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Abstract

We present Lagrangian which implies both necessary constraints and dynamical equations for position
and spin of relativistic spin one-half particle. The model is consistent for any value of magnetic moment p
and for arbitrary electromagnetic background. Our equations coincide with those of Frenkel in the approx-
imation in which the latter have been obtained by Frenkel. Transition from approximate to exact equations
yields two structural modifications of the theory. First, Frenkel condition on spin-tensor turns into the Pi-
rani condition. Second, canonical momentum is no more proportional to velocity. Due to this, even when
1 =1 (Frenkel case), the complete and approximate equations predict different behavior of a particle. The
difference between momentum and velocity means extra contribution to spin—orbit interaction. To estimate
the contribution, we found exact solution to complete equations for the case of uniform magnetic field.
While Frenkel electron moves around the circle, our particle experiences magnetic Zitterbewegung, that is
oscillates in the direction of magnetic field with amplitude of order of Compton wavelength for the fast
particle. Besides, the particle has dipole electric moment.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Consistent and complete description of spin effects of the relativistic electron is achieved in
QED on the base of Dirac equation. However, starting from the pioneer works [1-3] and up to
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present date, interpretation of final results in some cases is under permanent and controversial
debates in various theoretical and experimental set-ups [4-16]. Understanding of spin preces-
sion in the case of arbitrary magnetic moment in an external electromagnetic field is important
in the development of experimental technics for measurements of anomalous magnetic moment
[17,18]. In accelerator physics [19] it is important to control resonances leading to depolarization
of a beam. In the case of vertex electrons carrying arbitrary angular momentum, semiclassical
description can also be useful [20]. So the relationship among classical and quantum descriptions
remains an important step of analysis, providing the interpretation of results of QFT computa-
tions in usual terms: particles and their interactions. Hence an actual task is to develop, in a
systematic form, the classical model of an electron [21-26,28,29,31-38,40] which would be as
close as possible to the Dirac equation.

Maybe the best candidates for classical equations of relativistic electron are those of Frenkel
[21,22] and Bargmann, Michel and Telegdi (BMT) [23]. They almost exactly reproduce spin
dynamics of polarized beams in uniform fields, and thus might be proper classical analog for
the Dirac theory. Integrability of BMT equations in the case of rather general electromagnetic
backgrounds were studied in [50]. Solutions to BMT equations in a constant magnetic field can
be associated with those of Dirac [49].

However, to be able to describe other spin effects, it is desirable to have systematically con-
structed Lagrangian and Hamiltonian formulations as well as proper quantization scheme for
these equations (note that one needs a Hamiltonian to describe, for instance, Stark and Zeeman
effects). Then it would be possible to use them as a semiclassical approximation of the QFT
computations based on Dirac equation.

Non-relativistic spin operators are proportional to the Pauli matrices, so they form a simple
algebra with respect to commutator

[Si, $;1- = ihe;j S, )]
as well as with respect to anticommutator
A 2
[Si,Sj]Jr:?Sif 2

These equations prompt that spin-space in classical model can be described by either even or
odd (Grassmann) variables. The pioneer model based on odd variables have been constructed
by Berezin and Marinov [26]. This gives very economic and elegant scheme for semiclassical
description of spin. For non-relativistic spin, the Lagrangian reads 75 (%)% + i&;&;, where the in-
ner space of spin is constructed from vector-like Grassmann variables §;, §&; = —&;§;. Since
the Lagrangian is linear on §;, their conjugate momenta coincide with &, 7; = % =i&;. The
relations represent the Dirac second-class constraints and are taken into account By transition
from the grassmannian Poisson bracket to the Dirac one. After that, the constraints can be used
to exclude 7;. Dirac bracket of the remaining variables reads {&;, &} pp = id;;. Comparing this
with Eq. (2), we quantize the model replacing & — %ai. Relativistic spin is described in a sim-
ilar way [26-29]. The problem here is that Grassmann classical mechanics represents a rather
formal mathematical construction. It leads to certain difficulties [26,29] in attempts to use it for
description the spin effects on the semiclassical level, before the quantization. Besides, general-
ization of Grassmann mechanics to higher spins is not known [30]. Hence it would be interesting
to describe spin on a base of usual variables, that is we intend to arrive at the commutator algebra
(1) instead of (2).
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Contrary to the models based on commuting spinors [32,33], in the Berezin—-Marinov ap-
proach the o; (or y*) matrices do not appear in classical theory but produced through the
quantization process. The same turns out to be true in our model based on non-Grassmann vector
for description of spin.

Very general approach to description of rotational degrees of freedom in relativistic theory has
been developed by Hanson and Regge [25]. They suggested to represent a relativistic spherical
top as a point on a world-line to which a body-fixed frame is attached. The frame is identified
with the Lorentz-group element, so the trajectory (x*(t), A*V(t)) of the top represents a line
of the Poincare-group manifold. The antisymmetric tensor A~! A has been chosen as the basic
quantity to describe the rotational degrees of freedom. They asked on the most general form
of Lagrangian which yields only three physical rotational degrees of freedom. The Lagrangian
gives generalized mass-shell constraint which relates mass with spin, so in quantum mechanics
they obtained a string-like spectrum composed by a family of particles with varying mass and
spin. They also analyzed whether their spin-tensor couples directly with electromagnetic fields,
and concluded on impossibility to construct the interaction in a closed form. As we show below,
this can be achieved in closed form for the vector that constitutes our spin-tensor.

Since the commutator (1) represents the angular-momentum algebra, it is natural to rep-
resent the spin in classical theory as the composed quantity, S =& x 7, constructed from
spacial components of some inner-space coordinate w* and its conjugated momentum /. As
in the Hanson—Regge approach, the main problem here is to construct the Poincare-invariant La-
grangian which has the right number of degrees of freedom and admits an interaction in closed
and relatively simple form. We need a variational problem which yields the appropriate con-
straints. In turn, this implies the use of Dirac’s machinery for analysis of constrained systems.
Though a number of models [31-35,39] with vector variables yield Frenkel and BMT equations,
they also contain extra degrees of freedom. At the classical level one can simply ignore them.
However, they should be taken into account during quantization procedure, this leads to quantum
models essentially different from the Dirac electron.

In this work we continue detailed analysis of the Frenkel and BMT equations started in
[41,42], and construct the Lagrangian which yields generalization of these equations to the case
of arbitrary electromagnetic background. Even for non-interacting theory search for Lagrangian
represents rather non-trivial problem [22,25]. In [42] we have solved this problem, considering
spin as angular momentum of inner four-dimensional vector space attached to the point of a
world-line.

