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Abstract 

In this paper, we introduce new functions as generalizations of the incomplete gamma functions. The functions 
are found to be useful in heat conduction, probability theory and in the study of Fourier and Laplace transforms. 
Some important properties of the functions are studied. We have investigated the asymptotic behavior, Laplace 
transforms, special cases, decomposition formula, integral representations, convolutions, recurrence relations 
and differentiation formula of these functions. Applications of these functions in evaluation of certain inverse 
Laplace transforms to the definite integrals and to the infinite series of exponential functions are shown. 

Keywords: Incomplete gamma functions; Convolutions; Laplace transforms 

1. Introduction 

The closed-form solutions to a considerable number of problems in applied mathematics, astro- 
physics, nuclear physics, statistics and engineering can be expressed in terms of incomplete gamma 
functions [ 2,9-12,16,20-23,27,32,34] 

J 

* 
y(a, x) = ta-‘e-‘dt, Re cy > 0, 

0 
(1) 

T(a, x) = 
Jrn 

tam’e-’ dt. (2) 
X 

These functions were first investigated for real x by Legendre [ 24,251. The functional behavior of 
these functions and the decomposition formula 

r(a) = y(a, x> + r(W x) (3) 
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were studied by Prym [ 141. The older theory of the incomplete gamma functions and references to 
the literature are given in [ 6,28,29]. 

Recently, the authors have shown [ 11,12,35-371 that the closed-form solutions to several problems 
in heat conduction can be expressed in terms of the generalized representation of the incomplete 
gamma functions 

I 
x 

y(wx;b) = p-le-t-bt-’ &, forb=O, Rea>O, 
Jo 

r( (Y, x; b) = irn ta-'e-r-br-' dt. 

(4) 

(5) 
JX 

They have shown that the functions r(O, x2/(4at); Ax*/(4cu)), ~(fi, x*/(ht); AX*/(~CX)) ml 
q-z, x2/(4at); Ax2/(4a)) are solutions to the heat equation with time-dependent boundary condi- 
tions. 

It should be noted that if 

Y(W x; 0) = y(a, x) 3 

r(a,x;O) = r(a!,x). 

we take b=O in (4) and (5), we get 

(6) 

(7) 

Without loss of generality, we shall assume that b $0. 
Chaudhry and Ahmad [ lo] have introduced the probability density function 

f(x) = ZEexp(-(fix - fix-‘)*), (Y > 0, p > 0, x > 0, 

useful in size modeling. The cumulative probability function of the density (8) can be simplified in 
terms of the generalized incomplete gamma function: 

F(x) = 1- ~,,~,&Xp,, 
fi 

(Y > 0, p > 0, x > 0. 

Ahmad et al. [2] have also considered a class of three-parameter probability density functions 

a/* 
g(x) = cxn-l exp(-ax-bx-‘), a>O, b>O, c-l=2 i 

0 
&(2&z). (10) 

The cumulative probability function of the density ( 10) can be expressed in terms of the generalized 
incomplete function to give 

G(x) = 1 - ca-“r( a, ax; ab), a > 0, b > 0. (11) 

It was shown [2] that some of the well-known probability densities such as Weibull, log-normal, 
gamma, Chi-square, inverted Gaussian and their inverted densities are special cases of the density 
( 10). Therefore, the cumulative density functions of all these classical probability densities can be 
expressed in terms of the function (5). 

In this paper, we have studied important properties of these functions such as asymptotic behavior, 
Laplace transforms, special cases, decomposition formula, integral representations, convolutions, re- 
currence relations and differentiation formula. It is anticipated that the work presented in this paper 
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will inspire scientists and engineers to find wide applications of these functions in several physical 
problems. 

It should be noted that for the most part the expressions used are analytic and hence retain their 
validity for the complex case because of the principle of analytic continuation. 

2. Main results and applications 

Theorem 1 (Decomposition theorem). 

y(a, x; b) + Iycu,x; b) = 2!7”‘%,(2&), b > 0. (12) 

Proof. This follows from the definitions (4) and (5) of the generalized incomplete gamma functions 
and from [ 14, p.82 (23)], [ 15, p.146 (29)]. Cl 

In view of the decomposition formula ( 12)) it is sufficient to study the properties of the function 
r(a,x;b). 

Theorem 2. 

r co 
ta-le-at-bt-’ dt = u-~~(cY, ax; ab) , a > 0. (13) 

JX 

Proof. The left-hand side equals 

I O” p-le-at-bt-’ dt_ 

x 

Substituting t = t/u and dt = dl/u, a > 0, we get that the left-hand side equals 

U 
-a 

s 

.: [a-l e-t-ab[-’ dr = a-“r( CY, ax; ub) , 

which is the right-hand side. 0 

Theorem 3 (Laplace transform representation). Let L be the Lupluce trunsform operator. Then, 

L{ (t + x)n-le-b’(x+r); s} = seaeSxr( a, sx; bs) , s > 0. (14) 

Proof. This follows from ( 13) when we take a = s and use the transformation t = 7 + x. 0 

Theorem 4 (Recurrence relation). 

T( a + 1, x; b) = ar( a, x; b) + br( a - 1, x; b) + xae-x-bx-‘. 

Proof. 

(15) 

&ae-x-b+ = (aXa-l + bx”-2 _ Xn)e-x-bx-‘e 
(16) 
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Integrating both sides in ( 16) with respect to x from x to cc and using (5), we get 

_Xde-X-bX-’ =ar(a,x;b)+br(cu-l,x;b)-T(cu+l,x;b). 

Rearranging the terms in (17) yields the proof. q 

Corollary. 

r( a + 1, x) = cur( LY, x) + xLlewx. (18) 

Proof. This follows from ( 15) when we take b = 0. 0 

Theorem 5 (Differentiation formula). 

$ (~(cY, x; b)) = -xn-le-x-bx-‘. 

Proof. This follows from (5) when we differentiate with respect to x. q 

Corollary. 

-j-(r(a+ 1,x)) = -xa-le-X. 

Proof. This follows from (19) when we take b = 0. q 

Theorem 6 (Parametric differentiation). 

-&a,n;b)) = -lycu - 1,x;b). 

Proof. 

(17) 

(19) 

(20) 

(21) 

= -r(a - 1,x;b). cl (22) 

It should be noted that the process of differentiation with respect to the parameter b under the 
integral sign in (22) is justified [ 7, pp. 427-4481. 

Theorem 7 (Connection with other special functions). 

I’(i,x;b) = $6 e [ e2Jh13fc(fi- $2) +e2A13fc(fi+ $)]. 
Proof. It follows from (5) that 

(23) 

(24) 
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Substituting T = l/t in (24), we get 

r ( > i, i; b = edbx({ebx} * {~-3/2e-‘/“}), (25) 

where “*” is the convolution operator defined by 

s 

x 
a(x) * b(x) = a(x - t)b(t) dt. 

