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1. Introduction

Let C be a fusion category. We say that C is an extension of the fusion category D by a finite group G if € is faithfully
graded by the group G in such a way that ¢, = D. In [3], Etingof et al. classified extensions of a given fusion category D
by a given finite group G. By their classification, an extension is given by a triple (c, M, «), where ¢ : G — Pic(D) is a
homomorphism, M belongs to a torsor over H2(G, inv(Z(D))), and « belongs to a torsor over H3(G, k*). The group Pic(D)
is the group of invertible H-bimodule categories (up to equivalence), and the group inv(Z (D)) is the group of (isomorphism
classes of) invertible objects in the center Z(D) of D.

Let us recall briefly the construction and the relevant notions from [3]. If D is a fusion category, a £-bimodule category
will be a category & which is both a left and a right module category over O in a compatible way. In other words, for any
two objects X,Y € » and N € W we will have two isomorphic objects of /: X @ N) ® Y = X ® (N ® Y). In Section 3
of [3] the notion of tensor product (over D) of D-bimodule categories is defined. It is shown that for any two D-bimodule
categories N7, N>, the tensor product N; Kg N, always exists and satisfies a universal mapping property.

A D-bimodule category & will be called invertible if there is another HD-bimodule category &’ such that & Kgp N =
N Ry N = D as D-bimodule categories. The set of equivalence classes of all invertible HD-bimodule categories forms a
group with respect to tensor product over . This group is called the Picard group of £, and is denoted by Pic(D).

Suppose then that we are given a classification data (c, M, «). The corresponding category € will be @gecc(g) as
a D-bimodule category. If we choose arbitrary isomorphisms c(g) X5 c(h) — c(gh) for the tensor product in @, the
multiplication will not necessarily be associative. This non associativity is encoded in a cohomological obstruction Os(c) €
Z3(G, inv(Z(D))). The element M belongs to C2(G, inv(Z(D))), and should satisfy 3M = 0s(c) (that is, it should be a
“solution” to the obstruction O3(c)). If we change M by a coboundary, we get an equivalent solution. Therefore, the choice
of M is equivalent to choosing an element from a torsor over H?(G, inv(Z(D))). Given ¢ and M, we still have one more
obstruction in order to furnish € with a structure of a fusion category. This obstruction is the commutativity of the pentagon
diagram, and is given by a four cocycle O4(c, M) € Z*(G, k*). The element o belongs to C3(G, k*), and should satisfy
da = 04(c, M). We think of & as a solution to the obstruction O4(c, M). Again, if we change « by a coboundary, we will get
an equivalent solution. Therefore, the choice of & can be seen as a choice from a torsor over H3(G, k*).
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We shall write ¢ = D(G, c, M, ) to indicate the fact that € is an extension of O by G given by the extension data
(c, M, @), and we shall assume from now on that ¢ = D (G, ¢, M, «).

In this paper we shall classify module categories over € in terms of module categories over £ and the extension data
(c,M, a).

Our classification of module categories will follow the lines of the classification of [3]. We will begin by proving the
following structure theorem for module categories over C.

Theorem 1. Let C be a G-extension of the fusion category D, and let .£ be an indecomposable module category over C. There is
a subgroup H < G, and an indecomposable Cy = @, C, module category N that remains indecomposable over D such that
£ = Indg (N) 2 C e,y N.

aeH

This theorem enables us to reduce the classification of €-module categories to the classification of C;-module categories
that remain indecomposable over £, where H varies over subgroups of G.
In order to classify such categories we will go, in some sense, the other way around. We will begin with an
indecomposable £D-module category ./, and we will ask how can we equip & with a structure of a Cz-module category.
As in the classification in [3], the answer will also be based upon choosing solutions to certain obstruction (in case it is
possible). We will begin with the observation, in Section 3, that we have a natural action of G on the set of (equivalence
classes of) indecomposable $H-module categories. This action is given by the following formula

g N=CKpN.

If & has a structure of a Cy-module category, then the action of Gy on & will give an equivalence of £-module categories
h- N = W forevery h € H. In other words- & will be H-invariant. We may think of the fact that .# should be H-invariant
as the “zeroth obstruction” we have in order to equip & with a structure of a Cy-module category.

In case WV is H-invariant, we choose equivalences v/, : C,Xgp N — N foreverya € H. We would like these equivalences
to give us a structure of a Cy-module category on /. As one might expect, not every choice of equivalences will do that.
If & has a structure of a Cy-module category, we will see in Section 4 that we have a natural action of H on the group
I' = Aut, (). In case we only know that ./ is H-invariant, we only have an outer action of H on I" (i.e. a homomorphism
p : H— Out(I")). The first obstruction will thus be the possibility to lift this outer action to a proper action.

Once we overcome this obstruction (and choose a lifting @ for the outer action), our second obstruction will be the fact
that the two functors

Fi,F: CRyp Cp Kp BN — N
defined by

FXRYRN) =(XQY)®N
and

EXXYRN)=X®(Y®N)

should be isomorphic. We will see that this obstruction is given by a certain two cocycle O,(N,c,H,M, ®) €
Z%(H, Z(Auty(N))). A solution for this obstruction is an element v € C'(H, Z(Autg(N))) that should satisfy dv =
0,(N,c,H, M, ).

Our last obstruction will be the fact that the above functors should be not only isomorphic, but they should be
isomorphic in a way which will make the pentagon diagram commutative. This obstruction is encoded by a three cocycle
Os3(N,c,H M, ®,v,a) € Z3(H, k*). A solution B for this obstruction will be an element of C%(H, k*) such that B =
O3(N,c,H M, @, v, ).

We can summarize our main result in the following theorem:

Theorem 2. An indecomposable module category over C is given by a tuple (N, H, @, v, 8), where N is an indecomposable
module category over D, H is a subgroup of G which acts trivially on &, @ : H — Aut(Autg(N)) is a homomorphism, v belongs
to a torsor over H'(H, Z(Autg (N))), and B belongs to a torsor over H(H, k*).

We shall denote the indecomposable module category which corresponds to the tuple (N,H, ®,v, ) by
M(N,H, @, v, B). In order to classify module categories, we need to give not only a list of all indecomposable module
categories, but also to explain when two elements in the list define equivalent module categories. We will see in Section 6
thatif M(&, H, @, v, B) is any indecomposable module category, g € G is an arbitrary element and F : G; Kp N — N’ is
an equivalence of £H-module categories (where V' is another indecomposable ©D-module category), then F gives rise to a
tuple (N, gHg ™!, @', v', B’) which defines an equivalent G-module category. Our second main result is that this is the only
way in which we can get equivalent module categories:

Theorem 3. Two tuples (N, H, ®, v, B) and (N', H', @', v, B') determine equivalent C-module categories if and only if there
exists an element g € G and an equivalence F : Gz Kp N — N’ suchthatH' = gHg ™, and the second tuple arise from the first
tuple, g and F in the way described in Section 6.



E. Meir, E. Musicantov / Journal of Pure and Applied Algebra 216 (2012) 2449-2466 2451

We shall prove Theorem 3 in Section 6. We will also decompose this condition into a few simpler ones: we will see, for
example, by considering the case g = 1, that we can change & to be t®t~!, where t is any conjugation automorphism of
Auti) (JV)

In Section 7 we will describe the category of functors Fune (&, M) where & and M are two module categories over
C. We will prove a Mackey type decomposition theorem, and we will also see that we can view this category as the
equivariantization of the category Fung (', M) with respect to an action of G (the equivariantization of a category € with
respect to an action of a group G is the category of objects in € which are invariant under the action of G in a compatible
way. Exact definition will be given in Section 7).

Recall that a category € is called group theoretical if it is Morita equivalence to a pointed category (see Section 8.8 of [2]
for an introduction to group theoretical categories). Group theoretical categories play an important role in the general theory
of fusion categories. In Section 7 we will prove the following criterion for € to be group theoretical: € is group theoretical
if and only if there is a pointed £D-module category V (i.e., D}, is pointed), stable under the G-action, i.e., for every g € G,
C; Xp N = N as D-module categories. We shall also explain why this is a reformulation of the criterion which appears in
Corollary 3.10 of [6].

A theorem of Ostrik (Theorem 1 in [8]) says that any indecomposable module category over a fusion category D is
equivalent to a category of the form Modgy — A, of right A-modules in the category £, where A is some semisimple
indecomposable algebra in the category D. In other words, any module category has a description by objects which lie
inside the fusion category D. In Section 8 we will explain how we can understand the obstructions and their solutions, and
also the functor categories, by intrinsic description; that is, by considering algebras and modules inside the categories D
and C.

This description will be much more convenient for calculations. It will also enable us to view the first and the second
obstruction in a unified way. Indeed, in Section 8 we will show that we have a natural short exact sequence

1-T—>A—>H-—>1

where I' = Autg, (M) and A is the group of invertible A — A-bimodules in 4. We will show that a solution for the first two
obstructions is equivalent to a choice of a splitting of this sequence (and therefore, we can solve the first two obstructions
if and only if this sequence splits). We will also show, following the results of Section 8, that two splittings which differ by
conjugation by an element of I" will give us equivalent module categories.