In Hamiltonian formulation the model represents a non-trivial example of a constrained sys-
tem. Phase space of the model turns out to be curved manifold equipped, in a natural way, with
the structure of fiber bundle. Detailed analysis of the underlying geometry has been presented in
[41]. This allowed us to develop the proper quantization scheme. In [42] we have performed both
canonical (in physical-time parametrization) and manifestly covariant (in arbitrary parametriza-
tion) quantization of the free model, and established the relation with one-particle sector of Dirac
equation as well as with quantum theory of two-component Klein—Gordon equation developed
by Feynman and Gell-Mann [43]. It has been demonstrated that various known in the literature
non-covariant, covariant and manifestly-covariant operators of position and spin acquire clear
meaning and interpretation in the Lagrangian model of Frenkel electron. In particular, we have
found the manifestly covariant form of position and spin operators in the space of positive-energy
Dirac spinors.

In the Hamiltonian formulation two second-class constraints appeared which, at the end, sup-
ply the Frenkel condition on spin-tensor. They depend on both position and spin-sector variables.
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This leads to new properties as compared with non-relativistic spin [41]. The constraints must
be taken into account by transition from Poisson to Dirac bracket, this leads to non-vanishing
classical brackets for the position variables. In the result, the position space is endowed, in
a natural way, with non-commutative structure which originates from accounting of spin de-
grees of freedom. Our model represents an example of a situation, when physically interesting
non-commutative relativistic particle emerges in a natural way. For the case, the “parameter of
non-commutativity” is proportional to spin-tensor. As a consequence, operators corresponding
to position of the electron are non-commutative (they can be identified [42] with Pryce (d) oper-
ators). This implies that effects of non-commutativity could be presented at the Compton wave
length, in contrast to conventional expectations of non-commutativity at Planck length.

There are a lot of candidates for spin and position operators of the relativistic electron [1-3,
44,24]. Different position observables coincide when we consider standard quasi-classical limit.
So, in absence of a systematically constructed classical model of an electron it is difficult to
understand the difference between these operators. Our approach allows us to do this, after real-
izing all them at the classical level. Besides, all the candidates obey the same equations in free
theory, so the question of which of them are the true position and spin is a matter of convention.
The situation changes in the interacting theory considered below, where we can distinguish the
variables according their classical dynamics in an external field.

In the present work we construct and study an interacting theory. In Section 2 we show that
our Lagrangian admits interaction with an arbitrary electromagnetic background.' The model
contains two coupling constants — charge e and the interaction constant p of basic spin variables
with F,,. Provisionally, we call this magnetic moment. The theory is consistent for arbitrary
values of . For the position variable we have the minimal interaction term £ A, x". As for spin,
when the particle has non-vanishing magnetic moment, this interacts with electromagnetic field
in a highly nonlinear way. This turns out to be necessary for preservation of the number and
algebraic structure of constraints in the passage from free to interacting theory. In Section 3
we present and analyze equations of motion in Hamiltonian and Lagrangian formulations. We
show that they follow from simple and expected Hamiltonian (36), when we deal with the Dirac
bracket. We compare our equations with those of Frenkel [21,22]. Frekel considered the case
@ =1, and found his equations in the quadratic approximation on spin—tensor. We show that
our exact equations coincide with those of Frenkel in these limits. Hence our Lagrangian gives
complete Frenkel equations for arbitrary field and magnetic moment.

Frenkel tensor can be used to construct BMT-type four-vector. We write the corresponding
equations of motion. While Hamiltonian equations can be rewritten in closed form in terms of
BMT vector, see Egs. (60)—(62), we do not achieved this for Lagrangian equations in our theory.
In the Lagrangian form, the equation for BMT vector contains Frenkel tensor, see Eq. (63). It
seems that Frenkel spin in our theory represents more fundamental object as compared with
BMT spin.

While equations of motion have a rather complicated structure, in the case of uniform mag-
netic field there are a lot of symmetries and hence integrals of motions providing complete
analytical solution. In Section 4 we find exact solution to our equations for this case. As compared
with Frenkel and BMT equations, our model takes into account two effects. First, magnetic mo-
ment interacted with a magnetic field results in additional mass of electron. Second, in the case of
anomalous magnetic moment the velocity and the momentum are not collinear, this modifies the

1 Interaction with an arbitrary curved background is presented in [45].
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Lorentz force. Our model naturally incorporates both these effects and leads to small corrections
of the trajectory and spin precession.

2. Lagrangian and Hamiltonian of interacting theory

To start with, we shortly describe the structure of free theory [41,42]. Configuration space of
the model consist of the position x*(t) = (ct, x) and the vector-like variable of spin w*(7) =
(wo, ®), ® = (w1, w2, ®3) in an arbitrary parametrization t. p* and 7 are conjugate momenta

. . . . 2
for x* and w*. The variables in the free theory are subject to the constraints (we set az = %)

Ti = p* + (me)* =0, (3)
G=n’-a3=0, TNi=0'-a=0, Ts=wr=0, @)
Ts = po =0, T; = pn =0, 5)
where o = —0’7° + wm and so on. As the Hamiltonian action functional, we simply take

Ly = px + mw — H, with the Hamiltonian H = g;7; in the form of linear combination the
constraints 7; multiplied by auxiliary variables g;, i = 1,3, 4, 5, 6, 7. The constraint 73 belongs
to first-class and is related with local spin-plane symmetry presented in the theory [41]. The
basic spin-sector variables change under the symmetry, so they do not represent an observables
quantities. As the observable quantity we take the Frenkel spin-tensor J*V

J‘“’:Z(a)”rr” —a)”n”). (6)

The constraints (4) and (5) imply the following restrictions (in the free theory the conjugated
momentum is proportional to four-velocity, p* ~ u'")

J*¥p, =0, J? =6h. (7
Spacial components of the Frenkel tensor can be used to construct the quantity
A
S = Ze”ijk, (®)
which we identify with non-relativistic spin of Pauli theory. In the interacting theory p* turns into
canonical momentum P#, which for non-uniform fields or/and u # 1 does not proportional to
four-velocity. Hence in this case the Frenkel condition J#*"u, = 0 turns into the Pirani condition

[46,48.,47] J#VP, =0.
Frenkel tensor can be used to construct four-vector

23

sh(r) = e“”“ﬂpuJaﬂ, then s¥p,=0, s R

_p2 ©)

In our theory, even in the case of interaction, the condition s*P, = 0 implies s*u, = 0, see
Eq. (58) below. So we can identify s# with BMT vector [23]. In the rest frame, spacial compo-
nents s' of BMT vector coincide with S’. In an arbitrary frame, they are related as follows:

0
i_ P . bipj i
T \/—_pZ<8” <p°>2>sj' 1o

In the free theory Eq. (9) can be inverted, J*V = —

%e’“"‘ﬁ DaSg, SO the two quantities are

mathematically equivalent. In the interacting theory, we have p — P ="P(u, J, F), see Egs. (30)
and (31), so (9) becomes non-linear equation.
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In [42] we developed Lagrangian formulation of the theory. Excluding conjugate momenta
from Ly, we obtained the Lagrangian action. Further, excluding the auxiliary variables, one
after another, we obtained various equivalent formulations of the model. In the end, we got the
“minimal” formulation without auxiliary variables. This reads”

1
S:/dr—mc\/—)'cNfc—i—\/a_m/d)Nd)—§g4(w2—a4), (11)

where N#V =tV — % is projector on the plane transverse to the direction of w*. The action

is written in a parametrization T which obeys 5—; > 0.

