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1. Introduction

Quantum difference operators are receiving an increase of interest due to their applications in physics, economics, and
the calculus of variations; see [ 1-5] and the references therein. Here, we develop quantum variational calculus in the infinite
horizon case. Let ¢ > 1, and denote by @ the set @ := ¢~ = {¢": n € Ny}. In what follows, o denotes the function defined
byo(t) :=qtforallt € @. Foranyk € N, 0¥ := o o 0%, where ¢° = id. It is clear that o*(t) = g*t. For f: @ — R, we
define f' ot = f ook Fixa e @andr e N. We are concerned with the following higher-order g-variational problem:

+00
g;(X(.)):f L(t,xoa")(t), Dglx oo™ '](1), ..., D) [x 0 o ](t), Dj[x](t)) dgt —> max )

x(a) = ao, Dylxl(@) =y, ..., Dy '[X](a) = a1,

where (uq, ..., Uy, Ur4q) — L(t, Uy, ..., u4q) is a C'(R™', R) function for any t € @, and «, ..., o;_; are given real
numbers. The results of the paper are trivially generalized for the case of functions x: @ — R", n € N, but for simplicity
of presentation we restrict ourselves to the scalar case, i.e.,, n = 1. In Section 2, we present some preliminary results and
basic definitions. The main results appear in Section 3: in Section 3.1, we prove some fundamental lemmas of the calculus
of variations for infinite horizon g-variational problems; an Euler-Lagrange type equation and transversality conditions for
(1) are obtained in Section 3.2.
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2. Preliminaries

Let f be a function defined on @. By D, we denote the Jackson g-difference operator:

f(gt) = f(t)
Dy[f1(t) = ———= VteaQ. (2)
! @t
The higher-order g-derivatives are defined in the usual way: the rth g-derivative, r € N, of f: @ — R is the function
D;[f]: @ — R given by D;[f] := Dy[D}~'[f]], where D{[f] := f.
The Jackson g-difference operator (2) satisfies the following properties.

Theorem 1 (cf. [6]). Let f and g be functions defined on Q and t € Q. One has the following:

1. Dg[f1 = 0onlifand only if f is constant;
2. Dg[f +gl(t) = Dg[f](t) + Dqlg] (t);
3. Dq [fg] (t) = Dq[f1(t) g (t) +f (qt) Dq [g] (0);

Dqlf1(t)g(t)—f (£)Dqlg](t) .
4.0, L] (0) = PHIOEOTORIEND i g (1) g (qr) £ 0.

Leta € @ and b := aq" € @ for some n € N. The g-integral of f from a to b is defined by

b n—1
[ rod =a@ =03 d e
a k=0

Theorem 2 (cf. [6]). If a,b,c € Qa<c<b«a,B €eRandf,g: Q@ — R, then

1 [ @f(0) + Bg(®) dgt = [ f(O)dgt + B [} g(D)dgt;

2. [PF@©)dgt = — [ f(t)dgt;

3. [1f(t)dgt = 0;

4. [PFO)dgt = [CF©dgt + [ F(O)dyt;

5.Iff(t) > Oforalla <t < b, then fabf(t)dqt > 0;

6. fabf(t)Dq[g](t)dqt = [f(Hg®]=> — fab Dy[f1(t)g (qt)dyt (g-integration by parts formula);
7. fab Dy[f1(t)dgt = f(b) — f(a) (fundamental theorem of q-calculus);

8. Dg[s — [ f(x)dgT] (1) = f(b).

As usual, we define

+00 b
f(H)dgt == lim / f(t)dgt
a b—+00 J,4
provided this limit exists (in R := R U {—o00, +00}). We say that the improper g-integral converges if this limit is finite;
otherwise, we say that the improper g-integral diverges.
In what follows, all intervals are g-intervals; that is, fora,b € @, [a,b] == {t € Q:a <t < b}and [a, +oo[:= {t €
Q:a<t < 4o}

Definition 1. We say that x: [a, +oo[— R is an admissible path for problem (1) if x(a) = ap, Dg[x](@) = a;, ...,
Dy~ [xl(a) = a1

There are several definitions of optimality for problems with unbounded domain (see, e.g., [7-10]). Here, we follow
Brock’s notion of optimality.