In Section 9 we shall give a detailed example. We will consider the Tambara Yamagami fusion categories,
C = TY(A, x, 7). In this case € is an extension of the category Vecu, where A is an abelian group, by the group 7Z,.

Remark. During the final stages of the writing of this paper it came to our attention that César Galindo is working on a
paper with similar results (see [5]). We would like to remark that our results and his were obtained independently.

2. Preliminaries

In this section, € will be a general fusion category and D a fusion subcategory of €. We recall some basic facts about
module categories over € and D. For a more detailed discussion on these notions, we refer the reader to [8] and to [2]. Let
N be a module category over C.If X, Y € Ob .V, then the internal hom of X and Y is the unique object of € which satisfies
the formula

Home (W, Hom, (X, Y)) = Homy (W ® X, Y)

forevery W € ObC. For every X € Ob.V the object Hom, (X, X) has a canonical algebra structure. We say that X generates &
(over @) if W is the smallest ¢-module subcategory of & which contains X. For every algebra A in G, Mod¢e — A, the category
of right A-modules in G, has a structure of a left C-module category.

A theorem of Ostrik says that all module categories are of this form:

Theorem 4 (See [8], Theorem 1). Let N be a module category, and let X be a generator of N over C. We have an equivalence of
C-module categories N = Mode — Hom(X, X) given by F(Y) = Hom(X, Y).

Next, we recall the definition of the induced module category:

Definition 5. Let D be a fusion subcategory of G, and let & be a D-module category. The induced module category, Ind% (N)
is a module category over € which satisfies the Frobenius reciprocity law. This means that for every ¢-module category R
we have an equivalence of categories

Fune (Ind$ (W), R) = Fung (W, R).

Notice that it is not clear from the definition that an induced module category always exists, but it is quite easy to prove
that if it exists, then it is unique. Indeed, we can use general category theory arguments to show that if .#; and > are two
C-module categories which satisfy the Frobenius reciprocity law, then they must be equivalent.

The next lemma proves that the induced module category always exists. It will also gives us some idea about how the
induced module category “looks like”.
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Lemma 6. Suppose that & = Modyp — A for some algebra A € Ob D. Then A can also be considered as an algebra in @, and
Ind$, (V) = Mode — A.

Proof. Let us prove that Frobenius reciprocity holds. For this, we first need to represent R in an appropriate way. We choose
a generator X of R over D. It is easy to see that X is also a generator over C. Then, by Ostrik’s Theorem we have that
R = Mode — Hom, (X, X) over €, and R = Modyp — Hom, (X, X) over D. If we denote Hom,. (X, X) by B, then it is easy
to see by the definition of Hom that Hom, (X, X) = By, where By, is the largest subobject of B which is also an object of
D (since D is a fusion subcategory of C, this is also a subalgebra of B). By another result of Ostrik (see the paragraph after
Proposition 2.1 in [8]), we know that Fune (Mode — A, Mode — B) = Bimode — A — B. Using the theorem of Ostrik again,
we see that Fung (&, R) = Bimody — A — Byp. By the next lemma, these two categories are equivalent. O

Lemma 7. The categories Bimode. — A — B and Bimods, — A — By are equivalent.

Proof. We shall define two functors, and prove that they are quasi inverse to each other. Let F : Bimode — A — B —
Bimody — A — Bp be given by F(X) = X N D, the largest subobject of X which is also an object of the subcategory £, and
let G : Bimody —A — Bp — Bimode — A — B be given by G(Y) = Y ®3,, B. Notice that we have natural maps « : Id — FG
and g : GF — Id. The map « is given by the natural inclusion ax : X — FG(X) = (X ®s, B) N O and the map g is defined
in a similar way.

We know that we have an equivalence of categories Mody — Bp = R = Mode — B. By considering carefully the proof
of Theorem 1 of [8], we see that this equivalence is given in one direction by induction X — X ®;, B and in the other
direction by X +— X N D. This means that for every X € Bimody — A — By and every Y € Bimode — A — B, ax and By
will be isomorphisms when we consider them as maps of Bp-modules and B-modules, but this implies that oy and Sy are
isomorphisms, which finishes the proof of the claim. O

Remark 8. It is quite easy to show, using the universal property of tensor products (see Definition 3.3 in [3]), that the
C-module category C Xy N satisfies the Frobenius reciprocity law. Therefore, the induced module of . is isomorphic to
CXgp N.Ifwe write N as Modp —A, where A = Hom(X, X) for a generator X of & over D, then the algebra Hom(1XX, 1xX)
in C is exactly A again. This is another way to prove Lemma 6. By using the isomorphism which appears in Ostrik’s Theorem,
we see that the equivalence C Ky &N — Mode —Aisgivenby XXV > X @ V.

In particular, we have the following:

Corollary 9. Let C be a fusion category and let D be a fusion subcategory of C. Let N be a module category over C. Suppose that
X is a generator of N over C, and that the algebra A = Hom(X, X) is supported on D. Then N = Ind% (Modgp — A).

3. Decomposition of the module category over the trivial component subcategory. The zeroth obstruction

Let G be a finite group, and let C = @zccC, be a G-extension of D = ;. We begin by considering the action of G on
DH-module categories. For every g € G, C; is an invertible £D-bimodule category. Therefore, if & is an indecomposable D-
module category, the category C; K N is also indecomposable. It is easy to see that we get in this way an action of G on the
set of (equivalence classes of) indecomposable £-module categories. Let now £ be an indecomposable C-module category.
We can consider £ also as a module category over D. We claim the following:

Lemma 10. As a D-module category, £ is G-invariant. Moreover, the action functor Cg Kp L — L givenbyX KXY > X QY
is an equivalence of categories.

Remark 11. For this lemma, we do not need to assume that £ is indecomposable.
Proof. We have the following equivalences of £»-module categories

CyKp £ = Cg Mg (CRe £L£) =

(CgRyp C) e £ = (Cg R BaecCa) e L =

(PaecCqa) He L = CRe L = L.
This proves the claim. We have used some general facts about the tensor product of bimodule categories in this calculation:
the fact that the product is associative, the fact that tensor product with € over € is the identity, and the fact that for
g, a € G we have that the tensor multiplication in € gives us an isomorphism of £D-bimodule categories C; Kp Cq — Cgq

(see Section 3 and Theorem 6.1 of [3]). Also, notice that, by considering the image of X X Y under this equivalence, we see
that the equivalence is givenby X XY —> X ® Y. O

If H is a subgroup of G, we have the subcategory Cy = @, Cr of €, which is an extension of £ by H. We claim the
following:

Proposition 12. There is a subgroup H < G, and an indecomposable Cy-module category N that remains indecomposable over
D such that £ = IndgH (MN).
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Proof. Suppose that .£ decomposes over D as

L= é Li.
i=1

For every g € G, we have seen that the action functor defines an equivalence of categories C; Ky £ = L. Since

n
e, Ko £ = (P e, ®p £,

i=1
we see that G permutes the index set {1,...,n}. This action is transitive, as otherwise £ would not have been
indecomposable over C. Let H < G be the stabilizer of £;. Then & = £ is a Cy-module category that remains
indecomposable over D. Let X € Ob.£; be a generator of .£ over C (any nonzero object would be a generator, as £ is
indecomposable over C). By the fact that the stabilizer of «£; is H, it is easy to see that Hom (X, X) is contained in Cy. The
rest of the lemma now follows from Corollary 9. O

So in order to classify indecomposable module categories over G, we need to classify, for every H < G, the
indecomposable module categories over Gy that remain indecomposable over D. For every indecomposable module
category £ over C, we have attached a subgroup H of G and an indecomposable Cy-module category £, that remains
indecomposable over D. The subgroup H and the module category £ will be the first two components of the tuple which
corresponds to .£. Notice that we could have chosen any conjugate of H as well.

4. The first two obstructions

Let £, & = £ and H be as in the previous section. For every a € H we have an equivalence of £$-module categories
Yy 1 G Kp N = N given by the action of Gy on N. Suppose on the other hand that we are given an H-invariant
indecomposable module category & over D. Let us fix a family of equivalences {1/4}qcy, Where ¢ : Ga K N — N. Let
us see when does this family come from an action of C; on V.

