L
View metadata, citation and similar papers at core.ac.uk brought to you by : CORE

provided by Elsevier - Publisher Connector

Pergamon TFapology Vol. 35, No. 4, pp. 887-900, 1996
Copyright © 1996 Elsevier Science Ltd

Printed in Great Britain. Al rights reserved
0040-9383/96/$15.00 + 0.00

0040-9383(95)00050-X

TOPOLOGY ON S~ 'S FOR BANACH ALGEBRAS
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IN THIS note we show that Quillen’s S~ !S-construction on the category of finitely generated projective modules
over a Banach algebra A with identity has a topological enrichment S™'SP(A) and B(S™!S“P(A)) has the
homotopy type of KyA x BGL*PA. By applying the singular complex functor, we obtain a first quadrant spectral
E} A = KJEA(AP), where A(AP) is the ring of continuous A-valued functions on A?, that converges to
KR A =7, (KA x BGL“PA) for p + g 2 0. Copyright © 1996 Elsevier Science Ltd

0. INTRODUCTION

Let A be a Banach algebra with identity. For p > 0 the topological K-theory of A is defined
to be K;PA:= n,BGL'’A, where GLPA is the colimit of finite-dimensional invertible
matrices over A and BGL'PA is its classifying space. Since the Grothendieck group KA of
A only depends on the algebraic structure of A, K>PA = 7, (KA x BGL'*PA) where KA is
given the discrete topology. On the other hand, the algebraic K-theory of A is defined to be
K2#A ;= 7, (KoA x BGL?A™), where GL?A is the colimit of the discrete groups of finite-
dimensional invertible matrices over A and ( — )% is Quillen’s plus construction [2]. The
map GL°A — GL"“PA induces a map

KoA x BGL’A* — K,A x BGL'PA 4
of topological spaces and a map
K¥A - KPA, >0 )

from the algebraic K-theory to the topological K-groups of A.

In this note we approach the topological and algebraic K-theory of A through Quillen’s
S~ !S-construction [7]. Recall that if 2 is the category of finitely generated (left) projective
A-modules, then the homotopy groups of the classifying space of the category S~ 'S(#) are
the algebraic K-theory of A—we shall assume that most all categories are small. Like the
topological enrichment GL'PA of GL°A, there is a topological enrichment §™!S5'*°?(2) of
the category S™'S(#). The central result of this note, Theorem 3.1, asserts
KPA = 7,S718%P(2) and the forgetful functor

S715(P) - S~ 'SP (P) (3)

induces the map in (2). This result is part of the folklore of group completions [1]; however,
the proof given does not deal with localization of homology groups. Instead we show that
there is a continuous extension of the setting considered in [7] and the fibres of the
continuous map BGL"PA — B(S™!§"P(#)) are contractible; in fact these fibres can be
identified with a realization of a simplicial model of frames in A®, The discerning feature of
the functor in (3) is that it is the “identity,” whereas the map in (1) is induced by the
“identity” and involves universal properties of H-spaces and the -+ -construction.
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In Section 1 we extend Quillen’s Theorem A [19], which says that a functor with
contractible fibres induces a homotopy equivalence of classifying spaces, to topological
categories, and mention that Thomason’s homotopy colimit theorem [24] also has
a topological extension. We topologize Quillen’s S ~!S-construction in Section 3 after giving
a Banach space analog of the Stiefel manifold of k-frames in R”.

In Section 4 we replace the topological category with the simplicial category

[p] = STIS"M(P)(AP).

Using Karoubi’s extension [11] of a theorem of Swan [23], which states that there is
equivalence between the category of #-fibre bundles over a compact space X and the
category of finitely generated projective modules over the ring of continuous functions from
X to A, we are able to identify the homotopy groups of the classifying space of
S 18'?(#)(A?) with the algebraic K-theory of A(A?), where A(A?) s the ring of continuous
A-valued functions on the geometric p-simplex A?. We then obtain a spectral sequence

K2SA(AP) = EL (A) = K2P, A

whose edge homomorphism is the map in (2). If A = C(X) is the commutative Banach
algebra of continuous C-valued functions on X, then

K$®A(AP) = C*(X x A") @ [X, SU]

HY(X,Z)®[X,SU] ifp=0

2 ~
Epi() = {Hl‘P(X, Z) if p>0.