Definition 2. Suppose thata, T, T’ € @ are such that T" > T > a. We say that x,, is weakly maximal to problem (1) if and
only if x, is an admissible path and

T/
lim inf/ [L(t, o a")(t), Dglx 0 6" '1(t), ..., D)~ [x 0 o ](t), Dy[X](1))
T—>+00T'>T J,

— L(t, (%, 0 0")(t), Dyglx, 0 6" 1](0), ..., D' [x, 0 0] (1), D}[x.](1)] dgt < O

for all admissible x.
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Note that, in the case where the functional g of problem (1) converges for all admissible paths, the weak maximal path is
optimal in the sense of the usual definition of optimality. However, if every admissible function x yields an infinite value to
the functional, using the usual definition of optimality, each admissible path is an optimal path, showing that the standard
definition is not appropriate for problems with an unbounded domain.

Lemmas 1 and 2 are an immediate consequence of the definition of the Jackson g-difference operator.

Lemma 1. Foranyf: @ — Rand t € @, Dy[f1(o (t)) = %Dq[f o a](t).

Lemma 2. Assume that n: [a, +0o[— R is such that D;[n](a) =0foralli=0,1,...,r. Then, Df;][n o o](a) = 0 for each
i=1,...,1

The following basic result will be useful in the proof of our main result (Theorem 4).

Theorem 3 (cf. [11]). Let S and T be subsets of a normed vector space. Let f be a map defined on T x S, having values in some
complete normed vector space. Let v be adherent to S and w adherent to T. Assume that

1. lim,_, , f(t, X) exists foreach t € T;
2. lim;_,,, f(t, x) exists uniformly for x € S.

Then the limits lim;_, ,, lim,_,, f (t, X), lim,_,, lim;_,, f (¢, X), and lim x)— w,v) f (¢, X) all exist and are equal.

3. Main results

Before proving our main result (Theorem 4), we need several preliminary results. Namely, we prove in Section 3.1 a
higher-order g-integration by parts formula and three higher-order fundamental lemmas for the g-calculus of variations.

3.1. Fundamental lemmas
In our results, we use the standard convention that 211;21 y (k) = 0 whenever j = 0.

Lemma 3 (Higher-Order g-Integration by Parts Formula). Let r € N, a,b € @, a < b, and f, g:[a,c"(b)] — R. For each
i=1,2,...,r, wehave

i(i—1)
2

b ‘ ‘ b/ ‘ .
/ fODlg oo '1(D)dyt = (—1)'/ (5) D,If1(6)g” (t)dqt

‘ kv
+ {f(t)D;‘l[goo (t)+Z( D*DIF1OD; g 0 0" (0) - H(q) } :

k= j=1

Proof. We prove the lemma by mathematical induction. If r = 1, the result is obviously true from the g-integration by parts
formula. Assuming that the result holds for degree r > 1, we will prove it for r + 1. Fix somei = 1, 2, ..., r. By the induction
hypothesis, we get

b b
/ FOD[g oo™ ](t)dyt = / FOD;[g” 0 o ](t)dyt
[N b
{f(t)D' '[g° 00" '](r>+2( D*DEIFIODL g 0 o (D) - ]"[(q) }

Jj=1
l(l
+ (= 1)/ ( ) [FID)E°)° (t)dgt

i—°P
{f(t)Dl l[goo_r+1 1](t)+Z( -l)ka ](t)Dl 1- k[gOO'r+l l+k (t) l_[< > }

a

k= a

l(x 1

; b 1 ; r+1
+en | (5) D102 (dyt.

It remains to prove that the result is true for i = r + 1. Note that

b b
| somaiod = [ sy
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and, by the induction hypothesis for degree r andi =r,

r(r—1)

b b1\
/ FODP I Odt = (1) / (6) DEIF1(0)D,lg) (0" (0)dyt

b

-1 ko /1N
+ [f(t)D;1[Dq[g]](t)+Z(—1)kD{;[f](t)D;1"[Dq[g]oak](r).]_[ (6) } .

k=1 j=1 a

From Lemma 1, we can write that
b

b r—1 1 k k 1 r—j
/ FODgl(t)dgt = {f(t)Df,[g](t)+Z(—l)"D’;[f](t)D;"[goa"](t)~(q> (q) }
a k=1 j=1 a

b 1 Hh 1\’
—I—(—l)r/ <a> (E) D[f1(¢)Dqlg o 0" 1(t)dgt

and, by the g-integration by parts formula,
b

b r—1 k r+1—j
/ FODgl(0)dgt = {f(t)DI,[g](t) + Y (=D*DEF1OD, g 0 *() - (6) }
a k=1 j=1

= a

r(r+1)

b
ror o’ 1\ 2 r b1y T r+1 o1
o N N ATAL): (t)( ) — (=) / (5) D10 (0dgt.

r(r+1)
q
We conclude that

b r k r+1—j
f FOD[gl(t)dgt = [f(t)D{,[g](t) + Y (=D*DFIOD; Mg o otlt) - | | (6) }
a k=1 j=1 a
rar+1)

r+1 P(1) 2 r+1 o1
+(=1) ~ DI FIE” T (0)dgt,
a \q
proving that the resultis truefori=r+ 1. O

The following lemma follows easily (by contradiction and the properties of the g-integral).