We know that the two functors

mx1 .
@].HZ@H&N — @H|Z’=N—)</V
and

ley®() .
CHXCHRN — CyXRN > N
should be isomorphic.
Since the action of Gy on  is given by the action of O together with the ,’s, this condition translates to the fact that
for every a, b € H the two functors

Mg p®1y Vap
@a®@@b®@N — @abggd\/—)d\/
and
Teg®Y)
Callp Gy Rp N 5 Cukp N L N
should be isomorphic. We can express this condition in the following equivalent way, forevery a, b € H, the autoequivalence
of & as a H-module category

ve! lea Yy
Ya,b=N—>@a®@N —> GG&DGI,&@N

Ma p®1 vl
L CwpBp N BN
should be isomorphic to the identity autoequivalence. We shall decompose this condition into two simpler ones.
Consider the group I = Autg (), where by Autg, we mean the group of D-autoequivalences (up to isomorphism) of
N.Fora € HandF € I" definea - F € I" as the composition
o1 10, %F a

N e my N D Cmy N LW
We getamap @ : H — Aut(I") given by @ (h)(F) = h - F. This map depends on the choice of the v,’s and is not necessarily
a group homomorphism. However, the following equation does hold for every a, b € H:

@ (a)®(b) = ®(ab)Cy,

ab’

where we write Cy for conjugation by x € I'.
Notice that v, is determined up to composition with an element in I”, and that by changing ¥, to be ¥, = y,, for

y € I', we change @ (a) to be ®(a)C,. Eq. (4.1) shows that the composition p = 7@, where m is the quotient map

7 : Aut(I") — Out(I") does give a group homomorphism. Notice that by the observation above, o does not depend on the

choice of the ,’s, but only on the homomorphism c, the module category .~ and the subgroup H. We have the following

(4.1)
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Lemma 13. Let N be an H-invariant D-module category. There is a well defined group homomorphism p : H — Out(I"). If the
Yq's arise from an action of Cy on N, then the map @ described above is a group homomorphism.

Proof. This follows from the fact that by the discussion above, if the ¥,’s arise from an action of Gy on W, then Y, j is trivial
for every a, b € H, and by Eq. (4.1) we see that @ is a group homomorphism. O

So the homomorphism c, the module category & and the subgroup H determine a homomorphism p : H — Out(I").
We thus see that in order to give .V a structure of a Gy-module category, we need to give a lifting of p to a homomorphism
to Aut(I"). The first obstruction is thus the possibility to lift p in such a way.

Suppose then that we have a lifting, that is- a homomorphism @ : H — Aut(I") such that t® = p. To say that @ is a
homomorphism is equivalent to say that we have chosen the ¥/,'s in such a way that Cy,, = Id, or in other words, in such a
way that foreverya, b € H, Y, isin Z(I"), the center of I'.

Notice that after choosing @, we still have some liberty in changing the ¥,’s. Indeed, if we choose v, = y,V¥,, where
va € Z(I") for every a € H, we still get the same @, and it is easy to see that every v, that will give us the same & is of this
form.

In order to furnish a structure of a Cy-module category on ., we need Y, to be not only central, but trivial. A
straightforward calculation shows now that the function H x H — Z(I") given by (a, b) — Yg is a two cocycle. If we
choose a different set of isomorphisms v, = y,¥, where y, € Z(I"), we will get a cocycle Y’ which is cohomologous to
Y. So the second obstruction is the cohomology class of the two cocycle (a, b) — Y, . We shall denote this obstruction by
05(N,c,H, M, ®) € Z?(H,Z(I")). Notice that this obstruction depends linearly on M in the following sense: we have a
natural homomorphism of groups & : inv(Z(D)) — I, given by the formula

E§MIN)=T®N
(that is- & (T) is just the autoequivalence given by the action of T) It can be seen that if we had chosen M’ = M¢, where
¢ € Z*(G, inv(Z(D))), then we would have changed 0, to be Ozresf, (€:(2)).

In conclusion, we saw that if & is a £©-module category upon which H acts trivially, then we have an induced
homomorphism p : H — Out(I"). The first obstruction to define on & a structure of a Cy-module category is the fact
that p should be of the form w® where @ : H — Aut(I") is a homomorphism. After choosing such a lifting @ we get
the second obstruction, which is a two cocycle 0,(W, ¢, H, M, ®) € Z?>(H, Z(I")). A solution to this obstruction will be an
element v € C'(H, Z(I")) which satisfies

ov = 0y(N,c,H, M, ®).
We will see later, in Section 8, that to find a solution to the first and to the second obstruction is the same thing as to find a
splitting for a certain short exact sequence. We will also see why two solutions v and v” which differ by a coboundary give

equivalent module categories (and therefore we can view the set of possible solutions, in case it is not empty, as a torsor
over H'(H, Z(I")).

5. The third obstruction

So far we have almost defined a Gy -action on ./, by means of the equivalences v, : G, Xp N — N.The solutions to the
first and to the second obstruction ensures us that for every a, b € H the two functors

Mg p®1x Vab
F]:@a‘g@@b&i)w — @ab&g)gjv—)dv

and
1e,8 ,
Fy:Cuip Cplgp N 5 @ty N S N
are isomorphic.
For every a, b € H, let us fix an isomorphism n(a, b) : F; — F, between the two functors. In other words, for every
X € G, Y € Gy and N € N we have a natural isomorphism
n@abxyn: X®Y)ON —> X® (Y ®N).
Since F; and F, are simple as objects in the relevant functor category (they are equivalences), the choice of the isomorphism
n(a, b) is unique up to a scalar, for every a, b € H.
The final condition for & to be a Gy-module category is the commutativity of the pentagonal diagram. In other words,
foreverya,b,d € H,andevery X € G, Y € C,,Z € Cgand N € N, the following diagram should commute:

n(a,bd)x yoz,n

X®Y®Z)®N X®((Y®Z)®N) .
Otxy,zT in(b,d)y.z.N
(X®Y)®Z)®N X® Y QEZQN))

WW

X®Y)®(Z®N)
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This diagram will always be commutative up to a scalar Os(a, b, d) which depends only on a, b and d, and not on the
particular objects X, Y, Z and N. One can also see that the function (a, b, d) — O0s(a, b, d) is a three cocycle on H with
values in k*, and that choosing different n(a, b)’s will change O3 by a coboundary. We call 03 = O3(N,c, H, M, @, v, o) €
Z3(H, k*) the third obstruction. A solution to this obstruction is equivalent to giving a set of (a, b)’s such that the pentagon
diagram will be commutative. We will see in the next section that by altering by a coboundary we will get equivalent
module categories. Thus, we see that the set of solutions for this obstruction will be a torsor over the group H2(H, k*) (in
case a solution exists). Notice that this obstruction depends “linearly” on «, in the sense that if we had changed « to be «¢
where ¢ € H3(G, k*), then we would have changed the obstruction by Z. In other words:

O3(N, ¢, H, M, ®,v,0¢) = 03(N,c,H, M, ®, v, a)res; ().
This ends the proof of Theorem 2.

6. The isomorphism condition

In this section we answer the question of when the ¢-module categories M(N, H, @, v, 8) and M(N',H', ®', v/, B)
are equivalent.
Assume then that we have an equivalence of C-module categories

F:M(N,H, ®,v,B8) - MN,H, &'V, ).

Let us denote these categories by .M and M’ respectively. Then F is also an equivalence of £-module categories. Recall that
as D-module categories, M splits as

P e w0 .

geG/H

A similar decomposition holds for .M.

By considering these decompositions, it is easy to see that F induces an equivalence of £D-module categories between
G, Xp N and N for some g € G. Let us denote the restriction of F to G, Ky N as a functor of D-module categories by tr.
We can reconstruct the tuple (&', H', &', v/, 8’) from tr in the following way: we have already seen that &' is equivalent
to C; Ky N and that the stabilizer subgroup of the category &' will be H' = gHg ™.

Let us denote by I"’ the group Autg, (N’). We have a natural isomorphism v : I' — I’ given by the formula

vty NS CeBp N 5 CgRp N > N

Using the functor tr and the map v we can see that the map
p 1gHg ' — out(I™)

which appears in the construction of the second module category is the composition
gHg ' £ H & out(r) — out(I"),

where the last morphism is induced by v. The map @’ which lifts o’ will depend on @ in a similar way. The same holds for
the second obstruction and its solution.

For the third obstruction, the situation is a bit more delicate. Since F is a functor of C-module categories, we have, for
each a € H, a natural isomorphism between the functors

Cgag1 B (Cg By N) =5 Cpgp 1 By N —> N
and
Cpag1 B (Cg By N) > CyHp N > N,

For any a € H, the choice of the natural isomorphism is unique up to a scalar. A direct calculation shows that if we change
the natural isomorphisms by a set of scalars ¢,, we will get an equivalence M(N,H, ®,v,8) — M(N',H',®’, v/, B")
where 8” = B’0¢. This is the reason that cohomologous solutions for the third obstruction will give us equivalent module
categories.

In conclusion, we have the following:

Proposition 14. Assume that we have an isomorphism F : M(N,H, ®,v,B) — M(N',H', @', v', B') Then there is a
g € Gsuch that F induces an equivalence of D-module categories C; Ky N — N, and the data (N, H', &', V', B’) can
be reconstructed from tr in the way described above (B8’ will be reconstructible only up to a coboundary).