Interaction with an external background should not spoil the number and algebraic properties
of constraints (3)—(5). We do not know how to achieve this for the minimal action.? For instance,
the natural reparametrization-invariant interaction A, %" + uF,,@"®", even for vanishing
magnetic moment, leads to the theory with the number and algebraic structure of constraints
different from those of free theory. So we start with the equivalent Lagrangian with four aux-
iliary variables, g1, g3, g4 and g7, this turns out to be appropriate to our aims. Of course, the
auxiliary variables will be excluded from final equations of motion, see Egs. (46)—(52).

To introduce coupling of the position variable with an electro-magnetic field, we add the
minimal interaction term A, x*. As for spin, we propose to modify derivative of w as follows

o — Dot =it — gl%(mw. (12)

This is the only term which we have found to be consistent with the constraints 7;. Lagrangian
reads

L= =[g3(iN%) — 287(NDw) + g1 (DwN Dw)|
2detG
+ ;Aﬂfc“ — %(a)Z —ag) — %m%z + g—;a3, (13)

where detG = g1 g3 — g%. Since L contains auxiliary variables, even for u = 0 we have highly
nonlinear interaction. As a consequence, motion of spin influences motion of the particle and
vice versa.

We first establish whether our Lagrangian gives the desired constraints. The momenta read

oL 1 e

W= —— — —— (g3Nx* — g7NDwM) + = AH,

P= detG(g3 x* — g7NDw )+C
JdL 1

at=—= —(—g7Nxi* + g NDo"), (14)
dwh detG( § § )
oL

Ty =——=0. (15)
0gi

2 The last term in (11) represents kinematic (velocity-independent) constraint which is well known from classical
mechanics. So, we might follow the classical-mechanics prescription to exclude g4 as well. But this would lead to lose
of manifest covariance of the formalism.

3 Hanson and Regge [25] have found highly non-linear interaction for the case of their relativistic top. It would be
interesting to apply their formalism to our minimal action.
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According to (15), the momenta 7r,; represent primary constraints, 7g; = 0. Using the property
Nw = 0 of the projector N, from Eq. (14) more primary constraints follow, 75 = m® = 0 and
Ts = Pw = 0. It has been denoted

pr=pt — AR, (16)
¢
To write Hamiltonian, we solve the system (14) with respect to projected velocities
Nxit =g P* + gyt NDw" = gsn™ + g7P*. 17

Using these expressions as well as the identities Px = PN X, m@w = m Nw we obtain Hamiltonian
H=px+nmw— L+ A,P, in the form

2
+ As(wm) + Ae(Pw) + g7(Pm) + Ag, 7, (18)

where A5 and Ag appear as Lagrangian multipliers for primary constraints 75 and 7. We denote
(JF)=J""F,, and so on. From (18) we conclude that 71, T3, T4 and T; appear as secondary
constraints when we impose the compatibility conditions 77g; = {mg;, H} = 0. The second, third
and fourth stages of the Dirac—Bergmann algorithm can be resumed as follows

81 ne 83 84
H= ?<P2— %(JF)+m202) + ?(nz—cn) + = (0* — a4)

T1=0 = XxC+g/D=0, (19)

,=0 = x5=0, (21)
as as

Is=0 = ga=—gs, = g = A3, (22)
aq aq

To=0 = giC—gM**=0, = Aig=[(0g). (23)

T7=0 = g1D+)\,6M2 220. (24)

We have denoted
) eRu+1)
M =m —TFWJ’“’, 25)

e eun
C=——(u—D@FP)+ —(wd)(JF),
c 4c

D=-2(u-1@FP)+L@auF). (26)
Isd 4c

Eq. (19) turns out to be a consequence of (23) and (24), As(23) + g7(24) = g1(19), and can
be omitted. Eq. (23) determines g7 = M%& g1 while (24) gives the lagrangian multiplier Ag =

—# g1. The Dirac-Bergmann algorithm stops at the fourth stage. This yields all the desired
constraints T,, a = 1,3,4,5,6,7. Two auxiliary variables, g; and g3, and the corresponding
Lagrange multipliers Ag,, Ag, have not been determined.

It is useful to summarize the algebra of Poisson brackets between constraints in a compact
form, see Table 1. We note that Poisson brackets of 77 and T 3 =13+ Z—iT4 vanish on the con-
straint surface, so they form the first-class subset. The presence of two first-class constraints is
in a correspondence with the fact that two lagrangian multipliers remain undetermined within
the Dirac procedure. Matrix of Poisson brackets of the remaining constraints, 74, T5, T and T7,
is non-degenerate, so this is a set of second-class constraints. All this is in correspondence with
free theory [42].

In resume, the interaction does not spoil the structure and algebraic properties of Hamiltonian
constraints of the free theory.
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Table 1
Algebra of constraints.
T T3 Ty Ts Ts Ty
Ty =P EFW ), 0 0 0 0 -2C -2D
+ m202
Ty=n?—a3 0 0 —4Ts —2a3+T3) 2T 0
Ty=w?—ay 0 4Ts 0 2(Ty + ag) 0 2T¢
Ts = om 0 2(T3 +a3) —2(aq + Ty) 0 —Te T7
Ts = Po 2 2Ty 0 Ts 0 T) — M?c?
Ty =Pn 2D 0 —2T¢ —Ty Ty +M32%2 0

3. Exact Frenkel equations on arbitrary background
3.1. Hamiltonian equations of motion

The Hamiltonian (18) determines evolution of the basic variables through the Poisson bracket
q = {q, H}. Equivalently, we can pass from Poisson to Dirac bracket constructed on the base of
the second-class constraints 74, Ts, T, T7. The list of Dirac brackets is presented in Appendix A.
After that, our highly nonlinear interaction turns out to be hidden in the Dirac bracket: the con-
straints can be used in the Hamiltonian (18), this gives the expression

e
Hy = % <7>2 - ’;—C(JF) - m202> - g—;(l2 — 8azay). 27)

Equations of motion now can be obtained with help of H; and the Dirac bracket, ¢ = {¢q, H1}pp-.
They read

