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Abstract

We iterate Manolescu’s unoriented skein exact triangle in knot Floer homology with coefficients in the
field of rational functions over Z/2Z. The result is a spectral sequence which converges to a stabilized
version of §-graded knot Floer homology. The (E3, dy) page of this spectral sequence is an algorithmically
computable chain complex expressed in terms of spanning trees, and we show that there are no higher
differentials. This gives the first combinatorial spanning tree model for knot Floer homology.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Knot Floer homology is an invariant of oriented links in the 3-sphere, originally defined by
Ozsvath—Szab6 [36] and by Rasmussen [46] using Heegaard diagrams and holomorphic disks.
This invariant comes in several flavors. The simplest is a bigraded vector space over F = Z /27,

HFK(L) = () HFK,, (L. a),

m,a
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from which one can recover the Seifert genus of L [35] and determine whether L is fibered
[9,32]. In addition, knot Floer homology categorifies the Alexander polynomial:

Z(—l)’"+(|L|_1)/2 tk HEK,, (L, a) - t% = (¢t~ Y2 — V/2)ILI=1 Ay (), (1.1)

m,a

where |L| is the number of components of L.

In 2006, Manolescu, Ozsvéth, and Sarkar [29] and Sarkar and Wang [49] discovered
algorithms for computing knot Floer homology via Heegaard diagrams in which the counts of
holomorphic disks are completely combinatorial. The following year, Ozsvath and Szabd [42]
gave an algebro-combinatorial formulation of knot Floer homology using a singular cube of
resolutions construction which takes as input a marked braid-form projection of a knot. The
purpose of this article is to give an entirely novel combinatorial description of the §-graded knot
Floer homology groups,

HFKs(L) = P HFK,(L.a), (1.2)

a—m=4§

in terms of spanning trees. Before launching into this description, we provide some background
and motivation.

Let D be a connected planar projection of L, and color its complementary regions black and
white in a checkerboard fashion, so that the unbounded region of R2 \ D is colored white. One
forms the black graph B(D) by placing a vertex in each black region and connecting two vertices
by an edge for every crossing of D that joins the corresponding regions. A spanning tree of B(D)
is a connected, acyclic subgraph of B(D) that contains all vertices of B(D). The Alexander and
Jones polynomials of L can be expressed as sums of monomials associated to such trees. When
L is a knot, for example,

Ay = Y DMO A, (1.3)
se€T (B(D))
where 7 (B(D)) is the set of spanning trees of B(D), and A(s) and M (s) are integers [16].

Since knot Floer homology encodes the Alexander polynomial, one expects that it should also
admit a formulation in terms of spanning trees. Indeed, in [33], Ozsvath and Szabé associate to
Da doublz\pointed Heegaard diagram (X, a, 8, z, w) for L for which generators of the chain
complex CFK(X, «, B, z, w) are in 1-to-1 correspondence with spanning trees of B(D), with
the bigrading given by the quantities A(s) and M (s) in (1.3). Using this Heegaard diagram,
they prove that the knot Floer homology of an alternating knot is determined by its Alexander
polynomial and signature. However, despite numerous efforts, no one has managed to find a
combinatorial description of the differential on this complex, largely because there is no general
algorithm for counting the relevant holomorphic disks.

In this article, we introduce a complex for knot Floer homology whose differential is
combinatorial and can be described explicitly in terms of spanning trees. Our construction starts
with an oriented, connected planar projection D for L. We choose m marked points on the edges
of D so that every edge contains at least one such point. Let 7 = F(T'), the field of rational
functions in a single variable 7" with coefficients in F. In Section 2, we define a graded chain
complex (C 2 (D), 9% ), where C $2 (D) is a direct sum of 2"~ !-dimensional vector spaces over
F, one for each spanning tree of B(D), and 8% can be described explicitly in terms of the planar
embedding of B(D), the marked points, and a generic function {2 from the crossings of D to the
integers.
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Our main theorem is the following.

Theorem 1.1. The homology of (C (D), 99 is isomorphic as a_graded F-vector space to
HFK (L) @ V"~ ILD @p F with respect to the §-grading on HFK(L), where V is a two-
dimensional vector space over F supported in grading zero.

Our construction makes use of Manolescu’s unoriented skein exact triangle [27], which relates
the knot Floer homology of L with those of its two resolutions at a crossing. Under mild technical
assumptions, one can iterate Manolescu’s triangle in the manner of Ozsvéth-Szab6 [39]. The
result is a cube of resolutions spectral sequence Sy that converges to HFK(L) ® V& ~ILD and
whose E page is a direct sum,

B "KL & vErILD,
1efo, 1

over complete resolutions L; of D. The d; differential of Sy can be described explicitly.
Unfortunately, however, E5(Sr) is not an invariant of L (see Remark 7.7).

To skirt this issue, we perform the above iteration instead over JF, using a system of twisted
coefficients determined by (2. With these coefficients, the knot Floer homologies of disconnected
resolutions vanish, and the E; page of the resulting spectral sequence, S . is a direct sum of
vector spaces associated to connected resolutions, which are themselves in 1-to-1 correspondence
with spanning trees of B(D). This page is isomorphic to the complex C (D), and d; (S]Q) is
identically zero since no edge in the cube of resolutions of D can join two connected resolutions.
We identify the differential d>(S g ) with 3 and, based on a grading argument, show that S ](_-2
collapses at its E3 page. This proves Theorem 1.1.

For the remainder of this section, we shall denote the homology H*(CQ D), 89) by
HS. (L, m).

Although the §-grading on knot Floer homology contains less information than the bigraded
theory (e.g. one generally needs the bigrading to determine Seifert genus), it is still a rather
powerful invariant with several applications. Below, we briefly recast some of these in terms of
HS(L, m). Recall that the homological width of L is

w(L) = 1 + max{s | HFKs(L) # 0} — min{s | HFKs(L) # 0}.

If w(L) = 1, we say that L is thin. One of the most useful features of our theory is that it
measures width. Indeed, by Theorem 1.1,

w(L) = 1 +max{8 | HSs(L, m) # 0} — min{8 | HSs(L, m) # 0}.

Note that, when L is thin, its bigraded knot Floer homology is completely determined by
HS(L,m) and A (¢). Theorem 1.1 and the results of Ozsvath-Szabé [35], Ghiggini [9], and
Ni [31] therefore imply the following.

Corollary 1.2. (1) L is the k-component unlink if and only if w(L) = k and tkr HS(L,m) =
2m=1,

(2) L is the figure-eight knot if and only if L is thin and Ay (t) = —t—' +3 — 1.

(3) L is the left- or right-handed trefoil if and only if tkr HS(L, m) = 3 - 2"~ and HS(L, m)
is supported in the grading —1 or +1, respectively.

Moreover, when L is a thin knot, its genus is simply the degree of Ay (¢) [35], and it is fibered
if and only if Ay (¢) is monic [9,32]. In addition, the concordance invariant 7 (L), whose absolute
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value is a lower bound for the smooth four-ball genus of L, is equal to the unique grading in
which HS(L, m) is supported [34].

It would be _interesting to find a refinement of our construction which captures the full
bigrading on HFK. However, the fact that the §-grading is especially natural from our vantage
hints that our theory may be well suited to certain applications, which we now describe.

The reduced Khovanov homology of a link L C §° is a bigraded vector space over I,

Kh(L) = P K0 (L),
iJ
which categorifies the Jones polynomial of L. In spite of their disparate origins, Khovanov
homology and knot Floer homology possess intriguing similarities. For instance, although the
bigrading on Khovanov homology behaves quite differently from that on knot Floer homology,
one can collapse the former into a single grading,

R'w= @ &w,
j/2—i=s
and all available evidence points to the following conjecture, first formulated by Rasmussen [45]
in the case of knots.

Conjecture 1.3. For any link L C S°,
ILI=1=1(L) | g Kh® (L) > rkp HFK;s (L),
where n(L) is the rank of the Alexander module of L over Z[H,(S> \ L; Z)].

A proof of this conjecture would imply that Khovanov homology detects not only the unknot, a
fact recently established by Kronheimer and Mrowka [19] using instanton Floer homology, but
also the trefoils and unlinks.!

Our new description for knot Floer homology bears an intriguing resemblance to recent work
by Roberts [44] and Jaeger [15] that provides a spanning tree model for reduced Khovanov
homology. Specifically, Roberts defines a complex (C’(D), 3") whose generators (over a field F’
of rational functions in several variables) correspond to spanning trees, with the same grading
as in our complex C (D). Moreover, the component of our differential 3% from the summand
corresponding to a spanning tree T to the summand corresponding to 7’ is nonzero precisely
when the same is true in d’. Jaeger then proves that, When L is a knot, the homology of
(C'(D), 8') is precisely Kh(L) ® F' with its §-grading.” Because of this similarity, we hope
that our new model for knot Floer homology may shed some light on Conjecture 1.3. For a
simple example in this vein, see Corollary 2.10 below.

Many of the ideas in this paper can be traced to work of Ozsvéth and Szabd [39], who
discovered a spectral sequence relating Kh(L) to the Heegaard Floer homology of X (L),
the double cover of S branched along the mirror of L. Generalizations and applications of

1 Using [19], Hedden and Ni showed that the total rank of Kh detects the 2-component unlink [13] and that Kh,
equipped with some additional algebraic structure, detects all unlinks [12].

2 Note that Champanerkar and Kofman [S] and Wehrli [55] independently discovered a different spanning tree model
for Khovanov homology. However, the differential on this complex is not known explicitly in terms of spanning trees; to
compute it, one must effectively compute the entire Khovanov complex. An advantage of their model, however, is that it
provides the entire bigrading on Kh, not just the §-grading.
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this spectral sequence have made for an active area of research in recent years; see, e.g.,
[2,4,8,14,43,19]. In forthcoming work, Ozsvath, Szabd, and the first author define an analogous
construction with twisted coefficients, the result of which is a spectral sequence S, converging to
the twisted Heegaard Floer homology of X (L), whose E, page is a spanning tree complex that
formally resembles both our complex C 2 (D) and Roberts’ C’(D).? In contrast with our setup, it
is not clear whether S collapses atits E3 page. However, the similarities between (E2(S5), d2(S))
and (C(D), 8%) suggest that one might hope to prove a relationship between HFK(L) and
HF(E (L)), as was also proposed by Greene [11]. Available evidence suggests the following.

Conjecture 1.4. For any link L C S°,
kg HFK 4 11j-1)/2(L) = 2'H71710) v HF, (2(L)),
where the two gradings above are the mod-2 §- and Maslov gradings, respectively.

A third potential application of our construction has to do with mutation, an operation on
planar link diagrams in which one removes a 4-strand tangle and reglues it after a half-rotation,
as in the figure below. Mutation leaves all classical link polynomials unchanged and preserves
the homeomorphism type of the branched double cover. Moreover, Wehrli [56] and Bloom [3]
have shown that it preserves reduced Khovanov homology (with coefficients in IF').

&~ 2

In contrast, mutation can change the bigraded knot Floer homology of a knot since it need not
preserve Seifert genus [38]. Somewhat surprisingly, however, the computations in [1] support the
following conjecture.

Conjecture 1.5. If L' is obtained from L by mutation, then Pﬁ;K(g (L) = H/F\K(g (L.

Indeed, if Conjectures 1.3 and 1.4 hold, then mutation cannot have too drastic an effect on these
§-graded groups. Moreover, since the Alexander polynomial is mutation invariant, a proof of this
conjecture would imply that, for thin knots, mutation preserves genus, fiberedness, and the
invariant.

Our model provides a reasonable starting point from which to approach Conjecture 1.5, since
(D), 3?) is formulated largely in terms of black graph data, much of which is preserved by
mutation. In particular, spanning trees of B(D) are in 1-to-1 correspondence with spanning trees
of B(D') for any mutant D’ of D.

One of the most compelling features of our construction is that the complex (C 2 (D), 9 ) is
largely determined by formal properties; very little direct computation is required. This suggests
that our approach might be used to give an axiomatic characterization of knot Floer homology
or to prove that HFK is isomorphic to other knot homology theories, such as Kronheimer
and Mrowka’s monopole knot homology [18]. It is known (or soon will be) that monopole
knot homology agrees with knot Floer homology, as a result of nearly 1000 pages of work of
Taubes [50-54], Kutluhan—-Lee-Taubes [20-24] and Colin—Ghiggini—-Honda [6,7], combined
with work of Lekili [25]. Still, it would be nice to prove this equivalence (and to find a

3 Kriz and Kriz [17] have proven that the homology of (E5(S), d2(S)) is a link invariant.
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Fig. 1. The O-, 1- and co- resolutions of the crossing on the right.

combinatorial formulation of monopole knot homology) without resorting to their SW =
ECH = HF machinery. The key will be to define an analogue of Manolescu’s exact triangle
in the monopole setting; if done correctly, almost everything should follow from purely formal
considerations.

Finally, it is worth mentioning some advantages of our model over the other combinatorial
formulations of knot Floer homology. For an n-crossing projection with 2n marked points, the
dimension of our complex (over F) is s(D) - 22*~!, where s(D) < 2" is the number of spanning
trees of B(D), whereas the dimension of the Manolescu—Ozsvath—Sarkar grid complex is on
the order of n! (albeit over the simpler field ). Thus, our theory should be more computable
for large knots. Furthermore, in contrast with Ozsvath and Szabé’s singular braid model [42],
our construction does not require a braid projection, and it applies to arbitrary links rather than
Just knots. (Of course, the main drawback is that our complex computes only HFK(L) with its
8-grading, not the more robust version HFK™ (L) or the bigrading on HFK(L).)

Organization. In Section 2, we define the complex (CQ (D), 9% ). In Section 3, we provide
background on knot Floer homology with twisted coefficients and we introduce an action on knot
Floer homology defined by counting disks which pass over basepoints. In Section 4, we compute
the twisted knot Floer homologies of unknots and unlinks in terms of this action. In Section 5,
we iterate Manolescu’s exact triangle with twisted coefficients in . The result of this iteration
is a filtered cube of resolutions complex that computes knot Floer homology. In Section 6, we
determine the §-grading shifts of the maps in this filtered complex and show that the associated
spectral sequence Sg collapses at its E3 page. In Section 7, we compute the (E», d») page of

S ]Q and show that it is isomorphic to (C 2 (D), 8% ), proving Theorem 1.1.
2. Definition of the complex

Fix an oriented, connected planar projection D of L. Let cy, ..., ¢, denote the crossings of
D, and let p = {p1,..., pm} be a set of marked points on the edges of D so that every edge
is marked, and so that p; lies on an outermost edge of D. Let n4 (D) and n_(D) denote the
numbers of positive and negative crossings in D, respectively. Additionally, we fix an arbitrary
orientation on the edges of B(D).

The 0- and 1-resolutions of D at a crossing c; are the diagrams obtained from D by smoothing
c¢j according to the convention in Fig. 1. Taking the oco-resolution of ¢; means leaving the
crossing unchanged. For each I = (11, ..., 1,) € {0, 1}, let D; be the complete resolution
of D gotten by replacing c¢; with its /;-resolution. D; is a planar unlink, and we shall orient
its components as the boundaries of the black regions. (This orientation is not, in general,
consistent with any orientation on L.) Let |D;| denote the number of components of D;, and
let|I| =0 +---+ 1,

For j = 1,...,n, let e; denote the edge of B(D) which corresponds to the crossing c;.
Given a spanning subgraph y C B(D) - i.e., a subgraph containing all vertices of B(D) — one
obtains a complete resolution of D by smoothing each crossing c; in such a way as to join the
black regions incident to ¢; if and only if e; is contained in y; see Fig. 2(b). Let y; denote the
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B

Fig. 2. (a) A pointed diagram D for the unknot, along with its black graph and a choice of orientations on the edges of
B(D). The marked points are indicated by dashes. (b) A spanning tree of B(D) and the corresponding resolution of D.
(c) The values r; associated to the marked points, as in Definition 2.2.

Q(4)

Q(3)

subgraph corresponding to the resolution D;. It is not hard to see that D; is connected if and
only if y; is a spanning tree.

In order to work with twisted coefficients, we need to specify certain cohomology classes via
the following definition.

Definition 2.1. A system of weights is a tuple r = (ry, ..., ry) satisfying r; +--- +r, = 0,
which are associated with the marked points py, ..., p,. Givenr, let o, € H 2(S3 \ L;Z) be
the cohomology class whose evaluation on the boundary torus of a tubular neighborhood of each
component L ; of L equals the sum of the weights on L ;. (Note that the sum of these tori equals
zero in homology, so the condition that r; + --- + r,;, = 0 is needed.) A system of weights is
called generic if, for every I € {0, 1}" for which the resolution Dy is disconnected, the sum of
the weights on each component of Dy is nonzero.