Notice that we do not have any restriction on tr. In other words, given any tr : €, X5 N — N’ we can always reconstruct
the tuple (N, H', @', v/, B’) in the way described above.
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We would like now to “decompose” the equivalence in Proposition 14 into several steps. The first ingredient that we
need in order to get an equivalence is an element g € G such that C; Kp N = N'.

Consider now the case where g = 1, so that & = N’ and H = H’. In that case tr is an autoequivalence of the D-
module category . Let us denote by ¥, : Ca Kp & — N and by ¢ : G, Kp N — N the structural equivalences of
the two categories (where a € H). Since F is an equivalence of C-module categories, we see that the following diagram is
commutative:

Collp N —s i

l 1Xtp if[:
/

Collp N sy
and a direct calculation shows that @ and @’ satisfy the following formula:
@' (a)(V) = tr®(a)(t; ' Vep)t; ! (6.1)

where V is any elementin I".

Another way to write Eq. (6.1) is @' = CtF<DCt;1, where by C;, we mean the automorphism of I” of conjugation by t¢. In
other words, this shows that we have some freedom in choosing @, and if we change @ in the above way, we will still get
equivalent categories.

Consider now the case where also @ = @&’. This means that for every a € H the element tz®(a)(t;) ! is central in
I'. A direct calculation shows that the function r defined by r(a) = tz®(a)(t;)~! is a one cocycle with values in Z(I"),
and that v/v’ = r. Notice in particular that by choosing arbitrary t € Z(I") we see that cohomologous solutions to the
second obstruction will give us equivalent categories. However, we see that more is true, and it might happen that non
cohomologous v and v’ will define equivalent categories.

Last, if the situation is that tr = @ (a)(t) for every a € H, we will have the same (~, H, &, v), but § might be
different. We have seen that if 8 and 8’ are cohomologous they will define equivalent categories, but it might happen that
noncohomologous 8 and B’ will define equivalent categories as well.

7. Functor categories

In this section we are going to describe the category of functors between module categories over an extension in terms
of module categories over the trivial component of the extension. We prove a categorical analogue of Mackey’s Theorem
and we give a criterion for an extension to be group theoretical. In addition, given that € is a G-extension of D, we describe
the category Fune (M1, M3) of C-module functors as an equivariantization of the category Fung (M1, M>3) of D-module
functors with respect to G.

7.1. Mackey’s Theorem for module categories

Let C be a G-extension of D. For any subset S C G denote the subcategory GBgeS@g by Cs. If S is a subgroup of G then
Cs is a fusion subcategory. Let H and K be subgroups of G and let & be a Cx-module category. We prove now a categorical
version of Mackey’s Theorem.
Theorem 15. (CRp, N)ic, = EBHgK CnRe,g N where H® = H NgKg~'and N8 = (Cg Xy MN)ne is Cye-module category
and the sum is taken over all the double cosets.
Proof. First, consider the transitive H x K°-action on HgK. The stabilizer of g is {(gkg ™', k1) |k € K, gkg~! € H}. Hence,
Chgx is isomorphic to Cy R, Cgk as (Cp, Cx)-bimodule category. Next, (C Re, N)jey = @Hgk Chgk Me, N where the sum
is over all the double cosets. Finally Cpgx Me, N = (Cx Re,y Cox) Moy N = Ch Koy, (Cox Rey N) = Cy Ko,y N8, O
Remark 16. The above theorem could be stated in the original Mackey’s Theorem language, namely resf,lnd,c((w ) =
@ng [ndZg resﬁg (~#). One notices that the proof of the theorem uses only basic consideration about double cosets.

7.2. Functor categories
Assume that we have two module categories M; = M(N,H, @, v, B), and My = M(N', H', ®', v, B’). Let us denote
H’ by K. Our goal is to calculate Fune (M1, M>) in terms of functor categories over D. We have
FUI‘I@(M], Mz) = Fun@(@ Xl@H N, C ‘Zl@K N/)
By Frobenius reciprocity

Fune (C He, N, C He, M) = Fune, (M, (€ Bey N)jey)-
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Since a module category is, by definition, a semisimple category, every functor has both a left adjoint and a right adjoint.
Taking left adjoints (right adjoints) gives us an equivalence of the corresponding functor categories.
Thus we obtain the following equivalence by taking left adjoints

Fune, (N, (C Re, N)jey) = Fung, ((C Koy N)jeys M).

By Mackey’s Theorem for module categories we have

Fune, ((€ Re, N)jey» M) = Fung, (@ CH Heye N, e/\f)
HgK

and

Fune,, (@ Ch Koy, N, N) ~ @Fun@Hg (N5, Neye)-

HgK HgK
Finally, by taking right adjoints, we end up with the following

Proposition 17. In the above notations

Fune (My, Mp) = EB Fune,, (Neye. N'%).
HgK

7.3. A criterion for an extension to be group theoretical

Let C be a fusion category. Recall that a ¢-module category M is called pointed if C’,, the dual category with respect to
M, is pointed. We say that € is group theoretical in case € has a pointed module category. As can easily be seen, € is pointed
if and only if it has an indecomposable module category & such that any simple @-linear functor F : &/ — . is invertible.

We now prove a criterion for an extension category to be group theoretical.

Theorem 18. Let C be a G-extension of D. Then C is group theoretical if and only if O has a pointed module category N which
is G-stable, namely, for every g € G, N = Gz Kyp N.

Proof. Suppose .V is a pointed G-stable D-module category. Consider M = C Xy V. By Frobenius reciprocity we have
FUHQ(M, M) = @geGFUHD(zN, @g XNgp :/V)

Since forany g € G, C; Kp N = N and since all simple functors in Fung (N, &) are invertible, we see that the same
happens in Fune (M, M), that is- M is pointed over € and € is group theoretical.

Conversely, suppose that C is group theoretical and suppose that M is an indecomposable pointed G-module category.
We thus know that any simple functor F : M — M is invertible. We also know that there is a subgroup H < G and an
indecomposable Cy-module category N such that M = C Ke, N = Bgrec/nCq Mo N Since M is indecomposable, it is
easy to see that for every g € G there is some simple C-endofunctor F : M — M such that F(#) € C; Rp N.Butsucha
functor must be invertible, and it follows that F induces an equivalence of © module categories & = C; Xgp N. Thus N is
G-invariant.

Next, we would like to prove that O} is pointed. By Frobenius reciprocity we have Fune(M, M) =
@gtiec/uFune, (N, CgXN) Thus the category Fune, (N, V) is a fusion subcategory of the pointed category Fune (M, M) and
is therefore pointed. We have a forgetful functor Fune, (', &) — Fung (N, &) which is known to be onto (see Proposition
5.3 of [2]). This implies that Fung (M, N) is pointed, as required. O

Remark 19. The above criterion is actually equivalent to the one given in Corollary 3.10 of [6], namely, € is group theoretical
if and only if Z(D) contains a G-stable Lagrangian subcategory. In order to explain why the two conditions are equivalent,
recall first the definitions of a Lagrangian subcategory and of the action of G on Z(D). A Lagrangian subcategory of Z(D) is a
subcategory & such that &' = & (see Section 3.2 of [ 1] for the definition of the Miiger Centralizer &"). The action of G on Z(D)
is defined as follows: the center Z(£) can be considered as Fungpggpor (D, D), the category of H-bimodule endofunctors of
D. Given an element g € G and a D-bimodule functor F : D — D, the functor g(F) : D — D is defined via

1 F 1 ~
STl L G Rp DRy Cpt —>

D —"5 CeRp DRy Cpi
Now if  is a pointed £-module category, then the category £}, will be pointed, and the isomorphism Z(D) = Z(D},)
will give a Lagrangian subcategory of Z (). From the above definition of the G-action, one can see that this correspondence
is G-equivariant. Thus, if £ has a G-invariant pointed module category, it will have a G-invariant Lagrangian subcategory. By
using Theorem 4.66 of [ 1] together with Theorem 3.1 of [4] it follows that we can also go the other way around, and construct
a pointed module category out of a Lagrangian subcategory of the center. The equivalence of the two conditions for being
group theoretical thus follows. From our criterion, it also follows that if the fusion category € is given by the extension
data (c, M, «) then the question whether or not € is group theoretical depends only on the category H = €; and on the
homomorphism c. This is because the action of G on £H-module categories depends only on ¢ and not on M and «.
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7.4. Functor categories as equivariantizations

In this subsection we shall describe the category of G-module functors between the module categories M(N, H, &, v, )
and M(N',H', @', V', B’). For simplicity we shall denote these categories as .M and .M, respectively.
Consider the category Fung (M1, M>). This is a k-linear category which by Theorem 2.16 of [2] is semisimple.

Lemma 20. There is a natural G-action on Fung (M;, M>) induced by the structure of C-module categories on M and M.

Proof. There are equivalences of £-module categories ¥y : Cg Kgp M1 = M and ¢ : C; Kp My = My, forevery g € G,
defined by the ¢-module structure on M; and M. Let F : M; — M5 be a D-module morphism, we define g - F to be the
following functor

! ldeg M pF .
My ——> Cg R M1 —— Cg Kp My ——— M .