=gk, Ph=g f(Fu)“ +a ’j—:a“(JF), (28)
. e
i =g17“<Fw)“ + g3 + grPX,
e a
il =g TM(Fn)" - a—jgsw“ e (29)

where 94 (J F) = J*PyH Fyp. According to (23) and (24), the four-velocity u# is not proportional
to canonical momentum P*
A
ut =i 8 g L 20 i Py oy (30)
81 81

We have denoted
T =" — (u—Da(JF)",  Y'= %Jwaaun,

e —2e
2M2c3 T 4Am2c3 —eQu+ D(JF)’

3D

a =

Matrix 7T is invertible, the inverse matrix 7 has the same structure (we used the identity
(JFJ)" = —3(J F)J* which implied by (6))
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T =n"" + (u — DHb(JF)"’,
b 2a _ —2e
T 24 (u—Da(JF)  4m2c3 —3epu(JF)’

All the basic variables have ambiguous evolution. x* and P* have one-parametric ambiguity
due to g1 (they change under reparametrizations) while @ and 7 have two-parametric ambiguity
due to g1 and g3 (they change under reparametrizations and spin-plane symmetry). The quantities
x*, P* and the spin-tensor J*¥ are spin-plane invariants. Their equations of motion form a
closed system

(32)

i =g [73# —aJ ((u —1)(FP)y — %80,(JF)>:|, (33)

pr=S(Fi + g Xk F), (34)
c 4c

J =g [% Flr, govl — oqplr grle ((u —1)(FP)y — %aa(JF))]. (35)

The last term in (27) does not contributes to the equations of motion for x, P and J, and can be
omitted. Then the Hamiltonian for these variables acquires a simple and expected form

=2 <P2 _ R+ mzcz). (36)
2 2c

The interaction yields two essential structural modifications of the theory. Free theory im-
plies the Frenkel condition, J#'x, =0, and p* ~ x*. Interaction modifies not only dynamical
equations but also the Frenkel condition, the latter necessarily turns into the Pirani condition

JHP, =0, (37)

where, due to (30), P* is not proportional to x*. Then Egs. (33) and (34) imply that the interac-
tion leads to a modification of the Lorentz-force equation even for uniform fields. Only for the
non-anomalous value of magnetic moment, i = 1, and uniform electromagnetic field Egs. (23)
and (24) would be the same as in free theory, A¢ = g7 = 0. Then T*V = n*V, Y#* =0, and four-
velocity becomes proportional to P#. Contribution of anomalous magnetic moment p # 1 to the
difference between u and P is proportional to C% ~ Ch—3, while the term with a gradient of field is
proportional to i—f ~ ':—i

The remaining ambiguity due to g; in Egs. (33)—(35) reflects the reparametrization symme-
try of the theory. Assuming that the functions x*(t), p*(r) and J*"(t) represent the physical

variables x’ (¢), p(¢) and J*"(¢) in the parametric form, their equations read

i de

u
T ar o 9
dPH
= - %F“”uv n %aﬂ(m), (39)
dJ*v c .
dIT € 40
dt g1ud “0)

As it should be, they have unambiguous dynamics. Eqs. (33)—(35) are written in an arbitrary
parametrization of the world-line. In the next subsection we exclude P* and g1, and then analyze
the resulting equations in the proper-time parameterizations. This allow us to compare them with
original Frenkel equations.
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3.2. Lagrangian form of equations

Hamiltonian equations from the previous section can be rewritten in the Lagrangian form for
the set x, J. Let us analyze the relation between velocity and momentum given by the Hamilto-
nian equation (33). This can be written in the form

=g (TH, P +Y"). 41)
From this equation we express P through x
1 -~ ~
PH=—THZ" —TH,Y". (42)
81

We can find g calculating square of the following expression
- 1 -
P4 THYY = —TH 3,
81
which yields
s Lo
P2+ (TY)M(TY), = ?(Tx)“(Tx)u.
1

We used that P,Lf"v =P, and P, Y* = 0. Using the last equation and 7 -constraint we find g1

(Tx)2 _ ek

= = = B 43

ol (TY)? —m2e2 4 LB myc )

where we have introduced the symmetric matrix
.

g =(T7T) .. (44)

and the radiation mass
YY
m=m? - L) - 1 (45)
2c3 c

In the natural parametrization /—gxx = c, we have g; = mr_l, that is the auxiliary variable,
which appeared in front of mass-shell constraint 77 = 0, is the inverse radiation mass. Due to the
identity (TY)“ = SY“ we also can write gYY = Z—in. Using (42) and (43) in (34) and (35) we
write closed system of equations for x* and J#" in the form

d Tk e/—gix

E[mrc (_’;)xx —(TY)“:| C(Fi" + “4 I(JF), (46)

: ep — 2b(n — Dmyc . 2b .

JHv = _ Fle ol _ 22082 T cln ey poyvl 4+ 22 [MYV]’ 47
R ST N R R (47)

T T (mypcx® — /—gxi¥®) = 0. (48)

Let us compare them with Frenkel equations. Frenkel found equations of motion consistent with
the condition J*"u, = 0 up to order 03(1, F,0F). Besides, he considered the case u = 1.
Taking these approximations in our equations in the proper-time parametrization v/—(x)? = c,
we arrive at those of Frenkel (our J is 2’”‘ of Frenkel J)
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d e e e e

el 2 JHy(JF) | = —(FX)* + —0*(JF), 49

dt |:< 4mc3 )x + m2c3 a( )] c( %) +4mc JF) )

. 1

Jr = |l gev! _ Sl o, (JF) |, I %, =0. (50)
mc dmc

In general case, our equations (46)—(48) involve two types of corrections as compared with
those of Frenkel. First, the energy of magnetic moment in non-uniform field leads to the con-
tribution —g:—zy into the Frenkel radiation mass, see (44). Second, when p #£ 0, a contribution
arises because the Frenkel condition which has been satisfied for the free particle, turns into Pi-
rani condition in the interacting theory. Its Lagrangian form is written in (48). In the result, the
components J 0 vanish in the frame PH* = (PY, O) instead of the rest frame. Hence our model
predicts small dipole electric moment of the particle.

The structure of our equations simplified significantly for the stationary homogeneous field
0q F*Y = 0. In this case (46) and (47) read

m(TH]. e
Fenalaeles e
gra Fle g, gl _ 2b%x[ﬂuﬁ)“], (52)
(JT)H =0. (53)

Eq. (52) implies J " F,, =0.Hence JF and m, are conserved quantities. Then 77 = 0 implies
that P2 is a conserved quantity as well The equatlon m, = 0 can also be obtained contracting
(51) with (Tx)u

Contracting (51) with T we can further 51mp11fy this equation

d [ _mit “(FR)",  F=TF me i (54)
dv | J/—gix| 2 B ey/—gxx
Let us choose a parametrization which implies
guvihi” = —c?. (55)

Since gix = %2 4+ O(J?), in the linear approximation on J this is just the proper-time
parametrization. Then Eqs. (52) and (54) read

d(Ti)" 2
T ki, o @ = (P, F=1F-"CrF, (56)
dt myc myc
Jm = :1 - b (u — Dymy W (J F)". (57)
r

So, when p # 0, the exact equations differ from the approximate equations (49) and (50) even
for uniform fields.