We shall often make use of systems of weights coming from the following construction.

Definition 2.2. A function 2: {1,...,n} — Z is called generic if the values (2(1), ..., 2(n)
do not satisfy any nontrivial linear relation with coefficients in {—1, 0, 1}. (For instance, the
function £2(i) = 2! is generic.) Such a function (generic or not) determines a system of weights
ro = (r1,...,m) by the following construction. For each j = 1, ..., n, view the crossing c;
so that the oriented edge e; points from left to right. If p;,, pi,, pi;, and p;, are the closest
marked points to ¢; on the four edges of D incident to cj, starting in the upper right and
going counterclockwise, define r;, = §2(j) and r;; = —{2(j). This convention determines 2n
of the integers ry, ..., r,. Define the remaining 1s to be zero. (See Fig. 2(c) for an example.)
Additionally, we call i1 and i3 the special indices associated to c;.

Lemma 2.3. If r = ry, for a function 2: {1,...,n} — Z, then wy = 0 in H*(S> \ L; 7).
Moreover, if 2 is generic in the sense of Definition 2.2, then r is generic in the sense
of Definition 2.1.

Proof of Lemma 2.3. The first statement is true because, for each j = 1, ..., n, the two marked
points with weights +(2(j) lie on the same component of L, so the sum of the weights on each
component is 0.

For the second statement, let I € {0, 1} be such that D; is disconnected, and call its
components DL, ...,Df’. Leti € {1,...,¢;}, and suppose that p,,, ..., ps are the marked
points on D’}. Suppose, toward a contradiction, that

Fagp +---+rq =0. 2.1
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By Definition 2.2, the nonzero terms on the left-hand side of (2.1) are distinct elements of the set
{£0201),...,£02((n)}, so (2.1) gives a linear relation among (2(1), ..., £2(n) with coefficients
in {—1, 0, 1}. Because the diagram D is connected, there is some crossing ¢; which connects D;
with some other component of D;. By Definition 2.2, one of the two marked points with weight
+42(j) is on D’) and one is not. Therefore, the coefficient of £2(j) in (2.1) is nonzero, which
contradicts the genericity of 2. [

Henceforth, we fix a generic system of weights r, not necessarily arising from Definition 2.2.

Let F[Z] denote the mod-2 group ring of the integers, which we think of as the ring of Laurent
polynomials in 7" with coefficients in F. As in the Introduction, let 7 = F(T) denote the field
of rational functions in T over [F; this equals the fraction field of F[Z]. Let ) denote the vector
space over J generated freely by yi, ..., ym.

Let R(D) denote the set of I € {0, 1}" for which Dy is connected. For each I € R(D), let
o1 € G, be the permutation of {1, ..., m} such that o;(1) = 1 and such that the marked points
are ordered pg,; (1), - - -, Po;m) according to the orientation on D;. Let ); be the quotient of )
by the relation

m
S Wt Oy 6 =0, 2.2)

i=1

so that dimz();) = m — 1. That is, the power of T in the coefficient of y; is the sum of
the weights of the marked points on the oriented segment of K; from p; to p;, including the
endpoints. Note that the coefficient of y,, () in (2.2) is always 1, since Z:": 11 =0.

For I,1I" € R(D), we say that I" is a double successor of I if it is obtained from I by
changing two Os to 1s. For every such pair I, I, we shall define a linear map

drpr: A*Yr) — A Qyr),

as follows. Suppose ji and j are the two coordinates in which 7 and I” differ, and let I' (resp.
I1?) be the tuple obtained from I by changing its jith (resp. j>th) coordinate from a 0 to a 1.
Without loss of generality, let us assume that o; is the identity. Choose 1 <a <b <c<d <m
so that a, ¢ are the special indices associated to cj, and b, d are the special indices associated
to cj,. In particular, this establishes which crossing is ¢;, and which is cj,; see Fig. 4 for an
example.

In D1, the marked points on one component are p1, ..., Pa, Pe+1, - - - » Pm» and those on the
other are p,1, ..., pc, ordered according to the orientation of D;:. Likewise, the marked points
on the two components of D2 are py, ..., pp, Pd+1,-- -, Pm and ppy1, ..., pg. Let

a b c d
AZZU, BZZ}’,‘, C:Zri’ DZZ}’,‘.
i=1 i=a+1 i=b+1 i=c+1

The weights of the components of D;1 and D2 that do not contain p; are B + C and C + D,
respectively. The genericity of r guarantees that these two numbers are nonzero.
In defining the map d; », there are two cases to consider: either

)/,1=)/1Uej1 or )/1|=J/1\ejl.

We shall distinguish these cases with a number v = v; ;v € {0, 1}, defined to be 1 in the first
case and 0 in the second.
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Definition 2.4. The map d; ;7 is the sum

I,1 1,2 2,1 2,2
d],]” == d[ 1" +d1 /& +d1 1 +d1 17

where dﬁ,,: A*(Y;) — A*(Yyr) are the F-linear maps defined by the rules (omitting the
subscripts for convenience)
d"'(1) =0 (23)
TUC
d?(1) = ——— (2.4)
1+ T7¢+P
)1 B+vC
22 T-AtC S ot
s — Tl
D = GrrEe o) Z;Tl " 20
=

and for any monomial x in y1, ..., yu,anyi =1,...,m,and any k,[ € {1, 2},

d" (x)y; +d*>'(x) ifk=1andi € {a,c}
d¥(xy)) = {d5 N (x)y +dP(x) ifl=1andi € {b,d} (2.7)
d~c! (x)yi otherwise.

To be more precise, viewing A*();) and A*());») as modules over the exterior algebra A*())),
d*? is defined to be the A*()))-module homomorphism determined by (2.6). Since the right-hand
side of (2.6) is a multiple of the defining relator for ); given in (2.2), d*? is well defined. Next,
d"? and d*! are defined on all monomials by induction on degree using (2.4), (2.5), and (2.7).
To check that these are well defined — i.e., that they vanish on multiples of the defining relator
for J; — note that the values of d!2(1) and d%1(1) are chosen such that

m m
d1,2 (Z Tr1+~.‘+riyi> — dl,Z(l) Z T7'1+'“+i’iyl, + (TA + TA+B+C)d2,2(1) — 0 (28)
i=1 j

i=1

m m

d2,l (Z Tr1+---+r,' yt) — d2,1 (1) Z T"1+"'+ri }’i + (TA+B + TA+B+C+D)d2,2(1)
i=1 i=1

= 0. (2.9

Induction using (2.7) then shows that d'-2 and d>! vanish on any expression of the form

m

Yig v 3 Ty

i=1

as required. Finally, d"! is defined on all monomials by induction on degree using (2.3) and
(2.7), and the proof of well-definedness goes through in the same way.

Remark 2.5. The map d"! decreases degree (of polynomials in the y;) by 1, d"? and d*!
preserve degree, and d>? increases degree by 1. Knowing just this, the total map drr is
determined up to an overall scalar by (2.2) and (2.7), since the value of d*%(1) is forced to
be a multiple of the relator on )y, and the values of d"%(1) and d*1(1) are forced in order for
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(2.8) and (2.9) to hold. In particular, the maps in the two cases distinguished by v differ only by
an overall factor of 7€. (Compare Section 7.2.)

We now define the complex (C* (D), 9") as follows.

Definition 2.6. Define
c'oy= @ 140D,
1eR(D)

where A*()/;) is supported in the grading (|/| — n_(D))/2, and let 9" be the direct sum of the
maps dy ;7 A*(Yr) — A*(YVp). If r = rg as in Definition 2.2, we denote (C"(D), 9") by
(c £2 (D), 8% ), as in the Introduction.

The fact that 9" squares to zero will be established at the end of Section 7, when we identify
(C™(D), 8%) with the E? page of the cube of resolutions spectral sequence that we construct
below. A more general version of Theorem 1.1 is then as follows.

Theorem 2.7. The homology of (C*(D), d%) is isomorphic as a graded F-vector space to
HFK(L, or; F) @ (V") @ ),

where H/F\K(L, wr; F) denotes the twisted knot Floer homology of L with perturbation wy,
equipped with its §-grading. (See Proposition 3.4 for a precise definition of this invariant.)

When r = rp, we have w, = 0, so H/I-IT((L, wr; F) is simply the untwisted knot Floer
homology, tensored with F, giving Theorem 1.1.

Example 2.8. Let D be the diagram for the two-component unlink L shown in Fig. 5, whose
cube of resolutions is precisely Fig. 4 witha = 1, b =2, ¢ = 3, and d = m = 4. The connected
resolutions of D correspond to I = (0,0) and I” = (1, 1); note that v; ;» = 1. For ease of
notation, definer =ry = A,s =r, = B,t =r3 = C, and u = r4 = D. The defining relations
on Yy and YV;» give

Try1 + Tr+sy2 + Tr—i—s—i—l‘y3 + Tr+s+t+uy4 =0 in yl

Try1 4 Tr+uy4 + Tr+t+uy3 4 Tr+s+t+uy2 =0 inYp.
We shall use these relations and the fact that » +s 474 u = 0 to eliminate y4 wherever it appears.
For conciseness, we define

1 Ts+t

= 1+ 75+t ’
so that

d2,2(1) — TI}LM(}’I + Ts V2 + Ts-i-t 3 + Ts-i—t+u y4)
=T'Au + Ty + T y3 + T HUT ys + T 3y + T )
= T'Au((L+ T yy + T5(L+ T ) 3y + T5H (L + T y3)
= Thp v+ T2 a7y + T )
=Ty + T+ 1) y2 + ny3).

Using the inductive procedure described above, we can see that the values of the four functions
dbt db2 421 and d*? on a basis for A*(Y;) are as follows.
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X d*2(x)

1 TAyi+T 7+ y2+T e ys
Vi TSt (4 w) yiy2 + T i yr1y3

2 T'hyry2 + T i y2ys

3 T'Ay1ys + T (h + 1) y2y3

yiya | T'iwyiy2y3
yivs | TP+ ) yiyeys
y2y3 | T"Ay1y2ys

yiy2y3| O
x d'2(x) d*!(x)
1 T\ "
Vi TP+ y2+T i y3 Wy
2 T'Ayy T'Ayi + T+ X))y +
T'wy3
3 TAyi+THA+wWn+Th+wys | 1y3
yiva | T'iy2ys TSHA+2) yiya+T ' yiy3
yivi | TP+ + Truyiys + TS0 | wyiys
+ 1) y2y3

vay3 | T'ayiyo +THA + 1) y23 T'Ay1y3+ TSt (14 1) y2y3
yiyay3| T y1y2y3 T (14 1) yiy2y3

X dbT(x)

1 0

i w

V2 T

3 w

yiv2 | TP A4+ +T ey

y1y3 wyr+puys

vay3 | T'Ayi + T A+ )y + T A+ 1) y3
yivays| TP A+ 2) yiya + T wyrys

+ T3 (14 1) y2y3

If the weights are determined by a generic function (2: {1,2} — Z as in Definition 2.2, we
have r = —t and s = —u, while s £ £t and both s and ¢ are nonzero. In this case, some linear
algebra shows that d has rank 4, with kernel generated by the following four elements of A*();):

A+T + T+ T+ T+ Ty + (T + T 3y + (T + T v

(Ts + Tt) + (1 + Ts + Tt + TS-H) 1 + (Ts—t + TS-H) yiy2 + (TS + Tt) Y13
A+ +A4+T T + T+ T+ Ty + (T + T 23
A+T )y + T+ T+ A+ T+ T+ T ) yiyo + (T + T yiyays.

Thus, H.(C(D), 3?) has dimension 8, supported in gradings £1/2, which agrees with the fact
that HFK(L) is two dimensional, supported in §-gradings =1/2. On the other hand, if the weights
are chosen such that r # —t or s # —u, while r +s 4t +u = 0, it is not hard to show that d is an
isomorphism, so the homology vanishes. This is consistent with the fact that, by Proposition 4.2,
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the twisted knot Floer homology group }fﬁ((L, wr; F) vanishes since the cohomology class wy
is nonzero in this case.

The preceding example can be generalized to show that the maps that make up 8% are almost
always isomorphisms, as follows.

Lemma 2.9. Let D be a diagram with n > 3 crossings for a knot or a nonsplit link, and let r be
the system of weights coming from a generic function §2: {1, ..., n}. For any double successor
pair I, I, the map d"'" : A*(YV;) — A*(Yy») is an isomorphism.

Proof. Without loss of generality, assume that y;1 = y; Uej, and y;2 = y; \ e}, and that o
is the identity permutation. Just as in Example 2.8, the mapping cone of d’-/ " can be identified
with the complex associated to a two-crossing diagram of the two-component unlink Q with the
same m marked points, using the same choice of weights r. By Theorem 2.7 and Proposition 4.2,
it suffices to show that the associated cohomology class w, has nonzero value on a generator of
Hy(S*\ Q;Z2) = Z

Suppose, toward a contradiction, that

7'1+"'+Va+rb+1+"'+rc+rd+l+"'+rm:0' (210)

Note that the left-hand side of this equation automatically equals
—Tatl — - —Th —Teqgl — -+ —Fd.

Just as in the proof of Lemma 2.3, (2.10) is a linear relation among (2(1), ..., {2(n) with
coefficients in {—1, 0, 1}, and we must show that at least one of these coefficients is nonzero,
which will contradict the genericity of {2. Because D represents a nonsplit link, there is some
crossing cj, in D whose trace connects the two components of Q. Therefore, the marked points
with weights =(2(j3) are on different components of S. It follows that the sum on the left-hand
side of (2.10) includes a non-canceling +{2(j3) term. [J

As a corollary, we may describe a family of knots whose §-graded knot Floer homology and
reduced Khovanov homology are isomorphic. For a projection D, let I'p denote the directed
graph with vertices corresponding to R(D) and with an edge from [ to I” whenever I” is a
double successor of /.

Corollary 2.10. Let K be a knot, and suppose that K admits a projection D such that I'p
is a disjoint union of trees. Then HFK(K ) and Kh(K ), equipped with their §-gradings, are
isomorphic.

Proof. Say that D has n crossings, and put exactly one marked point on each of the 2n edges
of D. Choose a generic function 2: {1, ...,n} — Z and consider the complex (C (D), ). 1If
I'p is a disjoint union of trees, then we may inductively find bases for the vector spaces A* ()
with respect to which each map d; ; is represented by the 221=1 5 22n=1 jdentity matrix. Thus,
(C(D), 8%) splits as a direct sum of 22"~! copies of X ®p F, where X is a complex generated
freely over F by R(D) in which the differential of / € R(D) is equal to the sum of the double
successors of 1. (Although we could define X in this manner for any link projection, in general
the differential may not square to zero.)

The same argument can be used to show that Roberts’ spanning tree complex (C’(D), ') is
isomorphic to X ®p F’, where F’ is the field of rational functions in multiple indeterminates
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over which C/(D) is defined [4 ] By the universal coefficient theorem, we have
4 y
22n—l

HA(C?(D),0") = @ H.(X)@s F and  H.(C'(D),8) = H(X) @ F'.

Since these homology groups are isomorphic to I—Tﬁ((K ) ®F V"~ @p F and fh(K ) Qr F/,
respectively, the result follows. [

Via the Gordon-Litherland signature formula [10], Corollary 2.10 can be used to give a new
proof of the fact that, for an alternating knot K, Kh(K ) and HFK(K ) are both thin and supported
in 6-grading —o (K)/2.

3. Background on knot Floer homology

In this section, we review the construction of knot Floer homology with twisted coefficients
and multiple basepoints, and we describe the maps on knot Floer homology induced by counting
pseudo-holomorphic polygons. In Section 3.3, we describe some additional algebraic structure
which comes from counting disks that pass over basepoints. We shall assume throughout that the
reader has some familiarity with knot Floer homology; for a more basic treatment, see [36,41]
and [37, Section 8].

3.1. Multiple basepoints and twisted coefficients

Recall that a multi-pointed Heegaard diagram is a tuple H = (X, «, 8, O, X), where

e ) is an Riemann surface of genus g,

ea={ay,...,0p1y1}and B = {Bi, ..., Berm—1} are sets of pairwise disjoint, simple closed
curves on X' which span g-dimensional subspaces of H{(X; Z), and

e 0O = (01,...,0p) and X = (Xy,...,X,,) are tuples of basepoints such that every
component of X'\ « and X'\ B contains exactly one point of @ and one of X.