0 
(26) 

We can write (25) in the operational form [ 15, p.131 (20) and p.246 (10) I 

(27) 

Replacing x by l/x in (27) and using the identity [ 15, p.246 ( 10) 1, we get the proof of (23). Cl 

Corollary. 

f(+x;b) = 2LE[e-2AJ$fc(J;- $2) -e’A13fC(fi+ $)I. (28) 

Proof. This follows from (23) when we use the parametric differentiation formula (22). Cl 

Remark. It should be noted that the functions f ( i, x; b) and Z’( - i, X; b) can be expressed in 
terms of the incomplete gamma and confluent hypergeometric functions by using the relations [ 14, 
p.133 (42) ] and [ 19, p.940 (8-351) (4) ] and the equations (23) and (28). We have the following 
representations: 

Z( i, x; b) = e-x-bx-’ [~(~,~;u) +$(;,;;u)], (29) 

Z( i, X; b) = 1 [eM2&1’( i, u) + e2&Z( i, u)], (30) 

where 

U=Xi;+2& 

and 

o=x+b-2&. 
X 

(33) 

(34) 

Remark. In view of formula (22) and the identities (23)) (28) -( 32), it follows that we can always 
express Z’(n+~,x;b),n=O,fl,f2,f3 ,..., in terms of the complementary error functions. 
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Theorem 8 (Laplace transformation). Let L be the Luplace transform operator. Then, 

L{T(a, t;b);p}= ;h”/‘[K,(2&) - (p + 1)-a’2K~(2~~)], b > 0, p > -1. (35) 

Proof. According to the decomposition theorem ( 12)) we have 

~(cx, t; b) = 2b”/2K,(2&) - J 1ra-1e-7-b’-’ dr, b > 0. (36) 
0 

We can write (36) in the convolution form as 

T(a, t; b) = 2ba/2K,(2&) - {I} * {t~~le-f--hrl}. (37) 

Taking the Laplace transform of both sides in (37)) and using the identities [ 15, p.131 (20) and 
p.146 (29)], we get the proof of (35). 0 

Corollary. 

b>O, p>-1, (38) 

and 

L{e~2~13rfc(\/i- $2) 
b>O, p>-1. 

Proof. This follows from (23), (28) and (32) when we use the fact [23, p.112 (5X5)]. Cl 

Theorem 9 (Laplace transformation). 

L{+,+;b);p}=;(p+b)Qi2K,(2~fl), p>-b. (40) 

Proof. According to (5), we have 

T(a, f; b) = 1; ra-1e-r-b7-’ dr. 

Substituting r = 1 /t in (41), we get 

I’(*, f ; b) = 1’ e-bCe-llE-$. 

Multiplying both the sides in (42) by ebf , we get 

e”r(n, f; b) = l eb(t-t)e-l/fg, 

(41) 

(42) 

(43) 
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which can be written in the convolution form as 

e”‘T(a, f; h) = {ebf} * {--&e-11’}. (44) 

Taking the Laplace transform of both sides in (44) and using [ 15, p.131 (20) and p.146 (29) 1, we 

get 

L{eb’T(a, f; b);p} = -$ga12K,(2fi), p > 0. (45) 

Using the shift property [ 15, p.129 (5) 1, we get the proof of (40). q 

Corollary. (See [ 15, p.179 (32)].) 

L{r(~,f);p}=Zp”/2-1K,(2\/ji), p>o. 

Proof. This follows from (40) when we take b = 0. 0 

Corollary. 

L{eP2&Erfc(-$ - Jh;) +e2fiErfc(-$ +&);p} = :ew2fi, p > -b, 

L(e2&Erfc(--$ - 6) -e2i/iErfc(-$ + &);p} = :b’f’(p + b)-1/2e-2fi, 

(46) 

(47) 

p > -b. (48) 

Proof. This follows from (23), (28) and (39) when we use the fact [ 23, p.112 (5.8.5)]. In 
particular, when b = 0 in (47)) we get 

L{Erfc(-$);p} = beP2&, p > 0. 0 (49) 

Note. The entry [ 15, p.176 (6) ] seems incorrect. This can also be seen from (45) and (47). 

Theorem 10 (Definite integrals). 

Proof. According to (44)) we have 

(50) 

(51) 

Taking the convolution of both sides in (51) with {e”‘} and using the associative property of 
convolution, we get 

{e”‘} * {eb’T(a, 5: b)} = ({e”‘} * {ebf}) * { $}. (52) 
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However, 

{eAf} * {ebt} = & [{ebr} - {e”}]. 

Therefore, it follows from (52) and (53) that 

{e”*} * (e6’I‘(a, f:b)j = & [{ebf} * { $} - {e”‘} * { $}I, 

which can be simplified by using (51) to give 

e*‘~e(b-“)X~(a, i; b) dx = &[d’r(a,f;b) -eAt~(ct,~;A)]. 

The multiplication of both sides in (55) by eeAt yields the proof of (50). 0 

Corollary. 

lebXr(a,i;b)dx=i[eb’T(a,f;b) -r(,,f)], b>O. 

(53) 

(54) 

(55) 

(56) 

Proof. This follows from (50) when we take A = 0 and use (7). In particular when we take LY = 0 
in (56), we get 

~e”T(O,~;b)dx=~[e”T(O,f;b) +Ei(-i)], b>O, 

where Ei( x) is the exponential integral function [ 19, p.925 (8.211) ( 1) 1. El 

Corollary. 

e”r(a,i;b) ,.(a,;), forallb>,O,x>O, 

eb”r(a,i;b) <T(cx,~), forall b<O,x>O. 

(57) 

(58) 

(59) 

Proof. Since the integrand in (56) is positive for all b and (Y when x > 0, it follows that 

f[e”‘r(a,f;b) -I.(a,f)] 20, t>O. (60) 

Therefore, if b 2 0, we get (58) from (60) and if b f 0, we get (59) from (60). 0 

Corollary. 

(61) 

Proof. Letting b --f A in (50) and using the l’H8pital rule, we get 
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(62) 

From (22) and (62) we get the proof. 0 

Remark. It should be noted that (61) is extremely important for practical purposes. Several of its 
special cases can be considered when we specialize the parameters (Y and A. In particular, when we 
take A = 0 in (61)) we get the interesting identity 

~+,;)d,=+x,;) -+Y-l,f), 

which does not seem to be available in the literature. Similarly, the cases when a = 0, IZ + i, 
n=O,fl,f2 )..., are also of interest to engineers and scientists. 

Theorem 11. For cy < -1 and b < 0, 

r(a,x;b) <ebT(cY,b+x), x>O. (63) 

Proof. Let f(x) = eXr(a, x). Then, according to [ 14, p.135 (12)], 

f’“‘(x) =(-l)“(l -a),,e”r(cu-n,x), n=0,1,2,3 ,... . 

Using the Taylor expansion theorem and (64), we get 

eb+‘r( a, b + x) = 

or 

ebr(a, b + x) = c O” Y(l - cu)J(a - ?z,x). 
n=o . 

Using the series expansion of eeb’* in (5), we can write 

r(a,x;b) =f+$&a.-n,x). 
n=o * 

Comparing (65) and (66), we get the proof of (63). 0 

Note. It is conjectured that the inequality (63) can be improved. 

Theorem 12. 

E,(x) = $1,x$), x > 0. 

(64) 

(65) 

(66) 

(67) 
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Proof. Substituting (Y = 1 in (66), we get 

O3 (-b)” 
c---- 
n=o 

n! r(l - n,x) = T(l,x;b). 

However [ 14, p.136 (19)], 

r(1 - n,x) = x1-“E,(X). 

From (68) and (69) we get the proof. 0 

(68) 

(69) 

Theorem 13. Let f,,(x) = xi,2 m! (-x)“‘+’ be the polynomial of degree n. Then, 

r(O,x;b) =oFi(-,l;b)E,(x) +F$‘,,(;). 
n=, (n!)2 

(70) 

Proof. This follows from (66) when we use the result [ 14, p.137 (20) 1. 0 

Remark. It should be noted that (70) is extremely important to determine the asymptotic behavior 
of r(O, x; b) and hence of r(n, x; b), n = 0, fl, f2, f3, . . . . 

Theorem 14 (Asymptotic formula). For fixed b > 0 and LY, 

T(cq x; b) - 2ba12K,( 2&) - xae-x-bx-‘, as x -+ O+. (71) 

Proof. It follows from (5) that for b > 0, 

r( a, x; b) = 2b”/*K, (2&) - 
s 

’ ta-‘e-r-bf-’ dt, b > 0. (72) 
0 

However, for fixed b > 0 and (Y, 

s x 

t 
a-l&4-’ & a -x-bx-' 

-+xe 9 as x -+ O+. 
0 

Letting x + 0 in (72) and using (73)) we get the proof of (71). 0 

(73) 

Theorem 15. (See [ 14, p.100 (19)] .) 