Motivated by this observation we define the homotopy groups of the algebraic K-theory of
A to be 1, K2'8A .= EZ ,(A).

1. TOPOLOGICAL CATEGORIES

The term topological category should be taken to mean a category in which each hom set
is endowed with the structure of a compactly generated topological space and the usual
structure maps are continuous. Let € and £ be topological categories. A functor F: € —» Z is
called continuous if for each pair (4, B) of objects of € the map F: Hom(4, B) - Hom(F(A),
F(B)) is continuous. Let Y be an object in 2. The comma category Y/F is not, in general,
a topological category, however, it does have the structure of a category object (see [5,
Section 7]) in Top, the cartesian closed category of compactly generated topological spaces.
To be precise, the space of objects of Y/F is

obj Y/F = [ | Homy(Y, F(X))
X

and the space of arrows is

arr Y/F = [] Homy(Y, F(X,)) x Homg(Xo, X, ).
Xo. X,

Similarly one can define the category object F/Y. Note that the product of two topological
spaces is given the compactly generated topology [21].

Given a category object ¥ in Top, let N¥ denote the nerve of €. Recall that N¥ is
a simplicial object in Top, and the classifying space of € is the geometric realization
B¥ = |N¥| of N¥ obtained from [[,A" x N€, by the relation (¢, a*x) ~ (a,t, x) for all
o:[m] —=[n], te A™ and x e N%,.
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Let 4 be a topological category and X an object of . Denote by X/ the comma
category X/F with F equal to the identity functor. Let p: X/ — X/% be the continuous
functors given by p(f) = idy.

LemMa 1.1. Let € be a topological category, and let X be an object in €. There is
a continuous natural transformation n:p &, 1. In particular the classifying space B(X /%) is
contractible.

Proof. Let :0bj X/€ — arr X /% be the map given by
(ffX->Xo)—(id:X>X,f: X > Xy)

Clearly # is continuous. Let (f: X — X, fo: X, — X ) be an arrow in X/%. Since the
following diagram is commutative.

(id:X->X) - (f:X->X,)

H !

(id: X ->X) = (foof:X->X,)

# is a natural transformation. O
Remark. A similar proof that the space B(¢/X) is also contractible for every X in 4.

Quillen’s Theorem A. Recall that a bisimplicial space X is a functor ([ p], [¢q]) —
X, ,€Top. One may view X as a family of spaces in the first quadrant of the plane together
with horizontal and vertical face and degeneracy operators that commute and satisfy the
familiar identities [13]. Given a bisimplicial space X, there are natural homeomorphisms
I[p]— | X, || =|diag X | ={[q] — | X, .||, where diagX is the simplicial space
[p] — X, ,. Following Segal [20] we call the simplicial space X good if all the degeneracy
operators s;: X, = X, + are closed cofibrations. Good simplicial spaces have the property
that a simplicial map which is termwise a homotopy equivalence determines a homotopy
equivalence of the corresponding geometric realizations.

The following theorem is a version of Quillen’s Theorem A [19] for topological
categories. We shall follow his proof with little change.

THEOREM 1.2. Let € and @ be topological categories, with the property that the inclusion
of the point *x — lye Hom(X, X) are cofibrations for all objects of ¢ and 2, and let
F:% — Z be a continuous functor. If the classifying space B(Y/F) has the homotopy type of
a point for each object Y in 9, then

BF:B¥ - BZ

is a homotopy equivalence.

Proof. Let S(F) be the category object in Top whose space of objects is
obj S(F) = || Homg(Y, F(X))
XY

and whose space of arrows arr S(F) is

H Homg (Y4, Yo) x Homy (Y, F(X,)) x Home(Xo, X ;).
Y. X
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A triple
(go: Y1 = Yo,9:Yo> F(Xo), fo:Xo—X,y)

is an arrow from g: Yy — F(X,) to F(fy)egogoe:Y; = F(X,). Define n,:S(F)—> 2°° by
sending (¢:Y — F(X); X)to Y, and define n,: S(F) —» % by sending the same object to X.
Let T(F) be the bisimplicial space whose (p, g)-simplices are of the form

(Yoo = > Yo F(Xo) Xo— - = X)),
T(F),,, is topologized as the disjoint union

[I Homy(Y,, Y- 1) x - xHome(X,_;, X,).