The sets o and B specify handlebodies U, and Ug with 0U, = X = —0Ug. Let Y denote
the 3-manifold with Heegaard decomposition Uy Us; Ug. ‘H determines an oriented link L C Y
according to the following procedure. Fix m disjoint, oriented, embedded arcs in X' \ a from
points in O to points in X, and form &, ..., &y by pushing their interiors into Uy. Similarly,
define pushoffs & f} ey E,ﬁ in Ug of oriented arcs in X'\ B from points in X to points in O. L is
the union

L=¢gU---ugsUglU...ugL.

The tuple X also determines an ordered marking p = (p1,..., pm) on L.

The pair £ = (L, p) is called an m-pointed link, and we say that H is a compatible Heegaard
diagram for £. More generally, an m-pointed link is an oriented link together with a marking p
such that every component contains some p;. We consider two such links (L, p) and (L', p’) to
be equivalent if there is an orientation-preserving diffeomorphism of ¥ sending L to L’ and p to
p’. A standard Morse-theoretic argument shows that every pointed link arises from a Heegaard
diagram as above, and that compatible Heegaard diagrams for equivalent pointed links can be
connected via a sequence of index one/two (de)stabilizations, and isotopies and handleslides
avoiding O U X.

Following [37], we view

To =01 X - xagiy—1 and Tg =1 X - X Beym1



J.A. Baldwin, A.S. Levine / Advances in Mathematics 231 (2012) 1886—1939 1899

as tori in the symmetric product Sym&+”~!(%). For x and y in T N Tg, we denote by 2 (X, y)
the set of homotopy classes of Whitney disks from x to y. For ¢ € m(X,y) anda € X'\ (U 8),
let a(¢) be the algebraic intersection number

#(@ N ({a) x Sym$T"=2(%))).

Label the regions of X'\ (¢ U B) by Dy, ..., D and choose a point z; in each D;. The domain
of ¢ is the formal Z-linear combination

k
D(@$) =) z($)D;.
i=1

More generally, we refer to any linear combination

k
D = ZaiDi
i=1

as a domain, and we define a(D) to be a; if a and z; are in the same component of X'\ (¢ U ).
A periodic domain is a domain whose boundary is a union of closed curves in & and .
Periodic domains form a group II,g under addition. The subgroup Ho?ﬂ of Il,g consisting of
periodic domains which avoid @ U X is isomorphic to H>(Y \ L; Z). The diagram H is said to
be admissible if every nontrivial element of Ho?ﬂ has both positive and negative coefficients.
To define a system of twisted coefficients, we fix a collection A of points in X \ (e U B)
together with a function w : A — Z, and we let

(@, ) =) a(@)w(a) 3.1
aeh
for any ¢ € m(x,y). The map (w, -) restricts to a linear functional on Ho?ﬁ and therefore

determines a cohomology class [w] € H>(Y \ L; Z).
Now, suppose that H is admissible and let M be a module over F[Z]. The twisted knot Floer
complex with coefficients in M is defined as

CFK(H, w; M) = FIZ)(Ty N Tg) @rz) M,
with differential given by
=y . #HM@)/R) - Ty

yeToNTg peT)(X,Y)
n@)=l1
0;($)=X; ($)=0 Vi
Here, w(¢) is the Maslov index of ¢ and M(¢) is the moduli space of pseudo-holomorphic
representatives of ¢.

Henceforth, we shall assume that L is null-homologous. Define

0(@9) = 01(9) +--- + On(d), X(P) = X1(P) + - + Xin(9),
P(¢) = 0() + X(9).
If x represents a torsion Spin¢ structure on Y, then it has an Alexander grading A(x) € Z

and a Maslov grading M(x) € Q. Following [28,45], we define the §-grading of x to be
8(x) = a(x) — m(x). If x and y represent the same torsion Spin® structure on Y, then their
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gradings are related as follows:

Mx) — M(y) = u(p) —20(9) (3.2
AX) — A(y) = X(9) — O(9) (3.3)
8(x) =8(y) = P(9) — n(4), 34

for any ¢ € ma (X, y).

Remark 3.1. Note that the relative §-grading in (3.4) does not depend on which basepoints are
in O and which are in X, which is to say, on the orientation of L. In contrast, the relative Maslov
and Alexander gradings and the absolute §-grading do generally depend on the orientation of L.

Remark 3.2. For M = F[Z]/(T — 1) = F, the complex CTJ/K(H, w; M) does not depend on
the marking (A, w). We refer to this as the untwisted knot Floer complex, CFK(H).A

The following is a straightforward adaptation of [42, Lemma 2.2].
Lemma 3.3. For markings (A, ) and (A', ') such that [w] = ['] in H2%(Y \ L;Z), the
complexes CFK(H, w; M) and CFK(H, w'; M) are isomorphic.

Proof of Lemma 3.3. For each relative Spin® structure s on Y \ L, fix some generator X; €
Ty NTg which represents s. For any other generator X representing s, there exists a Whitney disk
¢ € m(Xs, X) which avoids X U Q. Let

&(X) = (0, ¢) — (0, ). (3.5

Since [w] = [@], (w, D) = {«’, D) for all periodic domains D € Ha?, 8> which implies that the
quantity in (3.5) does not depend on our choice of ¢. Finally, let

f : CFK(H, ; M) — CEK(H, o'; M)

be the linear map which sends a generator x representing s to f(x) = T%® . x. It is easy to
check that f is a chain map, and it is obviously an isomorphism. [

Suppose that H and H’ are compatible Heegaard diagrams for £, with markings (A, w) and
(A, @), respectively. As mentioned above, H and H’ are related by a sequence of index one/two
(de)stabilizations, and isotopies and handleslides avoiding O U X. These Heegaard moves induce
a bijection p between periodic domains of H and those of H’ (which restricts to a bijection
between periodic domains that avoid X U Q).

Proposition 3.4. If (w, P) = (&', p(P)) for all periodic domains P in HO?’ L then the complexes
Cfl?/K(H, w; M) and CfIEJK(H/, w'; M) are quasi-isomorphic. Therefore, the homology
HFK (£, [0]; M) = Hy(CFK(H, ©; M), 9)

depends only on the m-pointed link L and [@]. (When each component of L has a single
basepoint, we denote this group by HFK(L, [w]; M).)

4 When ‘H is a grid diagram for a link L in s3, C?K('H) is just the complex C’TZ(H) defined in [30].
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Proof of Proposition 3.4. It is not always possible to perform the above Heegaard moves while
avoiding A — an isotopy might get “stuck” on a point of A as in Fig. 6(a). Modifying the marking
as in Fig. 6(b) does not change the associated cohomology class, but allows one to proceed with
the isotopy in the complement of the new marking. In this way, the triple (H’, A’, »’) may be
obtained from (H, A, w) via a combination of marking changes which preserve the cohomology
class, and Heegaard moves which avoid the basepoints and the markings. These marking changes
induce isomorphisms, by Lemma 3.3. Moreover, the standard Heegaard Floer arguments [37]
show that these Heegaard moves induce quasi-isomorphisms, and that the chain homotopy type
of CFK(H, w; M) is invariant under changes of almost-complex structure. [J

When [w] = 0, as for a knot L C S°, we may choose A to be the empty set. Therefore,

HFK (L, 0; M) = HFK(L) @ M, (3.6)
where H?K(E) denotes the homology of Cfl::K(H). Moreover, it is well known that

HFK(L) = HFK(L) ®@p VO -ILD, (3.7

where V is a two-dimensional vector space over I supported in the (m, a)-bigradings (0, 0) and
(—1, —1) (see, e.g., [30] for links in S3). Combining the isomorphisms in (3.6) and (3.7), we see
that

HFK(L, 0; M) = HFK(L) ®p V"~ ILD @r M. (3.8)
Furthermore, it is not hard to see that a twisted version holds as well:
HEK(L, w; M) = HFK(L, ; M) @ VO™ ~ILD, (3.9)

We shall generally suppress M from our notation unless we wish to emphasize the module we
are working over. When we state a result about CFK(H w) or HFK(E [w]), we shall mean that

it holds with coefficients in any M. Also, we shall often use CFK(oc, B) to denote CFK(H, w),
aslong as ¥, O, X, and (A, w) are clear from the context.

3.2. Pseudo-holomorphic polygons

A multi-pointed Heegaard multi-diagram is a tuple
= (Z’nl"“7”n1@ix)

for which each subtuple (X, ni, nj, 0, X) is a multi-pointed Heegaard diagram of the sort
described in Section 3.1. Fix a marking (A, w) on H. For distinct indices iy, ..., i and
intersection points X; € Tnil N Tniz, e Xg—] € Tnik_] N Tnik and x; € Tni, N ’H‘,]fk, we
denote by (X1, ..., Xk) the set of homotopy classes of Whitney k-gons connecting them. For
¢ € mxy,....,x)anda € X\ (' U---Un"), let a(¢) denote the intersection of ¢ with
{a} x Sym&+"=2(5)), and define the pairing (w, ¢) as in (3.1).

A multi-periodic domain is a formal Z-linear combination of the regions in X'\ (' U---Up™)
whose boundary is a union of curves among the sets ', ..., . Let ITi  ,» denote the group

of multi-periodic domains, and let 7%, - denote the subgroup of II;1 . consisting of multi-

-1
periodic domains that avoid O U X. As before, we say that H is adm1s51b1e if every nontrivial

element of H}? - has both positive and negative coefficients.
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Suppose that H is admissible, and let CFIE/K(n"S, ni’) denote the complex associated to
(X, p's,p', 0, X) and (A, w). For k > 3, we define a map

Fyr e CEK@', 1) ® --- ® CEK(n™1, %) — CFK(p'", n'*)
by
Fy (X1 @ ®@Xp—1) = Z Z #HM(¢)) - T xy. (3.10)
x(€T ;, NT ;,  ¢emp(XXp....Xp)
7 " n(@)=3—k

0; ($)=X; ($)=0 Vi

Here, M (¢) is the moduli space pseudo-holomorphic representatives of ¢, where the conformal
structure on the source is allowed to vary. For a k-gon, this set of conformal structures forms an
associahedron of dimension k — 3, so M (¢) has expected dimension zero when u(¢) = 3 — k.

These F, otk are chain maps when k = 3. Counting the ends of the one-dimensional moduli
spaces M (¢), for all Whitney k-gons ¢ with u(¢) = 4 — k and O;(¢) = X;(¢) = O for all i,
one obtains the A relation

D Fr et K1 @ ®X 1 ® Fie i (X @ @%_1) @% ® - ® X¢)

1<s<t<k

=0, 3.11)

where Fi;,i; is understood to mean the differential on the complex Cfl::K(n"S, 7).

3.3. The basepoint action

Let H = (X, «, B, O, X) be an admissible multi-pointed Heegaard diagram with marking
(A, w). Foreachi =1,...,m,let

;- CFK(H, w) — CFK(H, )

be the map given by
=), ), #HM@)/R) Ty (3.12)
yeT,NTg pemy (X,y)
ne)=1
0;($)=0vj
X (¢)=0V,j#i
X (@)=1

Counting the ends of the moduli spaces M (¢) /R, for all Whitney disks ¢ satisfying the basepoint
conditions in (3.12) but with p(¢) = 2, we find that

Yiod+0do¥; =0.

Therefore, ¥; is a chain map and it induces a map ; on homology. Similar degeneration
arguments show that 1/f,~2 = 0 and that ¥;v¥; = v;y;. Thus, we have an action of the
exterior algebra A*(F[Z]{{1, ..., ¥n)) on H*(@(H, w), 3). Moreover, a straightforward
generalization of [37, Lemma 6.2] shows that y; does not depend on our choices of analytic
data. Note that v; lowers Alexander and Maslov gradings by 1 and therefore preserves the -
grading.

The following is an immediate analogue of Lemma 3.3.
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Lemma 3.5. Suppose (A, w) and (A, ') are markings on 'H such that {(w, P) = (o', P) for
every periodic domain P of H. Then there is an isomorphism from CFK(H, w) to CFK(H, ')
which commutes with the action of A*(F[Z)(Y1, ..., ¥n)). O

These v; interact nicely with the maps defined by counting higher polygons, as follows. Given
an admissible multi-diagram H = (X, 271, ..., ", 0, X), we let

g1 CRR G, ™) ® -+ @ CER ("1, %) — CFR(p'", ™)

be the map which counts pseudo-holomorphic k-gons that pass once over X; and avoid all other

basepoints, in analogy with (3.11). When k = 2, !Pi"” "7 is just the map on CFK (72, n™2) defined
in (3.12). These maps fit into an A, relation,

Z Foiv s ik X1 ® -+ - @ X1 ® W}’S"'"l(xs Q@ ®X-1) QX ® - QX)

1<s<t<k
+ Z wylmnxnt'"nk(xl ® - ®Xe—1
1<s<t<k
QF s pit X @ -+ @X—1) X @ - -+ ® Xk)
=0. (3.13)

When k = 3, writing (&, 8, y) = (nil, N2, ni3), this becomes
Faupy (V7 (%) @ Y) + Fupy (x® W17 (v)) + 37 (Fapy (X ®Y))
+ U (0yp (0 @ Y) + U (X ® 0py (1)) + oy (P77 (x @ ) = 0.

In particular, if y is a cycle in CfIEJK(ﬂ ,¥) and y is its homology class, then the maps f) and
f]//fy(y), induced on homology by Fyg, (- ® y) and Fugy, (- ® Wiﬁy(y)), satisfy

[ @5 ) + v () + Fybr(y @) =0 (3.14)
for any x € H*(@(a, B), 0up).

Proposition 3.6. Suppose H' is obtained from H via an isotopy, handleslide, or index one/two
(de)stabilization in the complement of A U Q U X. Then the induced isomorphism

&: H,(CFK(H, w), 8) — Hy(CFK(H, ), )
satisfies Y o i = Y o P.

Proof of Proposition 3.6. The isomorphism on knot Floer homology associated to a handleslide
is defined by counting pseudo-holomorphic triangles. Consider, for example, the set g/ =
By ..., ,3;,4_”’_1}, where ] is obtained by handlesliding 1 over some f;, and B, is the image
of B; under a small Hamiltonian isotopy for j = 2,..., g + m — 1. Since this handleslide
takes place in the complement of A, there is a unique top-dimensional generator OPF" of
H.(CFK(8, B, dpp'), and the associated isomorphism @ is just the map fggp . It is easy to

see that each X; is in the same region of X'\ (8 U ') as some O;. Therefore, the map 1//1.’3 s
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identically zero, and (3.14) implies that

Fom W) + 9 (Foum (1)) =0.

Handleslides among the & curves are treated in the same manner.

The isomorphism on knot Floer homology associated to an isotopy may also be defined by
counting pseudo-holomorphic triangles [26,43] (though it was not originally defined in this way).
The above reasoning then proves Proposition 3.6 in this case.

The proof of Proposition 3.6 for index one/two (de)stabilization is immediate. [J

Now, suppose that H and ' are compatible diagrams for the pointed link £, with markings
(A, ) and (A’ '), respectively. As before, H and H’ are related by a sequence of Heegaard
moves which avoid the basepoints. Let p denote the induced bijection between the periodic
domains of H and those of H’. The combination of Proposition 3.6 and Lemma 3.5 implies the
following immediate analogue of Proposition 3.4.

Proposition 3.7. If (w, P) =_ (&', p(P)) for _every periodic domain P of 'H, then there is

a quasi-isomorphism from CFK(H, ) to CFK(H', ') which commutes with the action of
A*FIZKY1s s Ym))- O

In particular, tpgactions of Y1, ..., ¥, on Hy (C’I?K(H, w), 0) satisfy the same linear relations
as those on H,(CFK(H’, '), 9).

4. Unknots and unlinks

In this section, we prove a few results about the twisted knot Floer homologies of unknots
and unlinks that will be useful later on. We start with a result about gradings. According
to Remark 3.1, the absolute §-grading on the chain complex CFK(H, w) for a pointed link
L = (L, p) generally depends on the orientation of L. The lemma below says that this is not
the case if L is an unlink.

Lemmad4.1. If L is an unlink in S3, then CFK('H, w) has a canonical absolute §-grading,
independent of the orientation of L.

Proof of Lemma 4.1. Let o and o’ be two orientations of L, angvlet 8, and 8, denote the
corresponding absolute §-gradings on the untwisted complex CFK(H). Since any two k-
component oriented unlinks are isotopic as oriented links, the §-gradings on HFK(£) induced by
8, and 8, are the same (this homology is non-trivial). Suppose that x is a cycle in CFK(H) which
generates the maximal §-grading of HFK(L) with respect to §,. Since the relative §-gradings
induced by §, and 8, are the same, x generates the maximal §-grading of HFK(L) with respect
to 8, as well. As this maximal §-grading is independent of orientation, §,(X) = §,/(X), which
implies that §, = §,. [

For the proposition below, let £ = (L, p) be a pointed unlink in § 3 with k components, and
denote the marked points on the ith component of L by pi, ..., pj., according to its orientation.
Proposition 4.2. If k > 1 and [w] # 0, then HfI?K(E, [w]; F) =0.