Ku(2w) = pa12(p + b) -a/2 2 FP-“/~K~-.(~&), p > 0, b > 0. 
n=l * 

Proof. Replacing x by 1 /t in (66)) we get 

(74) 

Taking the Laplace transform of both sides in (74) and using (40) and [ 15, p.179 (32) 1, we get 

the proof. q 
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Theorem 16. Let F, be the cosine transform operator. Then, 

;y = &a-(& ap2; $?2y2), a > 0, P > 0, Y > 0. 

Proof. This follows from (23) and from [ 15, p.15 (15)]. 0 

Theorem 17. Let F, be the sine transform operator. Then, 

;y =Jrryr(-~,c@;$2y2), ff >o, p>o, y>o. 

(75) 

(76) 

Proof. This follows from (28) and from [ 15, p.74 (26) 1. 0 

Theorem 18 (Connection with trigonometric functions). For w > 0 and x 3 0, 

y( i, x; iw) + r( i, x; iw) = J;;e-&[cos( J2w) - i sin( a)]. (77) 

Proof. This follows from the decomposition theorem (12) when we take LY = i and substitute b = iw, 

w > 0, and use the fact that K1/2( z ) = dmeez. Cl 

Remark. In view of ( 12) and (77)) it follows that the sum y( n + i, x; iw) + r(n + i, x; iw) can 
always be expressed in terms of trigonometric functions for w > 0, x 2 0 and n = 0, f l,f2, f3, . . . . 

For other values of Q the problem remains open. However, we have 

Ir(a,x;iw)l < r(a,x), x 3 0, w > 0, (78) 

and 

ly(cu,x;iw)I<y(a,x), ~20, ~30. (79) 

3. Graphical and tabular representation of the function ~(cu, x; b) 

For numerical and scientific computations, the generalized representation of an incomplete gamma 
function can easily be tabulated by using IMSLFORTRAN subroutines for mathematical applications 
[ 381. In this regard, the values of the function are calculated by using the numerical integration 
subroutine QDAGI. The subroutine uses a globally adaptive scheme in an attempt to reduce the 
absolute error. We emphasize that QDAGI is an implementation of the subroutine QAGI, which is 
fully documented in [ 311. 

The modified Bessel functions of the third kind that are used for normalizing the function (cf. 
Theorem 1, Eq. (12)) are computed by the IMSL subroutine BSKS which is based on the work 
of Cody [ 131. On the other hand, subroutine GAMIC is used for the incomplete gamma function, 
which is based on the computational procedure of Gautschi [ 181. It should be added that T(cw, x; 0) 
calculated by using the numerical integration subroutine QDAGI provides exactly the same results as 
that of the incomplete gamma function calculated by the subroutine GAMIC. 
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Table 1 
Normalized representation of the generalized incomplete gamma function ((Y = - 1 .OO) 

n.o1oon 

0.0200fl 

0.03onn 

0.04000 

0.05noo 

o.ofinoo 

0.07000 

n.rmoo 

0.09ono 

0. ion00 

0.15000 

n.2rmoo 

0.25000 

n.3nooo 

n. 35000 

0.4noou 

0.45onn 

0.50000 

0.55gon 

0. GO000 

0.65000 

n.70000 

0.75000 

n.onnon 

0.85000 

0.90000 

0.95000 

I. 00000 
1.50000 

2.00000 

2.5onoo 

3.00000 

3.50000 

4.00000 

Jl.50000 
5.00000 

5. woo0 

6.00000 

6 5nnnn 

7. on000 

7.50000 

8.00000 
8.5nnoo 

9. oouon 

9.50000 

i 0. nnnoo 

I. nnnnn I 00000 

1 .00000 i on000 

I onnnn I. onooo 

0.99999 I. non00 

0.99990 1.00000 

0.99949 1. non00 

0.99033 1.00000 

0.99595 0.99999 
0.99195 0.99995 

0.986n7 n.99985 

0.97879 0.99601 

n.84119 0.97968 

0.7’1551 0.94670 

O.65396 0.89962 

0.57137 n.w1345 

n. 49U86 0.70290 

0,43Gll7 0. 72148 

0.38185 0.66152 

0.33571 0. GO445 

0. 29504 0.55102 

0.76n3G 0.50157 

0.23036 0.45817 

0.20432 0.41469 

0. in166 0.37696 

0.161RR 0. 34270 

0. 14457 0.31165 

0.12937 0.28354 

0.11599 0.25810 

0. owro 0. luh48 

O.fl1729 0.0470~+ 

fl.flO756 0.02040 

0.0~)347 0.00!~60 

o.nnihs O.Ofl465 

o.nnmi 0.00230 

o.ooum 0.00116 

0.00021 O.nOO60 

n.nooii 0.00031 

0. 0nnnG 0.001116 

n.rmn3 0. on009 

0. rmcm~ n.ono05 

n.nnooi o.onon3 

0. no000 o.nonoi 

0.00000 0.00001 

0. moor1 0.00000 

0. 00000 0.00000 
0.00000 0.00000 

T’(cr,r; 1.0) Y(a, t; 1.5) I-(L1, +; 2.0) F-(a, t; 2.5) 

1 .noooo 

1 .ooooo 
i .noooo 

I. 00000 

1 .ooooo 

1.00000 

1. non00 

i .noooo 

1. nnono 

i on000 

0.99980 

0.9976(3 

0.98965 

0.97791 

0.94662 

0.91180 

0.87067 

O.R2516 

0. 77726 

0.72l355 

0. (18022 

0.63313 

0.58786 

0.54’178 

0.50412 

0.46597 

0.43034 

0.39719 

0.17G97 

0. rmo49 

0.03174 

n.niain 

n.onw6 

n.otY151 

o.nn230 

o.nnii9 

0. nor162 

o.nn033 

n.nnal0 

o.onnu9 

o.noon5 

o.nnon3 

0.00002 

0. noon i 
0. 00000 
n. nnouo 

1 on000 

I oormo 

i .oonon 
i oonnn 

I. onnnn 

i 00000 
1 oom~ 

1 nnrm 

i nnuon 

i ononn 

0.99999 

n.9w7s 

0.99mo 

n. 993nn 

0.90255 

0.96565 

0.94?75 

n.913nl 

u.079nl 

n.84l4h 

0.00151 

0.76071 

n.71w17 

0.67606 

0.63606 

0. 59h42 

0.55t325 

0.5217? 