X.Y;

Let N%" be the bisimplicial space equal to the nerve of ¥ in the horizontal direction and
constant in the vertical direction. The obvious projections induce a map

T(F) - B%" 4)

of bisimplicial spaces. Since the nerve of S(F) is equal to diagonal of T(F), the realization of
the map in (4) is equal to B, . By first realizing (4) with respect to the vertical direction we
get a map

[IB(2/F(X,))xHom(X,, X,_)x --- xHom(X,, Xo) - N%,
X;

of good simplicial spaces. By the previous lemma, B(%/F (X)) is contractible. It follows that
Bn, is a homotopy equivalence. Similarly there is a map

T(F) » Ng°°* (5)

of bisimplicial spaces, where N2 °P* is constant in the horizontal direction; furthermore, the
realization of this map is Bx,. By first realizing (5) with respect to the horizontal direction
we get a map

[]Hom(Y,, Y,)x -+ x Hom(Y,_,, Y, ) x B(Y,/F)— B2
Y,

of good simplicial spaces. Since B(Y,/F) is contractible, Bz, is a homotopy equivalence.
Piecing these maps together we obtain the following commutative diagram

Br, Brn,
B «—BS(F)— B%
lid l lB(F)
Br; Brn,

BZ°P «—BS(idy—— B2
where the middle map is induced by the continuous functor S(F) — S(1,)
(Y, X;9:Y > F(X)) = (Y, F(X); g: Y - F(X)).
Since all the horizontal maps are homotopy equivalences, it follows that BF is a homotopy

equivalence. O

Grothendieck construction. Let Cat be the category of small categories and functors.
Suppose F:J — Cat is a small diagram. By composing F with the nerve functor N, we
obtain a small diagram NF of simplicial sets. Thomason [24] has shown that the homotopy
colimit [3] of NF is, up to weak equivalence, the nerve of J{F, the Grothendieck
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construction on F. J [ F is the category whose objects are the pairs (j, X ), where j is an object
in J and X is an object in F(J). An arrow from (j, X') to (k, Y) consists of a pair (a, ¢), where
a:j—kis an arrow in J and ¢: F(«)(X)— Y is an arrow in F(k).

If F is a small diagram of topological categories, composition with the classifying space
functor B gives a small diagram j — BF(j) of topological spaces. The simplicial replace-
ment functor LI, associates to the J-indexed diagram j+— BF(j) the simplicial space
[p]+~ L ,BF, where

O,BF= [] BF(jo)
o= e =y
The face and degeneracy maps d;, s; for j > 0 are induced by the identity BF(j,) > BF(j,)
and dy:BF(j,) — BF(j;) is the map associated to j, —j,. The homotopy colimit of the
diagram j — BF(j) is the geometric realization of I, BF.

THEOREM 1.3. Let F:J — Cat'® be a small diagram of topological categories. Suppose the
inclusion of the point corresponding to the identity map, 1y € Homg;(X, X) is a cofibration for
each object X in each F(j), jeJ. Then there is a natural homotopy equivalence

n:holim BF — B(J [ F).

Proof. One can mimic Thomason’s proof [24, Theorem 1.2]. O

2. FRAMES IN BANACH SPACES

Let k denote either the field of real or complex numbers. Recall that a Banach space is
a complete normed k-vector space. Given two Banach spaces E and F the product norm on
E x Fis given by |(e,f)| = max{|e|, | f|}. Recall that a k-linear map T : E — F is continuous
if and only if there is a positive constant C such that | T(e)| < C|e| for all ee E. Let L(E, F)
be the k-vector space of continuous k-linear maps from E to F. The operator norm on
L(E, F) is given by

|T| = sup{| T(e)|: ecE, |e| < 1}.

It is well known (see [9]) that L(E, F) is a Banach space and |T<S| < |T||S] for all
T, SeL(E, F).

A k-algebra A with unit [ is a Banach algebra if it is a Banach space, |I| =1 and
[A-u} <|A4{-|p|forall A, pe A. If E is a Banach space then L(E, E) is a Banach algebra, and
the k-algebra k(X)) of continuous k-valued functions defined on a compact space X with
norm | f| = sup{|f(x)|: xe X } is a Banach algebra.