Proof of Proposition 4.2. Fig. 7 shows an admissible multi-pointed Heegaard diagram ‘H =
(82, o, B, 0, X) for £, with the points of X labeled just like those of p. Let A = {ay, ..., ax—1}
as shown. For eachi = 1, ...,k — 1, there is a unique periodic domain P; which is bounded
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by the curves ,B;, a{, el aéi and contains a;, obtained as the difference of the light and dark
regions in Fig. 7. These domains correspond to generators of H,(S>\ L; Z); thus, we may obtain
any cohomology class [w] by defining w (a;) to be the evaluation of the desired class on P;. Thus,
the above choice of A suffices. Since [w] # 0, we may assume, without loss of generality, that
w(ar) #0.

A generator x of CFK(H w) consists of a choice of dl or e foreachi = 1,...,k —1
and j = 1,...,s; as well as a choice of bk or ck g for each j=1,...,st — 1. In particular

the rank of the untwisted complex CFK(H) is 2917 +5%—1 gver F, which agrees with the rank
of its homology. Therefore, the pseudo-holomorphic disks which count for the differential on
CFK(H, w) come in canceling pairs. Their domains are the heavily shaded bigons and the lightly
shaded punctured bigons in Fig. 7, with vertices at d;, I and e,

Let Ce denote the subcomplex of CFK(H w; ]-') con51st1ng of intersection points which
contain e , and let Cd be its quotient complex. Let t : C; — C, be the map which, on

generators replaces e with d1 note that 7 is an isomorphism of vector spaces. The discussion

above implies that (CFK(H w; F), d) is isomorphic to the mapping cone of (1 + + 7o)y . 1
Since 1 + 7®@) £ 0 and F is a field, we have H,(CFK(H, w; F),d) =0. O

Next, we describe the structure of H, (CFK(H, w), ) as amodule over A*(F[Z){(Y1, ..., ¥m))
for a particular class of Heegaard diagrams and markings compatible with the unknot.

Proposition 4.3. Let H = (X, o, 8, O, X) be a Heegaard diagram for an m-pointed unknot in
S3, such that O; and X; are in the same component of X \ o, and X; and O; 4\ are in the same
component of X\ B. Let (A, w) be a marking on 'H such that (1) all points of A are contained in
a single component of X\ &, and (2) foreachi = 1, ..., m, the component of X\ B containing
O; contains a single point a; € A with w(a;) = r;. Let Y denote the module over F[Z] generated
by y1, ..., ym modulo the relation

m
oty =o0. 4.1)
j=1

Then H/I?K(H, w) can be identified with A*(Y) ®prz1 M, such that each map ; is given by
multiplication by y;.

(Compare the definition of )y in Section 2.)

Proof of Proposition 4.3. It suffices to take M = TF[Z]. Since Il, g is generated by the
components of X \ « and X \ B (see [28] or Section 5.2), hypotheses (1) and (2) determine
the evaluations of @ on all periodic domains. By Proposition 3.7, we may assume that H and
(A, w) are the diagram and marking shown in Fig. 8.

Generators of the complex CFK(H, w) consist of a choice of ¢; or b; for each j =
1,.. —1; therefore, CFK(’H o) has rank 2! over F[Z]. It is easy to see that the differential
Vanlshes so we may identify CFK(H ) with its homology. For j = 1, — 1, consider the
linear operator t; on CFK(H, w) defined on generators by

= [y e

The only domain of H that counts for 1 is the small bigon containing X with vertices at b and
c1.For j =2,...,m~—1, the only domains that count for v; are the two small bigons containing
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X ; with vertices at b; _; and cj_1, and b; and c;. Similarly, the only domain that counts for v,
is the small bigon containing X, with vertices at b,,—1 and c¢,,,—1. Therefore,

Y1(x) = T"1(x),
Vi) =1 ) + T (X)) (j=2,....,m—1), 4.2)
Y (X) = T—1(X),

which implies that

m
DTy (x) = 0. 4.3)
j=1
Let x¢ denote the generator consisting of all the intersection points {b;}. There is a well-
defined linear map

p = A*(Y) - HFK(H, o)

taAking 1 to xp and y;, -~y to (¥;, o ... o0 ¥;)(Xg). Moreover, by (4.2), every element of
CFK(H, ) can be obtained from x¢ by a composition of the ¥; maps, so p is surjective. As both
A*(Y) and CFK (H, w) are both free F[Z]-modules of rank 2!, p is an isomorphism. [

5. A cube of resolutions for ﬁfl/(

In this section, we show that Manolescu’s unoriented skein exact triangle [27] holds with
twisted coefficients in any F[Z]-module M, and can be iterated in the manner of Ozsvath and
Szab6 [39].

5.1. A Heegaard multi-diagram for a link and its resolutions

Fix a connected projection D of L. Let cy,...,c, denote the crossings of D, and let
p = {p1,-.., pm} be a set of markings on the edges of D so that every edge is marked and
p1 is assigned to an outermost edge, as in Section 2. This marking specifies an m-pointed link
L = (L,p). ForI € {0, 1, 00}, let Dy denote the diagram obtained from D by taking the Ij-
resolution of ¢, as prescribed in Fig. 1. Dy is called a partial resolution of D, and it represents
an m-pointed link £; = (L, p). In this subsection we construct an admissible multi-pointed
Heegaard multi-diagram which encodes all partial resolutions of D, following [33,27].

Let Ug denote the closure of a regular neighborhood of D, and let Uy = S 3\intU g. This
determines a genus-(n+1) Heegaard splitting §* = U, Uy, U s, where X is the oriented boundary
of Uy. The handlebody U, is specified by curves «j, ..., o1 that are the intersections of 3/
with the bounded regions of R? \ D.

Near each marked point p;, let u; be the boundary of a meridional disk of Ug. Let ¢; be an
short arc on the upper half of ' meeting p; once transversally. Orient the edge of D containing
pi as the boundary of the black region that it abuts, and orient ¢; in the same direction. Let g;
and X; be the initial and final points of ¢;, and let O; be a point on ¢; between a; and &; N w;. For
i =2,...,m,leta, be the boundary of a disk that contains X; and O; but not a;, chosen such
that o, and w; meet transversally in a pair of points. (See Fig. 9(c).) We refer to the configuration
ap, Ui U{0;, X;}asaladybug. Set O = {01, ..., On}, X ={X1,..., Xy}, A= {a1, ..., am},
andP=0UX.

As shown in Fig. 9, the component of X'\ (1 U --- U up,) corresponding to ¢; is a sphere
with four punctures. If we view ¢; with the incident black regions on the left and right and the
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white regions on the top and bottom, and the adjacent marked points labeled p;,, pi,, pi;, and
Di, just as in Definition 2.2, this component contains the basepoints X;,, O;,, X;;, and O;,, as
well as the marked points a;, and a;,. As will be seen below, the positions of X;,, a;,, X;;, and
a;, will motivate the conventions of Definition 2.2. Let 8}, y;, and §; be curves on X' as shown
in Fig. 9(a-b).

Foreach I € {0, 1, oo}", let

n(l) = {ne, (D), ... ne, (1), np, (1), ... 0, (I},

where 7, (1) is a small Hamiltonian translate of u;, and n.; (1) is a small Hamiltonian translate
of Bj, yj, or §;, according to whether /; is 0, 1, or 0o, respectively. We choose these curves so
that np, (1) and n,, ( "y (resp. e, (I) and e, (1)) meet transversely in exactly two points for each
I # I, and so that no three curves intersect in the same point. Let

o ={g,...,041,0p,y,...,0p,}

The Heegaard diagram 7:(1 = (X, a, n(I), P) then specifies the unoriented m-pointed link D;.
Moreover, for any orientation o of Dy, one can partition [P into subsets Oy , and X; , of equal
size so that (X, a, n(I), Oy 4, X; ) encodes D; with orientation o. In particular, if I € {0, 1}"
and o is the orientation that Dy inherits as the boundary of the black regions, then Oy , = O and
X710 = X. (On the other hand, if I & {0, 1}°°, there is no orientation o on D; for which this
statement holds.) The multi-diagram

H= (2, a& n}ie,1,00p, P)

thus encodes all unoriented partial resolutions of D. Note, however, that we cannot partition P to
describe orientations on all the resolutions Dj (for I € {0, 1, oo}") simultaneously. (We do not
need to distinguish between O and X again until the end of Section 5.3.)

In order to define systems of twisted coefficients, fix a system of weights r = (rq, ..., ry) as
in Definition 2.1, which at this point need not be generic. Define wy: A — Z by wy(a;) = r;.

Note that 7:(1 (and, hence, 7'~i) is inadmissible when D; has more than one component.
Following [27], we may achieve admissibility by stretching the tips of the & curves used in
the ladybugs until they reach regions containing O; or X;. We require that these isotopies
avoid the points in A U . Let a denote the resulting set of curves, and let H; and H denote
the corresponding admissible diagrams. We shall henceforth use CFK (e, #(1)) to denote the
complex CFK (X, a, n(1), P, wy), with its relative §-grading given by (3.4), and coefficients in
an arbitrary F[Z]-module M. For I # 1 ', we shall likewise use CFK((1), n(I’)) to denote the
relatively §-graded complex CFK(X, 5(I), n(1’), P, wy). We close this section with a description
of the latter.

Each curve in 5(I) intersects one curve in §(I") in exactly two points and is disjoint from
all others; therefore, | T,y N Ty(ry| = 2. For I; = I}, the curves 7, () and nc; (I') are
related by a small Hamiltonian isotopy, so the two points of n; (1) N n¢; (1 ") differ in their §-

grading contributions by 1; let 961171 "be the point with the smaller contribution. Similarly, let 9,5;1 /
denote the intersection point of 1, (1) N np, (1 "y with the smaller §-grading contribution, for

i = 1,...,m. Suppose I and I’ differ in ([, I’) entries. Then there are 2.1 generators
in Tyy N Ty that use all of the points GCI_/?I and 9;;1 ; we denote these generators by

LI 1,1
el ....e

’
o Ol indexed arbitrarily.
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Lemma 5.1. There is an isomorphism of relatively graded F[Z]-modules,
CEK(n(D), n(1') = (H' (8"; F)@ =<1 @ v @) g A,

and the summand of CFK(n(I ), (I") in the minimal §-grading is generated by the points
911’1 e, ol! ,- Moreover, the differential  on CFK(y(1), (1)) is zero.

ze(l.l’

Proof of Lemma 5.1. It suffices to take M = F[Z]. Both modules above are free of rank 2"";

! ’
we must simply show that the generators 611 o, 9212{1. ;, have the same §-gradings. For this,

suppose @a[ " and 6;’[, differ near a single crossing c;. As in [28, Lemma 11], there is class

¢ € nz(Q,{’I,, 9;’1/) whose domain is an annulus containing a single point of P, with one
boundary component comprised of segments of the curves nc; (/) and nc; (/ "), and the other
boundary component equal to 1, (I) (or 1, (I")) for some p; near c;. By Lipshitz’s formula for
the Maslov index [26], u(¢) = 1, so

5011 — 86}y = P(¢) — n(¢) =0.

Finally, the only regions of X \ (»(I) U p(I’)) that do not contain basepoints are thin bigons
bounded by the curves 7., (I) and n.;(I") with I; = I} or the curves 7, (I) and 1, (I"). These
bigons come in pairs, so the differential 9 is zero. [

5.2. Periodic domains

In this subsection, we describe the multi-periodic domains of H, generalizing the results of
Manolescu—Ozsvith [28, Section 3.1].

Let I, and Iy denote the groups of Z-linear combinations of the components of X'\ & and
2\ n(I), respectively. Since (X, ¢, n(I)) is a Heegaard diagram for $3, the curves in o and n(I)
span Hy(X'; Z). Therefore,

Mo 1y = o + Iy, 5.1

by [28, Corollary 7]; that is, any periodic domain of (X, &, n([)) is a sum of components of
27\ o with components of X'\ (7). Note that the latter are either annuli or pairs of pants.

Now, consider distinct tuples I, I’. For i = 1,..., m, there is a periodic domain D;’,I,(I)’"(I,)
with boundary 1,,(I) — np,(I'), formed as the sum of two thin bigons with opposite signs.
Likewise, for I; = I ]/., there is a periodic domain DZYJ.(I)’"U/) with boundary 7, (1) = n¢; (I'). The
lemma below is an analogue of [28, Lemma 9].

Lemma 5.2. The group I, (1) ;1) is spanned by 111y, II;(i"), and periodic domains of the forms
ng(l),n(l/) and DZ’_(I),W(I/).

Proof of Lemma 5.2. Let D be a domain in II, () ,(;/y and suppose that, for some I; # I/,
ne,; (1) appears with non-zero multiplicity in the boundary of D. There is a pair of pants in I7;r)
bounded by Ne; (1) and two curves, 1,,(I) and np, (I). Adding some multiple of this pair of
pants, we obtain a domain whose boundary does not contain any multiple of 7; (/). Iterating this
sort of procedure, we can write D as the sum of domains in II,(;y and II,,(;/y with a domain D’
whose boundary consists of curves of the forms 7, (1), n,, (I') and M D), Nej (I for Iy = IJ’.,.

We may then write D’ as the sum of a domain in IT,,(;y with domains of the forms Dzl.(l)’”(l ) and

DZ']_(,I)’”(I/). This proves Lemma 5.2. [
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The following result generalizes [28, Lemma 10].

Lemma 5.3. Suppose 1°..., IFe {0, 1, co}" is a sequence of distinct tuples, and k > 1. Then

1y y10y...paky = Lo+ Iy g0) vy 4 -+ Iy iy oty

Proof of Lemma 5.3. We claim that

oy 10),...n%) = oy, o=ty + ity k)
for k > 1. This claim, together with (5.1), implies Lemma 5.3 by induction. Let D be a domain

,,,,,

multii)licity in the boundary of D. As above, there is a pair of pants in I« bounded by
ne; (I k) and two curves, Ney, (I*) and Ne,, (I ky. Adding some multiple of this pair of pants,
we obtain a domain whose boundary does not contain any multiple of n.; (/ k). Tterating this

1 k k—1 k
)snd )and ng(/I )sn(%)

k—
procedure, and adding domains of the forms DZfI , we obtain a domain

in IT, ,(1,)....nk-1)- Reversing this process proves the claim. [

We shall use the following proposition in many places throughout this paper; compare
with [28, Lemma 11].

Proposition 5.4. Suppose ¢ and ¢’ are two Whitney polygons for which D(¢) — D(¢') is a
multi-periodic domain of 'H. Then

P(¢) — () = P(@) — n(@),
where P(¢) denotes the total multiplicity of ¢ at all the basepoints.

Proof of Proposition 5.4. By Lemmas 5.2 and 5.3, the difference D(¢) — D(¢’) is a linear
combination of components of X' \ &, components of the complements X' \ y(I), and domains

of the forms ng(l)’n(l/) and D)\ D 1 s easy to verify that these domains all satisfy P = p,
exactly as in the proof of [28, Lemma 11]. Proposition 5.4 then follows from the additivity of P
and u. 0O

Next, we describe the periodic domains of H; that avoid the basepoints in P. Let S 1o, SII”

denote the components of L, labeled so that p; lies on Sl;’ . Then HQ(S3 \ Ly; Z) is freely
generated by the homology classes of tori T, ..., TIk’ ~! obtained as the boundaries of
regular neighborhoods of S!, ..., Sl;’ ~!. These tori correspond to positive periodic domains
}311, R Islk’ in Hﬁ?,n Iy where the boundary of ﬁf consists of (1) the & circles of the ladybugs
associated to the points of p on D¢, and (2) a copy of ne; (1) for every crossing ¢; such that
Sf enters and leaves a neighborhood of ¢; exactly once. The torus T,l can then be recovered by
capping off the boundary components of f’f with disks. Finally, let Pf be the domain in I/ 0?’ ()
corresponding to P although Pf has both positive and negative multiplicities in general, its
boundary multiplicities and its multiplicities at points of A U IP agree with those of f’f

Let [wy]; denote the element of H 2(S 3 \ L) associated to the marking (A, wy,). The previous
paragraph implies that the evaluation of [w;]; on [Tf] is equal to the sum of the weights of the
marked points on Sf. The following proposition then follows from the genericity of r together
with Lemma 2.3, Proposition 4.2, and Eq. (3.8).
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Proposition 5.5. (1) For any I € {0, 1} for which Dy is disconnected, the cohomology class
[wr ] is nonzero, so the complex CEK (e, n(1)) is acyclic.