One can easily check that this defines an action of the group G on the category Fung (M1, M>) in the sense of Section 4.1 of
[1]. O

In order to describe the Functor category in a more explicit way, we first recall the following definition:

Definition 21 (See Section 4.1in [1]). Let G be a group acting on a category R. Forg,h € Gand R € R, denote by y, n(R)
the natural isomorphism g(h(R)) — (gh)(R). Then an object of the equivariantization category R is a pair (R, {TeDgec),
where T, : g(R) — R are isomorphisms which satisfy the compatibility condition

Tghyg,h(R) = gg(Th)'
Morphisms in R are defined in the obvious way.

LetF : M1 — M5 be a D-module functor.
To give a H-module functor a structure of a €-module functor is the same thing as to give, for every g € G, a natural
isomorphism between the functors

Cg Hp My — M; - My and

Cy Hp M 5 @y B My — Moy

which will satisfy certain coherence conditions. By composing the two functors with the quasi invertible functor M; —
C; Ry M1, we see that this is the same thing as to give, for every g € G, an isomorphism of functors T; : g - F — F.The
compatibility conditions mentioned above are translated directly to the condition that (F, {T;}) will be an element of the
equivariantization category.

Let us conclude this discussion by the following.

Proposition 22. The category Fune(Mq, M) is equivalent to the equivariantization Fung(Mi, M>)¢ of the category
Fung (M1, My) with respect to the aforementioned G-action.

A

Remark 23. Let M be an indecomposable G-module category. Although €}, £ Fune(M, M) is a fusion category,
Fung (M, M) is, in general, only a multifusion category because M might be decomposable as a £-module category.
When Fung (M, M) is also a fusion category, Fune (M, M) contains a subcategory equivalent to Rep(G). This is exactly the
subcategory of objects with support in the trivial object. In case Fung (.M, M) is only multi-fusion, we will not necessarily
have this subcategory.

In the next section we will give an intrinsic description of the functor categories, as categories of bimodules.

8. An intrinsic description by algebras and modules

The goal of this section is to explain more concretely the action of the grading group on indecomposable module
categories, the action of the grading group on Autg (V), the obstructions and their solutions.

In Theorem 1 of [8] Ostrik showed that any indecomposable module category over a fusion category € is equivalent as
a module category to the category Mode — A for some semisimple indecomposable algebra A in €. In this section we will
realize all the objects described in the previous sections by using algebras and modules inside C. As before, we assume that
C= @gec C,, we denote G by O and Autg (V) by I

8.1. The action of G on indecomposable module categories

Assume that A is a semisimple indecomposable algebra inside D. Let &/ = Mod gy — A be the category of right A-modules
inside . We denote by Mode, — A the category of A-modules with support in C;. We claim the following:

Lemma 24. We have an equivalence of D-module categories Cg Mp N = Mode, — A.
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Proof. We have already seen in Remark 8 in Section 2 that we have an equivalence of ¢-module categories

CXp N = Mode(A)
whichis givenby XXM — X ® M. As a D-module category, the left hand side category decomposes as @gec Cy Xp N and
the right hand side category decomposes as EBgec Mode, — A. By evaluating the equivalence above on objects of © Ry N,

we see that it translates one decomposition into the other, and therefore the functor C; Kp & — Mode, — A given by
XXM +— X ® M is an equivalence of £-module categories. O

Next, we understand how we can describe functors by using bimodules.

Lemma 25. Let /' = Modp —Aand N’ = Modp, — A, and let g € G. Then every functor F : N — Gy Kgp N’ is of the form
F(T) =T ®a Y for some A — A’-bimodule Y with support in Cg. Here we identify C; Kp N’ with Mode, — A’ as above.

Proof. The proof follows the lines of the remark after Proposition 2.1 of [9]. We simply consider F (A). The multiplication
mapA®A — AgivesusamapA® F(A) — F(A), thus equipping F (A) with a structure of a left A-module. We now see that
F(A) is indeed an A — A’-bimodule. Since the category -V is semisimple the functor F is exact. Since every object in . is a
quotient of an object of the form X ® A for some X € @, (due to the fact that the A-module X is a quotient of X ® A by the
map action), we see that F is given by F(T) = T ®4 F(A). O

Remark. Notice that by applying the (2-)functor C,-1 Ky — we see that every functor C; ®p &' — o is given by tensoring
with some A" — A-bimodule with support in Cy-1.

8.2. The outer action of H on the group Autg (N). The first two obstructions

Assume, as in the rest of the paper, that we have a subgroup H < G and a module category &/ = Modp — A, and assume
that F, : &N = G, Xyp N for every h € H. It follows from Lemma 25 that this equivalence is of the form F,(M) = M ®, Ap,
for some A — A-bimodule A, with support in Cp,. The fact that this functor is an equivalence simply means that the bimodule
Ap is an invertible A — A-bimodule. In other words, there is another A — A-bimodule B, (whose support will necessarily be
in C,-1) such that Ay ®4 By = By, ®4 An = A. By Lemma 25 we can identify the group I" = Auty (N) with the group of
isomorphisms classes of invertible A — A-bimodules with support in D.

Denote by A the group of isomorphisms classes all invertible A — A-bimodules with support in Cy. Since every invertible
A — A-bimodule is supported on a single graded component, we have amap p : A — H which assigns to an invertible A — A
bimodule the graded component it is supported on. We thus have a short exact sequence

1-T—>A—H-—>1. (8.1)

Using this sequence, we can understand the outer action of H on Aut 4 (.V), and the first and the second obstruction. The
outer action is given in the following way: for h € H, choose an invertible A — A-bimodule A, with support in €. Choose
an inverse to A, and denote it by Ah”. Then the action of h € H on some invertible bimodule M with support in D is the
following conjugation:

h-M=A, ® M®aA; "
This action depends on the choice we made of the invertible bimodule Ay.
The first obstruction is the possibility to lift this outer action to a proper action. In other words, it says that we can choose

the Ap’s in such a way that conjugation by A, ® Ay is the same as conjugation by Apy, or in other words, in such a way that
for every h, h’ € H, the invertible bimodule

Buw = An ®4 Aw ®4 Ay
will be in the center of I" (again, we identify I with the group of invertible bimodules with support in D). A solution for
the first obstruction will be a choice of a set of such bimodules Ay,

The second obstruction says that the cocycle (h, h') > By is trivial in H>(H, Z(Autg (). This simply says that we can

change Ay, to be Ay, ®4 Dy, for some Dy, € Z(Autgy(N)), in such a way that
(An ®4 Dn) ®a (A ®4 Diy) ®4 (Any ®a D) ' = A
as A-bimodules. A solution for the second obstruction will be a choice of such a set D;, of bimodules.

It is easier to understand the first and the second obstruction together: we have one big obstruction, the sequence (8.1)
should split, and we need to choose a splitting. First, if the sequence splits, then we can lift the outer action into a proper
action, and we need to choose such a lifting. Then, the obstruction to the splitting with the chosen action is given by a two
cocycle with values in the center of I'. Thus, a solution for both the first and the second obstruction will be a choice of
bimodules Ay for every h € H such that the support of A, is in G, and such that A, ®4 Ay = Apy for every h, ' € H.
Following the line of Section 6, we see that we are interested in splittings only up to conjugation by an element of I".

8.3. The third obstruction

Assume then that we have a set of bimodules A, as in the end of the previous subsection. We would like to understand
now the third obstruction.
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Recall that we are trying to equip & with a structure of a €y-module category. By Ostrik’s Theorem (see [8]), there is an
object & € N such that A = Hom, (N, N) where by Hom , we mean the internal Hom of ~, where we consider . as a
D-module category. So far we gave equivalences F, : N — C, Kgp N.If & were a Cy-module category via the choices of
these equivalences, then the internal G4-Hom, A= MGH (N, N) would be

We thus see that to give on . a structure of a C;-module category is the same as to give on A a structure of an associative
algebra. For every h, i’ € H, choose an isomorphism of A — A-bimodules A, ®4 Ay — Apy. Notice that since these are
invertible A — A-bimodules, there is only one such isomorphism up to a scalar.

Now for every h, ', i’ € H, we have two isomorphisms (A, ®a Ar) ®a Ay —> Apwrr, Namely

(An @4 Ar) Q4 Awr — Apry 4 Awr — Apnn
and
(Ap @4 Aw) Qa A — Ap @4 (A @4 Apr) — Ap Qa Annr — Apwny -

This two isomorphisms differ by a scalar b(h, h’, h”"). The function (h, h’, h”") + b(h, h’, h”) is a three cocycle which is the
third obstruction. A solution to the third obstruction will thus be a choice of isomorphisms A, ®4 Ay — Apw Which will

make A an associative algebra. Once we have such a choice, we can change it by some two cocycle to get another solution.