3.3. BMT vector in Frenkel theory

Since J*VP, = 0, the spin-tensor is equivalent to the four-vector (9) where we replace
p"* — PH. Then s#P, = 0. Due to Egs. (30) and (31) together with (6), s* also obeys the
condition

stuy, =st%, =0. (58)
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The physical dynamics can be described using s instead of J*V. Eq. (58) suggests that s* could
be candidate for BMT-vector in our model. Using the identities

2 4
wap g P [t 1]
Jopr elB € J“ﬁ_\/_— 7)2P 5 (59)

to represent J#*V through s* in Egs. (33)—(35), we obtain the closed system of equations for
spin-plane invariant quantities

TR =

20— 1 s
i =g [79“ - %eﬂ““ﬂwmvsmﬂ - %ewy%ﬂﬂy 5 syP(;sy/Pg/aan,g}, (60)
S € opan pe Y DP Al ap
P —C(Fx) +g12c\/——P2€aﬁms PPt F (61)
it = g1 | (Fo)t + — (sFPYP! | — — (PsyP* 62
SEEs (Fs) +E(S ) _ﬁ( s)PE. (62)

These equations valid for arbitrary electro-magnetic fields. Let us consider the case of uniform
field discussed by Bargmann Michel and Telegdi. Then we can compare these equations with
BMT equations. First, we should exclude P and g from Eqgs. (61) and (62) using (60). In contrast
to (41), where x* is a linear function of P* and J*V, in (60) x* is a non-linear function of PH
and s*. Inverse function which express P* as a function of X", s* exists, though we can’t find
its explicit form even in the case of uniform fields. Formally using (42) and (43) in the case of
uniform fields, o, F*” = 0, we get

it = gt (Fsyr

myc?

e

B myc2/—gxx [
Eq. (63) contains J but for weak fields the corresponding contribution can be neglected. In the
uniform field and in the parametrization (55) we have Eq. (56) for x and

(0 — D(SFX) + pb(sFJFH)|(TH)*, sk =0. (63)

st = S (Foyt — L[ — D)(sF) + ub(s FIF)(T)". (64)
m;c myc
This can be compared with BMT-equations
= S (Fok, (65)
mc
i = Loy — (- D, (66)
mc mc
We can also introduce BMT-tensor dual to s*
2 .
JIIBLA]/)IT = ;e“"“ﬁsaxﬂ.

Due to (66) this obeys the equation

. e (w—1) N
T = [MF[%J;A;'T - —2<JBMTFx)[“x”]. (67)
This can be compared with (57).

Obtaining their equation (66) in uniform field, Bargmann, Michel and Telegdi supposed that

the motion of particle (65) is independent from the motion of spin. Besides they looked for the
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equation for s* linear on s and F'. Obtaining Eqgs. (56) and (64) we have not made any supposi-
tion of such a kind. Our approach is based on the variational formulation which satisfies all the
necessary symmetries. The exact equations (56) and (64) involve two types of essential correc-
tions as compared with BMT equations. First, an energy of magnetic moment in electromagnetic
fields leads to the radiation mass m,. Second, anomalous magnetic moment affects trajectory of
a particle.

Neglecting non-linear on F and s terms in our equations (56), (64), we obtain those of
Bargmann, Michel and Telegdi. The same holds if we take the proper-time parametrization,
xtx, = —c?, instead of (55).

4. Exact solution in uniform magnetic field

We take BMT vector of our model as the basic quantity for description of spin, and compare
dynamics of our and BMT models in the case of uniform magnetic fields. We already established
that P2 and (FJ) are integrals of motion for uniform fields. The quantity a given in Eq. (31) is
also a constant, which practically (for the magnetic fields smaller than Schwinger field) can be
taken as a &~ — ﬁ In the case of uniform magnetic field we have

(FJ)=4y[(Bs) — (BB)(Bs)].
Here and through the rest of this section we use following notations
P 8= P
y - ’__’Pz b - ,PO 9
in accordance with our construction of Lorentz invariant SO(3) spin fiber bundle [41], where y
plays a role of relativistic factor which in the limit of free electron reads y = (1 — v?/c?)~1/2,
Denote by 8 module of vector B.

Consider a particle with initial momentum P (0) moving in the uniform magnetic field di-
rected along z-axis, B = Be,, of a laboratory Cartesian coordinate system defined by an or-
thonormal basis (e,, ey, €;). Let 5,(0) = y’ls(o) cos¢ and s, (0) = 5O cos ¢ be initial y and x
components of BMT spin s, respectively. From the system of the following algebraic equations
P2 — %(JF) +m2c?2=0,s2= 3h2/4, Ps = 0, one can define initial values of ’PO(O), s5.(0),
50(0).

The Hamiltonian equations of motions (60)—(62) written in the parametrization of physical
time read

dx Bl +2a(u— Dy ((Bs) — (B)(Bs)] — *“U=B(Bs)

dr [1+2a(n — 1)y (B*(Bs) — (BB)(Bs))] ’ ©9
dP _ e(1+2a(u— 1)y ((Bs) — (BB)(Ss))(B. Bl ap’ _ ©9)
dt e[l +2a(u— 1)y (B*Bs) — BB)(Bs))] a7
ds _ euls, B]
dt PO +2a(i — 1)y (B>(Bs) — (BB)(Bs))]

e(u — 1)(s, P,B)P[1 — 2ay ((Bs) — (BB)(Bs))] a0)

P2PO[1 +2a(u — Dy (B> (Bs) — (BB)(Bs))]
where [s, B] and (s, P, B) mean the vector and mixed product of 3-dimensional vectors.
From (69) follows the following set of integrals of motion: P° = const, P> = const, y =
const, /32 = const and (PB) = const. To simplify our calculations we assume without loosing
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Sy

Fig. 1. Momentum, velocity, spin and trajectory of a charged spinning particle in the uniform magnetic field.

generality that the initial vector of momentum is orthogonal to magnetic field, (PB) = 0. Indeed,
other values of (PB) can be obtained by boosts along B which do not modify electromagnetic
tensor (B’ = B, E' = E = 0). Choice (PB) = 0 implies (Bs) = const. It is convenient to introduce
the following constants (frequencies)
_eB(1+2a(p —1)y(Bs))
" PO+ 2a( — 1)y A (Bs))
,_ eB(u—1PO(1 —2ay (Bs))
S PA(1+2a(n — )yp>(Bs))
Then, solution of equations of motion reads

P(t) = |P(0)|(ex cos(2t) + ey sin(§2,,1)), (73)

©) 2] 1 . (%2 .
s(t) =e,s" | cos 7t+q§ cos(.Q,,t)—;sm 7t+¢ sin(£21)

(71)

(72)

©) 2 , Lo (5
+eys |:cos<7t + ¢) sin(£2,1) + ; s1n<7t + ¢) cos(.th)i|
+e25:(0), (74)
0 ’
cP@)  2ac|P0)s" ) . sin<&t N ¢)’
eB ey2(1 —2ay (Bs)) y
where vector x. defines the center of circle. Note that the angular velocity of precession of vector
s around B is time-dependent. Nevertheless, the helicity (Ps) changes with the constant rate,
2!/ Indeed, (Ps) = sO|PO|cos(%1 + ¢).