0.25423 

0.12181 

0.05906 

0.07914 

0.014G: 

n. no745 

0. on304 

0. nnm 1 
n.ooln6 

0 on056 

n.onn30 

n.onni6 

0 onno 

n. ooon5 

0. onuo3 

u JO001 

o.oooni 

0. OOf~OO 

i nrmx~ 

i 00000 

i non00 

1. no000 

1. onnoo 

I. mnoo 

i rmnon 

I unnon 

I nnrmo 

I rmnon 

i mm0 

n. 9999 7 

n. 99965 

0.991125 

0, 99446 

n.on699 

0.97497 

O.Rli788 

0.93598 

n.9n971 

n.R797G 

0. R’lh91 

n.*l194 

0. 77557 

0. 7 3044 

n.70111 

0. h6407 

0.62 754 

0.33229 

0. lG738 

n.nn3u8 

0.00736 

o.n7ir,z 

n.nliiG 

n, no582 

0.00307 

o.nniG3 

0. 00007 

0. 0004 7 

o.nnn26 

n, on0 I 4 
0. on008 

n. nnncst 

0 nnoo:! 

n.onnol 

n. norm I 

C(a, b) n.mw 0.77973 0.171)51 O.Oh9AR 0.04186 

I?(a, I; b) = I-(n,r; b)/C(a, b), C(n, b) = 2b”“Ii,(2&) 
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Table 2 
Normalized representation of the generalized incomplete gamma function (a = -0.75) 

+ I-‘(a, I; 0.5) r”(a,z; 1.0) r*(a,I;l.5) I-'(a,z;2.0) T'(o,z;2.5) 

0.0100n 

0.02noo 

0.03000 

0.04000 

0.05non 

0.06000 

0.07000 
fl.omon 
n. n9ooo 
0.10000 
0.15000 
0.20000 
0. 25000 
0.30000 
n. 35onn 
0.0nnno 
0. h5non 

n.5nonn 

0.55non 
n.hnnnn 
n.65non 
o 7nfwn 

0.75000 
0. nnnnfl 

0.85000 
0.90000 
0.95oon 

i .onooo 
1.5oono 
2.00000 

2.50000 
3.00000 
3.50000 
4.0000n 

4.50000 
5.00000 
5.50000 
6.00000 
6.50000 
7.000170 
7.50000 
8. mono 

8.5onon 
9.nonnn 
9.50000 

io.nonon 

1 noon0 

7. oonon 
1.00000 
7 nnonn 

0.999Sh 
0.99970 
0.99097 
O.?970h 
0.991179 
0.99070 
0.9’1876 

0.87916 
0. 19829 
0.71695 
n. 6bnbl1 

0.57082 
n.5n856 

0.‘15337 
n.hnbGG 

0. 36172 

n. 373x9 
0.29n51 
0.26107 
n. 71,197 

0.21 174 
0.1017h 
0.1729h 

0.15667 

0.06212 
n.n26A9 

0.01233 
0.00589 
0.00290 
n.noibG 
0.00075 
0.00039 
n.00921 
0.00011 
0. nocmi 
0. omn3 
(1. 00007 
0. nnm 1 
0. onon I 
0. mnnn 
0. nonnn 

o.nnnnn 

0.99499 

i moon 

i .noooi 
1. no000 

1. on000 
1 oonoo 
1. no000 
0.99999 
0.99997 
n.99991 

0.99730 
0.90577 

0.96088 
0.92357 
0.07719 
0.02537 
0.77115 

0.71673 

0.66361 
0.61270 

0.56067 

n.51967 
0. h7783 
cl.113912 

0. ho3112 

0.37059 
0. 3w15 

0.31281 

0.13685 
0.06253 
0.02960 
0.01452 
0.00727 
0.00371 
0.00192 
0.00101 
0.0005’1 
0. on029 
0.00016 
0. mr~oa 
0. non05 
n.onn03 
n.nnnoi 
n.nnnol 

0. on000 

0.00000 

1 .00000 
I, mnoo 

1. mono 
1. nnomo 
I. moon 
i no000 
I. mono 
1.1100(10 
1, nnnnn 

i .onnno 
0.99967 
0.94ohn 
0.99277 
n.mo32 
n. 95995 
n. 93207 

0. I39797 

0.059214 
0.817’15 

0.77390 
0. 72993 

O.G86lA 
O.h11337 
0.6ni95 
0. 562211 

0. 524h2 
n.4m61 

O.h5’IR5 

0.2tnfl9 
O.lOh99 

0.05lw 
0.02580 
0.01315 
0. mhm 
n.fm357 

0.001R9 
o.nnloi 
0. nrw55 

o.nno30 
O.clOiJl6 
0. noon9 
0. mno5 
0. on003 
0, nnnn2 

0 no00 1 
0, nonnn 

1 nn~mn 
1 moon 

1 .00000 
i oncmn 
1. onnon 
1. nonon 
i nonon 
i nonnrl 
i on000 
i ooonn 

0.99990 
n. 999n7 
0.99871 
n. 99’iwJ 
n.987311 
0.97’137 
n. 95~4 

0.93204 
0.90.367 

n.871h7 

0.0368n 
n.floo~i 

0.76732 
n.72bln 

0.60599 
n.6’1RJ12 

0.61173 
0.57617 
n. 30rw~ 
0.15777 

0.07724 
0.03q5l7 
0 02057 
n.nlnrh 
D.OOTj7f~ 
o.m3or, 
n.nnfm 
0. nomv 
0. onn49 
0.0002 7 
o.nnoi5 
0 non00 
0. omo5 
0. norm3 

o.onml 
n.nnnni 

I onnon 

1. nonon 

1. nnnoo 
1. onnon 

I. nnooo 
t ormoo 
i onoon 
I. moo0 
I ocrtrnn 
i onnon 

1. nnnno 

0.99990 
0.99977 
II. 49080 
0.99609 
n.93n5h 

0.98130 
0.96789 
0.95023 

n.92nTi(l 
n.90333 
fl.R7512 
II, RJl~l51i 
“.“l??l 
0. 77871 
11. rhh5n 
n. 71005 

n.G7572 

0.38155 
n.2w70 

0. 10610 
fl .0556 7 
II,O7936 
n.nl7Go 
rl.nns35 
0, 001150 

r) no745 
n.nn13h 
n.ono73 
II. nnrvt I 
n.nm22 
n.nnnt3 
0.nniw7 
II mnn4 

0. on002 

n.nnnoi 
______________________.___________________________________________________.____ 

C(a,b) 0.77390 n.25581 0.17537 0.0717’, n.nhh19 
__________.___-______-__--___~. ._._______ __.__-___ _ .-..__---__- ._____-___-_______ 

T*(a,=:; b) = r(o,t; b),/C(a,b), C(U, b) = 26""'li~(2&) 
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Table 3 
Normalized representation of the generalized incomplete gamma function ((Y = -0.50) 

2 r*(a,s; 0.5) T’(n,z; 1.0) r’(a, I; 1.5) r’(a,z;2.0) r*(a, z; 2.5) 

