, each u,u; is uniformly O(x;*) for |x| < R, and it may also
be che:ked that 8,4, for k=1,2,3 is O(x;°) there. (The more precise
asymptotic expansions of 4} and 8,4 for k > 0 are derived in Lemma 10.1
below.) Thus there is no difficulty in defining

V(x)= lirP U(x,, x),
Xg— + 0

so that

o V(x)= lim 0,U(x,,x) (k=1,2,3).
Xp— + 00
Note also that for k=1, 2, 3,
Ulx, X) ™" 0,UCk, ) = [ Uls, %)™ (B, A3) Uls, %) ds,
0

and that the above two limits take place at the rate O(x;?) uniformly as
before.
It fcllows that

Al=U'A,U-U"Y8/ox) U (26)
for k=:1,2,3, and
Fy=U"'"FyU
for all i, j by uniqueness of the solution of the Minkowski tempm;al gauge
Cauchy problem. The approach will next be to expand U™'4,U and
V=19,V —U~'9,U in asymptotic series out to x,* and add them together

(two terms of order x;? then cancelling) to obtain the stated asymptotic
series or A + V!9, V. The estimate for the F}; is more immediate, however,
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and identifies the f;; in the statement of the theorem: by Theorem 5 and
Lemma 7.1,

Fj(xg, %) = 16x5* Fi(m X I) + O(x;®)

for |x| < R since the F; are C' in M. Thus f}; = 16F(n X I).

The Taylor series of the A (j=1,2,3) out to second order will be
needed, using u = (uy, U, u,, u3) as coordinates near n X/ and then
substituting u, = x, p~4x; ' and u;=x; p ~ 4x;x; *. The expansion for A4,
up to the term x;? is then

Awy=A,(n X I)+u, ((—a—uo)/f,)(nXI)

i < ~)( ><I)+ ((%})Z,)(nxlnm.

By use of TableI and u}=1—u}—u}—u, 0/0u; may be replaced by X;
for j > 0, and since X, = u_,(6/du,), the desired series for 4, is

3
4 () =a, — x5 '4by, + 0_24ij1'1

J:I

+ x5 28d, 4+ x5 2 R(xy, X),

where A(mx 1), = (X, ‘,)(n x I, =X3d)(rx1I), and
R(x,, x)——» O as x,— +oo (umformly in x at least for a given region [x| < R)
since the 4, are C2.

The ﬁrst three terms of the asymptotic series for the flat components A
0 AO, and 4} x may consequently be written as follows.

TABLE 1
1
“4”au_=(“f+u3)xx + (u 1y + uzug) Xy + (i — uyuy) Xy
1
17
u4bu—=(ulu2-—u3u4)X1 + (34 ud) Xy + (uyug + uyu3) X,
2

0
=yt ) Xy 4 (g + wyu3) Xy + (15 + 4 X,
3

580/53/2-4
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LemM:. 10.1. Uniformly over x subject to |x| < R for some R, we have

A =xy%4a, — x5 16b,, + 8xy* ((xlx2 + 2x;3) @y + (%%, — 2x,) a,

3
+4d + xi-2+3a +2 ) ijjl) 4o,
j=1

J

3 3 3
Ay=—x5’8 Y x;a;+ %532 Y x;bg; + x5 64(1 —4r%) 3 x;a
j=1 j=1 =1

J
3
~x5%64 Y x;d;—x5%32 Y xpxby e,
Jj=1 iJj=1,2,3

and

2 . _ _ _ 1
(Ez)ﬁ(;:—xo 3801 +x0 432b01 +x0 564 (1 —‘T’J) a,

3
—x5°32x, D x;a,— x; °64d,
i=1

3
_x°_532 Z xj(blj‘f'bﬂ)-{- DY
j=1

where the omitted terms + ... times resp. x§, x;, and x;, go to 0 as
Xo— + w0, and similarly for the other expansions obtained by cyclic
permutation of 1,2, 3.

Proof. The third expansion follows from the second essentially by
differentiation. The second uses equation (25), the above expansion for the
4; (j=1,2,3), and the expansion derived below for the u,u;. One checks

that uniformly as before
p=x524—x7416(1 =4 )+ -+,
$0
PrP=x%16 - x5 128(1 —4r) + -,
$O
—dugu, = —dxyx, p* = —xg 8x; + x5 64x,(1 — 3r¥) + .
To ecpand A4}, use Theorem 5 and Lemma 7.1 to obtain
Al =u, pA, + 8x5*(x}a, + (x,x, + 2x;) a,
+ (e x5 — 2x5) az) + -+
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and
u4P“fl = (xl;44 —-x0‘4 16(1 — %rz))(‘h _xo-l4b01 +x0_28d1

3
+x524 ) x,bj,) + -

i=1

=Xxy24a, — xq316by, + 16x5*

3
X (2d,+ X xby + Gr = a,) + oo
j=1

concluding the proof of the lemma.