Trajectory x(¢) represents sum of two motions: circular motion in the plane orthogonal to B
and oscillations along B. These oscillations accompany variations of the helicity. The amplitude
of oscillations along B, Az = |P(0)|s @ /[ey?(1 — 2ay (Bs))] < BAc, less than the Compton
wave-length. The trajectory of the particle is shown schematically in Fig. 1. In the case of usual
magnetic moment p = 1, helicity is an integral of motion, additional oscillations vanish and the
particle moves along circular trajectory in the plane orthogonal to the magnetic field (dotted line
in Fig. 1).

Oscillations of the trajectory along B with the amplitude of Compton wavelength, appearing
in our model in the case of anomalous magnetic moment, u # 1, can be called magnetic Zitter-
bewegung. When u # 1, the velocity and canonical momentum are non-collinear [24]. As we
have started from Lagrangian variational problem, we have explicit relation between velocity
and canonical momentum. This allows us to exclude the canonical momentum from our equa-
tions, see Eq. (56). The result is an additional spin—orbit interaction, F’x, instead of Fx. Hence

X(t) =x. +

(75)
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the magnetic Zitterbewegung appears due to the modification of Lorentz force for the spinning
particle.

Magnetic Zitterbewegung leads also to the corrections of the angular velocity of orbital motion
$2, given by

eB e -1
2% (14 LU DB ot 1.5)). 76)
ymc mec
where e B/(ymc) is the angular velocity of spinless or BMT particle. Frequency of helicity vari-
ations also corrected by high-order terms

2! eB ey
—=p-D— (1 — — = (14 (u—1B*)B) +olh, n— 1, B)), (77)

y mc mec

from the value (u — 1)’% = (% — l)fn—li computed by Bargmann, Michel and Telegdi [23]. The

corrections are small, and for the experiments discussed by them, our equations give practically
the same results. Therefore our model is compatible with these experiments. Probably, other
artificial physical situations may be realized, where the corrections could become notable. For
instance, this may be the case of quasiparticles with large magnetic moment [20].

5. Conclusions

In this work we have presented solution to the problem which has been posed by Frenkel in
1926. He noticed that search for variational formulation which takes into account the spin-tensor
constraint J#*Vx, = 0 represents rather non-trivial problem. He found equations of motion con-
sistent with this condition in the approximation 03(1 , F,9F), and when anomalous magnetic
moment vanishes, u = 1. We have found Lagrangian action (13) for charged spinning particle
which implies all the desired constraints and equations of motion without approximations. They
remain consistent for any value of magnetic moment and for an arbitrary electromagnetic back-
ground. Besides, due to the constraints (3)—(5), our action guarantees the right number of both
spacial and spin degrees of freedom. In the above mentioned approximations, our equations co-
incide with those of Frenkel. In the recent work [45], we also demonstrated that the classical
spinning particle has an expected behavior in arbitrary curved background.

With the Lagrangian and Hamiltonian formulations at hands, we can unambiguously construct
quantum mechanics of the spinning particle and establish its relation with the Dirac equation. For
the free theory, this has been done in the work [42]. We showed that this gives one-particle sector
of the Dirac equation. Due to the second-class constraints (5), the positions x; obey to classical
brackets with non-vanishing right hand side, see (A.1). So, in the Dirac theory they realized by
non-commutative operators which we identified with Pryce (d) center-of-mass [1]. Since namely
x; has an expected behavior (56) as the position of spinning particle in classical interacting
theory, our model argue in favor of covariant Pryce (d) operator as the position operator of Dirac
theory.

In resume, we have constructed variational formulation for relativistic spin one-half particle
which is self consistent and has reasonable behavior on both classical and quantum level.

As we have seen, interaction necessarily modifies some basic relations of the model. In the free
theory the conjugated momentum is proportional to velocity, p* ~ x* and the Frenkel condition
holds. This is no more true in interacting theory. The Frenkel condition turns into the Pirani
condition, J*¥"P, = 0, where the canonical momentum is not collinear to velocity. The advantage
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of Lagrangian formulation is that this gives exact relation between them (see also Eqgs. (41)
and (43))

=g (THP +YH),  TW=p"+0u-1,J), Y*=0@F,J). (78)

Only when p =1 and 9y F),, = 0, the interacting and free theory have the same structure. To
resume, what happens in general case, let us consider our Hamiltonian equations with Y*# = 0:
XM =g TH,PY, PH = 12 (FP)#, and compare them with the standard expressions x# = g P*,
PH = % (FP)*.Dueto TH,, excluding P from our equations, we obtain extra contributions to
the standard expression for the Lorentz force, X" = %(F X)* + O(J). So the modification (78)
mean that complete theory yields an extra spin—orbit interaction as compared with the approxi-
mate Frenkel and BMT equations.

We studied possible effects of this spin—orbit interaction in the case of uniform magnetic
fields. The exact analytical solution was obtained. We have found 4 independent integrals of
motion PP, ’PZ, (PB) s;. These integrals commute with respect to Dirac brackets, and hence,
form a complete set of integrals in involution, providing integrability of our Hamiltonian system
with 8 degrees of freedom. Analytical solution shows that besides oscillations of the helicity first
calculated by Bargmann, Michel and Telegdi, the particle with anomalous magnetic moment
experiences an effect of magnetic Zitterbewegung of the trajectory. Usual circular motion in the
plane orthogonal to B is perturbed by slow oscillations along B with the amplitude of order
of Compton wavelength. The Larmor frequency (76) and the frequency of helicity oscillations
(77) are also shifted by small corrections. It would be interesting to construct an experiment
which could detect these possible corrections, for instance due to resonance effects. Another
possibility is an artificial simulation of a point-like system with spin and a large anomalous
magnetic moment. This could be inspired by simulations of Zitterbewegung itself with a trapped
ions [15].
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Appendix A. Dirac brackets

We construct Dirac brackets that take into account the second-class pairs 73, T4, 75 and Tg.
We will calculate them iteratively in the case of arbitrary electromagnetic background. Then
Dirac brackets of the free theory can be obtained by substitution F*¥ = 0. We start from the pair
of second class constraints is 7 and 77,

e
N7 ={Ts, T} =P? + %F;w]’“’.