8.4. Functor categories

We end this section by giving an intrinsic description of functor categories. Assume that we have two module categories
My = M(N,H,®,v,8),and My = M(N',H, &', v, B). Let us denote H' by K. As we have seen in the previous
subsections, if & = Modgy — A; and &' = Mody — By, then M; = Mode — A and My = Mode — B, where A is an
algebra of the form @y Ap, and a similar description holds for B.

The functor category Fune (M1, M>) is equivalent to the category of A — B-bimodules in €. Since A and B have a graded
structure, we will be able to say something more concrete on this category.

Let X be an indecomposable A — B-bimodule in €. It is easy to see that the support of X will be contained inside a double
coset of the form HgK for some g € G. Since the bimodules A; and By, are invertible, it is easy to see that the support will be
exactly this double coset.

Consider now the g-component X; of X. As can easily be seen, this is an A; — B;-bimodule. Actually, more is true. Consider
the category C X C. Inside this category we have the algebra

(AB)g = @XEHﬂgKgflAX X Bg—lx—lg

with the multiplication defined by the restricting the multiplication from AXB € CXC . The category € isa CXC°’-module
category in the obvious way, and we have a notion of an (AB)-module inside C.

Lemma 26. The category of (AB)g-modules inside C is equivalent to the category of A — B-bimodules with support in the double
coset HgK.

Proof. If X is an A — B-bimodule with support in HgK, then X, is an (AB),-module via restriction of the left A-action and the
right B-action. Conversely, if V is an (AB);-module inside C, we can consider the induced module

(AXB) ®(AB)g V.
This is an A — B-bimodule, and one can see that the two constructions gives equivalences in both directions. 0O

Remark. This is a generalization of Proposition 3.1 of [9], where the same situation is considered for the special case that
€ = Vec? and D = 1. Also, notice that the decomposition to double cosets is the one which appears in Theorem 15

In conclusion, we have the following

Proposition 27. The functor category Fune (M1, M) is equivalent to the category of A—B-bimodules. Each such simple bimodule
is supported on a double coset of the form HgK, and the subcategory of bimodules with support in HgK is equivalent to the category
of (AB)g-modules inside C.

9. A detailed example: classification of module categories over the Tambara Yamagami fusion categories and their
dual categories

As an example of our results, we shall now describe the module categories over the Tambara Yamagami fusion categories
C = TY(A, x, t) and the corresponding dual categories. Let A be a finite group. Let R4 be the fusion ring with basis A U {m}
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whose multiplication is given by the following formulas:

g-h=gh,Vg,heA
g-m=m-g=m

m-m:Zg

geA

In [11] Tambara and Yamagami classified all fusion categories with the above fusion ring. They showed that if there is a
fusion category € whose fusion ring is R4 then A must be abelian. They also showed that for a given A such fusion categories
can be parameterized (up to equivalence) by pairs (x, t) where x : A x A — k* is a nondegenerate symmetric bicharacter,
and 7 is a square root (either positive or negative) of ﬁ. We denote the corresponding fusion category by C := T Y (A, x, 7).

The category C is naturally graded by Z, = (o). The trivial component is Vec, (with trivial associativity constraints) and
the nontrivial component, which we shall denote by .M, has one simple object m. In Section 9 of [3] the authors described
how a Tambara Yamagami fusion category corresponds to an extension data of Vec, by the group Z,. We shall explain now
the classification of module categories over 7Y (A, x, T) given by our parameterization.

Since A is an abelian group and the associativity constraints in Vec, are trivial, module categories over Vec, are
parameterized by pairs (H, ¥) where H < A is a subgroup and ¥ € H?(H, k*). We shall denote the corresponding module
category by M(H, ¥). As explained in Section 3, we have a natural action of Z, = (o) on the set of equivalence classes of
module categories over Vecy. We shall describe this action in Section 9.1.

Recall that the second component in the parameterization of a module category is a subgroup of the grading group. If
this subgroup is the trivial subgroup, then we will just have a category which is induced from Vec,. It is easy to see that such
categories decompose over Vec, to the direct sum of two indecomposable module categories. In that case, all the obstructions
and solutions will be trivial. If this subgroup is Z, itself, we will have a ¢-module category structure on M (H, 1) for some H
and some . In that case, it must hold that o (H, ¥) = (H, ¥), and we may have some nontrivial obstructions and solutions.

The rest of this section will be devoted to analyze the action of o and the obstructions and their solutions (for the case in
which we have obstructions). We will also describe the relations of our result with the result of Tambara on fiber functors
on Tambara Yamagami categories, and also describe the dual categories.

We would like now to describe the main result of this section. We will split our main classification result into two
proposition, according to the subgroup of Z, which appears in the parameterization. Our first proposition follows in a
straight forward way from the discussion in the previous sections

Proposition 28. Module categories over C whose parameterization begins with (M(H, v), 1, ...) are the induced categories
Indy,., (M(H, ¥)). We will have an equivalence of C-module categories Indy,., (M(H, ¥)) = Indy,. (M(H', ¥")) if and only if
(H,¥) = H,y)orif (H, ¥) = o (H'Y).

In order to describe the other case, we need some notations. Suppose that H < A is a subgroup which contains H* (the
subgroup perpendicular to H with respect to x ). If we denote by H := H /H*, then x induces a non-degenerate symmetric
bicharacter ¥y : H x H — k*.If ¥ € H?>(H, k*) satisfies Rad(yr) = H* (the definition of Rad(y) is given in Section 9.1),
then v is the inflation of a nondegenerate two cocycle i on H. We will usually not distinguish between ¥ and .

Proposition 29. For M(H, V) to have a structure of a C module category, it is necessary that o (H, ) = (H, ). This implies
that Rad(v) = H < H. If this holds, then @-module categories structures on M(H, y) are parameterized by pairs (s, v) where
s: H/HY — H/H' is an involutive automorphism, and v : H/H* — k* is a function which satisfy for every a, b € H/H*

x(a, b) = ¥ (s(a), b) /¥ (b, s(a))
dv(a, b) = ¥ (a, b)/ ¢ (s(b), s(a))
v(@)v(s(a)) =1

sign ( Z v(a)) = sign(t)

s(a)=a

Two such pairs (s, v) and (s, v") will give equivalent module category structures on M (H, v) if and only if s = s’ and there exist
a character ¢ : H/H+ — k* such that v(h) /v’ (h) = n(h)/n(s(h)).

9.1. The action of o on indecomposable module categories and representations of twisted abelian group algebras

Recall that the Vecs-module category & = M (H, /) is the category of right modules over the algebra k¥ H inside Vec,.
We would like to understand the Vecs-module category M Ryec, V.

As explained in Section 8, this module category can be described as the category of right k¥ H-modules with support in
the category M, the nontrivial grading component of €. A k¥ H-module with support in M is of the form m ® V where V
is a vector space which is a k¥ H-module in the usual sense. So the category M Xyec, N is equivalent, at least as an abelian
category, to the category of k¥ H-modules in Vec.
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We would like to describe M Ry, & as a module category of the form M (H', ") for some H < A and some two cocycle
W' e H%*(H', k*). In order to do so, we begin by describing the simple k¥ H-modules in Vec (they will correspond to the
simple objects in M Ry, V).

Let kYH = @®peyUy. The multiplication in k¥ H is given by the rule U,U, = v (h, k)Up.. Denote by R = Rad(4/) the
subgroup of all h € H such that Uy is central in k¥ H.

As the field k is algebraically closed of characteristic zero and H is abelian, the data that stored in the cocycle v is simply
the way in which the Up,’s commute. More precisely, let us define the following alternating form on H:

&y(a,b) =y (a,b)/y (b, a).

It turns out (see Proposition 2.6 in [10]) that the assignment ¥ > &, depends only on the cohomology class of v, and
that it gives a bijection between H?(H, k*) and the set of all alternating forms on H. The elements of R can be described as
those h € H such that &, (h, —) = 1. As can easily be seen, &, is the inflation of an alternating form on H/R. It follows easily
that 1 is the inflation of a two cocycle ¥ on H/R.

It can also be seen that & is nondegenerate on H/R and that kYH/R = M, (k) where n = /[H/R]. It follows that k” H/R
has only one simple module (up to isomorphism) which we shall denote by V (i.e, 1/_f is non degenerate on H/R). By inflation,
V; is also a k¥ H-module. Let ¢ be a character of H, and let k¢ be the corresponding one dimensional representation of H.
Then k¢ ® V; is also a simple module of k¥ H, where H acts diagonally. It turns out that these are all the simple modules of
kVH, and that V;, = V,, if and only if the restrictions of ¢; and ¢, to R coincide.

The simple modules of k¥ H are thus parameterized by the characters of R (we use here the fact that the restriction from
the character group of H to that of R is onto). For every character ¢ of R, we denote by V, the unique simple module of kYH
upon which R acts via the character ¢. So the simple k¥ H-modules with support in .M are of the form m ® V.