Let A be a Banach algebra, and let 2(A) be the category of finitely generated projective
(left) A-modules and A-linear maps. Given P € Z(A) choose a surjective map ¢: A" — P, and
give P the quotient topology.

LeMMa 2.1. The topology on P is independent of the choice of surjective map ¢ above.

Proof. If y: A™ — P is a surjective map let P, be the space with the quotient topology
induced by y. Given ¢ and ¥ as above there exists a A-linear map T : A™ — A" such that
Y = ¢ T. In particular the identity map P, — P, is continuous. Since there also exists
a A-linear map S: A" — A™ such that ¢ = - §, the two spaces P, and P, have the same

topology. O
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CoroLLARY 2.2. Let P, Q be modules in #(A). Then P and Q are Banach spaces, and
Hom(P, Q) is a Banach space with the operator norm,

Proof. To prove that P is a Banach space it is enough to show that P is a closed linear
subspace of some Banach space. Choose a surjective map ¢:A” — P, and let p: P — A" be
a section of ¢. Then P is isomorphic to the image of p which is also equal to the kernel of the
map (I — po¢): A" — A" Since a A-linear map is continuous, the result follows.

We shall prove that Hom(P, Q) is a closed linear subspace of L(P, Q). Let {¢,}
be a Cauchy sequence in Hom(P, Q). Since L(P, Q) is a Banach algebra lim ¢, exists
in L(P,Q), and it is given by mapping pe P to lim ¢,(p). Hence it is enough to show
that lim¢,(A-p)=A-lim¢,(p), AeA. This follows from (¢, — ¢.)(A-p)]<

|41 [¢m — ¢ul-IpI. O

Denote the Banach space of A-continuous maps from P to @ by Hom(P, Q), and the
topological subspace of automorphisms of P by Aut(P).

CoroLLARY 2.3. The set Aut{P) is open in Hom(P, P).

Proof. Let I be the identity map of P, and put B{(0) equal to the open subset
{w:P— P:|p| < 1}. Notice that if ¢ € B{(0) then the sequence

I+o+¢*+ -

converges to (I — ¢)~'. Hence the open ball By(I) = {I — ¢: ¢ € B;(0)} = Aut(P)is a neigh-
borhood of 1. Since composition is continuous the open ball B,(I) can be translated to an
open neighborhood of any i € Aut(P). ]

Banach manifolds. The natural inclusion P—>P @ Q induces an injective map
Aut(P) - Aut(P @ Q). In order to understand the coset space

Aut(P @ Q)/Aut(P)

we shall introduce the concept of a Banach manifold. Roughly speaking a Banach manifold
is a topological space that is locally a Banach space. To be more specific we give the
following (cf. [12])

Definition 2.4. Let X be a topological Hausdorff space.

(1) A chart for X is a pair (U, ¢) where U is an open subset of X and ¢ is a homeomor-
phism of U onto an open subset ¢(U) of some Banach space.

(2) An atlas for X is a collection (U}, ¢;), ieI of charts of X such that X = { JU; and
¢:(U;nU;) is an open subset of ¢;(U;) and

@07 L 1oUinUj) - 0,(UinU;)
is an isomorphism for each pair of indices i, j.
A topological space that admits an atlas is called a manifold. In order to rule
out pathological examples of manifolds we shall assume that all manifolds are paracom-
pact with a countable base; in particular all manifolds are metrizable and have the

homotopy type of CW-complexes [17]. By a Lie group we mean a manifold with a group
structure.
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LemMa 2.5. Let H be a closed subgroup of the Lie group G. Then the natural projection
7n:G — G/H is a Serre fibration.

Proof. This follows from [14, 7.2 and 8.4]. O

Stiefel manifolds. Fix a Banach algebra A. Let = #(A), and for Pe 2 let #,(P) be the
full subcategory of the groupoid Iso £ of isomorphisms in 2 whose objects are 4 € # such
that P ® 4 =~ A". Consider the space

V.(P)= lim Iso,(P® 4, A").
Aeg’-:(P)“"

If ¢pelsos(P@® A, A" let F(¢):1s0,(P D A, A") - Aut(P @ A) be F(¢))=¢ 1oy If
o P, (P) is a skeletal subcategory of #,(P) then V,(P) is isomorphic to
[I Aut(P@® A)/Aut(0 @ A).
Aeny#,(P)

The topological space V,(P) is an infinite-dimensional analog of the finite-dimensional
Stiefel manifold of p-frames in k"

The map Iso,(P @ A, A") > Iso,(P@® A ® A, A"* ') given by ¢ +— ¢ @ I induces a map
Vi(P)5 V, . 1(P). Let V ,(P) be the colimit of the sequence

S VuP) 5 Vysy(P) = . ©)

ProposITION 2.6. The space V . (P) has the homotopy of a point.