n.oloon 1. nonnn 1 ,ooooo 
n.02noo i no000 I. 00000 

0.03000 1. onono 1.00000 

0. moo0 1.00000 i.00000 
0.05000 0.99997 1.00000 

0.06onn 0.99983 1. no000 

0.07000 0.9994n 1.00000 
0.08onn 0. 998~1~1 1, no000 

0.09000 n. 9967h 0.99999 

0. lonno 0.99hO9 0.99996 

0.15000 0.96420 0.99832 

0.20000 0.91072 0.99027 

0.25000 0. Obb56 0.97195 

0.3nnoo 0.77467 0.9’1312 

0.35000 0.70603 0.90576 

0. bono0 rl.61113fl n.86251 

0. ~15000 O.5R165 0.81582 

0.50000 n.5272h 0.76765 

0.55000 n.4780n 0.719’(‘1 

0.60000 0.113361 0.67221 

0.65000 fl. 39365 0.62661~ 

0.70000 0.35772 0.58315 

0.75000 0.335bl 0.5h198 

o.annoo 0.29633 0.50325 

0.85000 0.270111 0.06697 

0.90000 0.20653 O.ll3311 

0.95000 0.72522 0.00159 

I. on000 0.20596 0.37231 

1.50000 o.nn.w4 0.17559 

2.00000 n 0406 1 0. cm095 

2.50000 0.01951 0.04222 

3.00000 0.00969 0.02146 

3.50000 o.onh93 n.niiil 

4. onoon o.nn256 0. no584 

4.50000 0.00135 0.00311 

5.00000 0.1~0077 0.00167 

5.5nooo 0.00039 n.non9l 

6.0n000 0 mo2i 0.00050 

6.50000 o.nool2 o.ono27 

7.00000 o.onnn6 0.00015 

7.50000 0. nooo~r o.oono8 

8.00000 n.r)oow 0.00005 

a.50000 0. noon i 0.00003 

9.00000 o.nnon1 0.00001 

9.50000 0.D0000 0.00001 

io.oonno 0. noonn 0. moo0 

I. moon 

I mood 

I. nom0 

1. mono 

I. no000 

i no000 

1. nnonn 

i on000 

I onnno 

I nnnon 

0.99902 

n. 09896 

0.99505 

0.9R598 

0.9705h 

0.9’rOh3 

0.92099 

0.08073 

0.85303 

o.n1505 

0.77516 

0.73597 

n.6?633 

0.65730 

0.61936 

0.50267 

0.547h3 

0.51377 

0.26h38 

0.13452 

n.nh908 

0.03593 

0.01092 

o.ninno 

0, mm2 

0. nn79’t 

O.nnl61 

O.llO~)t38 

0, nnn~l9 

n. non27 

o.nnnl5 

n.noon9 

0. noon5 

o.nonn3 

n.00002 

o.noonl 

i norm 

i non00 

i .ooono 
i nonon 

1 ooonn 

i .oonno 
i.00000 
i non00 

i nnnnn 

i oonnn 

0.99399 

0.99989 

l~.99’,1h 

0.99661 

0.99090 

0.98170 

0.96601 

0. 9h7lw 

n.92h56 

0.89771 

0.8679’1 

0.03595 

0.802~ll 

0. 76792 

Il. 7329A 

cl. 698m 

0.66343 

0. 629hJ1 

0.35101 

0.18746 

n. 09930 

0. ownn 
0.02n32 

n.ol57fl 

n.non31 

0. onh55 

0. on250 

o.oni39 

0. no077 

0. onoh 

0.00020 

n.nnnih 

0. oonnfl 

0 nonwt 

o.onnn2 

o.onnni 

0.99099 

n.09999 

0.?9999 

n.99999 

0.99999 

0.99399 

0.99999 

0.99999 

n .99999 

0.09999 

n.99999 

n.9w90 

n. 99985 

0.99919 

0.90728 

0.99323 

0.9R628 

0.97591 

n.wi9n 

n.oh432 

n.773113 

II. 89962 

n.n7335 

II. 8h5 I 1 
0.81536 

n. 70455 

n. 75309 

n. 72132 

n.‘!3796 

n.?4719 

II. 132118 

n.r17208 

0. n3926 

n.02106 

n.oi 179 

(I. 0065 i 
n.nn3fii 

f~.nwni 

II “111 ,2 
0. non63 

n.nnn36 

n nnnx 

11, non 1 i 
0. moo6 

0 onnob 

o.nnnn2 

C(a, 6) 0.609Jln 0.23987 0.17’195 n .n7hoo 0. 0117115 
____________________-______._______________._______----__---_____-______.____ 

I-*(a,z;b) = l-(a,z;b)/C(a,b), C(a,b) = 26a’21Ca(2~) 
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Table 4 
Normalized representation of the generalized incomplete gamma function ((Y = -0.25) 

2’ P(a, I; 0.5) r*(a, I; 1.0) r’(a,E; 1.5) T’(a, I; 2.0) r*(n, E; 2.5) 

0.01000 

0.02000 

0.03000 

0.0h000 

0.05000 
0. nfin00 

0.07000 

0.08000 

0.09000 

0.10000 

0.15000 

0.20000 

0.25000 

0.30rm 

~I.35000 

0. ‘IflOOfl 
0. ~J5000 
0.5oono 
0.55000 

0.60000 

0.65000 

o.7oorJo 

0.75000 

0. mono 

0.85000 

0.90000 

0.95000 

1 .onoon 

1.50000 

2.00000 

2.50000 

3.nooon 

3.50000 

Jl.11nooo 

~1.50000 
5.00000 

5.5nnoo 

6. on000 

6.50000 

7.00000 

7. wnoo 

8.noooo 

8.5nnon 

9.onooo 

9.5onoo 

in.nnnnn 

1. onmn 

1. nnoon 

1. omen 

i no000 

0.99999 

n.99091 

0.99965 

0.99908 

n.990n2 

fl.99634 

0.97582 

0.93601 

fl.fJ83hF! 

n.l77553 

o.lGhn7 

0.70796 

0.65263 

0. Gnn7f3 

0.5526h 

n.50820 

n. 0G7bo 

o.b301n 

0. 3958G 

0. 36h50 

0.33588 

0.30966 

0.28567 

O.Zh369 

0.17231) 

n. mob7 

0.02972 

n.ni54b 

n.on(ctn 

0. nn4 3 3 

n.nn:34 

n.noi7n 

o.nm7n 

0. nncl30 

0. nnn77 

o.onn17 

n.nnon7 

0. oonw 

0. noon: 

n.nnnr~i 

o.noooi 

0. nonnn 

1 nooon 

1. no000 

1.00000 
1. non00 

1. on000 

1. on000 

1.00000 
1. nnooo 

1. onoon 

0.99997 

0.99095 

0.99350 

0.9f3035 

n.95n63 

0.92929 

n.09Jlll 

0.85092 

0.81335 

0.77069 

0.77795 

0.68583 

n. bw86 

0.60538 

0.56760 

0.53167 

0.$9763 

0.46550 

0. ‘13525 

0.27070 

0.11790 

0. n5n69 

0.03098 

O.Olh57 

0.00896 

O.001189 

0. no:69 

r).nolll9 

0 norm3 

0, nooft 7 

0 nnfvh 

o.nnoi5 

0. nooon 

n.nnoo5 

n.nnn03 

o.onoo:! 

o.noool 

i .nnnnn 

1. moo0 

1. nonno 

1 .onooo 

1. on000 

1. fmouo 

i nooon 

1, mono 

1. nnmn 

i (mono 

O.Y99Y5 

0.00933 

O.O?hhR 

f~.~9077 

o.9rn75 

0.96190 

0.93908 

0.91367 

0. fln3l33 

o.n5i35 

o.ni704 

0.7t3lh7 

fl.7b571 

0.7n97n 

o.Grrr?b 

n.63939 

n.60505 

0.57761 

0.3 15?9 

II. lc,‘)30 

0, wnnh 

n. fmmh 
o.lr?r,6s 
O.IIl’lh3 

n.nrlnrv7 

0. Oll~lllt3 

0. “ll7rlll 

n.nnlrlo 

0, Ol~O79 

0. fwr1115 

n. mo25 

0. orlo 14 
0. ntmn 

n. omn5 

0.l10003 

0. moo7 
__________________________-____________~_~-._____-..-------------------------- 

C(a, b) 0.53067 0. 7707h n. 17773 0. “7”5,, n.n5llRfl 

r’(a,t;b) = r(a,t;b)/C(o,b), C(a,b) = 26a”Iia(2d) 
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Table 5 
Normalized representation of the generalized incomplete gamma function (Q = 0.00) 

t -Ei(-r) Y(cY, +; 0.5) r*(a,+; 1.0) r*(a, 2; 1.5) r’(o,z;2.0) 