(2) Let I® = (00, ...,00), so that Dy = D. If ¥ = ry for some function 2: {1, ...,n} — Z,
then the cohomology class [wy] o~ is zero, so

CEK (e, 7(1%)) = CFK (at, (1)) @5 M

5.3. Construction of the cube of resolutions

For distinct tuples 7, I’ € {0, 1, 00}, we write I < I if I; < Ij’. for j=1,...,n. It I'is
obtained from 7 by changing a single entry from O to 1, from 1 to co, or from oo to 0, we say
that I’ is a cyclic successor of I. In the first two cases, I’ is called an immediate successor of I.
A successor sequence (resp. cyclic successor sequence) is a sequence of tuples 1°, ..., I* such
that each I/ is an immediate (resp. cyclic) successor of 7/~!. For any cyclic successor sequence
10, .. 1%, let

fio....ix: CER (e, n(1%) — CFK (e, n(1*))

,,,,,

be the map defined by

071 071 k=1 gk k=1 gk
#®) = Fyyor,m (x@ (0] + 00 Y@ a(0f 1+ 6 ).

,,,,,

We shall eventually incorporate these maps into a cube of resolutions complex which is quasi-
isomorphic to CFK(a, 5(1°°)). First, we prove an analogue of Manolescu’s unoriented skein
exact triangle for coefficients in an arbitrary F[Z]-module M.

Theorem 5.6. Suppose 1°, I', 1% is a cyclic successor sequence of tuples in {0, 1, 00} which
differ in only one coordinate. Then, the triangle

(f]() ]l)*
HEK (L o, [w0]0) ————— HFK(L,1, [wg])1)

(N ﬂ*

ﬂ(ﬁﬂv w()]ﬂ)
is exact.
As in [27,39], Theorem 5.6 follows immediately from the proposition below.

Proposition 5.7. Suppose I°, I', I? is a cyclic successor sequence of tuples in {0, 1, 0o} which
differ in only one coordinate. Then,
(1) the composite fio j1 o fr2 jo is chain homotopic to zero,

Jrore frro=290fp o+ f2 01 00;
(2) the map

fro.m 20 fre g0+ fin 2o fr g0 p s CEK (e, n(1%)) — CPK(er, n(1%)

is a quasi-isomorphism.
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Proof of Proposition 5.7. This is a straightforward adaptation of Manolescu’s proofs of
[27, Lemmas 6 and 7]. Simply note that the relevant polygons in Manolescu’s proofs avoid the
markings in A since every such marking lies in the same component of E\(n(]o) Un(]l)Un(Iz))
as a basepoint. [

For tuples I < I’ in {0, 1, 0o}, let
Dy : CFK(er, n(I)) — CFK(at, (I"))

denote the sum, over all successor sequences I = 19 <... < I¥=1U, ofthe maps fjo sk, and
let Dy ; denote the differential d on CEK (e, n(/)). For S C {0, 1, oo}", let
X(8) = P CFK(a, (1)),
I1eS
and set X = X ({0, 1, oo}"). We define amap D : X — X by
D= @ Dy
I<r

Below, we show that D is a differential. As a warmup, we prove the following.

Lemma 5.8. Suppose 1°, I', I? is a cyclic successor sequence of tuples in {0, 1, co}". If these
tuples differ in only one coordinate, then

101! 07 112 e
Eyaoynaty.nar) ((91 + 6, ) ® (91 + 6, )) =0,

Otherwise,
101! IANE 12 12
Eya0)nan.na ((91 +6, ) ® (91 +6, ))

10,12 10,12 10,12 10,12
=60," +6," +60;7 +6, .

Proof of Lemma 5.8. Let z € T, 0y N T, 2. Each of the four tubular regions of X'\
(11(10) U 11(11) U 11(12)) in the neighborhood of a crossing contains a basepoint, as does the
tubular region on each side of a ladybug. Therefore, the domain of any Whitney triangle
v o€ 712(9,10’11, @s’l‘lz, z) which avoids PP is a union of small triangles. Suppose 19 711, and
I? differ only in their jth coordinates. Near p; and cjo for j’ # j, these triangles look like those
shaded in Fig. 10(a) and (b). Near ¢, the domain of  looks like one of the four triangles shaded

0
in (d). Thus, z is of the form 9,5(512),

(1,2} x {1,2) — {1,2}.

for some 2 : 1 map

Moreover, i(y¥) = 0 and ¥ has a unique holomorphic representative. The first statement of
Lemma 5.8 follows immediately.
Now, suppose 1°, I' and I, I? differ in their jith and joth coordinates, respectively. Near
pi and cj for j' # ji, jo, the domain of ¥ looks like the shaded triangles in (a) and (b).
Near cj,, the domain of v is a small triangle with vertices at intersection points between the
curves ;. (19, Nej, (I, and Nej, (1%). Fig. 10(c) shows a picture of this triangle when Nej, 1)
is isotopic to B, and e, ah, Ne;, (I 2) are isotopic to vj;- The same reasoning applies near c,.
0 52
Therefore, z is of the form 9‘5( an) for some 1 : 1 map

v:{l,2} x{1,2} = {1,2,3,4}.
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As above, u(¢) = 0 and ¢ has a unique holomorphic representative. The second statement of
Lemma 5.8 follows immediately. [J

Proposition 5.9. For tuples I < I' in {0, 1, co}",

0 7l 0 7l k=1 7k k=1 7k
> Fuaneaan((6F "+ 60 ) e e (6f o)) =0. 52)
I1=10<..<1k=1"

succ. seq.

It then follows from the Ao relation (3.11) that D% =0.

quof of Proposition 5.9. For k = 1, this is just the statement that (911 na + 921 “isa cycle in
CFK(n(I%), n(1")).

Suppose k = 2. If I = 19 and I’ = I? differ in only one coordinate, then the proposition
follows from Lemma 5.8. Otherwise, there are exactly two tuples, /! and J!, with 10 < I < I?
and 1Y < J! < I%. By Lemma 5.8, the contributions of these two successor sequences to the
sum (5.2) cancel.

Now, suppose k > 2. For any aj,...,a; € {l,2}and b € {1, ..., 25(10*11()}, there exists a
class
071 k—1 7k 10’1/6
yemO ... 0l e

with P(¢¥) — u(y) = 0, gotten by concatenating the Whitney triangles described in the proof of

Lemma 5.8 with the Whitney disks in nz(@lﬁi’l '/, 9; g j) described in the proof of Lemma 5.1.
Suppose, for a contradiction, that the coefficient of some © € T, ;0) VT, ;x) in the sum (5.2) is
nonzero. Then there is a Whitney (k + 1)-gon

’ 101! 751k
wenz(Qal ..., 0 , 9)

ai

with P(y¥') — u(y¥’) = k — 2. Since 9;0’11( has the minimal §-grading among all generators

of CEK(n(19), n(1*)), there is a class ¢ € m(6, !, ©) with P(¢) — u(¢) < 0. Then
P(Yr+¢)—pu(Pr*¢) < 0as well. On the other hand, D (v *¢)— D (/') is a multi-periodic domain,
so Proposition 5.4 implies that P (¥ * ¢) — u(yr x ¢) = P(¥’) — u(y’), a contradiction. I

The main theorem of this section is as follows.
Theorem 5.10. The complex (X ({0, 1}*), D) is quasi-isomorphic to (C’IEJK(a, n(1*°), 3)).

This theorem follows rather quickly from the lemma below.

Lemma 5.11. For 0 < k < n, consider the complex X ({0, 1}" %=1 x {0, 1, oo} x {oo}*), with
its differential induced by D. Then,

Hy (X ({0, 1" 7*1 x {0, 1, 00} x {o0}}), D) = 0. (5.3)
Proof of Lemma 5.11. Consider the decreasing filtration of X ({0, 1}”‘1‘:1 x {0, 1, 0o} x {oo}¥)

induced by the grading which assigns to an element x in the summand CFK (e, (/)) the number
I1 + - -+ I,—x—1. The homology of the associated graded object is a direct sum

P  H.XU x{0.1, 00} x {0}, D). (5.4)
Je{o,1jn—k=1
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Each complex in (5.4) is the mapping cone of a map
X (J x {0, 1} x {oo}) — X (J x {00} x {oo}"). (5.5)
Let
10 = J x {0} x {0}k, I' = J x {1} x {o0}k, 1% = J x {00} x {oo}.
Then X (J x {0, 1} x {oo}¥) is the mapping cone, MC(fjo 1), of
fio.11 : CFK (e, n(1%)) — CFK (e, n(1"),
and the map in (5.5) is
fro 2+ it MC(fo ) — CEK (e, 1(1%)).

The quasi-isomorphism in part (2) of Proposition 5.7 factors through this map, which implies
that fyo j1 ;2 + fp1 j2 is also a quasi-isomorphism. The terms in (5.4) are therefore zero, which
implies (5.3). O

Proof of Theorem 5.10. For 0 < k < n, the complex X ({0, 1}* ¥~ x {0, 1, 0o} x {oo}¥) is the
mapping cone of

G : X({0, 1)" % x {oo}*) — X ({0, 1" *~1 x {oo}fth,

where Gy is the sum, over all I € {0, 1}" % x {oo}¥ and I’ € {0, 1}" %=1 x {co}¥*1, of the maps
D; p.By Lemma 5.11, G must be a quasi-isomorphism. The composition

G=Gpo...Gu_1:X{0, 1}") - X({oo}")
is therefore a quasi-isomorphism, proving Theorem 5.10. [

Proposition 5.5 and Egs. (3.8) and (3.9) immediately imply the following corollary.

Corollary 5.12. For any system of weights r,
H.(X ({0, 1}"), D) = HFK(L, [r]s: M) = HFK(L, [0x];: M) ®F(VE"1ED),
In particular, if v = rg) for a function £2: {1, ...,n} — 7Z, then

H.(X({0, 1)), D) = HFK(L) @ (VO™ ILDy @ M. O

Note that X ({0, 1}") has a decreasing filtration induced by the grading O which assigns to
any element of the summand CFK(«, (7)) the number |/|. We shall refer to Q as the filtration
grading. This filtration gives rise to a spectral sequence 8}’\4. (If r = rg, we may denote this

spectral sequence S /!\2/[ as in the Introduction.) The E; page of Sjvl is the direct sum
P HFK(L;. [wxli: M),
1€{0,1)n

and its d; differential is the sum of the maps (f7, /), over immediate successors I’ of 1. We shall
be interested in the case that r is generic and M = F. In this case, the £ page of S is a sum
over connected resolutions,

P HFK(L) @ 7. (5.6)
I1eR(D)
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since H/I?K(E 1, lwn]r; F) vanishes if Dy is disconnected, by Proposition 5.5, and is isomorphic
to HFK(L;) ®r F if Dy is connected, by (3.6). Since no edge in the cube of resolutions of D can
join two connected resolutions, the d; differential of S;_- is zero. Therefore, E» (S;_-) = E; (S;_-).
Ilrll Section 6, we prove that S’ collapses atits E3 page. Since F is a field, Corollary 5.12 implies
that

Hi(E2(SY), da(S%)) = HEK(L, [wy]) ®p VO™ ~ILD;
ifr =rp, then
H,(Ex(S%). dy(S%)) = HFK(L) ®F VO 1) @p .

In Section 7, we show that (E2(S’), d2(S%)) is isomorphic to the complex (C*(D), 9") defined
in Section 2. Combined with the grading calculations in Section 6, this proves Theorem 1.1.

We end this section with a brief discussion of orientations and gradings.

Recall that, for I € {0, 1}", the Heegaard diagram (X, et, (1), O, X) determines L; as an
oriented link, where L, is oriented as the boundary of the black regions in D;. Therefore, for
I,1' € {0, 1}", the complexes CFK(oc n(I)) and CEK(n(I), n(I’)) come equipped with Maslov
and Alexander gradings.

Suppose I’ is an immediate successor of I, differing in the jth entry. The Maslov and

Alexander gradings of 911 1" differ from those of 921 o by 1 (in the same direction); from now

!
on, we shall assume that 911 " is the unique element of Ty N Ty in the maximal Maslov
grading. Furthermore, we may consider the chain maps

w"D: CFK (@, (1)) — CFK (@, 7(1))
w1 CRR (1), (1)) — CER (D)., n(1"))
defined in Section 3.3, which count disks that go over the basepoints in X. We shall use these

maps to describe the differentials in the spectral sequence S The following lemma will be
useful.

Lemma 5.13. Suppose 1’ is an immediate successor of I which differs from I in its jth
coordinate. Let i1 and i3 be the special indices associated to the crossing c, as shown in Fig. 3.
Then

DI’ ING D’ ING 1N
Wj’i()ﬁ( )(91 )= !plz()ﬂ( )(91 ):92 ,

while WD QM"Y = 0 for i # iy, i3,

Proof of Lemma 5.13. It is not hard to see that there is a unique z € T ;y N T,y such that
there exists a Whitney disk ¢ € mo( @1[ ’1,, z) with X; (¢) = 1, which avoids O and all other
X;. Namely, z is the point 921’1, and the domain of D(¢) is an annulus, as in the proof of

Lemma 5.1. There are actually two such disks in mo( @1[ ’1/, 621 ’1,) with © = 1, exactly one
of which admits a holomorphic representative. (Compare [37, proof of Lemma 9.4].) This proves

that 47;3(1)’"([,) (911 Iy = 921 I The other statements follow similarly. [

6. On J-gradings

The summands C/I?K(oz, n(1)) of X({0, 1}") are endowed with canonical absolute §-gradings,
by Lemma 4.1, and the complex X ({oo}") = CFK(a, (/*°)) has an absolute §-grading
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1915

Fig. 4. The resolutions Dy, D;1, D2 and Dy~ in the case that ;1 = y; U e, , along with the marked points p;. The
dotted lines indicate the traces of the crossings cj, (bottom) and c, (top). (If m = d, then p plays the role of pg.)

1

Fig. 5. Diagram for a two-component unlink whose cube of resolutions is Fig. 4.

b—c

a , b
d d

Fig. 6. We have labeled markings by the values that w takes on them. In (a), the isotopy gets stuck at the point labeled c.

In (b), we have removed this point and adjusted the values of @ on the four nearby points.

determined by the orientation of the original link L. Let A denote the grading on X ({0, 1}")
obtained by shifting the §-grading on each summand CFK(«, n(1)) by (|I| — n_(D))/2. The

two main results of this section are as follows.
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Y k

k
L Sk
ok °

3

Fig. 7. A Heegaard diagram for £. There is a copy of the upper portion foreachi =1, ...,k — 1.

Qm—1

51 § Bs 1 ay
o 02 S Cm_1
: Tl ‘ -
b T b1

Fig. 8. Heegaard diagram H for the unknot, with twisting as prescribed in Proposition 4.3. Points of A are labeled with
their values of .

Pi

Fig. 9. (The portions of X' near a crossing c; (a-b) or a marked point p; (c). The labeling conventions in (a-b) are the
same as in Fig. 3.

Theorem 6.1. With respect to A,

(1) the differential D on X ({0, 1}"") is homogeneous of degree 1, and
(2) the quasi-isomorphism

G : X{0, 1}") — X({oo}")

coming from Theorem 5.10 is grading preserving.



J.A. Baldwin, A.S. Levine / Advances in Mathematics 231 (2012) 18861939 1917

Fig. 10. Some of the possible (17(10), n(l 1 ), n(lz))-triangles.

Theorem 6.2. If r is generic, then the differential di(S¥) vanishes for k > 2. Therefore,
H(Ex(S%), dx(S%)) = HEK(L, [w]y) @F VO~ IHD;
as graded vector spaces over F, with respect to the §-grading on H/F\K(L).

Proof of Theorem 6.2. By definition, di (S) is homogeneous of degree k with respect to the
filtration grading Q, defined in Section 5.3. By Theorem 6.1, A descends to a grading on the
pages of 8. Recall, from the previous section, that E2(S%) consists of a copy of the group

HfI?K(E 1) @ F for each I € R(D). Since L is a pointed unknot, this group is supported in the
A-grading (|I| — n_(D))/2; that is, the gradings A and Q on E» (S;-) are related by

A=(Q—n_(D))/2.