In order to understand the structure of M Xy, N as a Vecs-module category, let us describe V, ® (m ® V;) fora € A.
It can easily be seen that this is also a simple module, so we just need to understand via which character R acts on it. Using
the associativity constraints in 7Y (A, x, t), we see that for v € V, and r € R we have

Ve@m®v)-U =x@,nNV,®@(m®v-U,) = x(@nrimV,dmeQv.

This means that V, ® (m ® V;) = m ® V;,(,—). So the stabilizer of V; is the subgroup of all a € A such that x(a,r) = 1
forallr € R, i.e., itis Rt. It follows that .M Ryec, N is equivalent to a category of the form MR, 1}). Where 1} is some two
cocycle.

Let us figure out what is fﬁ Ifa € R*, then the restriction of x (a, —) to H is a character which vanishes on R. Therefore,
there is a unique (up to multiplication by an element of R) element t, € H such that &, (t;, —) = x(a, —). It follows that
there is an isomorphismrg : V, ® (m ® V;) — m ® V; which is given by the formulaV, ® (m® v) = m ® (v - U;,). Now
for every a, b € R+, fb(a, b) should make the following diagram commute:

Va®Vp) ® (M@ Vy) —=V, ® (V, ® (M@ Vy)) ——> V, ® (m® Vy)

i Tab i Ta
v (a,b)

meV; me V;

An easy calculation shows that this means that 1/~/ (a, b) = ¥ (ty, ty). We thus have the following result:

Lemma 30. We have o - M(H, /) = M(R*, 1}) where R is the radical of ¢ and 1/~/ is described above.

Suppose now that o - M(H, ) = M(H, ). This implies that Rad(y) = H-'. The bicharacter x defines by restriction a
pairing on H x H, and by dividing out by H*, we get a nondegenerate symmetric bicharacter y : H/H+ x H/H' — k*. It
is easy to see that the assignment h — t;, that was described above induces an automorphism s of H/H+ which satisfies

x(a, by = §;(s(a), b). (9.1)

The fact that 1/~/ = ¢ means that &;(s(b), s(a)) = §;(a, b). Equivalently, this means that x(a,b) = §;(s(a),b) =
&5 (s(b), s?(a)) = x (b, s*(a)) and since ¥ is nondegenerate, this is equivalent to the fact that s> = Id.
In summary:

Lemma 31. We have o - M(H, V) = M(H, V) if and only if the following two conditions hold:

1.H* <H.

2. There is an automorphism s of order 2 of H/H' such that (a, b) — ¥ (s(a), b) is an alternating form, and the inflation of
this alternating form to H is &,
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9.2. The vanishing of the first obstruction and invertible bimodules with support in Veca

Assume now that we have a module category M (H, 1) such that o - M(H, ¥) = M(H, ¥). We would like to describe
all module categories whose classification data begins with (M (H, ¥), Z,, . ..). In other words, we would like to describe
all possible ways (if any) to furnish a structure of a ¢-module category on M(H, ¥/).

Solet s be an automorphism as in Lemma 31. In order to explain the first obstruction for furnishing a 7 % (A, x, t)-module
category structure on .M (H, ¥), we need to consider the group of invertible k¥ H-bimodules in Y (A, x, 7). As we have
seen in Section 8, such an invertible bimodule with support in Vec, (M) corresponds to a functor equivalence F : N — N
(F : M Ryec, N — N). The functor is given by tensoring with the invertible bimodule.

Let us first classify invertible k¥ H-bimodules with support in Vec,. Their description was given in Proposition 3.1 of
Ostrik’s paper [9]. We recall it briefly.
Ifa € Aand A is a character on H, we define the bimodule M, ; to be

@heH Vah,
where the action of k¥ H is given by
U - Vaw - Uy = Y (h, AR Y (hh', h") V-

Choose now coset representatives ay, ..., a. of H in A. Proposition 3.1 of [9] tells us that the modules M, , where

i=1,...rand A € H are all the invertible k¥ H-bimodules, and each invertible bimodule with support in Vec, appears
in this list exactly once.

By a more careful analysis we can get to the following description of the group of invertible bimodules: we have a
homomorphism & : H — A given by h — &, (h, —). Then the group E of all invertible bimodules with support in Vec,
can be described as the pushout which appears in the following diagram: (see Theorem 5.2 of [7] for a more general result)

H——A
b
H—E
The group E is thus also isomorphic to the group Auty,, (M (H, v¥)). Notice that the group E is abelian. A solution to the
first obstruction is a lifting of the natural map (see Section 4) Z, — Out(E) to a map Z, — Aut(E). But since E is abelian,

Out(E) = Aut(E), so this problem is trivial, and it has only one solution. So we have a proper (and not just outer) action of
Z, onE.

9.3. The group of all invertible bimodules and the second obstruction

Since M (H, ) is o -invariant, we see by Section 8 that the group E of (isomorphism classes of) invertible k¥ H-bimodules
in C is given as an extension

Z‘:l—)E—>E—>Zz—>1.

Moreover, we have seen that the second obstruction is the cohomology class of this extension in H?(Z,, E), and that a
solution to the second obstruction is a splitting of this sequence, up to conjugation by an element of E.

So our next goal is to understand if the sequence X splits. For this, we would like to understand the structure of the group
E better, and for this reason, we will describe now the invertible k¥ H bimodules with support in M (these are the elements
of E which goes to the nontrivial element in Z,). We begin by choosing such an invertible bimodule X explicitly. It should
be of the form X = m ® V, where V is both a left and a right k¥ H-module. The interaction between the left structure and
the right structure follows from the associativity constraints and is given by the formula

(Un - v) - Uy = x(h, W)Uy - (v - Up). (9.2)

The fact that X is invertible implies that V has to be simple as a left and as a right k¥ H-module. Assume that V is V, from
Section 9.1 as a right k¥ H-module, where ¢ is some character of H*. We need to define on V a structure of a left k¥ H-module.
By Eq. (9.1) we know that

(v-Uy) - Uy = x(h, ) (v - Up)Uy,.
By Eq. (9.2) and by the simplicity of V, we see that this means that we must have
Up-v=v(v - Uy, (9.3)
for some set of scalars {v(h)}scy. An easy calculation shows that these scalars should satisfy the equation

v(ab)yr(a, b) = v(@)v (b)Y (ty, ta)(tatty,')
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for every a, b € H. In other words-

(e (t-)) = v (a, b)/y (ty, ta). (94)

Since .V is o-invariant, we do know that the cocycles v (a, b) and 1 (t, t,) are cohomologous, and therefore such a function
v exists. Notice that we have some freedom in choosing v- we can change it to be vy where 7 is some character on H. It
is easy to see by this construction that the invertible k¥ H-bimodules with support in .M are parameterized by pairs (¢, v)
where ¢ is a character of H* by which it acts from the right on the module, and v is a function which satisfy the equation

dv(a, b) = ¥ (a, b)Y (ta, ty)(tart; 't ).

We denote the corresponding invertible bimodule by X (¢, v). It is possible to choose i and ¢ in such a way that will assure
us that v, is a character (for example, take v an inflation of a cocycle on H/H* and take t;, = 1for h € H. We will thus
assume henceforth that this is the case.

We fix an invertible bimodule X for which ¢ = 1, and for which the restriction of v to H is the trivial character (we use
here the fact that we can alter v by a character of H and the fact that any character of H* can be extended to a character of
H).Itis also easy to see that we can choose ¢ as we wish because for every choice of ¢, Eq. (9.4) will have a solution. One last
remark: notice that in that case, where H acts trivially from the left and from the right, Eq. (9.3) implies that v(h) depends
only on the coset of h in H. We can thus consider v also as a function from H/H" to k*.

In conclusion, we have fixed an invertible bimodule X with support in M upon which H* acts trivially from the left and
from the right. Any other invertible bimodule with support in M will be of the form X ®,y e for some e € E. The action
of the nontrivial element o of Z, on E will be conjugation by X, and the second obstruction is the possibility to choose an
e € E such that

X ®e) Quy X ®e) =kVH.
9.4. The action of o on E, and an explicit calculation of the second obstruction

We would like to understand now the action of o on E. This in turn will help us to understand the second obstruction.

As we have seen, a general element in E will be a bimodule of the form Uy, ;. So we would like to understand what is the
bimodule o (U ).

We have the equation

X Qg Ugi . = U(Ua,-,)\) Ry X.

A similar calculation to the calculations we had so far reveals the fact that if X is given by (1, v) then Uy, 5 ®,vy X is given by
(x (ai, =), vix~(a;, t-)), while X ®yy Ug, 1 is given by (A ™', vx ~'(a;, —)A(t_)). From these two formulas we can derive
an explicit formula for the action of o on E. It follows that if o (Uy ) = Ug;,. then j is the unique index which satisfies
271 = x(a;, —) on H*, and w is given by the formula u = x ~'(a;, —)A(t-) x (a;, t-).