0.01000 4.03793 0.99998 0.99999 0.99999 

0.02000 3. 35471 0.99999 0.99999 0.99999 

0.03000 2.95912 1.00000 1.00000 n,99999 

0.04noo 2.68126 1.00000 1.00000 0.99999 

0.05000 2.46790 0.99999 1.00000 0.99999 

0.06000 2.29531 0.99995 1 ,ooooo 0.99999 

0.. 07000 2.15084 0.99981 1.00000 0.99999 

0.08000 2.02694 0.99947 0.99999 0.99999 

0.09000 1.91874 0.99884 0.99999 0.99999 

0.10000 1.82292 0.99780 0.99998 0.99999 

0.15000 I .46446 0.98416 0.99935 0.99’)96 

0.20000 1.22265 0.95554 0.99576 0.99958 

0.25000 1 .0442tl 0.91554 0.08656 0.99781 

0.30000 n.905ha 0.86882 0.97060 0.9933n 

0.35000 n. 79422 0.81902 0.948 15 0.98497 

0.40000 n. 70238 0.76857 0.92025 0.97230 

0.45000 0.62533 0.71902 0.88820 0.95528 

0.50000 0.55977 0.67127 0.0532’1 0.93428 

0.55000 0.50336 0.62584 0.81646 0.90987 

0.60000 0.45430 0.58296 0.77075 0.08269 

0.65000 0.41152 0.54273 0. 711082 0.05337 

0.70000 0.37377 0.50513 0.70320 0.02253 

0.75000 0.34034 0.47009 0.66630 0.79060 

0.80000 0.31060 0.43748 0.63040 0.75829 

0.05000 0.28402 0.40719 0.59571 0 72574 

0.90000 0.26018 0.37905 0.56237 0.69135 

0.95000 0.238711 0.35295 0.53045 0.66137 

1.00000 0.21938 0.32072 0.50000 0.631101 

1.50000 O.lrlOO2 0. 161121 0.27177 0.36990 

2.noooo 0.04890 0.00446 0. 14676 0.2093:1 

7.50000 0.02491 0. 04446 0.07974 0.11731 

3.onnoo 0.01305 0.02382 ft.04369 0.06571 

3.50000 0.00697 0.01294 0.02Ul4 0.03691 

4.00000 n.oo3rn 0.00711 0.01343 0. nm80 

4.50000 0.00207 0. on394 0.00752 n.o117/ 

5.00000 o.00115 0.00220 0. nww 0.00669 

5.50000 0.00064 0.00124 o,On%~~O n.onu31 

h.nooorI 0.00036 0.00070 0.00136 0 00:~ I P, 

6.50000 0. 00020 0. 00040 0. no070 0.00125 

7.00000 n.00012 0.00023 0. no045 n.nou7;~ 

7.50000 n.ooonr 0.00013 0. mn26 0. 001)47 

t3.00000 0. no004 0.00007 O.l1c1(115 n. on024 

a. 50000 0. on007 o.onoo4 0. nnon9 0.00014 

9.00000 0.00001 0.00002 o.ncm5 n.nnnc\o 

9.50000 0.00001 0.00001 0. no003 0.0~1005 

10.00000 0. on000 0.00001 II onnn2 n.oonn3 

(I.99998 

0.99998 

0.99998 

0.99998 

0.99998 

0.99998 

n.99999 

il. 99999 

n. 99999 

0.99999 

0.0999R 

il. 09995 

0.99963 

0.99847 

n.9?565 

n.99wi 

0.90220 

0.97074 

0.95602 

0.31827 

0.91765 

n. t39469 

0.06974 

o.n4321 

0.81548 

Cl.78692 

n. 75184 

n. 72052 

0.4590 1 
0.27147 

II, 15679 

11. on975 

o.05123 

0.07925 

0.01672 

0.00958 

0. 00550 

n.nn3lh 

n.nnin3 

n.nnln5 

n nlMT6 1 

n.011035 

0, no02 I 
n.onoi: 

o.nnnn7 

n. onon 
.________________________________________________________________-___________ 

._____C’“b’________:::::_.._____I:1Srt;ls____1:1;?[151______0113_:~~~~._-.._.(lllln117_R_ 
r*(m, +; b) = l-(a, I; b)/C(a, b), C(c*, b) = 2b"/2A',(2di) 
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Table 6 
Normalized representation of the generalized incomplete gamma function ( LY = 0.25) 

Z r-(0, I; 0.0) l?(n, 2; 0.5) r*(ct,r;l.o) r*(a,+;1.5) r*(o,z;2.0) 

n.n1000 

o.n2000 

0.03000 
0.0~1000 

n.05000 
0.06000 
n.07000 
o.oanoo 

0.09000 
O.lOOOO 
0. 15oon 
0.20000 
0.25000 
0.30000 
0.35000 
0.4nooo 

0.45000 
0.50000 
0.55000 
0.60000 
0.65000 
n.70000 
0.75l100 
0. an000 
0.85000 
0.90000 

0.95oorl 
1.00000 

1.50000 
2.00000 

2.50000 
3.00000 

3.50000 
4. onnon 

4.50000 

5.00000 

5.500no 
6. flOO00 
6.5nooo 
7.00000 
7.50000 
a. 00000 
a. 5onon 
9. on000 
9.50000 

io.oonoo 

n.h5It31 1. non00 

n.58676 1.00000 

0.54350 1.00000 
0.5in51 1.00000 
0. 48344 0.99999 
n.46n41 0.99997 
0.44031 0.99990 
n. JI27411 0.99971 
n. 40633 0.99934 
0.39166 0.99872 

0.33317 0.98996 
0.79015 n. 97008 
0.75637 0.94053 
0.77067 0.90426 
0 70540 F.86396 
0.18567 0.82166 
0.16852 0.77879 
0.15351 0.73631 
0.14n2-I 0.69486 
Cl.12851 0.65485 
0.11non 0.61652 
0. in857 0.58000 
0.10006 0.54534 
0.09737 0.51256 
o.n853a 0.48161 

0.07903 0.45245 
0.07323 0.42502 

o.nh792 0.39922 
0.03347 n.21416 

0.01729 0.11632 
o.nn971 0.06400 

0.0050~ 0.03559 
n.on277 n.01997 
n.00154 0.01128 
o.nnoa7 0.00642 
n.nm’t9 0.00367 
o.oon20 n.oo7in 
0.00016 0.00121 
n. oonn9 0,00070 
0. rlooo5 0 now i 
o.nnno3 0. non24 
fl.00002 0.00014 
o.nooni n 00008 
0.00001 0. no005 
0.00000 0.00003 
0. onoon 0.00002 

I. on000 

i nnocrh 
I. on000 

1. no000 

1.00000 
1, onono 

I. mono 
I, noonn 

0.99999 
0.99999 

0.37961 
0.99730 
0.79103 
0.979hl 
0.96287 
0.94131 

0.91R7G 
0.00710 
0. R5620 
0.87379 
0.79050 
0. 75684 
il.77323 
0.61394R 
0.65735 
O.62551 
0. 59462 

n. 56075 
n.72798 

O.lRB65 
0. 10590 
0. 060 19 
O.O3433 

n.01065 
0.01179 

o.nn651 
O.fK’l76 
0.00:‘18 
0.00177 
o,noo7fL 
0. on043 
0. cm25 

o.moi5 
0. moo9 
0. no005 
II, oIlon 

0 ‘lW9Jl 

I). ?!YWR 
0.99998 
n.99!,9n 

0.99798 
0.99098 

n.9999n 
n.99998 
n.99wfi 
0.99onn 

n. 991197 
n.99?73 
n.99nw 
0.99551 
n.90vn 
0.90075 
n.96/37 

n. 95~3 
n.93139 
0.909 13 
n. 88462 
n.85833 
n.u3om 
0.80212 
n.77295 
0.74307 
0.7ihnl 

n. 6847fl 
0.42730 
0.25~12C1 

0. 140h’j 
n.o063? 

n.05nn0 

Il. Wvlll 
n.nihnt 

o.on97c 
0.0056’1 
0.00331 
Cl.00194 
n.onliT 
n. 00066 

II. 00039 
“.001)73 
n.oml3 
0. onofla 
n. oonn5 

_______________________________________________________________-____________ 
C(n, b) 3.62561 n. J1h624 0.73076 0. i408i 0.09335 