This relationship therefore holds for all k& > 2. Suppose that x is a nonzero, homogeneous
element of Ex(S%). If di(S)(x) = y # 0, then

0= 0240 —00) - 2AKX)— Q)
=2(A@) — AX) —(Q() — O(x))
=2—k.
Thus, di (S;_-) vanishes for k > 2. The second statement follows immediately from Theorem 6.1

and Corollary 5.12. O

The rest of this section is devoted to proving Theorem 6.1.
6.1. The relative 5-grading

First, we show that the maps f;o ;o are homogeneous with respect to the relative §-grading.
For a Whitney polygon 1, let §(1) denote the difference P (1) — u(¥). Note that this quantity
is additive under concatenation of polygons.

Proposition 6.3. Suppose 1° < --. < I* is a successor sequence of tuples in {0, 1, co}". For
i =0,...,k let 8;i be an arbitrary absolute lift of the relative §-grading on CFK(a, n(I%)).
Then, for each i, j with 0 < i < j < k, there are constants §(fi ;i) such that fi
homogeneous of degree 5(fyi . ;i) with respect to these absolute lifts, and

S(fyi,..1i) =38(fp 1) — 1, 6.1)

foranyi <1 < j.

.....

..........

Proof of Proposition 6.3. Choose some x* € T, N Tn( riy and y e Ty N ']1‘,]( 1) fors = 1,2,

Ii’1i+l ijl’lj
s seees O 1 ,¥Y*), where
1 J—

and suppose Y is a Whitney (j — i + 2)-gon in m(x*, ©

e
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s S

€€y € {1, 2}. Such polygons always exist since the pairs (e, n(1") span H{(X; Z)
forl =1i,...,j (see, e.g., [37, Proposition 8.3]). We claim that

85 (¥ =85 (D) +8(¥1) = 815 (v — 8,1 () + 8(¥), 6.2)
which enables us to define the quantity

SCfri 1) =8 —8p )+ 8@ +i—j+]1 (6.3)
independently of x*, y*, and . To prove (6.2), let ¥ be the Whitney (j — i + 1)-gon
in o (x*, 61] i’lm, e, @1[ H’Ij, y’®) obtained by concatenating vy with Whitney disks ¢; €
nz(Q{[’Im, 921’,1’“) where necessary. Since each ¢; satisfies P(¢;) = u(¢;) = 1, we have that

8(¥;) = 8(5). Choose some Whitney disks ¢, € m2 (x!, x?) and ¢y € M2 (yl, y2), and consider
the concatenation

— i gi+l

VY =gk Y%, € mx', 0] o7 .

The difference D({) — D(¥}) is a multi-periodic domain, so

S(¥) —8(¥y) =0,
by Proposition 5.4. Thus,
S(Y1) =8y = 8(yy)
= 8(y) +8(¢x) — 8(y)
=8 + (i (x") = 8, (%) = 6,/ (¥) = 8, (¥,
from which (6.2) follows. Now, if y € To N'T, ;) appears with nonzero coefficient in f;:

i+1 —
for some x € Ty NT,, /i, then there exists a (j —i +2)-gon ¥ € ma(x, QLII AT e Qeljfl’ ,Y)

with

=1 pi

,,,,,

SW)=PW)—pnW)=0-(G—-j+H)=j—i-1

By (6.3), ;i (y) — 8;i(x) = 8(fyi . ;i) It follows that f;i _,; is homogeneous of degree

.....

8Cfri 1i)-
For the second part, let x and y be as above, and letz € Ty N'T,, ;). Choose Whitney polygons
i+1 -1 gl 1 oyl+1 1
Y1 emx, 001 L 0T 7y and yo € ma@ 001 9{/’1 oy,
and let ¥ = 1 % Y. Then,
8Cfri..p) +8(fp 1)) = @p@ —8i(x)+o(W1)+i—1+1)

..........

+ () —8p@+5W2) +1—j+1)
=6 =) +6(W) +i—j+2
=8(fri.1i)+1,

completing the proof of Proposition 6.3. [

The next result shows that the maps D; ;7 are homogeneous with respect to the relative §-
grading.
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Proposition 6.5. Suppose [ =10 < --- < I¥and J = J° < --- < J* are successor sequences
of tuples in {0, 1, oo} with 1° = J° and Ik = JK. For any absolute lifts 870 and 8k of the
relative §-gradings on CFK(O( n(1°) and CFK(oe n(I%)), the grading shifts 8(fpo,  px) and
8(fj0 __jx) are equal. In particular, the map

Dyo i : CFK (e, 1(1%) — (e, n(I%))

is homogeneous of degree §(Dyo jx) = 8(fjo_ jx) with respect to these absolute lifts.

.....

Proof of Proposition 6.5. The sequences / and J can be connected by an ordered list of
sequences in which one sequence in the list differs from the next in a single place. It is therefore
enough to prove Proposition 6.5 for I and J, where

J=1"<... < V< Ji < ... < TF,

Fori =0,...,k, leté; and §;; denote arbitrary absolute lifts of the relative §-gradings on the
complexes CFK(oe n(I")) and CFK(a, 7(J%)). By (6.1), we need only show that

5(f1i—1,ji) + S(fji,li‘*'l) = 5(f11—1,1i) + 5(f1i,1i+l)-

It is helpful to have in mind the following diagram, which commutes up to homotopy.

Sri=1 i
1=l

CFK (o, n(I' 1)) ————— CFK(a, n(I'))
Fri-1 i Tri i+t

CFK (e, n(J")) ————= CFK (e, 7(I"*").

Ji i+l
Choose generators

x' €T NT, -y, ¥ €TanNT,iy, X €TanNT,yi. ¥ €ToaNT, ity
and Whitney triangles

11 Ii 1 11 It+l 2
Y Y9,

'(,011 i € 7T2(X 1/’11 i+l € 7T2(y 9
[1 l“]i 2 11+1 2
'(pli—l"]i € 7T2(X , @1 , X )a ¥ )
i—1 gi i i+l

Let ¥ € m(x!, ,y2) and Y, € o (x!, 911 S el

Whitney rectangles obtained by concatenation,

Y1 =Yy i kY givt, Yo = Ypi-1 gi * Yy givi.

i
Vi git1 € (X2, @J

[l 1 11 li 1i+1
, 0 ,y2) denote the

As in the proof of Lemma 5.8, there exists some generator 6] e T, iy N Ty iy (one of the
four generators with minimal §-grading) such that there are Whitney triangles

Jitl Il+l

1=t VLYY GV L il Ji,
nem(®, 7,0 0] ) and nem© ", 0", 6

whose domains are disjoint unions of small triangles, so that

P(t1) = pu(r1) = P(r2) = u(r2) = 0.
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1=ty gair gr it
’ 9& ’ 91 '

Let ¢1 and ¢, denote the Whitney pentagons in m» (x!, 6, , yz) obtained

by concatenating t; with v at 911 L and 1 with Y at Q]J L , respectively. The difference
D(¢1) — D(¢2) is a multi-periodic domain. Therefore,
0 =46(¢1) — ()

= 38(Y1) —8(y2)

= @Wrpi-1 i) + Wy giv1)) — (WY1 ji) + (Wi giv1))

= (8(fri-1.00) +87i-1 (x") = 81 (") + 8(fpi piv1) + 85 (") — 8111 (¥%)

— B fyim1gi) + 8- (1) = 85 (3) + 8(f i pivr) + 8,1 () — 81101 ()

= B(fyi-1 ;i) +8(fpi giv1)) — @(friv yi) +8(fyi jiv1)),

completing the proof of Proposition 6.5. [

Before proceeding further, we pause to record a fact about Alexander and Maslov gradings
that will be useful in Section 7. Recall that, for I € {0, 1}", we orient the diagrams D; as
boundaries of the black regions. These orientations determine absolute Maslov and Alexander
gradings on the complexes CFK (e, n(7)), per the discussion in Section 5.3.

Proposition 6.6. Suppose 1° < --. < I* is a successor sequence of tuples in {0, 1}*. For any
e1,...,ex €{1,2}, the map

071 k—1 gk —~ —~
Fon(10)...qaty ¢ ® €41 ® - ® 6, 1) : CFK(at, (1)) — CEK(er, 7(1*))

o

is homogeneous with respect to both the Alexander and Maslov gradings. Moreover, the
Alexander and Maslov grading shifts of

IO,II Ii—l’]i [k—l’lk
Fa,n(lo),...,ﬂ(lk)(. ® 99] ® te ® 91 ® et ® Qek )

are 1 greater than those of

i k—1 7k
"e-.@6l .

0 71 i—1
Fa’n“())““,n([k)(‘ ® 9811 A ®---® 621 ’
Proof of Proposition 6.6. This follows from the same reasoning as was used in the proof of
Proposition 6.3. The key element in the latter was Proposition 5.4, which, in turn, follows from
the fact that any doubly periodic domain D in the multi-diagram H satisfies u(D) = P(D). To
prove that
0 71 k=1 gk
Fa,n(lo),n-,n(lk)(' ® 9210 TR Qelk—l ! )
is homogeneous with respect to the Alexander grading, we simply need the modification that
O (D) = X(D), which is clearly true. These two facts also imply that u(D) = 20 (D), which
is the modification we need for the homogeneity statement about Maslov gradings. The second
statement in Proposition 6.6 follows from the fact that the Maslov and Alexander gradings of

i—1 gi i—1 i
911 ‘" are each 1 greater than those of @2' .

6.2. The absolute 5-grading

In this subsection, we compute certain absolute §-grading shifts. These calculations, in
conjunction with Propositions 6.3 and 6.5, complete the proof of Theorem 6.1.
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Suppose I < I'' < I? is a successor sequence of tuples in {0, 1, oo} which differ only in
their jth coordinates, and consider the maps

CFK (e, (%) 2> CFK (@, 1(1°)) —> CFK (@, 5(1")) —2> CEK (e, 7(12)), (6.4)

W

H Hy
where

Jfo= frz po, J1= fro g1, o= fn e,

and
Hi = fp2 01, Hy = frop p.

According to Proposition 5.7, the sum @ = f> o H] + Hj o fy is a grading-preserving quasi-
isomorphism. Now, fix an orientation on Dj2. If the crossing c; is positive, then D;1 naturally
inherits an orientation from D,>. We choose an orientation of Do that agrees with the orientation
of Dj2 on every component of Do that does not pass through a neighborhood of ¢;. Likewise,
if ¢; is negative, then Djo inherits an orientation from D;2, and we choose an orientation of
D1 that agrees with that of D2 on every component of D;1 away from ¢;. Fori = 0, 1, 2, let
n+(Dyi) denote the number of + crossings in D;; with respect to these orientations.

Proposition 6.7. If c; is positive, then §(fo) = n_(Dy2) — n_(Djo) and 5(f2) = % If cjis
negative, then §( fy) = % and §(f2) = n4(Dp2) —ny(Dp). In either case, §(H1) = —(f2) and
§(H2) = =8(fo).

Before proving Proposition 6.7, we illustrate how it is used to prove Theorem 6.1, starting
with the corollary below.

Proposition 6.8. Suppose 1° < --- < I¥ is a successor sequence of tuples in {0, 1}*. Then
8(fro.. ) =Q2—-k)/2.

Proof of Proposition 6.8. Suppose I’ and I'*! differ in their jth entries, and let J be the
tuple obtained by replacing this entry with co. We may identify f;i ;i+1 with the map fi in
(6.4). Note that Dy is a diagram for an unlink with only one crossing. By Proposition 6.3,
8(fo)+8(f1) = 8(Hy)+1.1f ¢ is positive, then §(fo) = Oand §(H) = —%, by Proposition 6.7
otherwise, §(fy) = % and §(Hp) = 0. In either case, 6 (f]) = % According to Proposition 6.3,

§(fro, ;) =08(fro )+ +8(fp1 pp) —k=1)=2—k)/2,
as claimed. [

Proof of Theorem 6.1. Suppose 1° < I* are tuples in {0, 1} which differ in k entries. The
grading shift of Do j« with respect to the grading A is

QC—k/2— I —n_(D)/2+ (1" —n_(D))/2 =1,

by Propositions 6.5 and 6.8. This proves the first statement of Theorem 6.1.

Now, let G; denote the restriction of G to the summand CFK(e, n(1)). Recall that Gy is
the sum, over all sequences I = I° < ... < I" = [® with I¥ € {0,1}" % x {oo}¥,
of the compositions Dju-1 jn o -+ o Do 1. It follows easily from Propositions 6.3 and 6.5
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Fig. 11. The local contributions to §(x) near a crossing.

that G; is homogeneous. Choose a sequence I = 9 < ... < " = [ g ggove, and.let
J = (0, ...,0). Choose absolute lifts of the relative -gradings on the complexes CFK (e, n(1")).
By Propositions 6.3, 6.5 and 6.8,

(S(D‘]’Il) = S(DJ’IO) +5(D10’1]) - l - (2— |1|)/2+5(D10y1]) - l
= 8(Dpo 1) — 11 /2.

Adding §(Dj1 j2) + -+ + 8(Dyn-1 ;) to both sides, we have §(G ) = 6(Gy) — |1]/2; that is,
8(Gp) = |I]/2 + C for some constant C. For the second statement of Theorem 6.1, it suffices to
show that C = —n_(D).

Define a tuple 1° € {0, 1} according to the following rule: if ¢ j 18 a positive crossing, let
1% j = I; otherwise, let ( 0) j = 0. Note that D, is the oriented (Seifert) resolution of D. For
i =1,...,n,let I' be the tuple obtained by changing the last i entries of 7° to co. One of the
terms appearing in G0 i8 Dyn—1 jn 0 -+ -0 Djo ;1. In this composition, n4 (D) of the maps are of
the form f>, as in (6.4), while n_ (D) are of the form H;. Therefore,

8(G o) =ni(D)/2—n_(D)/2=|1°/2—n_(D)/2,
which implies that C = —n_(D). O

The rest of this section is devoted to proving Proposition 6.7. For this, it helps to know the
8-gradings of certain generators. Let Ay, ..., Ay denote the regions in the diagram D; that are
not adjacent to the marking p,,. Recall that a Kauffinan state is a bijection which assigns to each
crossing ¢ of Dy one of the regions A; incident to c.

A generator x of CFK(et, (1)) is said to be Kauffiman if x does not contain any intersections
points between ladybug and non-ladybug curves. A Kauffman generator x determines a
Kauffman state sx as follows: for each crossing c, let sx(c) be the region whose corresponding
a curve intersects 1(/). in a point of x. (This correspondence is 2m=1to-1.) Let §(x,¢) €
{0, £1/2} be the quantity defined in Fig. 11, according to which region is assigned to ¢ in sx.
Ozsvith and Szab6 [33] prove that

§(x) = Z 8(x, C). (6.5)

Proof of Proposition 6.7. We only consider the case in which c; is a positive crossing; the proof
for a negative crossing is extremely similar.

First, suppose that the projections D;o, D1, and D> are connected. In this case, we use
an argument due to Manolescu and Ozsvath [28]. Choose some Kauffman generators x0 e
Te NT, 0y and x! e Ty N T, 11)- As in [28, Section 3.5], we may find corresponding Kauffman

generators yO, vl e T, N TW(IZ) such that (1) sy; (c) = sy, (c) for each ¢ # c;, and (2) there exist

homotopy classes ¥y € m2(yo, @!02’]0, Xo) and ¥ € mp(Xq, 9!11’12, y1) with 8(y;) = 0 (for
some ¢; € {1, 2}).
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Fig. 12. (a) A crossing of D. (b) The modified crossing in D’.

Since D1 is the oriented resolution of D2, §(X1, ¢) = §(y1, ¢) for every crossing ¢ # c;,
while §(y1, ¢j) = % Therefore, §(f2) = 8(y1) — §(x1) = %, as claimed. On the other hand,
the sign of a crossing in D;o need not be the same as its sign in D;2. For any crossing ¢ # ¢;
that is negative in D> and positive in D;o, we have (X, ¢) = §(yo, ¢) + %; the number of such
crossings is n_(Dj2) — n_(Djo). Likewise, if ¢ # c; is positive in D2 and negative in Do,
then §(xg, ¢) = 6(yo, ) — %; the number of such crossings is ny (D;2) — 1 — ny(D;o). Since
ny(Dp)+n_(Dp)=nandny(Dp) +n_(Dp) =n—1,

3(fo) = 8(x0) — 3(yo0)
1 1
= 3((1-(@p) =n_(Dp)) = 7 ((14+(Dp2) = n+(Dpo) = 1))
= n,(Dlz) - n,(’Dlo),
as claimed.

If either D;o or D, is disconnected, then the corresponding complex has no Kauffman
generators, so the argument above does not apply. We remedy this situation as follows. Let D’ be
the planar diagram obtained from D by performing a finger move just outside of each crossing
asin Fig. 12, and let D/, D}, and D, be the corresponding resolutions of D', leaving the newly
introduced crossings unresolved. Notice that all three of these diagrams are connected, so the
argument above applies.