Lemma 4. Suppose that a € Q and that f: [a, +0o[— R is a function such that f > 0. If
T/
lim inf f(t)dgt =0,
T—>+ooT'>T J,
thenf = 0on [a, +ool.
We now present two first-order fundamental lemmas of the g-calculus of variations for infinite horizon variational
problems.

Lemma 5. Let a € Q and let f: [a, +00o[— R.If
T/
lim inf f(©)Dg[nl(t)dqt =0 forall n:[a, +oo[— R such that n(a) =0,
T—+400T'>T J,
thenf(t) = c forallt € [a, +oo[, where c € R.

Proof. FixT, T’ € @ suchthat T’ > T > a. Let ¢ be a constant defined by the condition

.
| ¢@-odr=o
a
and let

t
10 = [ ¢ -
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Clearly, Dy[n](t) = f(t) — ¢, and

T/

n(a) = / (f(z) —c)dgt=0 and n(T) = (f(z) —c)dgT = 0.

a
Observe that
T T/

(F (&) — ©) Dg[n](t)dgt = (f(t) = ©)* dgt

a a
and
T/

! T/ T’
/ (F(&) = ©) Dg[n](t)dqt = f(t)Dq[n](t)dqt—Cf Dq[n](f)dqt=f f(©)Dg[n](t)dqt.

a
Hence,

T/ T
lim inf [ f(O)D4ln](t)det = lim inf [ (f(t) —c)*dyt =0,
T—>+oo T'>T J, T—>+o00T'>T Jq

which shows, by Lemma 4, that f(t) —c = 0forallt € [a, +oo[. O

Lemma 6. Let f, g: [a, +oo[— R.If

T/
lim inf / (F(On(gD) + g(ODg[n1(1)) dgt =0

T—>+4o00 T'>T

forall n: [a, +00[— R such that n(a) = 0, then Dy[g](t) = f(t) forallt € [a, +o0[.

Proof. FixT, T’ € @ suchthat T’ > T > q, and define A(t) = fatf(r)dqr. Then D,y[A](t) = f(t) forall t € [a, +o0[, and

T T/ T/
/ AOD IOt = [AONOT — f DLIAI(0)n(qt)dyt = AT)n(T') — / FOn(@dt.

Restricting 7 to those such that (T’) = 0, we obtain

T/

T/
lim inf/ (F©n(gt) +g(©)Dgln](t)) dgt = (=A(t) +g(t)) Dg[nl(H)dgt = 0.

lim inf
T—+oco T'>T T—+400T'>T J,

By Lemma 5, we may conclude that there exists c € R such that —A(t) + g(t) = c for all t € [a, +oo[. Therefore,
Dy[A](t) = Dy[g](t) forall t € [a, +o0[, proving the desired result. O

Lemma 7 (Higher-Order Fundamental Lemma of the q-Calculus of Variations I). Let fy, fi, ..., fr:[a, +oo[— R.If

T/ T
TETOO Tlgfrfa <;fi(t)Dq[” °co ](t)) dgt =0

forall n: [a, +o00[— R such that n(a) = 0, Dy[nl(a) =0,..., D{I“[n](a) =0, then
i(i—1)

> o= G)T DiIfil(t) =0 Vt € [a, +o0l.
i=0

Proof. We proceed by mathematical induction. If r = 1, the result is true by Lemma 6. Assume that the result is true for
some r > 1. We prove that the result is also true for r + 1. Suppose that

T [r+1
. . 2 : i r+1—i
TETOO Tl’ng/a <i=0 fi(t)Dq[n 2o ](t)> dqt -0

for all n: [a, +-0o[— R such that n(a) = 0, Dg[n](a) =0, ..., Dg[n](a) = 0. We need to prove that

r1 1)