-______-__ ___.__ ____..________.. ___ -__._ _ -_-__ ____._____________ .._.. __________..__ 

r’(a, 2; 6) = r(a,z; b)/C(a,l), C(a, 6) = 2F"'Ii,(2fi) 
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Table 7 
Normalized representation of the generalized incomplete gamma function (cy = 0.50) 

2‘ Y(a, 2; 0.0) I”(qq0.5) r*(a,z; 1.0) T’(a,z; 1.5) r*(@, E; 2.0) 

0.01000 0.08754 0.99999 0.99999 0.99997 

0.02000 0.84148 0.99999 0.99999 0.99998 

0.03000 0.80650 0.99999 0.99999 0.99998 

0.04000 0.77730 0.99999 0.99999 0.99990 

0.05000 0.75183 0.99999 0.99999 0.99998 

0.06000 0.72903 0.99998 0.99999 0.99998 

0.07000 0.70828 0.99994 0.99999 0.99998 

0.00000 0.68916 0.99984 0.99999 0.99998 

0.09000 0.67137 0.99963 0.99999 0.99998 

0.10000 0.65472 0.99928 0.99999 0.99998 

0.15000 0.58380 0.99383 0.99977 0.9999.7 

0.20000 0.52709 0.98048 0.99032 0.99983 

0.25000 0.47950 0.95939 0.99416 0.99710 

0.30000 0.43850 0.93218 0.98619 0.99704 

0.35000 0.40278 0.90067 0.91402 0.99292 

0.4nooo 0.37109 0.86640 0.95778 n.9nGl9 

0.45000 0.3427R 0.83055 0.93793 0.97659 

0.50000 0.31731 0.79404 0.91504 0.964Oh 

0.55000 0.29427 0.75751 0.88974 0.94075 

0.60000 0.27332 0.72143 0.06259 0.93091 

0.65000 0.25421 0.60614 0.03411 0.9108h 

0.70000 n.23672 0.65186 0.00477 0.80893 

0.75000 0.22067 0.61875 0.77493 0.86547 

0.80000 0.2059n 0.58590 0. 74492 n.84oon 

0.85000 0.19229 0.55636 0.71501 0.81472 

0.9oqoo 0.17971 0.52716 0.68539 0.78901 

0.95000 0.16808 0.49930 0.65624 0.76240 

1.00000 0.15730 0.47276 0.62770 0.73561 

1.50000 0.08326 0.27146 0.38811 0.48623 

2.00000 0.04550 0. 15544 0.23236 0.30366 

2.50000 0.02535 0.08929 0.13750 0.18495 

3.00000 0.01431 0.05150 o.n8101 0.11127 

3.50000 0.00815 0.02982 0.04767 0.06G57 

4.00000 0.00468 0.01733 0.n2806 0.03364 

4.5ooon o.oo270 o.nioii o.niG52 0.0235n 
5.onooo 0.00157 0.00591 0.00974 0.01'101 

5.50000 0.00091 0.00346 0.00575 0.00833 

6.00000 0.00053 0.00203 o.on340 0.00'195 

6.50000 0.00031 0.00120 o.nn201 0.00294 

7.00000 0.00018 0.00071 o.onli9 n.00175 

7.50000 0.00011 o.oonh2 o.nn070 0.00104 

8.00000 0.00006 o.oon25 0.00042 0.00062 

8.50000 o.ooon4 0.00015 0.00025 o.oon37 

9.00000 0.00002 o.oono9 o.nnni5 o.ono22 

9.50000 n.nooni 0.00005 0. 00009 o.nonl3 

10.00000 0.00001 0.00003 o.nnoo5 o.oonm 

O.99996 

0.90996 

0.99996 

0.99996 

n.99996 

n.99996 

n.99996 

0.99996 

0.99997 

0.99997 

n.9999.7 

0.99995 

0.99983 

0.99934 

0.99003 

0.99543 

0.99109 

Il.98469 

0.97ho6 

o.w513 

0.95197 

0.93669 

11.9195n 

0.90059 

0.80021 

0.85(159 

0.83596 

0.81253 

0.57no7 

11.37056 

n.23208 

Il.I4E51 

0.08654 

n.ow2n 

0.03136 

0.01079 

0.01124 

0.00672 

n.00402 

n.nn240 

n.nnl43 

o.nnn86 

o.oon51 

0.00031 

o.oon1n 

0.00011 

C(a, 6) 1.77745 0.43091 0.23907 n.153n3 n. in476 

r’(a, z; b) = r(a,+; b)/C(a, b), C(cr,b) = 2b”‘2K,(2~) 
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Table 8 
Normalized representation of the generalized incomplete gamma function ((Y = 0.75) 

2‘ T’(a,z; 0.0) l-(a, I; 0.5) Y(a, 2; 1.0) l?‘(o,z; 1.5) r*ca, t; 2.0) 

0.01000 0.96574 

0.02000 0.94763 

0.03000 0.92257 

0.04000 a.90433 

0.05000 0.88738 

0.06000 n.87142 

0.07000 0.05627 

O.OROOO 0.04180 

0.09000 0.87792 

0.10000 O.Rl455 

0.15000 n. 75383 

0.20000 0.70079 

0.25noo n.65344 

0.3@000 0.61061 

0.35000 0.57154 

0.40000 0.53569 

0.45000 0. 5n264 

0.50000 0.47206 

0.55000 0. 44370 

0.60000 0.41732 

0.65000 n. 3977G 

0.70000 n.3G983 

0.75000 0. 34841 

0.80000 0.32837 

0.85000 0.30960 

0.90000 0.29201 

0.95000 0.27551 

1.00000 0.26002 

I. 50000 0. 1476n 

2.00000 n.n85oh 

2.50000 0.04947 

3.00000 o.n2895 

3.50000 n.01703 

~~.00000 0.01on5 

~+.50000 0.00595 

5. on000 0.00353 

5.50000 o.no71fl 

6. onoon o.nnl25 

6.50000 n. 00074 

7.00000 n no0411 

7.50000 0.00076 

8. on000 0.0001G 

8.50000 n.00009 

9.00000 o.ooonG 

9.50000 o.onoo3 

10.00000 0. no007 

0.99998 0.97998 

0.99998 0.99998 

0.99998 0.99998 

0.99998 0.99990 

0.99998 0.99998 

0.99998 0.99990 

0.99996 0.99998 

0.99990 0.99998 

0.99979 0.99998 

0.99959 0.99998 

0.99632 0.99985 

0.90765 0.99097 

0.97309 n.99627 

0.95336 0.99085 

0.92954 0.98222 

0.90268 0.97030 

0.87371 0.95527 

0.84337 0.93745 

0.81224 n.91725 

0.78079 0.09508 

0.74930 0.07134 

0.71f328 0. R4640 

0.60770 0.02058 

0.65778 0.79418 

0.62065 0.76745 

0.60036 0.74059 

0.57302 0.71379 

0 5hlrb2 0.68719 

0.331176 0.45067 

0.20170 0.20327 

0.12083 0. 17463 

0.07223 0. in658 

0.04316 0. cl6468 

0.02578 0.03012 

0.01541 0.07361 

a.00922 0.01424 

n.00551 O.OOfl58 

n.00330 0.00516 

0.00198 a.00311 

0.001 lo o.on187 

a.00071 o.noll3 

0.00043 0. no068 

0.00026 o.nn04l 

n.oooi5 O.OO025 

0.00009 0.00015 

o.noon6 0. noon9 

0.99906 

0.99996 

0.99996 

0.99’)96 

0.99996 

0.99996 

0.99996 

II. 99996 

II. 99996 

0.99096 

0.99’)96 

n.99ww 

Il. 99947 

n.99tm 

0.9957.7 

0.99053 

0.98354 

0.97417 

fl. 9624.3 

0. 94n44 

0.93230 

0.91449 

0.89499 

0.87415 

0.85?19 

0.82936 

0.8nm7 

iI.7819ll 

0.54Til4 

n. 35hw 

I). 22hnn 

n. l4n7r; 