Proof. First observe that 1: V,(P)— V,.{(P) is a closed cofibration [17]. Thus V (P)
has the homotopy of a CW-complex (cf. [ 15, Appendix]), and it suffices to show that V. (P)
has the weak homotopy of a point.

Suppose ¢q, ¢, €V (P), then there is n such that ¢,, ¢, V,(P). We may view an
element ¢ e V,(P) as monomorphisms from P to A" Indeed Iso,(P @ A, A"/Aut(4) is
a torsor under the contractible Banach Lie group Hom(A4, P), and so V,(P) —» Mono(P, A"
is Serre fibration and a homotopy equivalence. Define a family of monomorphisms
D, P-o-AN" DA for0<t<1by

D.(p) = (t-do(p) + (1 — 1) d1(p), t( — 1) do(p)).

The monomorphism ® determines a path from ¢ and ¢, in V,,(P) and shows that V . (P) is
path connected.

Now consider an element xen,(V ,,(P), * ), where *€Isox(P @ A, A")/Aut(4) is some
fixed base point and g > 0. We may represent x by a map f: S? - V,(P) for any continuous
map S? -V (P)factorsas S? —» V (P) - V (P) by [ 21, Section 9] for some n. The fibration
Is0,(P@® A, A") &5 Iso,(P ® A, A")/Aut(A4) induces an isomorphism (cf. [26, Ch. IV, The-
orem 8.5])

Py 7, (I50,(P ® A, A", Aut(4)) - 1,(Is0,(P @ A, A")/Aut(4))

and by fixing an isomorphism P@® A = A", we may identify Isos(P @ A, A") with
Aut(P @ A).
Given x e n,(Aut(P @ A4), Aut(0 @ A4)) is image in

T, AUt POADP D A), Aut0 ® 4 ® P D A))
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induced by the map S+— S®I is =zero since the homotopy of maps
Aut(P@ A) > Aut(P@ AP P @ A) given by

cos i t sin T t
2 2 S 0
H(t, S) =
) sinnt cosnt <0 1)
2 2
for Se Aut(P @ A), carries Aut(0 @ A) to Aut(0 @ AP 0D A) for all «. ]

3. QUILLEN’S S~ 'S-CONSTRUCTION

Recall that Quillen’s S~ !S-construction on the category 2 is the category whose objects
are pairs (A4, B) where A, Be #. A morphism from (4,, B;) to (4,, B;) is an equivalence
class of pairs ( f, S) where

f{(A®S,B @S)— (A, By)

is a morphism in Iso 22 and (f, S) ~ (f’, §') if there exists an isomorphism a:§ — S’ with
f=fU®a I®a)(cf [7]). In particular

Homg-i5((A1, By), (A2, By)) = lim  Homy,:((4: @ S, By @ S), (4,, B,))

Se#(A,B)*

where 2 (A, B) is the full subcategory of the groupoid Iso 2 whose objects are S €% such
that A; ®S =~ A, and B, & S =~ B,. In [7], [6] it was proved that

B(ST1S(2) = KM¥(A).

Topological S™1S. From the discussion of the previous section on Stiefel manifolds it
follows that S~ 'S(#) has a topological enrichment which we denote as S~ 'S'P(2). Let * be
the base point in B(S ~!S(#)) determined by the pair (0, 0). To simplify notation we denote
S™1S(#) and S”15P(#?) by S!S and § 15", respectively.