Let us find now the second obstruction. For this, we just need to calculate Q := X ®vy X. Consider first X ® X. It is
isomorphicto V ® V ® @,.,(Va). The bimodule Q is the quotient of X ® X when we divide out the action of kVH.

Let us divide out first by the action of HL.If h € H* we see that we divide V@ V @ V, by v @ w — x(a, hhv @ w.Ifa ¢ H
then there is an h € H* such that x(a, h) # 1. Therefore the support of X ®,y X will be Vecy. Since V is simple as a left
and as a right k¥ H-module, it is easy to see that V ®,yy V is one dimensional. We thus see that X ®yy X = U, ; for some
character A. A direct calculation shows that A(h) = v(h)v(t,). This means that the second obstruction is the character A, as
an element of H%(Z,, E) = E° /im(1 + o) (recall that Hisa subgroup of E).

Suppose that the second obstruction does vanish, and suppose that we have a solution X(¢, v). In other words
X (¢, v) vy X(¢p,v) = k¥H. A direct calculation similar to the one we had above shows that the restrictions of ¢ and
v to H+ coincide. Recall from Section 8 that if Uy, is any invertible k¥ H-bimodule with support in Vec,, then this solution is
equivalent to the solution Uy, 5 ® vy X (@, V) Qvy Ua_ll)\ Extend the character vy to a character n of H. A direct calculation
shows that U; , Quvy X (¢, V) Qpvy U;; = X(1, v"). It follows that we can assume without loss of generality that ¢ = 1.

As we have seen above, X (1, v)®% = k¥ H if and only if v(h)v(ty) = 1forevery h € H. So the second obstruction vanishes
if and only if there is a function v which satisfies Eq. (9.4) and also the equation

v(hv(ty) =1 (9.5)

for every h € H. It might happen, however, that we will have two different solutions v and v/, that will be equivalent, that is,
there will be an invertible k¥ H-bimodule Uy, ;, such that Uy, ; ®wy X(1, V) @y Uy 5 = X (1, ). A careful analysis shows

i

that this happen if and only if the following condition holds: there is a character 5 on H which vanishes on H+, such that

v(h)/v'(h) = n(h)/n(tn). (96)

In conclusion, the second obstruction is the existence of a function v : H — H/H*+ — k* which satisfy Eqs. (9.4) and
(9.5) and two such functions v and v’ give equivalent solutions if and only if there is a character n of H which vanishes on
H* and which satisfies Eq. (9.6).
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9.5. The third obstruction

As explained in Section 8, after solving the second obstruction, we can think about the third obstruction in the following
way: we have an invertible k¥ H-bimodule X with support in M, and X ®,y X = k¥ H. We would like to turn k” H @ X into
an algebra in €. The only obstruction for that (and this is the third obstruction) is that the multiplication on X ® X ® X might
be associative only up to a scalar. This scalar is the third obstruction, considered as an element of H*(Z,, k*) = {1, —1}.
Following the work of Tambara (see [10]), we see that this sign is the sign of the following expression

Z v(h)t.

aeH/HL

If the third obstruction vanishes, we only have one possible solution, as H?(Z,, k*) = 1, since we have assumed that k is
algebraically closed. This finishes the proof of Proposition 29

9.6. Relation to the Tambara’s work

In [10], Tambara classified all fiber functors on 7 % (A, x, 7). In the language of module categories, he classified all module
categories over 7 Y(A, x, t) of rank 1. In the language of our classification, he described all module categories whose
parameterization begins with (M (A, V), Z3, .. .) for some .

There is a deeper connection between our result and the result of Tambara, as we will show now. Assume that we have
a module category over T Y (A, x, t) whose classification begins with (M (H, ), Z, .. .). Then, as we have seen, HY <H,
and x induces a nondegenerate symmetric bicharacter x inH := H/H L. We thus have another Tambara Yamagami fusion
category D := T Y(H, x, T), where T has the same sign as 7. In order to explain the connection, we first recall the following
theorem of Tambara (Proposition 3.2 in [10])

Theorem 32. Fiber functors on D correspond to triples (s, ¥, v) which satisfies the following coherence conditions:

x(a,b) =&, (s(a), b)
dv(a, b) = ¥(a, b)/¥ (s(a), s(b))
v(a)v(s(a)) =1

sign ( Z v(a)) = sign(t)

s(a)=a

Two such triples (s, ¥, v) and (s', ¥, v") will give equivalent fiber functors if and only if s = s’ and there exist a function
¢ : H/H+ — K such that = 3¢y’ and v(h) /v’ (h) = ¢ (h)/$(s(h))

Remark 33. This is not exactly the original formulation in Tambara’s paper, but it is equivalent.
The following lemma is now an easy corollary from Proposition 29 and the above theorem.

Lemma 34. There is a one to one correspondence between equivalence classes of fiber functors on D which corresponds to triples
which contains the two cocycle ¥ and module categories over G whose parameterization begins with (M(H, V), Z,, .. .).

The Lemma says that we have a correspondence between fiber functors on one Tambara Yamagami category and some
module categories over another Tambara Yamagami category. However, we do not know about a plausible explanation of
why it happens.

We can now use the results of Tambara to obtain another description of our module categories. Indeed, in his paper
Tambara gave several description of fiber functors of £. Applying Theorem 3.5 from [10], we get the following

Corollary 35. Let TY(A, x, T), M(H, ) be as above. Assume that H- < H and that Rad(yy) = H*. Then the different ways
to puton M(H, ¥) a TY(A, x, t)-module structure are parameterized by pairs (s, u) where s is an involutive automorphism of
H/H*, and v : H¥/H;, — k* satisfy

x(a, b) = &y (s(a), b)

p(a)p(b)/p(ab) = x(a, b)

sign(pu) = sign(t)
Here H* is the subgroup of s-invariant elements, Hj is the subgroup of elements of the form as(a), The map X is the induced bilinear
form on H® /H; (one of Tambara’s result is the fact that this is indeed well defined), and sign(y) is the sign of i as a quadratic map

(It is quite easy to show that H®/ H; is a vector space over Z, and therefore we can talk about this sign). See Tambara’s paper [10]
for more details.
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9.7. Dual categories

In this subsection we shall give a general description of the dual categories of 7Y (A, x, 7). First recall (see the remark
after Proposition 2.1 in [9]) that if £ = Mode — L is a module category over a fusion category €, where L is an algebra in G,
then the dual category €7 is equivalent as a fusion category to the category of L-bimodules in C.

We begin with duals with respect to module categories of the form £ = M (N, 1, @, v, B).Inthis case, £ = Mode —k¥ H
for some H < A and some two cocycle . We have described above the category of k¥ H-bimodules with support in Vec,. We
have seen that it is a pointed category with an abelian group of invertible objects, which we have described in Section 9.2.
Consider now the k¥ H-bimodules with support in .M. Following previous calculations, we see that such a bimodule is given
by a vector space V which is both a left and a right k¥ H-module, and the interaction between the left and the right structure
is given by the formula

(Up - v) - Uy = x(h, "YUy - (v - Up). (9.7)

We can think of such modules as k [H x H]-modules, where 6 is a suitable two cocycle. By this point of view, the isomorphism
classes of indecomposable modules is in bijection with the characters of Rad(f) < H x H. Let us denote the indecomposable
module which corresponds to a character ¢ of Rad(6) by V. A routine and tedious calculation shows us that the group of
invertible k¥ H-bimodules with support in Vec, acts on the modules with support in M via the following formulas:

Ugn ®8 Ve = Vi x@,-n¢
Ve ®8 Ugix = Vig-1(0,-),0-1¢

We know that the dual category is graded by Z, in the obvious sense. We use this fact in order to conclude the following
multiplication formula:

VC ®p Vﬂ = @ Uai.k
(A x (@, —)t*(m=¢

where by t*(n) we mean the composition of n with the map H x H — H x H given by (hy, hy) — (hy, hy). Notice that
by the analysis done in Section 8 and by the observation that the group of invertible bimodules with support in Vec, acts
transitively on the set {V, }, we see that the dual is pointed if and only if the category £ is o -invariant.

We consider now module categories of the second type. By this we mean categories of the form £ = M(N, (o), @, v, B).
Assume that & = M(H, ¥) as a Vecy, module category. Then o (H, ) = (H, 1) and we have an action of o on the abelian
group E of invertible k¥ H bimodules with support in Vecs. We have an equivalence of fusion categories (Vecp)’, = Vecy for
some three cocycle w € H3(E, k*).

We have seen in Section 7 that the dual €} will be the equivariantization of this category with respect to the action
of Z,. If, for example, we would have known that @ = 1, then this equivariantization would have been equivalent to the
representation category of the group Z, x Eln general, the description of this category is not much harder.

We conclude by observing that 7Y (A, x, t) is group theoretical if and only if there is a pair (H, ¥) such thato (H, ¥) =
(H, v). This gives an alternative proof of the fact that 7Y (A, x, t) is group theoretical if and only if the metric group (A, x)
has a Lagrangian subgroup (see Corollary 4.9 of [6]).
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