Let (X, 0/, 7'(I%), y'(I"), y(I?), O, X) denote the Heegaard multi-diagram encoding D/IO,
D/, and D), that is obtained from D" using the procedure in Section 5.1, except that we do not
place ladybugs on the tubes corresponding to the edges that are contained entirely in Fig. 12(b).
This diagram is related to (X, e, 17(10), 11(11), 17(12), 0, X) by a sequence of handleslides,
isotopies, and index one/two stabilizations avoiding O U X. (Essentially, these Heegaard moves
account for the Reidemeister II moves introduced by the operation in Fig. 12.) We therefore have
diagrams,

—_— fo ~ — 1 o
CFK (e, (1)) —————— CFK(a, n(I%)) CFK (e, g(I')) —————— CFK(a, 5(I?))
by Py Ll L2
CFK (e, 7' (1)) — CFK(a, 7/(1%) CFK(a, /(1)) — CFK(a, 1/ (1)),
0 2

which commute up to homotopy, where &y, @1, and &, are the grading-preserving chain
homotopy equivalences associated to these Heegaard moves. An argument very similar to
that in the proof of Proposition 6.5 shows that §(fy) = 8(f) = n,(D’IZ) — n,(D/IU) =

n_(Dp) —n_(Djo) and 6(f2) = B(fz’) = %, as required.
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Finally, note that H> o fy+ f> o Hj is a grading-preserving quasi-isomorphism, so at least one
of these terms is nonzero. Therefore, §(H,) + 8(fo) = §(f2) + 8(H;) = 0, by Proposition 6.3,
completing the proof of Proposition 6.7. [

7. The d, differential

From now on, we shall assume that r is generic. Recall from Section 5.3 that the E, term of
S’ is the direct sum

P HFK(e. 5(1); F).
1eR(D)

With respect to this direct sum decomposition, the differential d» (S;_-) is a sum of maps
dy,pr: HFK (@, 9(1); F) — HFK (e, 5(1"); F)

over all pairs I, I” for which I” is a double successor of I. The purpose of this section is to
compute these dj j.

Suppose that I, I” € R(D) and that I” is a double successor of I which differs from 7 in its
Jjithand joth entries. Let J be the tuple obtained from / by changing its jith and j,th entries from
Os to oos. Then D; is a 2-crossing diagram for the 2-component unlink L ;. The four complete
resolutions Dy, Dj1, D;2, and D;» described in Section 2 are obtained from D; by resolving
these two crossings. Recall that d; ;~ is defined in terms of maps that count pseudo-holomorphic
polygons in the multi-diagram

Hypr = (8, a,9(D), n(I"), n(I1*), n(I"), 0, X).

Our strategy for computing d; ;~ is as follows. First, we describe a sequence of Heegaard moves
from H; ;» to a “standard” genus-3 multi-diagram which encodes the four resolutions above.
We then determine the relevant polygon-counting maps for this genus-3 diagram. Fortunately, it
suffices to explicitly compute only a handful of these maps; the rest are determined via the ¥;
maps defined in Section 3.3. Next, we argue that this model computation determines dy ;~ to the
extent that we can recover the isomorphism type of the complex (E2(S’), d2(S%)). Finally, we
show that this complex is isomorphic to (C* (D), 3").

As in Section 2, we assume that the marked points are ordered pi, ..., p,, according to
the orientation of D;. For i = 1,...,m, the value of w, on the unique point of A that is
contained in the same component of X' \ (/) as O; equals r;. As a notational convenience, we
define

o it i<
R(lv,])_{o l>],
sothat A= R(1,a), B=R(a+1,b),C=R(b+1,¢),and D = R(c + 1, d).

7.1. A model computation

We may reduce H; j» to an admissible genus-3 multi-diagram via a sequence of handleslides
and isotopies in the complement of @ U X U A, followed by index one/two destabilizations,
as follows. Consider a crossing ¢, where j # ji, j2. The curves e, D), e, (Ih, Ne, (I%) and
Ne; (1 ") are pairwise isotopic and each intersects either one or two of the a curves corresponding



J.A. Baldwin, A.S. Levine / Advances in Mathematics 231 (2012) 18861939 1925

C

Fig. 13. A sequence of handleslides; in this example, there is one ladybug & curve passing through the vertical curves
e ), e, ([]), e (12), and e (1. For convenience, we have not shown the 11(11), 17(12), or n(I") curves here; they
are simply small translates of the blue n(/) curves in this picture.

to regions of R? \ D in exactly one point. Call these curves «; and, if necessary, 5. First, we
handleslide all of the ladybug « circles which pass through n.; (1) over a1, as in Fig. 13(b). (This
takes two handleslides for each such e curve.) Second, we handleshde ay over o (if applicable),
as in (c). Third, we handleslide all other n(I) (resp. n(IY), n(1?), and 5(I")) curves which
intersect &y over 1, (1) (resp. ncj(ll), ncj(lz), and n¢;(1")), as in (d). The resulting multi-
diagram is the connected sum of a multi-diagram of smaller genus with a standard torus piece.
Handlesliding further, we can “move” this torus piece until it is adjacent to the region containing
0. We perform these operations for each j # ji, j», and then destabilize n — 2 times.’

The genus-3 multi-diagram so obtained is the one we would associate to the planar diagram
Dy, following Section 5.1. Let us refer to this multi-diagram as ﬂ? ;»- There are two cases to
consider. If the smoothing of ¢, in D; connects the white regions —i.e., y;1 = yy Ue;; — then

ﬂ? ;v 1s isotopic to the multi-diagram
H:; 1 = (23,a, ﬂ, y, 8, €, (O), X)’

depicted in Fig. 14, where a, B, y, §, and € are the images of the tuples &, (1), 11(11), 11(12),
and 5(1"), respectively, after these Heegaard moves. On the other hand, if the smoothing of ¢},

connects the black regions —i.e., y;1 = yy \ e, — then 7:[? ;v 18 isotopic to the multi-diagram

in Fig. 15, also denoted by > 7.1~ (Note that, in either case, the ladybug curves in H> 7. are
stretched just enough to achieve admissibility, rather than all the way to the region containing
X as in the definition of H.) We shall distinguish these two cases using the number v = vy 7,
defined to be 1 in the first case and O in the second, as in Section 2.

In Figs. 14 and 15, we have indicated, by circles and squares, some intersection points between
the a curves and the B, y, §, and € curves. For each i = 2, ..., m, let w; (resp. x;, y;, and z;)
be the circular intersection point between a,, and some B (resp. y, d, and €) curve, and let wlf
(resp. xl.’ s ylf , and zﬁ) be the square intersection point between a,; and the same B (resp. y, 8, and
¢) curve. Note that every point of T, N Tg (resp. T, N T,, T, N Ts, and T, N'T,) contains either
w; or w; (resp. x; or x;, y; or y/, and z; or z;) fori =2,...,m, and

|T.NTg| = |TaNT,| = |Ta NTs| = |Ty N Te| =271

By construction, the unique point wq (resp. Xo, Yo, and zg) of T, NTg (resp. T,NT,, T,NTs, and
T, N T¢) in the top Maslov grading contains all of the w; (resp. x;, y;, and z;). For 2, ..., m, let
w; be the generator obtained from wq by replacing w; by w!, and define x;, y;, and z; similarly.

5 This is destabilization in the sense of multi-diagrams; see [40,47].
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Fig. 14. H; v in the case that yii =vrVej. The tuples a, B, y, 8, and € are drawn in red, blue, green, orange, and
purple, respéctively, The crossing cj, is on the top and ¢, is on the bottom. The shaded regions represent the domains
of the triangle classes considered in the proof of Proposition 7.5. Points in A are labeled with their corresponding values
of wy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

These constitute all of the generators in the second-to-top Maslov gradings of their respective
complexes.

The two lemmas below are easy exercises in counting holomorphic disks; compare with
Proposition 4.2 and Lemma 5.13.

Lemma 7.1. The differentials on CFK(a, B), CFK(a, €), CFK(8, y), CFK(8, §), CFK(y, €),
and CFK (4, €) are all zero. The differentials on CFK(a, y) and CFK(a, §) are given by

A+ TN\ (a1} U X, Xag1 €X
aa)/(x) - {0 + Xai1 ¢X
A+TYG\ e} UL ) Yer1 €Y

g - c+1
5 {0 Ver1 €Y.

Lemma 7.2. We have

By . Ve
By oBry _ 16," i€fa,c} ve grey _ 165 i €{b.d}
Vi (00 = {O otherwise Vi (6= 0 otherwise

BS . de
B, B8y _ |6y ie{b,d} se;ndey _ )65 i €fa,c)
o = {0 otherwise vEer) = 0 otherwise,

while WPY (687) = w01 = v’ (%) = w¥(Ok) =0fori=1,....m.
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The genericity of r implies that B 4+ C and C + D are nonzero, so
H.(CFK (@, y; F), day) = Hu(CEK(@, 8 F), dup) = 0; (7.1)

compare with Lemma 2.3. In other words, every cycle in CflE‘JK(a, y;F) or Cfl?K(a, 8; F) is

a boundary, so we may define maps 8;),1 and 8;31 up to addition of cycles. Indeed, for any
x € T, N'T, containing x(’l_H, we may take Ba_yl x) = (1 + T8+~ I(x\ {x;_H} U {xg+1}),
and define 8;31 similarly.

Let faﬂy, fa/%’ faye, Jases faﬁye, and fa/%e be the maps defined by
fupy ®) = Fag, (x® (617 + 057),
Fapye®) = Fapye(x® (087 + 007y @ (67 + 61,

and so on. According to the discussion in Section 5.3, these maps fit into a commutative
diagram,

day
CFK(a, y; F) (7.2)
Juty \
— f(l €+f(l €
CFK(a, B F) pre T CFK(a, €; )
CFK(a, &; F),
aari

which may be viewed as a filtered complex, where the filtration is by horizontal position. Let
&1, v denote the spectral sequence associated to this filtered complex. Its d; differential vanishes
due to (7.1). Since the differentials d,5 and d,¢ are also zero, we may identify the complexes
@(a, B; F) and @(a, €; F) with their homologies. With respect to this identification,
E>(Sy, 1) is the mapping cone

CFK(a. B; F) —— CFK(a, €: ), (7.3)
where, for any generator w € @(a, B; F), we have
8(W) = (fapye + fapse + faye 0 0z, 0 fapy + fase 0 05 © faps) (W)
= Fupye(W® (017 + 607y @ (67 + 61%)
+ Fapse(w® (07 + 0% @ (05 + 0¢))
+ Faye(0,) Fapy W ® (017 + 657)) ® (0] + 0)))
F Fase (075 Faps(w ® (0P + 0%)) @ (09¢ + 039)).

Our goal, then, will be to understand the map g.
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Fig. 15. ’H?J,, in the case that y;1 = y1 \ ¢j;.

7.2. Commutation with the basepoint action

Fork,l € {1, 2}, define
g5l (W) = Fapye(w® O ® 0] ) + Fupse(w® 6] ® 6))
+ Faye(0,) Fapy W ® 6f7) ® 6]) + Fuse (95 Faps(w ® 6]°) ® 6f). (7.4)
Clearly, g = gb'! + g"2 + g>! 4 g%2. The lemma below follows directly from Proposition 6.6.

Lemma 7.3. The maps g% are each homogeneous with respect to the Maslov grading. Moreover,
the Maslov grading shifts of these maps are related by

M(ghh) = Mg +1= M) +1=M@g*?) +2.
This decomposition enables us to understand how g interacts with the maps Wla P and wae.

Proposition 7.4. Foranyi =1,...,mand k,l € {1, 2}, we have g&! o Wi”ﬂ = W€ o ghl with
the following exceptions.

() Ifi=aori=c, theng" o W = w5 gl 4 21

Q) Ifi =bori=d, then gk' o U = wac o ghl 4 gk2,

Proof of Proposition 7.4. From the A, relation (3.13) and the fact that 9,8 = dge = 0, we
have, for each w € CFK(a, B8; F) and x € CFK(a, y; F), that
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Fupy (B (w), OF7) = Fup(w, 7 (0F7)) + 0 (Fupy (w, 67))

04, (T (w, OF7)), (15)
Faye (WY (x), OF) = Fape(x, U/ (O])) + U (Fape(x, O]))
+ U 04y (x), O)°). (7.6)

Applying Fm,g(aa_yl (), ©) to both sides of (7.5), we have that

Faye(@5,) (Fagy (WP (W), O07)), 0] ) = Faye (07, (Fapy (w. ¥V (6F7))), 6])
+ Faye @3, (07 (Fagy (W, L)), 6]) + Faye (87" (w, 6F7), 6]°). 7.7
In the second term on the right of (7.7), we may commute 8;},1 past Wiay. We substitute
x = 8, (Fagy (w, 6]7)) into (7.6) to obtain
Faye @) (Fapy (0P (), O7)), 6) = Faye(0;) (Fapy (W, WE7 (0F7))). 0])
+ Faye (0, (Fapy (W, 67)), W/ (6] ) + W (Fuye (8, (Fagy (W, OF7)). 6]))
+ U (Fapy (W, OL7), OF) + Faye (0" (w, OF7), 6]). (7.8)
Similarly, the A relation for the quadrilateral-counting maps yields
Fapye (WP (w), 6, 6]€) = Fagye(w, 97 (0]7), 6]
+ Fapye(w, O 0/ (6])) + U (Fapye(w, 6], 6]))
+ Faye (87 (w, OF), 0)) + Fupe(w, WF7<(6F7, 6]%))
U (Fapy (W, OF), 67 + WP (w, Fgye (6], 6])). (7.9)
Adding (7.8) and (7.9) and canceling terms, we have
Faye(05) (Fapy (0 (W), OF7)), 61) + Fupye (0% (w), 67, 6]%)
= U (Faye ;) (Fapy (W, 67)), O] ) + Fapye(w, 6], 6]/
+ Faye @) (Fapy W, 07 (O 1)), 6] ) + Fapye(w, w7 (6]7), 6])
+ Faye @) (Fagy (W, O7)), W< (O])) + Fupye(w, O, W] (6]))
+ Fape(w, WP70F7 0F)) + v (w, Fg,e (07, 67)). (7.10)
Similarly,
Fase (35 (Faps (TP (W), 6°)), 036) + Fupse (0P (w), 6°, 6)°)
= U (Fase (85 (Faps (W, 6°)), O8) + Fagse(w, 6, 6)))
+ Fase (35 (Faps(w, 6f)), U (02) + Fapse(w, 6, 0P (6)))
+ Fase (35 (Fups(w, U2 (0F))), 60) + Fupse(w. w°(6]"), 6)%)
+ Fape(w, UP€(0F°, 00€)) + WP (w, Fpsc(6]°, 60°)). (7.11)
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The first lines in (7.10) and (7.11) sum to gk’l(wiaﬂ (w)), and the sum of the second lines
equals ¥ (g"'(w)). By Lemma 7.2, if k = 1 and i € {b,d}, then the sum of the third
lines of (7.10) and (7.11) equals g2 (w); otherwise, it equals zero. Similarly, the sum of the
fourth lines equals g©%(w) if | = 1 and i € {a,c}, and zero otherwise. Thus, to finish the
proof of Proposition 7.4, we only need to show that the sum of the fifth lines is zero; that
is,

Fupe(w, WP<(0F7, 07 + w6/, 6)¢))
+ 0P (w, Faye (67, 61) + Fgse (6], 6))) = 0. (7.12)

This follows from an argument nearly identical to those in the proofs of Lemma 5.8 and
Proposition 5.9. Let 9,5 7 € Tg N Te denote the generator consisting of the point of '3"/2 N
€c;, nearest the point of ., Ny, in 95 ¥, the point of Bej, N €c; nearest the point of
Yej, N €, in 9;’6; and, for each i = 1, ..., m, the intersection point ng of By, N ey, with
smallest §-grading contribution, as in Section 5.1. As in Lemma 5.1, Qﬁ 0 95 0 @ﬁ 5, and
@5 52 are the generators in Tg N T, with minimal §-grading. Moreover, it is not hard to see
that

Faye(6]. 6]) = Fane (6], 60°) = O]

the domains that contribute to these maps are simply disjoint unions of small triangles.