At the constraint surface Ag7 = —M?c2. The Poisson brackets of initial variables with constraints
Ts and T5 are given in Table 2. Using Table 2 we calculate the Dirac brackets of basic variables
with respect to constraints Tg and T4

1
{01, O2}67 =1{01, 02} + A—m({Ql» Ts}{T7, 02} — {Q1, TH}{Ts, Q2}).
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Table 2
Constraints vs. variables.
{.} xH PH mh ot Jw
Ts = Pw -t —¢FV g, PH 0 2(wH* PV — w"PH)
T7 =Pn -t —&FM, 0 —pH 2PV —mVPH)
The brackets read
—_Jhv
R Ay (A1)
12 v MV no v __ pMHY
{x", PV} =n"" + 2CA67 TR =T (A2)
—H PV
x* ol = , (A.3)
{ }67 A67
_jT#PV
xH vl o= , (A.4)
{ }67 A67
1
x*, JoB — (JHepB _ jubpa , (A.5)
{ }67 A67( )
{a)“, a)”}67 =0, (A.6)
{z¥. 7"} =0, (A7)
PHPY
o,V =t GH*Y, (A.8)
{ }67 A67
{ot, 7P} =2(0”G" — of GH) (A.9)
{7, I} =2(n“G*P — nP M), (A.10)
[Jw0, J%F)  =2(GHeJvf — GHP v — GV P 4 GYP i), (A.11)
2
{PH. P}, =—F"" + 3 (FJF)* = —F“ oI (A.12)
PH ") = FM P, A.13
{ @ }67 A67c Do ( )
{PH. "}, = Amc Fry, PV, (A.14)
[P, g8} = ——_Fr(Pey,f — PP, (A.15)

Ng7C

We have defined define tensor G*V as the Dirac bracket of spin variables w* and 7". Besides,

ThY = TH (u =0), where TH = gV —

0

On the next step we calculate Dirac brackets for the pair {74, T5}¢7 =

{01, O2}as67 = {01, O2}67 +

e(u=1) (JF)/,LU

2cAeg7

2(T4 + aq),

({Ql, Ts}er{Ts, O2}e7 — {Q1, Ts}er{Ts. Q2}67)-

The Dirac brackets {, }¢7 of initial variables with T4 and 75 are given in Table 3.
From Table 3 it is seen that variables x*, P*, J*V have vanishing Dirac brackets {,}s7 with
constraints 7y and Ts. Therefore, new Dirac brackets {,}4567 coincide with old Dirac brackets
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Table 3

Constraints vs. variables.

{.}67 xH P TH oM JHv
Ty=w? —ay 0 0 20t 0 0
T5 = wm 0 0 Tt —wt 0

{,}67 when at least one of arguments is a function Z(x*, P*, J*V) of variables x*, P* and J*¥
only,

{Z, Q}ase1 ={Z, Q}e7, Z=7Z(x", PH I*). (A.16)

We omit subscripts of brackets, so that {,} means {,}4567. The only modification in the Dirac
brackets comes from the basic variables in the spin sector

{o" 0"} =0, (A.17)
wpv W,V
[, 7} =g PAZ: _ wwﬂzo 7 (A.18)
{mt.n"} = 7 (A.19)
’ 202 ‘

Thus the complete list of Dirac brackets {,} consist of expressions (A.1)—(A.5), (A.17)—(A.19)
and (A.9)—(A.15).

Now the second class constraints can be put equal to zero, therefore we can rewrite the Hamil-
tonian as follows

=5 (792 _EEn+ m262>. (A.20)
2 2¢

The constraint 73 can also be excluded since it has zero Dirac brackets with 77 and with all
spin-plane invariant variables of the theory. This Hamiltonian generates evolution

it={x* H},  Pr={P H},  J™={J" H}

To check consistency of our calculations, let us obtain equations of motion using the Dirac
brackets {,} (and taking into account that at the constrained surface Ag7 = —M 202 = —m2? —
e(2pu+1

CLLD (FT)).

Equation for coordinate reads

o 81) u 2_%}*]
X > x*, P 2c( )

:gl{x“,Pv}'Pv—gl%{x“,]aﬁ}Faﬂ—gl%{xM,Faﬂ}Jaﬁ

= g1 (ﬂﬂv _ e ]l/-aFaU>,PU . g1epn ('P“]“ﬂ _'])ﬂjua)Faﬁ

2M2c3 4M2c3
g1ep
— s 19, (FJ)
e i eu
281(77’” BEYYE J“O‘Fa”>77v 81503 I Fgo P —81gpad 0 (FD)

e(n—1) e
=g (nlw + WJWXFQV)'PU — g1 M2 J“”ap(FJ) = giut.
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Equation for momentum reads

e

Su_ 81 ) pu p2 K FJ
P 2{7),’P 2C( )

=41 {PM,PV}PV —gl%{Pu,Jaﬂ}Faﬂ —g]%{P#,xp}apFaﬂJaﬁ

2
—g1< F’”+2M FreFYPy, ,3>7>v+g1 S LR PYIP Fop
el up _ po I
— J F,*)0,(FJ
+ 81 e (7] M2 o (FJ)
e W=, en
zgleMO[((naV"‘WJa V)P, — Jotpa (FJ) —l—ngaM(FJ)

e e
= g1 F*uq + g1 0" (F)).
c 4c
Equation for spin-tensor reads
jep = 8Ly g p2 B gy
2 2c

:gl{J“ﬂ,”P“}Pu - gl%{J“ﬁ, TV Fypy — gl%{laﬁ,x“}au(F])

FW(P“Jﬁ = PP P+ 1 (G = G )

(7>"‘JW-‘j PPIF)3, (FJ)
e
M2c3

e
M2c3

(w—1)
=glz<M(FavJVﬂ _ FﬂvJ”“) + WP[aJﬁ]vFUMPM

— —g1—5— PPl PP, +g1%(F“vJ”ﬂ — FP,J)

Pl B, PP, 4 g 4” s (P — PP I3, (FJ)

o 751
4M2 Pl 8“(FJ)).

The Hamiltonian is proportional to the first class constraint 77. Therefore equations of motion
contain arbitrary function g (t) which is related with reparametrization invariance of the model.
To obtain unambiguous equations of evolution we can impose the gauge x° = ct. The gauge is
often called canonical gauge. Constraint 77 together with this condition form a pair of second
class constraints. We have

{xo —cT, T1} = 2u0,
and Dirac brackets in the canonical gauge read

{01, 02} = {01, Q2}+ ({QLGI}{TI 02} — {01, T1}{G1, 02}).