0.08G75 

0.05311 

0.0323n 

n.oivs 

n.01193 

0.0072\ 

0.00437 

n. 00?6~l 
o.oolGtr 

0. om9h 

0. on050 

0.00035 

o.onwl 

o.ooni3 

n. 99995 

0. w995 

0.99995 

f1.39995 

n.99995 

n.99795 

II. 99995 

II.99995 

0, 9w95 

n.99795 

n.90095 

0.99795 

0. Ll”‘)RR 
0. 90956 

0.90870 

0.99692 

0.99385 

n.98321 

11.90778 

0.97446 

0, 96’122 

n.95312 

0.93824 

n. 92774 

n. 90576 

rl.m3748 

o.n6m7 

n.84771 

0.67395 

0.47383 

0.27589 

n.175Eh 

0. In967 

n.06795 

n.04183 

Il.W563 

Il. 0 1.565 
n.nn953 

0. nfmn 

n.00357 

II no7 i 3 
0.00129 

n, nnn 7a 

0. mm4 7 

0 on029 

0 nnn i 7 

C(a, b) 1.27542 0.43043 0.75581 0. 16993 n. 1 I’?83 
_____________________________________________________________________________ 

r’(a, I; b) = r(a,z; b)/C(a, b), C(a, b) = Zb”“K,(2v’%) 
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Table 9 
Normalized representation of the generalized incomplete gamma function ((Y = 1 .OO) 

2 I?‘(a,z;O.O) P(o, t; 0.5) Y(a, I; 1.0) I?‘(cr,r; 1.5) r*cLI, z; 2.0) 

0.01000 

0.02000 

0.03000 

0.04000 
0.05000 
0.06000 
0.07000 
n.omoo 

0.03noo 

0.1n000 

0.15000 
0.2OnOo 
0.25oon 
0. 3nnnn 
0.35000 
0. ho000 
0.450fln 
n.5nnoo 

0.55000 
o.hoOnn 
0.65nnn 

n. 70000 

0.75000 
0. mno0 

0.85000 

0.9onoo 

0.95000 
1. no000 

1.5nooo 
2.00000 
2.5flooo 

3.00000 
3.5nonn 
4.00000 
4.50000 
5.00000 
5.5nOOn 
6. 00000 
6.50000 
7.nnOnn 
7.50000 
0. non00 
8.5nOon 
9. oooofl 
9.50000 

iO.OnOon 

n, Y9on5 0.99990 
0.9802n 0.99998 
0.97045 0.99990 
0.96079 0.99998 
0.95123 0.99998 
0.9417h 0.99997 
0.93239 0.99996 
0.92312 0.99994 
0.91393 0.99988 
0.9048’1 0.99977 
n.86071 0.99787 
n.81073 0.99242 
0.77000 0.98269 
0.7ftna2 n.9haa~r 
n. 7ow9 0.95141 

n.67032 0.93105 
0.63763 0.901939 
0.60653 0.08399 
0.57695 0.85833 
0.5’IARl 0.83180 
n.572m 0.80475 
0.49659 0. 77744 
n.47237 0.75011 
0. 44933 n.72292 
0.42741 0.69603 
0.40657 0.66954 
0. 38674 0.64356 
0.3hiflo 0.61014 
n.22313 0.4077 1 
0.13534 0.75’149 
0. n82n9 0.15081 
0.0’1979 0.09032 
0.0302n 0.06056 
O.OlR37 0.0371a 
n.nirii 0.02778 
0.00674 0.01393 
0. nmn9 0.00050 
n owho o.no5l9 
O.mi5n 0.00316 
n.00091 0.00193 
0. no055 n.Ooli7 
0.000311 o.nno7i 
n.nn07n 0. on043 

o.non17 0. non26 
0.00907 0.00016 
0. on005 n.00010 

0.99996 I owns 

0.99996 i oomi 

0.99996 i nonon 

0.99996 I mm0 

0.99996 i Ononn 
0.99996 I mm 

0.99996 i oonnn 
0.99996 I Onnnn 

0.99996 i nnow 

0.99996 I. nnnnn 
0.99990 I ononn 
0.99937 n.9~~5 
0.99767 n.99’)67 
n.99m7 0.99RRl 
n.pndil 0.996?3 

0.?7957 0.99366 

0.96547 0.91)RhiT 

0.95494 n.98187 

0.93921 n.973nc 
0.97156 0.96226 
0.9n225 0. 94’,67 

O.RO15B 0.93537 
0. a5980 n.9iY5n 

0.03715 n.9nwh 

0.81385 0.138.382 
0. 790119 0.861135 
0.76606 II. 8~1~103 
0. 74189 n.82303 
n.5iwo n.anmn 

n. 33047 n.rtl?lrt 

0.71710 0.27lQl1 
0.13712 0.17~Ifl~l 
0.08577 n.llin2 

0.05330 0.06’?81 
0.03796 n.n436o 

0.07032 0.027rv 
0.01249 0.01676 
o.no766 n.nlo31t 
0. nor169 tn.00631 
n.nw87 n.on39i 
0. 00 176 0 ow4t1 
0.00107 n.oni47 
0, nnoh5 n. nmr9n 
0. on040 n mm5 
o.nnom n.nno31b 
o.ono15 n 0007 i 

_________________________________________---_____-_____--______-____-~_____--_ 
‘3a, 6) I. onnnn n.4w134 0.27973 n. 19776 0. 13967 

__-___________,__________________-_____-_______________________________________ 

I-(a, I; b) = I-(a, z; b)/C(a, b), C(a, b) = 2b’+L(2d$ 
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Fig. 1. Normalized representation of the generalized incomplete gamma function (cy = - 1 .OO) . 
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Fig. 2. Normalized representation of the generalized incomplete gamma function (a = -0.75). 
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Fig. 3. Normalized representation of the generalized incomplete gamma function ( LY = -0.50). 
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Fig. 4. Normalized representation of the generalized incomplete gamma function ((L = -0.25). 
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Fig. 5. Normalized representation of the generalized incomplete gamma function ( LY = 0.00). 
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Fig. 6. Normalized representation of the generalized incomplete gamma function ((Y = 0.25). 
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Fig. 7. Normalized representation of the generalized incomplete gamma function ((Y = 0.50) 
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Fig. 8. Normalized representation of the generalized incomplete gamma function (cx = 0.75). 



MA. Chaudhry, SM. ZubairIJournal of Computational and Applied Mathematics 55 (1994) 99-124 123 

0.80 L- 

E 0.20 

I 
= 2.00 - 

\ 

0.00 ! , , 
I III I 

! 
I I III II I 

.Ol 2 34 .I 2 34 I 2 34 

x--t 

r t ! i I 
j 

P 

IO 

Fig. 9. Normalized representation of the generalized incomplete gamma function (cr = 1 .OO). 

The normalized representation of the generalized incomplete gamma function for various values of 
the parameters CY and b is presented in Tables l-9 and Figs. l-9. It should be noted that the values of 
the normalizing constant C (cy, b), for a given LV and various values of b are given in the last row of 
the respective tables. Notice that the second column of Table 5 represents the value of the exponential 
integral function, which corresponds to the value of the generalized incomplete gamma function when 
both cy and b are zero. It should be added that the second column of Tables 6-9 gives the normalized 
representation of the incomplete gamma function for (Y = 0.25,0.50,0.75 and 1 .OO, respectively; so 
an easy comparison with existing tables (or approximations) can be made. Furthermore, the second 
column of Table 7 represents (scaled) complementary error function (cf. Theorem 7, Eq. (23) ) . 
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