Completion of proof of the Theorem. The first nontrivial term in the
expansion of U(x,, x) in terms of V(x) will affect the x, ¢ term for the 4.
Using Lemma 10.1 for A} (more precisely only the first term thereof) and the
equation that U(x,, x) satisfies, it follows easily that

V(x) U(xy, x)™! =1—x;%4(x,a, + a,x, + X a;) + 0(x; )

Thus

V(x)™' 9, V(x) — Ulxo, x)~" 8, Ulxo, x)

=f°° U(s, x)~" (8,42) U(s, x) ds
= V() [f (0,43) ds] V)

o8]
+32¥(x)~! U xo‘s)[xla, +x,a, + x;a;,a,] V{x) + ---

X9

2
—4x;%a, + x5 32

= V(x)"! 3

b()l

3
+ 8x;“(2(1 —ir’)a,—x, > ax;—2d,
j=1

3
+x,la,,a,] + x;(a;,a,] — Z x;(b,; + bjl)) V(x) + R(x,, x),

i=1

such that xR(x,, x) - O uniformly as x, - +co.
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By Ec. (26), the other term needed is U~'4} U; up to the term x; * it is

Vix)™!

xq2da, — x5 16by, + 8)c(,“'((x1x2 + 2x;)a, + 44,

3
+ (x3x, — 2xy) a4+ (xT— 2+ 3r')a, +2 Z ijjl) V(x)

Jj=1

3
— x5 16V (x)"! [Z x;a; a,] V(x).
j=1
Thereforz (cancelling several terms),

Ai(x,. )+ V(x)' 0, V(x)
=UA U+ (Vo V—-U"9,U)
= V(%)™ {— Lox by, + 8x5 ' (2x3a, — 2x,a5 + 2d, — xy]a,, 4]
+ x,(by; — byy) + x3(bsyy — by3) — X3[as, a,))} Vix)
= V(x) = x5} Lby, + 8x5 (x4(b3, — by + 20, — [a;, a,])
—Xy(byy — by, + 2a5— [ay, a,]) + 2d,)} V(x).
However,
8(b,, — by, + 2a;,— [a,,a,))
=8(X, A, — X, A, + 24, [4, A, ))(= X I),
Likewis:,
165y, = 16(X,d )z X I)
= 16F,(z X I)
=fo1s

whence the stated asymptotics for 4(x,, x) is valid provided in addition
e, =32d,=32(X34,) (n X I).

In thzoretical physical applications of the Yang-Mills equations, the action
integral is of considerable importance (cf. [25]). As a final application and
illustration of the utility of the view of M, as imbedded in M it is deduced
that th: action integral for these equations is absolutely convergent when
evaluat:d for mildly regular solutions of the equations on M,.
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THEOREM 11. With hypotheses and notation as in Corollary 5.1, the
integral
Ju

is finite, and is a continuous function of the Cauchy data (A,E) in
L,(SY®L,,(S*) art=0.
Remark. 1t follows that the action integral is also a continuous function

of the Minkowski Cauchy data (4, Fy;) at x, = 0, topologized by the norm

(1 +x[)4’ @ E')”(L“@Lm)(m)
for sufficiently large s, as in the second paragraph of Corollary 5.1.

Proof. Let A @ F (resp. A @ F) be the solutions in the curved (resp. flat)
temporal gauge having the given Cauchy data. By use of the gauge transfor-
mation of the previous theorem, it follows that |Fj;|* = IF | for all i, j. But
by Theorem 5,

3 3
SR = X IR =pt (Y 1Fyl = Y IR,
j=

i>j>0 j=1 i>j>0

[Fyl” = > IFl®

j=1 i>j>0

and the F; are continuous and bounded on finite r-intervals in M by the
Sobolev inequality. It remains to observe that

pld,x= %J' du=2n’
SIxS3

M,

(cf. [7]).

Remark. It has been difficult to treat hyperbolic equations on M, by
variational methods because of the indefiniteness of the Lagrangian, whereby
it lacks the coercive power it has in elliptic contexts. However, the foregoing
treatment opens up the possibility of establishing generalized solutions of the
Yang-Mills equations as extremals of the action on finite covers of M, within
the space of sections the (finite) time integrals of whose energy is bounded
by a given limit.

Correctionto [1]. The author of [1]| (LE.S.) thanks several individuals
(J. Ginibre and G. Velo, and independently D. Eardley and V. Moncrief) for
noting that the argument for Theorem 3 in [1] requires the assumption of
one additional derivative for the Cauchy data. (Thus on p. 185, line 19,
b+ 1 should read b, and on p. 190, line 16, “two” should be inserted
following “first” and “second” changed to “third” (loc. cit.), as far as the
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pr

oof given in [1] is concerned.) The theorem is actually correct as stated,

by the d:singularization method used in the present article, or by a different
argumen: given by Eardley and Moncrief [4, Part1], which however is
lengthy and clearly applicable only to R’. In any event, the number of
derivativzs required of the Cauchy data for the local existence result, apart
from its finiteness, has not been an issue in theoretical physical applications.
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