THEOREM 3.1. The classifying space B(S™'S'P) has the homotopy type of

Ko(A)x BGL"PA
and ©B(S™1S'P) = K[°PA. Furthermore the obvious functor
§71§ > ST1gtr
induces the standard map KA — K!°PA.
Proof. The functor
+:8S71S§xS71§>871S

given by sending the pair ((4y, A1), (Bo, B1)) to (4 @ By, A; @ B,) induces an associative
H-space structure on B(S™'S). Since + is clearly continuous, the classifying space
B(S~1§"P) is also an associative H-space. Moreover,

noB(S_ISmp) = noB(S_IS) = K()A
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is a group. Since the H-space B(S~!S'P) admits a homotopy inverse [6, Lemma 3.2], there
is a homotopy equivalence

B(S™1S"P) =~ Ko(A)x B(S™!S§™)

where B(S™!S§P) is the connected component of the base point and S™1§, is the full
subcategory of pair (4,, A,) for which 4; and A4, are stably isomorphic.

Let S~ 1S%® be the full subcategory of pairs (B,, B,) with B; = B,, and let 1 denote the
inclusion functor. Then B(z) is a homotopy equivalence, and it is enough to show that
B(S™ 1Sg’") and BGL'"PA have the same homotopy type. To see that : determines
a homotopy equivalence it suffices by Theorem 1.2 to show that the classifying space of the
comma category (A, A,)/1 is contractible. If (4;, A,) is an object in S~ !S§®, then there
exists P such that A, ®P=A4,®P. Composition with the arrow (P,1,1):
(A,, A;) > (4, ® P, A, ® P), determines a continuous functor

(A1 ® P, A, ® P)1>(A,, A)).

Since (4; @ P, A, ® P)/i has an initial object, its classifying space is contractible. There is
a continuous functor from (A4, 4,)/1 to (A; @ P, A, ® P)ir sending (C, cy,c3):
(A, A5) = (By, B,) to (C,t*cq,t*cy): (A, @ P, A, ® P)> (B, ® P, B, ® P), where 1*¢; is
the composite

T a1

The composition y of the continuous functors (4;, 4,)/1 = (A; @ P, A, @ P)1—(A4,, Ay)/1
sends (C, ¢y, ¢,) to the diagonal arrow in the following commutative diagram.
(C.c,.c3)

(Al,Az) — (Bu Bz)

(C,t%,,t%;)

(4,©P,4,0P)

(Bi®P,B,®P)

The upper triangle shows that there is a continuous natural transformation from the
identity functor to y. Hence B((4,, 4,)/1) is a homotopy retract of the contractible space
B((A, @ P, A, ® P)/1). Thus B(2) is a homotopy equivalence.

Let GL2PA: N - Cat'P be the diagram of topological categories that assigns to n the
groupoid GL}°®A. Denote the unique object of GL,’’A by A", and to simplify notation let
n represent the object (n, A") in the Grothendieck construction NfGLf;‘PA of GL{PA. Let

F:N[GLPA —>S71s5?
be the functor that sends n to the pair (A", A") and the arrow (m < n, T) to
(I, T), A" "™ (A", A™) > (A", AM)).
Clearly F is well defined and continuous. Now B(N | GL{?A) has the homotopy type of the

colimit
- = B(GL;®A) - B(GL},A) > - (M
by Theorem 1.3. Since each map in the sequence (3.7) is a cofibration and for every n the

space B(GL’PA) has the homotopy type of a CW-complex, it follows that the classifying
space of N { GL{PA has the homotopy type of BGL'PA (cf. [3, Ch. XII, Section 3]).
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Let 4 = (4, A;) be an object in $™'S¥P. By the following lemma, V (4,) and B(A4/F)
have the same homotopy type. Since V,(A4,) is contractible by Proposition 2.6, it follows
that B(A/F) has the homotopy type of a point. Thus BF is a homotopy equivalence by
Theorem 1.2.

In the discrete case the functor F is essentially the functor defined in [7, p. 2247, where it
was proved that BF is acyclic (cf. [6, Section 4]). In particular there is a commutative
diagram

NfGLLA — S7'S

| l

N{GLYPA —— S1SgP

and it follows that the map in (2) is equivalent to 7;B(S 1) — n; B(S ™ 15*P). O
Lemma 3.2, B(A/F) and V (A,) have the same homotopy type.

Proof. Since the sequence (6) is a sequence of closed cofibrations, V {4} is the
homotopy colimit of the diagram n + V,(4,). Hence it is enough to show that B{4/F) and
111, V(A,)| have the same homotopy type.