> (=1 G) o Di[f1(t) =0 Vt € [a, +ool.
i=0
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Note that
T [r+1 ) ) T [ . ) T’
/ (Zﬁ(t)D;[n o ar“'](r)> dgt = / (Zfi(t)D;[n ° a”"](t)) dgt + / fr41(©)D[D[n11(t)dgt.
a i=0 a i=0 a

Using the g-integration by parts formula in the last integral, we obtain that
T/

/ T/
Fr1@Dg[DL[I(®)dgt = [fr1(ODLI(©)] — f Dqlfr11(OD! [1(qt)dt.

a

Since DZ[n](a) = 0 and we can restrict ourselves to those 1 such that Dg[n](T/) =0,

T/

T/
Sr+1(©Dg[Dg[n]1(t)dgt = —/ Dqlfr+11(0)Dg[n] (o () dgt.

a
By Lemma 1,

r

T/ T/ l
/ Sr+1(©)Dg[DY[n11(t)dgt = —/ Dqlfr+11(8) (5) D[n o o](t)dyt.
Hence,

/ (Zﬁ-(t)D;[n o of“—'](r)> dgt
a i=0
T[T ) ) T 1\"
= f (Zf,-(t)D;[n o UTH_I](f)) dgt — / Dylfr411(t) (a) DZ[U oo ](t)dgt
a i=0 a
T [r—1 ) ) 1 r
- f (Z FODL" 0 6™ (1) + (fr(r) — Dylfy 4110 (5) )Dg[n 0 a](t)) dyt
a i=0

and, therefore,
T [r41
lim inf (t)D! ) ) dgt
Te+oor/zrfa <;f'( ) q[n °a I( )> q

T [r=1 ) ) 1\"
= fim_inf [ (;ff(t)u:,[n“ 00" 1(t) + (fra) = Dqlfy411(0) (q) )D{,[n oa](t)) dyt = 0.

By Lemma 2, n?(a) = 0,Dg[n o ol(a) =0, ..., Dg*1 [n o o](a) = 0. Then, by the induction hypothesis, we conclude that

r—1 A 1 i(i;l) . 1 r(rz—l) 1 r
D (= (6) DLIfICE) + (=)' (5) D, [fr— (E) Dqu+1]] (t)y=0 Vt € [a,+ool,
i=0

i(i—1)
which is equivalent to 3 /) (—1)! (%) : DiIfi](t) = Oforallt € [a, +oo[. O

Lemma 8 (Higher-Order Fundamental Lemma of the q-Calculus of Variations II). Let fy, f1, ..., f;: [a, +oo[— R.If

T r
: : : i r—i —
Jim Tlng /a (; fitDinoo ](r)) dgt =0
forall n: [a, +00[— R such that n(a) = 0, Dg[nl(a) =0, ..., D;*I[n](a) = 0, then

. . . pr—1 / —
lim _inf (@)D (1)} = 0.

Proof. Note that

T [ r T/ r T/
/ (Zﬁ(twg[noo”](odqt) - fo(r>n“’<t>dqt+2< ﬁ(t)D;[noa”]a)dqt)
a i=0 a i=1 a
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i(i—1)

r ; r (T T ;
= [ hon ode+ 3 (o [ (q) DRI (©dyt
a i=1 a
- T

r ) ) i—1 ) ) k 1 i—j
+) {ff(tw;][n 00" (®) + Z(—l)"D'q‘[fi](t)D;’H‘[n oo 0 -] (5) }

i=1 k=1 j=1 a
i(i-1)

r r 1\ 7 ,
= / fo® + 3 =1 (6) DRI | -0 (dgt
a i=1

k=1 j=1

r i-\ 77
+ Z{(ﬁ(t)Dl oo’ 1]<t)+Z< D*DELRIOD 4 0 o™~ (t) - H(q) )]
i=1 a
i(i=1)

=/ D il ( ) DRI | o 0yt
i—\ 17
+ Z [( (t)Dl 1 noo_r i (t)+Z( 1)ka[f] (t)Dl 1- k[noo_r l+k (t) 1_[< ) )]

/

I
[ﬁ(t)of "[n] (r)+2( D*DEIRIOD 0 0 0*1(0) - 1"[( ) } :

k=

where in the second equality we use Lemma 3. Applying now Lemma 7, we get

T r

/ (Zf,-(t)ni,[n o o“"](t)dqt)
a i=0

r—1 !