The Dirac brackets of constraint 77 and canonical gauge G with physical variables are given
in Table 4. There compact notations
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Table 4
Constraints vs. variables (canonical gauge).
{.)as67 xH PH ol Th JHY
—PL_(F))  —2uM F2pr —2%’7“ — 29 (Faw)t —222” o e N
- 0 —° -0 - v
Gr=x—cr 2Aé7 s (OI)L A6773M A677w A_6]7]0[ P
=T {Pr ),
=Sy,
o= (v 1 CP =D e \p ey gy
2M2c3 “ Y8M2e3 r ’
e e
C=—S(u—D@FP) + L (@d) (I F),
c 4c
e e
D=— (D@ FP)+ Loy F),
c 4c
were used.
The Dirac brackets which take into account the canonical gauge are as follow.
Spacial sector:
—1
JTAY) _ 0 gyuv _ g0V v y0u
{x X }T_2u0A67(M] uJ" +u'J ),
{xH, PY} =n’”—ﬁn0”+—e (uOJW—u“JO"‘+u°‘J0“)F v
’ T u0 2u0cAg7 *
—JO”B (FJ),
8ulcAg7
_ ¢ 0 0
[P, PV} = E<u Fra T — ot P ps )+ P T(O‘;) (A21)
Frenkel sector:
{JMV’ JOlﬂ} — {le, ]Olﬁ} _ ! (leUJO[ﬂpa] _ jOlﬁJO[UPM])’
‘ g1u®lg7
—1 1 .
x*, JeBY — wh JOlepBl _ 0 yulapfly _ JO/AJaﬂ’
{ b M0A67( ) 2u0A6781
1
B Ople 7Bl _ (B yalO Ou jap
{Pr. g%} = o Fry (Pl gPlv — v plP g0y — o Ty J*
B Gr(pgyplB b, A22
4u0cAg7 (FJ) ( )
Basic spin variables:
0
enuw
;L’ v — _ FHapy _ pvapi ,
{w @ }r 2u0cA67( )a)"l

LDV 0 0 YY)
{w“,nv}fzn’”—P P <1 wCto D)>—w @

N uOchg7 w?
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0
epw 0 -ua v 0 rva n
_ Oeie (rr F*wo P’ — 0’ F ¥, P ),
—JHY epn®
ot vl = — Frepy — FY¥pi)g, . A.23
{ }f 2w? 2MOCA67( ) ( )

Other mixed brackets:
—M*PY 1 JOM CcPpY " ()7)11
{x“,a)”} — it 4+ = ﬁ(F )Y &
t Ag7 u¥\ 24067\ Ag7
—ThrPY 1 ( Jor (DP” en (Fr) ) uhtgOpY
Ag7 2067 \ Ag7 c
{w“, J‘)‘ﬁ}r = 2(waG“ﬁ — a)ﬁG’w)
1 Jeb cpPH
- = <w07>“— + < - @(Fw)ﬂ) JO[ﬁP“]>,
uAg7 81 Ag7 c
{mh JoPY} =2(n*GHF — P GH)

1 Job DPH
-5 <7r077“— + < - %(Fn)“>J0[ﬁPa]>,
uAg7 81 Ag7 c

{xu’ nv}r =

) o | CP’ en PH PV
[P '}, = A67CFM wo P’ — 0<T<o> <—A6 - —(F ) )— o Ae )
v e v
{7’“,71 }r :—mFWﬂaP
1 D o1 7 OpY
——O<T(%‘;( P %(F ) )—P—” P ) (A.24)
u Ag7 g1 Aer

In the free theory the algebra of Dirac brackets simplifies significantly. In this case P* = p*,
ut = ph, jH =P =0, Ag; = p2, and in an arbitrary parametrization 7, we have the following
brackets:

Basic variables of spin:

R R P B S PR e

R e 426
Spacial sector:

{x“,x”}:—%]‘“’ [xh " =0, [ptpY) =0, (A27)
Frenkel sector:

[JHY, JoPY =2(gh IV — ghP Jve — gV JiP 4 gVF Jie), (A.28)

{xt g} = %(ﬂw pP — 7 p), (A.29)

) 1
BMT-sector: take s* = 4\/_—1)26“”0”3171; Jup, then
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1 1
{s“, s”} =— 6‘”“Bpas,3 =—J" (A.30)
—p2 2
st pY 1 pts?
sV =— =— "B Jp — (A31)
{ } PE 4\/_—])2 B P2
Other Dirac brackets vanish. In Egs. (A.25) and (A.28) it has been denoted
"
gty =om, - TP (A32)
p
Together with g#, = £ ;f * this forms a pair of projectors
g+g=1 g'=g =& s5=0 (A33)
The free Dirac brackets which take into account the canonical gauge are as follows.
Basic variables of spin:
ot w” 1
1 v _ i v oMV " v R 772
{a) ,a)}T_O, {a) , T }T_g PO {JT , T }T_ 2(02] , (A.34)
Y 0,1 v
ot o), = 222 0 7es
p p°p
—hpv 7.[0 [Ty
(o), = L 2P (A36)
p p'p
Spacial sector:
-1
[xt.x") = 250 (PO — pt o 4 pv g, (A37)
S ST At Ty PR W A38
xHopti=n o7 W p=0 (A.38)
Frenkel sector:
{790, 9P} =2(ghJvh — ghP Jve — v JiP 4 gF Ji), (A.39)
-1 0 0
(0 = g (0 pP = pP e ph), (A40)
BMT-sector:
1 1
wovl _— nvap N 122
{s , S }T = \/__pze DaSg 2J , (A41)
1 i 0, LV _ MUy ,0
{xﬂysv}r:_iéuvaﬂJaﬁ_l_p7€0uaﬂ‘]aﬂ: G"pHp - ; r'r) (A42)
4,/ —p? 4p0,/—p? p°p

Other Dirac brackets vanish.

Here we define Dirac brackets for all phase space variables. After transition to the Dirac
brackets the second-class constraints can be used as strong equalities, therefore it is enough to
consider Dirac brackets at the constraint surface only. Then, explicit form of the Dirac brackets
depends on the choice of independent variables. For instance, in the free theory considered in the
gauge of physical time we can present ngT and p? in terms of independent variables sgyr, p, X
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"= —Jp; %)mo—z o P =P (o). (A43)

The non-vanishing Dirac brackets are

{x",xj}rzfijksg, {xi,pj}r=8ij, {pi,pj}r=0, (A.44)
mcp
{557}, = p—e”k<sk - W), (A43)
mc V2
o . i j
[x,s7), = (s’ - W)p—z. (A.46)
2 (mc)
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