For [ p]€ A we have

N(4/F),= [] Homs s(d, F(ne))x GLEPAx -« GLIPA.

ny ",

Composition in A/F, when restricted to the first factor, is induced by the standard inclusion,
so the projection map

1505, 5((4; @ P, A, @ P), (A", A")) > Isox(4, @ P, A")

induces a continuous simplicial map =: N(4/F) - 1, V(4,).

Since A = (A4;, A;)eS™S§P, there exists an isomorphism a:A, — 4;. Using a we
define a continuous map o*:Isou(A; @ P, A") - Is0x(A4; @ P, A") x Isox(A, @ P, A”) by
o*(p) = (¢, @ °a). The map o* is stable in the sense that

Isoz(4; ® P, A") — Isos(A; B P, A™)

l 1

[sos(A; @ P B AL A ——  Ts05(4; @ P @AY A™H

commutes for non-negative k and i = 1, 2. Thus o* determines a continuous simplicial map
111,V (4,) > N(A/F).

The composition o1, is the identity, and there is a simplicial homotopy equivalence
from the identity to 1, 7 defined as follows. If (P, ¢, ¢;):(A4,, A3) — (A", A") is an arrow in
S71S¥P, then the isomorphism ¢(x @ 1p)p; ' :A" — A" is independent of the choice of
representatives P, ¢, @,. Now given a point (P, ¢, ¢,):4 - F(ny), Ty, ..., T,) in
N(4/F), with T;e GLPA. Let Oy = ¢,(x @ 1p)¢; ', and define

0= [01(® 1p)p; ' @ I1T; ' eGLiPA
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fori =1, ...,p. With these isomorphisms we obtain a commutative diagram

o F(T)) F(T) F(T,)
A s Flng) —> Fm) —> - —> F(n,)
H lF(@n ln@l) lF(@,,)
.10 F() F() F(I)
A—— F(no) —— F(m) — - —> Fin,)
that determines a simplicial homotopy equivalence from the identity to i, ° 7. ]

4. HOMOTOPY GROUPS OF ALGEBRAIC K-THEORY GROUPS

Let s.Sets denote the category of simplicial. In this section we utilize the adjoint
functors [13, Section 16]

s.Sets———Top
Sing

to convert simplicial spaces to bisimplicial sets. Recall the singular complex functor Sing
carries a topological space X to the simplicial set p — Sing, X = Hom(A?, X), and the
counit |Sing X | — X is a weak homotopy equivalence [13, Section 16].

Let 2 (AF) denote the additive category of finitely generated projective (left) A-modules
whose morphisms are A-linear transformations parametrized by A?. The subscript T is used
to suggest an identification of 2;(X) with the category of trivial #-fibre bundles over
a compact space X (cf. [10, p. 179]).

The underlying simplicial set of N(S$~!8"P) can be viewed as SingoN(S ™ 15'°P), similarly
N(S™!S(21(AP))) = Sing,S ™ 'S'P. Since N(S~'S'P), has the homotopy type of CW-com-
plex the counit

|Sing N(S™1$'P), | > N(S~'5"7),
is a homotopy equivalence; moreover, N(S™'S*?) and g — |Sing N(S~'5'?), | are a good

simplicial spaces. Thus |Sing N(S~'S"P)| is homotopy equivalent to B(S~1S'P),

LemMmA 4.1. There is an isomorphism

TB(STS(2 (A7) = KM A(AP).

Proof. Since A? is contractible every locally trivial 2-fibre bundle over A? is trivial (cf.
[8, Ch. 4, Section 2]). Using Swan’s proof [23] of the equivalence between the category of
locally trivial vector bundles over a compact space and the category of finitely generated
projective modules over the ring of continuous functions, one sees that 2(AP) is equivalent
to the category 2(A(AP)), of finitely generated projective modules over the ring of continu-
ous A-valued functions on AP. Since the S~ !S-construction preserves equivalences, the
lemma follows. O

THEOREM 4.2. Let A be a Banach algebra. There is a first quadrant spectral sequence

KX®A(AP) = EL (A) = KYP,A. 8)
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Proof. Let X, = N(S™!S(21(AP))). Since this space has the structure of an H-space and
7o| X ,| is a group [6, Lemma 6.2] asserts that there is a spectral sequence

E,iq =n,([n] - n, X,) = m,4,0X].