Furthermore, the §-grading shifts of Wiﬁ Y€ and Wl.ﬁ V€ are 1 less than those of Fg,. and Fgse,
respectively. Thus,

wfreefr. o7 = v e, o =o,
and both terms on the left side of (7.12) vanish. [

Next, we describe the actions of the maps Wl.aﬂ and Wi"e. The diagrams (X3, a, B, O, X)
and (X3, a, €, O, X) both satisfy the hypotheses of Proposition 4.3 with respect to the marking
(A, wy). Therefore, without any direct computation, we know that

m
Z TR W,-aﬁ =0, (7.13)
i=1
d
Z TRAD gae | Z TA+R(+1iD) gae
1 1
ie{l,...,a,d+1,....m} i=c+1
c b
+ Z TA+D+R(B+1.0) w4 Z TA+D+C+R(a+1.i) e =, (7.14)
i=b+1 i=a+1

Any element of Cfl?K(a, B; F) may be obtained from wq through a sum of compositions of the
W.aﬁ maps, by Proposition 4.3. Therefore, by Proposition 7.4, the values gl’l(wo), gl’z(wo),

l
gz’1 (wp), and gz’z(wo) determine the entire function g. We shall see in a moment that gz’1 (wo)
is a nonzero multiple of zy, the unique generator of CFK(a, €; F) in the top Maslov grading. It

follows that the other values gk’l (wo) are completely determined by gz’ !(wp). Indeed, it must be
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the case that g!-!(wp) = 0 by Lemma 7.3. Next, by (7.13) and Proposition 7.4, we have

m
0=¢g (Z TR0 !7iaﬂ (Wo))

i=1

m
_ ZTR(l,z)(gl,l +gl’2 +g2,1 —i—gz’z)(!l'/fﬁ(wo))
i=1

m
_ ZTR(I,I)Wiae((gl,] + o124 g2 4 g2 (wp))

i=1

H (@A T g2+ g2 %) (wo)

+ (TATE 4 TATBECED) (12 4 g22) (wo). (7.15)
The sum of the terms in the top Maslov grading must equal zero, so

(TA + TA+B+C)g2,l(WO) + (TA+B + TA+B+C+D)g1,2(WO) — 0’

which determines g!-?(wy). Likewise, the sum of the terms in the second-to-top Maslov grading
must equal zero, so

m
D TRV g ((g"? + g (wo))
i=1

which determines g2'2(wo). Thus, g is determined by the following.

Proposition 7.5. The map g>! satisfies
TB+|)C

2,1 _
g~ (wo) = WZ

0-

Proof of Proposition 7.5. In each of Figs. 14 and 15, the turquoise regions represent the domain
of a Whitney triangle ¢y € ma(wo, @f Y X441), and the (partially overlapping) gray regions
represent the domain of a triangle ¥» € m2(Xo, 9}' €, z0). Both of these domains avoid the
basepoints, and their weights are (wp, ¥1) = 0 and (o, ¥2) = B + vC. Moreover, one can
verify using Sarkar’s formula for the Maslov index of polygons [48] that (1) = u(yn) = 0.

Since the map Fyg, (- ® 95 "y is homogeneous, it follows that

m—1

Fapy(wo ® ny) = Z 5iW;
i=1

for some coefficients s; € F. Since wy is a cycle, the right side of (7.17) must be as well, which
implies that s; = O for i # a + 1. Furthermore, it is easy to verify that i is the only positive
class in 7 (Wo, 85 v, X,+1) Thus, we may conclude that

Fapy (Wo ® 007) =5 - X4 (7.17)

for some s € F. A similar argument shows that

Faye(xo ® 6]°) =1- Tz (7.18)
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for some ¢t € [F. Therefore,
TB+UC

T 7EC?
We shall see that s and ¢ are both equal to 1. Remarkably, we will not need any direct analysis of
moduli spaces to prove this fact.

Note that the Maslov grading shift of Fgg,, (-, Qf V) is equal to that of Faps (-, Qf 8), )
Fups(wo, ©>) must be in the second-to-top Maslov grading in @(d, &; F). This implies that
Fups(Wg, ©1) is in the top Maslov grading and, hence, is a multiple of yo. However, this multiple
must be zero, since Wy is a cycle while 9,5 (yo) # 0. Thus,

Faye(8;) (Fupy(Wo ® 0)7) ® 61)) =5 -1 0. (7.19)

Fuse (05 (Faps(wo ® 0F°) @ ©)) = 0. (7.20)

Next, we claim that the two terms in g>'(wg) which count holomorphic rectangles both
vanish; that is,

Fapye(Wo ® 657 ® 07€) = Fupse(wo ® 6 © 62) = 0. (7.21)

It follows from (7.17), (7.18), and the fact that g! is homogeneous that both terms in (7.21)
are multiples of zy. To prove (7.21), we show that the domain of any Whitney rectangle i in
72 (Wo, ny, 91’/6, Zp) or (W, 91’%, 9535, Zo) in Fig. 14 which avoids QU X has some negative
multiplicities (the same argument works for the diagram in Fig. 15). Fori = 1, ..., a, the local
multiplicities of D(y) near p; are as shown in Fig. 16(a), for some integers p, g. To avoid
negative multiplicities, we are forced to have p = ¢ = 0; it follows that the multiplicity of the
top region equals that of the bottom region. For i = 1, this top region has multiplicity O since it
contains X,,. Inductively, the region directly to the right of X, in Fig. 14 has multiplicity 0. The
multiplicities of D (1) in the regions near O,41 and Oy are therefore as shown in Fig. 16(b)
and (c), for some integers r, s, t, and we are forced to have r = s = ¢ = 0. Since neither 9{3 4
nor 9{36 is a corner of D (), the multiplicity on the underside of the upper-right tube must be
—1. As aresult, ¢ has no holomorphic representative.

Therefore, the only potentially nonzero contribution to g% (wo) (of the four terms in (7.4))
is that in (7.19). If s - t = 0, then g(wp) is also zero, by (7.15) and (7.16). This implies that
g is identically zero, by Proposition 7.4. On the other hand, Theorem 5.10 tells us that the
homology of the filtered complex in (7.2) isﬂgﬂ(ﬁ J, lorly; F). Since the spectral sequence
81,17 converges no later than the E3 page, HFK (L, [wr]y; F) is isomorphic to the homology
of the mapping cone of g, by (7.3). This means that, if g = 0, then HFK (L, [w¢]; F) has rank
2™ over JF. But this is plainly impossible: if [or]; = 0, then, by (3.6),

HFK (L. [we]y: F) = HFK(L ) ®F F,

which has rank 2”1 over F; otherwise, if [w¢]; # 0, then HflE‘/K(ﬁl, [wels; F) = 0, by
Proposition 4.2. Therefore, it must be the case that s - + = 1, completing the proof of
Proposition 7.5.

7.3. Sufficiency of the model computation

In this subsection, we show that the model computation above suffices to describe the complex
(E2(S%), d2(S%)) up to isomorphism.

The sequence of Heegaard moves from Hj ;» to H; ;» described at the beginning of
Section 7.1 induces chain homotopy equivalences,
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a

Fig. 16. Local multiplicities of the Whitney rectangle .

CFK(a, B) — CFK(«, 7(I)),  CFK(a, y) — CFK(a, (1)),
CFK(a, §) — CFK(a, 7(1%),  CFK(a, €) — CFK(a, 7(I")),

which preserve both Maslov and Alexander gradings. These are compositions of the maps
corresponding to stabilizations with triangle-counting maps corresponding to isotopies and
handleslides. We shall denote these chain homotopy equivalences by @; ;». There are also maps
51, ;» in the reverse direction which are homotopy inverses of the @; j». These are compositions
of triangle-counting maps with the maps corresponding to destabilizations.

These Heegaard moves also induce homogeneous maps (denoted by &; ;» as well),

CFK(B,y) — CEK(q(I), n(I")),  CFK(y,€) — CEK(y(I"), p(1")),
CFK(B, §) — CFK(y(I), n(1*)),  CFK(,€) — CEK(n(I%), n(I")),

which give rise to injections on homology taking the part of H/I?K(ﬁ , ) in the top Maslov grading

to that of @(1}(1), n(I1")), etc. (See [40].) Hence, @MH(@{S)/) =T° @11’11 for some e € Z.
Every point of A is contained in the same region as a basepoint in the triple-diagram associated to
each pair of consecutive Heegaard diagrams in the sequence from (X, n(1), (1 ) to (53, B.y).
It follows that @; ;» does not pick up any nontrivial powers of T'; that is, e = 1. By the same
token,

1 s 2

@]J//(@{jy) = @11,1 . @]’[//(9{3 ) = 911’1 N
1 qn 2 qn
o (0] =0", @6 =06]"".
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Fig. 17. The complex induced by the Heegaard moves from H3 , toH 11"

1,1
Furthermore, since &; ;~ is equivariant with respect to the maps ¥;, we have
1,11 8 1,12

Py, 1”(9ﬂy) =6, b;.11(05°) = 6]
1 v 12 1"
G 1(0))=6,", & (05 =6,

by Lemmas 5.13 and 7.2.

The A relations (3.11), applied to the large multi-diagram which includes all of the multi-
diagrams in the sequence from H; ;~ to H3 1.0 show that these maps fit into a complex as shown
in Fig. 17. We may view this complex as a filtered map between two filtered complexes, which
induces a map of spectral sequences. On the E; page, we have a commutative square.

HFK (a, 8; F) HFK (a, €; F) (7.22)

= (él,ﬂ/)* = (451,1”)*

HFK (o, n(1"); F).

The maps (9; ;7)« parameterize @K(a, n(I); F) and @(a, n(1”); F) by groups that we
understand concretely. (7.22) then says that, with respect to these parameterizations, the map
dy p» is described by g. To show that this determines the global structure of (E2(8;_—), d (S;_-)),
we must verify that any two of these parameterizations agree where they overlap. Specifically,
consider another double successor pair J, J” € R(D) for whicheither I = J, I = J", 1" = J

HFK («t, 7(1); F)
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or I” = J”.° Without loss of generality, let us assume that / = J; the other three cases are
treated identically. Let

H]],, (25,d,8,y',8,€,0,X)

be the genus-3 Heegaard diagram obtained from H; ;~, as described in Section 7.1, and let
w0 denote the point in T, N Tg of maximal Maslov grading. Since HFK(a y(1)) has rank
I in this grading, we know that ($; j»)s ([WO]) = A9y, 1//)*([w0]) for some nonzero A € F.

Since any element of HFK(a B) (resp. HFK(a’, B’)) can be obtained from [wp] (resp. [WO])

via the action of the maps 1/fi‘3 (resp. wl- ap ), and (D j7)s and (Py jr), are equivariant with
respect to these actions, the constant A completely determines the relationship between the two
parameterizations. In fact, the following proposition implies that A = 1.

Proposition 7.6. The elements @y j»(wo) and Dy, jv (W6) represent the same homology class in
HFK (e, n(1)).

Proof of Proposition 7.6. It suffices to show that the composition

S~ @ 14 —~ 5 " —~
CFK(a, B; F) —= CFK(a, n(I); F) —5 CFK(d, B'; F) (7.23)

sends wo to w;. Since the maps induced by (de)stabilizations commute with those induced by
isotopies and handleslides, ¢; ;» and &, ;» can be factored into the compositions

S~ S~ ¢/ " —~
CFK(a, B: F) > CFK(@', B': F) — CFK(a, 5(1); F),

Ik 6/111” ST ok Rk [T
CEK(a, n(I); F) — CFK(a", *; ) — CFK(a', B"; F),
where (X, al, /31, 0, X) and (X, ak, ﬁk, 0, X) are obtained from H ;» and Hl I
n — 2 times, and @ and & are the maps induced by stabilization and destablhzatlon, respectively.
By definition, the map ¢ sends wy to the unique generator W(l) inT,1NTp1 of maximal Maslov

by stabilizing

grading. Likewise, @ sends the unique generator wg in T« N'Tgr of maximal Maslov grading to
w,. To prove Proposition 7.6, it then suffices to show that the composition

~ 1 1 Q}’[U ~ Ef],]” —~ k k
CFK(a', B'; F) — CFK(a, n(I); ) —— CFK(a", B"; F)
sends W(l) to w’é. The map 5;’1// o @; ;» is a composition $x_j o --- o P, where
; : CFK(@', '; F) — CEK(@@'*!, gi+1; 7)

is the triangle-counting map induced by the handleslide or isotopy taking (X, a’, 87, O, X) to
(X, a't!, it 0, X), where eithera' = a't! or B/ = B'+!. Note that, for some intermediate
j,wehavea/ = a and B/ = y(I).

Recall from the previous section that a Kauffman generator is one which does not contain
any intersection point between a ladybug curve and a non-ladybug curve. Let wf) denote the
unique Kauffman generator in T,; N Ty of maximal Maslov grading. It is not hard to see that,

. . . . . . i+1 t .
foreachi = 1,...,k — 1, there is a Whitney triangle ¥; in either 75 (O° * WO, w6+]) or

0 This J is not related to the J used earlier in this section.
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Fig. 18. The white circles and squares represent wa and wf]'H , respectively, and the ﬂi+1 curves are in green. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

7T2(W6, eF' B! , W6+1) (depending on whether @’ = a't! or B = B'*!, respectively) which
avoids O U X U A. If (X, a't!, git!, O, X) is obtained from (X, a’, B, 0, X) by an isotopy
or handleslide of a ladybug curve, then W6+] is “very close” to wé, and the domain of ; is
just a disjoint union of small triangles. Otherwise, if (X ,alth ﬂi+1, 0, X) is obtained from
(X, a, B i, 0, X) by a handleslide of a non-ladybug curve, then there are two possibilities.
Without loss of generality, assume @’ = a'T! and that BT is obtained from B by

handlesliding ,Bi over ,85, as shown in Fig. 18. If there is no point of W6 on a’i N ,8{, then wf)‘H

is “very close” to Wf), and the domain of v; is a disjoint union of small triangles; see Fig. 18(a).
Otherwise, Wf)-H is “very close” to wg away from the portion of the diagram shown in Fig. 18(b).
In these distant regions, the domain of ¥; is a disjoint union of small triangles; near ai and ﬂé,
the domain of ¥; consists of the hexagon shown in the figure.

The concatenation 1 = vy *- - - % \ is therefore a Whitney (k +2)-gon connecting W(l) to w’é,
with evaluation {(wy, ¥) = 0. Suppose that v/ is another concatenation of triangles connecting
these two generators and missing @ U X. Then D(¥") — D () is a multi-periodic domain P on
the large multi-diagram that encodes all intermediate diagrams between (X, a', B!, Q, X) and
X, ak, ﬁk, 0, X). One can show, exactly as in the proof of Lemma 5.3, that any such periodic

domain is the sum of doubly periodic domains in HL?,. giv1 orll 0 fori =1,...,k— 1, with

z’ﬂiJrl ’
a periodic domain P’ in Hfl Pt The former domains must miss A since the handleslides and
isotopies all avoid A, and, since (X, al, ﬁl, 0, X) is a diagram for the unknot in S 3 we have
P’ = 0. Thus, P misses A, s0 {(wr, ¥') = (wr, ¥) = 0. This implies that the coefficient of w’é in

B o by p(whisl. O

Proof of Theorems 1.1 and 2.7. For each I € R(D) such that either (1) there is a double
successor I” of I with I” € R(D) or (2) I is a_double successor of some J € R(D),
Proposition 7.6 gives us a canonical class w! € HFK(et, §(1); F). For all other I € R(D),

we may take w’ to be any generator of H/IE/K(cc, n(I); F) in the top Maslov grading.
Recall that ) is the vector space over F generated by y, ..., y,, modulo the relation

m
Z Trdl(])erJrral (i)yo.[ i) = 0.
i=1
By Proposition 4.3, there are isomorphisms
pr: A*(Vr) — HEK (@, n(1); F)

such that p;(1) = wy and pr(yix) = ¥*"(or(x)) for all x € A*(V;). By expressing
Propositions 7.4 and 7.5, (7.15) and (7.16) in terms of these identifications, we see that, if 1"
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is a double successor of I, then dj j» is as described in Section 2. Thus, the maps p; induce
an isomorphism of chain complexes from (C(D), ") to (E2(S%), d2(S%)), and the grading A
agrees with the grading on (C (D), d") defined in Section 2. This identification, combined with
Theorem 6.2, completes the proof. [

Remark 7.7. One can also use the computations in this section to determine the d; differential
of the untwisted spectral sequence S (which does not depend on r). Unfortunately, the rank
of its E, page, after dividing by 2”7IXl to adjust for the number of marked points, is not an
invariant of L. For instance, the complex associated to a 0-crossing diagram of the unknot with m
marked points consists of a single copy of A,();) (where I is the empty tuple), with rank 2!
On the other hand, for a 3-crossing diagram for the unknot obtained by changing one crossing
of a diagram for the trefoil, with one marked point on each of the six edges, a Mathematica
computation shows that the E, page has rank 48 rather than 32 = 23,
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