‘ A i—1 _ A kNI T
= [(ﬁ(t)D;_l[noar_’](t)+Z(—l)kDS[ﬁ](t)D;_]_k[noar"“‘](t)-H(q) )}
k=1 j=1 a

i=1

r—j T
[ﬂ(t)nf "[n] (r)+2( D*DEIRIOD I 0 6*1(0) - 1"[( ) } :

k=
Therefore, restricting the variations 7 to those such that
Df 'noo™ () =D ' noo M@ =0, Vk=1,2,....r—1,
D, "M noo 1T =D, " nootl(@ =0, Vk=1,2,....,r—1,

we get

T—+0coT'>T a —+o0 T/>

T/ r
lim inf / (Z JAGAY: oa"'](t)) dgt =0= lim _inf {fr(T’)D;*‘[n](T/)} =
i=0

proving the desired result. O

Lemma 9 (Higher-Order Fundamental Lemma of the q-Calculus of Variations IIl). Let fy, f1, . .., f;: [a, +oo[— R.If

T[T
Jim_inf / (gﬁwqm oo w)) dyt =0

forall n: [a, +00[— R such that n(a) = 0, Dy[nl(a) =0, ..., DZ‘][n](a) = 0, then

k=1 o i1\ k=DHG-D
lim inf { (fr(kl)(T/) + Z(_l)lD;[fr—(k—l)H](T/) . 1_[ (a) ) : Dz_k[ﬂ o Uk_l](T/)} =0
i=1 j=1

T—+ocoT'>

fork=1,2,...,r
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Proof. We prove the lemma by mathematical induction. For r = 1, using the g-integration by parts formula and Lemma 7,

we obtain limr_, 1 infr>7 f1(T")n(T") = 0, showing that the result is true for r = 1. Assuming that the result holds for
degree r > 1, we will prove it for r 4+ 1. Suppose that

T [+l
. . - i r+1—i —
Jlim_inf / (;qu[n 0o 1<t>) dyt =0

for all n: [a, +0o[— R such that n(a) = 0, Dg[n](a) =0, ..., Dg[n](a) = 0. We need to prove that

k-1 o i1\ =D HG-D)
lim inf { (fr+1(k1)(T/) + Z(_1)1Dzz[fr+l—(k—l)+i](T/) ‘ 1_[ (E) ) ‘ DZH_k[Tl ° Uk_]](T/)}
i=1 ;

T—4+o0o T/'>T
> j=1
=0 (3)
fork =1,2,...,r,r 4+ 1.Fixsome k = 2,...,r,r + 1. The main idea of the proof is that the k-transversality condition

for the variational problem of order r + 1 is obtained from the k — 1 transversality condition for the variational problem of
order r. Using the same techniques as in Lemma 7, we prove that

T [1+1
lim inf .(t)D! 1= ) d,t =0
ot [ (S2so0inoo10)

T [r=1 ) ) 1\"
= lim_inf { / (;wwz,[n“ 00" 1(t) + (fr(t) = Dqlfy411(0) (q) )D{,[n oa](t)) dqr} =0.

Since, by Lemma 2, 7° (a) = 0, Dy[n oo](a) =0, ..., Dg‘l[n o o](a) = 0, then, by the induction hypothesis for k — 1, we
conclude that

k=3 i j
. . / i /! 1 A
lim inf = (fr(kZ) (T ) + Z(—])ID;[frf(kberi](T ) : H(E)

i=1 =

T—+oo T/>T

k=2 1\ r—k-2+G-1)
+ 0y - ()
j=1

k=2 4\ r—(k=2)+G-1) ,1\T
_1\k—1pk-1 . - - .pr—&k=Dr, 0o k=271’ _
+ (DD 1T L[(q) (q)) Dy 00 1(T>}—o,

which is equivalent to

e i1\ (24GD) -
lim inf :(fr(kz)(T') + Y DDl @) - ]| ( ) ) D P ](T')} =0,
=1 =1

T—>+ocoT'>T q

and proves Eq. (3)fork = 2, 3, ..., r,r + 1.1t remains to prove (3) for k = 1. This condition follows from Lemma 8. O

3.2. Euler-Lagrange equation and transversality conditions

We are now in a position to prove a first-order necessary optimality condition for the higher-order infinite horizon
g-variational problem. In what follows, 0;L denotes the partial derivative of L with respect to its ith argument. For simplicity
of expressions, we introduce the operator (-), defined by

X)(t) = (t, (x 0 0")(1), Dylx 0 " '1(1), ..., D] '[x 0 &](t), D [X](1)) .