Nown, X, = K;'gA(A") by the previous lemma. Whence the E2-term is the homology of the
chain complex associated to the simplicial abelian group [ p] — K2'®A(A?), see [13, Sec-
tion 22]. O

The natural simplicial map Sing,N(S~1S*°?(#)) — diag Sing N(S ~ 1§'°P(#)) induces the
map in (2) and we obtain

COROLLARY 4.3. The map K2®A — K?PA is the edge homomorphism
KM®A — - > EF, A K\PA

of the spectral sequence in (8).

Homotopy groups of algebraic K-theory. Since A? is a compact topological space, each
algebra A(AP) is a Banach algebra. A result of Milnor [16, Corollary 7.2] states that if A is
commutative then

KA (AP) = A* @ moSLIPA(AP).
Since A? is contractible it follows that m,SLPA(A*) = n,SL'PA

noA* @ neSLYPA if p=0
m,A if p>0.

p

EZ,(A) = {

Thinking of the simplicial abelian groups K2'®A(A*) as coming from the singular complex
of some topological structure on K2'8A we propose

Definition 4.4. Let A be a Banach algebra. The homotopy groups of K¢ A are
n,K2"¥A == E2 ().

Let X be a compact topological space. The complex topological K-theory of X in
negative degrees can be calculated as K~ 9X = K ?C(X). Define the higher algebraic
K-theory of X to be

KX = K}®C(X), q¢>0.
An immediate consequence of Swan’s theory is K3®X = K{PX, and an elementary calcu-
lation yields n,K3'€X = K{°’X. Since C* is an Eilengerg-Mac Lane space of type (1, Z), we
obtain for each p >0 n,K{"®X =~ H'?(X, Z), and the associated filtration on K¥*X
reduces to the short exact sequence

0 - oKX » KPPX - n, K28X - 0,

To proceed further we consider K-theory with finite coefficients. Prasolov [18] and
Fischer [4] independently have shown that the algebraic K-theory and the topological
K-theory of X with finite coefficients are the same.

ProrosiTiON 4.5. For each q = 0 there is a natural short exact sequence

0> K35X - KJ%(X x A*) - 2(q) - 0,
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where 2,(q) is a simplicial Q-vector space and K2'®X is given the structure of a discrete
simplicial abelian group.

Proof. The groups K3'®(X x A?) and K{P(X x A?) are isomorphic for all p. By the
homotopy invariance of topological K-theory K3 X — K&'®(X x A*) is an isomorphism
and 2(0) is the trivial Q-vector space.

For all p the projection map 7: X x A” - X induces an isomorphism

KX, Z/n) - KM¥(X x A?, Z/n)

for each g > 0, by the Prosolov-Fisher isomorphism and the homotopy invariance of
topological K-theory, and a split monomorphism K2'8X — K3'¥(X x AP) since = admits
a section. Let 2(g) denote the quotient K2'®(X x A*)/K2"*(X). The universal coefficient
sequence

K2(X x A") @ Z/n>> K2'8(X x A?, Z/n) — n-torsion of K%, (X x A?)

together with the previous observations proves the proposition. O

Applying the homotopy functor to the short exact sequence of the previous proposition
we obtain, for each p > 1, a family of isomorphisms 7,K2"*X = n,2(q), and it follows that
n,K'"X is a Q-vector space. For p = 0 and 1 there is a short exact sequence

0 -, K25X — 1, 2(q) —» K2'2X - moK8X - 102(g) — 0. 9)

Since K'8(X x A*) = Sing C*(X) ® [ X, SU], the sequence (9) has the form
0— H(X, Z)—— C(X)—ms C*(X)—— H'(X,Z)—— 0

where 7;2(1) 5 C(X) is given by [y(x, )] — {,, ,dlogt. And from Suslin [22] we know
that

Q/Z @ a Q-vector space if g >0 is odd

K2C(A%) =~ . )
a CA9 {a Q-vector space if ¢ >0 is even.

For q > 1, Bott periodicity along with a more detailed analysis of the spectral sequence (8)
yields (K3 1C)ors © MoK 3f- 1C(A¥).

Acknowledgements—1 gratefully thank H. Gillet for his support and encouragement, and I am deeply indebted to
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