Theorem 4. Suppose that the optimal path to problem (1) exists and is given by x,. Let n: [a, +0o[— R be such that n(a) =
0, D4[nl(a) =0, ..., DZ*][n](a) = 0. Define

T/
Ae.T) ::[ Lix, +en)(t) — L{x,)(0) At

e v

Ve = inf [ @ en© - L)) dt
V(e) = limi Ve, T).
T—>+o0
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Suppose that

YD) exists for all T;

(8 D exists uniformly for ;

1. limg_o

2. llmT*)+oo

3. foreveryT' > a, T > a,and ¢ € R\ {0}, there is a sequence (A(s, T,;))nEN such that lim,_, 1o A(e, T;) = infrs7 A(e, T')

uniformly for .
Then x, satisfies the Euler-Lagrange equation

i(i—-1)
Z( 1)( ) D [3i2L(x)] (£) = 0

forallt € [a, +ool, and the r transversality conditions

k—1
lim inf {(arﬁ(,(l)ux)(r/) + Y (=)D} [

T—+4o00 T/>T ey

. r—(k—1)+(G-1)
k=1,2,. rwherell/,_]_[]1<q) .

r2— k=1L () ] (T") - ‘1’i> D~ fIxoo* (T )}

(5)

Proof. Using the notion of weak maximality, if x, is optimal, then V(¢) < 0 for every ¢ € R. Since V(0) = 0, then 0 is an
extremal of V. We prove that V is differentiable at t = 0; hence V’(0) = 0. Note that

Ve, T
V/(0) = lim Ve =lim lim . 1)
e—0 & e—>0T—>+00 &
. . V(e T)
= lim lim
T—+00 e—0 &

= lim lim inf A(a T))

T—>+00e—>0T/>

(by hypotheses 1 and 2 and Theorem 3)

= lim lim lim A(e ") (by hypothesis 3)

T—+o00e—0n—>+

= lim lim limA(e, T,) (by hypothesis 3 and Theorem 3)

T—+00 n—>+00 ¢—0

= lim inf llmA(s T’) (by hypothesis 3)

T—+00 T'>T 60

= lim inf lim

" Lix, + en) (0) = L{x) (0) At

T—+4+00 T'>T e—0 a F

q

e—0 &

— lim inf /T Lo L en® —Lx)©

T—>+co T'>T J,

T—+oo T'>T

q

T/ r
= lim inff (Z Orp2L{x, ) (t) - D;[n oar_i](t)) dqt

i=0

and hence

T T
Jim inf / (Z BisaL{x,)(6) - Diln 0 " 1(0)

i=0
Using Lemma 7, we conclude that
i(i-1)

r 71\ T
Z(—Ui <*) Dy [8i42L{x)] (£) = 0
i=0 q

forallt € [a, +ool, proving that x, satisfies the Euler-Lagrange equation (4). By Lemma9,fork =1,2,...,r,

T—+4o00T/>

k—1
lim inf { (ar+2_(,<_1>L<x*><T’) +Y (=10 [
i=1

)dt:

B2 -+l (x:) ] (T") - Wi) D o Ukl](T/)] =

(6)

r—(k=1+G—1)
where ¥; = ]_[] T ( ) . Consider n defined by n(t) = a(t)x.(t), t € [a, +oo[, where «: [a, +00[— R satisfies
a(a) =0, Dyla](a) =0, ..., DZ”[O{](a) = 0, and there exists Tp € Q suchthata(t) = 8 € R\ {0} forallt > T,. Note that
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n(a) =0, Dy[n](a) =0, ..., D;*][n](a) = 0. Substituting n in Eq. (6), we conclude that

k—1
. . ’ i ni ’ —k k—1 / _
i inf 3 { Orz-gen L) (T) + ;:1 (=)D} [Or42— g1+l (x) ] (T)) - W ) - D [x, 0 6" )(T) ¢ =0,
proving that x, satisfies the transversality condition (5) forallk =1,2,...,r. O

Remark 1. For the simplest case r = 1, we obtain from Theorem 4 the Euler-Lagrange equation
Dy [s — dsL (s, x(qs), Dg[x1(s)) ] () = 9,L (¢, x(qt), Dg[x](¢))

and the transversality condition limy_, 4 o infr/s7 {83L (T/, x(qT"), Dq [x](T/)) . x(T/)} = 0.However,whenr > 1, Theorem 4
gives more than one transversality condition. Indeed, for an infinite horizon variational problem of order r, one has r
transversality conditions and, for each k = 1, 2, ..., r, the kth transversality condition has exactly k terms. This improves
the results of [12].
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