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1. Introduction

The concept of a well distributed sequence was introduced by E. HLAWEA
[6] and independently by G. M. PETERSEN [10]. Every well distributed
sequence is uniformly distributed; but whereas there are many uniformly
distributed sequences (almost every sequence in a compact Hausdorff
space satisfying the second axiom of countability and furnished with a
normed Borel measure y is p-uniformly distributed, E. HLawxa [6, 7]),
the set of well distributed sequences is much smaller: it was shown by
G. HeLMBERG and A. B. Paarman—-DE Miranpa [5] that almost no
sequence is well distributed. This leads to the question (posed in the
colloquium on uniform distribution at the Mathematical Centre in Amster-
dam, 1963/1964) whether well distributed sequences exist at all in every
compact Hausdorff space satisfying the second countability axiom and
for every normed Borel measure (cf. also [1], where several results on
almost well distributed sequences in such spaces are obtained under the
explicit assumption that the space admits at least one well distributed
sequence).

In the present paper we show that the answer to this question is in the
affirmative: if X is an arbitrary non-void compact Hausdorff space satis-
fying the second axiom of countability and if u is an arbitrary normed
Borel measure on X, there exists a u-well distributed sequence in X. In
the proof we apply (in a modified form) a construction used by the second
author in [3] in order to show the existence of uniformly distributed
sequences.

It was pointed out to us by G. HELMBERG that our construction used
for proving lemma 4 (the special case of a non-atomic measure) is closely
related to the method used by P. R. HaLmos in exhibiting the isomorphism
between an arbitrary separable, non-atomic, normalized measure algebra
and the measure algebra of the unit segment I ([2], section 41). In fact
this isomorphism theorem can easily be derived from our results; but we
need more than a correspondence between measure algebras: we need
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and construct a point-by-point map, in order to be able to lift a well-
distributed sequence from the unit interval (where they are known to
exist, cf. [6, 10]) to the space under consideration.

The authors thank G. HELMBERG for advice and encouragement.

2. Notation

By N we will denote the set of natural numbers. The unit segment
[0, 1], furnished with its usual topology, is designated by I, while A is
used for Lebesgue measure on 1.

If X is a compact Hausdorff space, and if x is a Borel measure on X,
the restriction of u to a Borel subset of X will also be denoted by u.
Moreover, if ¢ is an integrable function on X, we write u(¢) synonymously
with [ ¢(z) dp.

X

The interior of a subset 4 of a topological space is denoted by A9, its
boundary by b(4). If X is a metric space and 4 C X, then d(4) designates
the diameter of A measured in the given metric of X.

If X is a set, then 3(X) will denote the power set (set of all subsets)

of X.
Every topological space X occurring in the sequel is assumed to be

non-void.

3. The special case of mon-atomic Borel measures

Definition 1. Let X be a compact metric space, 4 a Borel measure
on X, and & a positive real number. An (X, u, &)-quasicover is a finite
collection C'={C4, Cs, ..., Cr} C P(X) with the following properties:

(Ql) C; is compact, and d(C;)<e, for 1=<i<n.

(Q2) uC;>0 and ub(C;)=0, for 1<i<n.

(Q3) C°NCP=0 if 1+#4,1=1,j<n.

(Q4) wX\UO)=0.

Remark. It follows from (Q2) that C;®+#0 for all 3.

Lemma 1. Let X be a compact metric space, 4 a Borel measure on
X, and &>0. There exists an (X, u, ¢)-quasicover.

Proof. Let p denote the metric of X. If x € X and >0, we denote
by Vs(x) and Us(z) the following sets:

(1) Vs(x)={y € X: o(z, y) <};
(2) Us(x)={y € X: o(x, y)=0}.
Let a1, as, ..., an, be a finite number of points in X such that

X C U V:/z(ai).
i=1
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For each ¢, 1=<¢<m, let 6; be a real number such that &/2<d;<e and
pUs(a1)=0. (Such a §; certainly exists, for if each of the uncountably
many disjoint sets Us(a;), ¢/2<d<e, would have a positive measure, the
measure of the compact space X could not be finite.)

Now consider all sets of the form A; N As N ... N A,,, where each A4;
is either V (as) or X\V,,i(ai). Let C4, Cs, ..., Cy be those among these sets
which have a positive measure. Then C={Cy, Cy, ..., Cp} is an (X, y, ¢)-

quasicover.

In the description of our constructions below it will be useful to work
with certain partially ordered index sets. We will call them D-sets; they
are obtained in the following way.

Let X be the set of all finite sequences ni, ng, ..., nx of non-negative
integers. The length of a sequence o € 2 will be denoted by L(s). If
o1 €2 and o2 € X, say o1=mna, ng, ..., np and oz=m1, Mms, ..., mg, We pub

(3) o1=0s if k<h and ni=m; for 1<i<k.

The relation =< defined in this way partially orders X. Each ¢ € 2' of

length L(s)>1 has exactly one immediate predecessor, denoted by p(o)
and denumerably many immediate successors, constituting a set S(o).
A D-set is a subset 4 of X enjoying the following properties:

(D1) 0€4, and 0 is the only element of 4 of length 1.
(D2) If 6 €4 and L(o)>1, then p(o) € 4.
(D3) If 0 €4, then 0#card (S(c) N 4)<Ro.

If 4 is a D-set and k € N, we will denote by A the set
(4) Ag={oc € d: L(c)=Fk}.

Definition 2. Let X be a compact metric space, # a normed Borel
measure on X, and 4 a D-set. A A-sieve on X is a map @: 4 — PB(X)
with the following properties:

(S1) 90=X.
(S2) If o €4, and if S(¢) N A={o3, 0o, ..., 0k}, L(06)=mn, then
{Do1, Dos, ..., Dog} is a (Do, u, 1/27)-quasicover.

Lemma 2. Let X be a compact metric space and x4 a Borel measure
on X. There exists a A-sieve @ on X, for a suitable D-set A4.

Proof. We will construct successively 4; and @|4;, 42 and @|4s, ete.
Let 4,={0} and @(0)=X. Suppose now that Ay and ®|4; are already
defined. For each ¢ € A there exists, by lemma 1, a (Do, u, 1/2k)-quasicover
(Co0s Cos -+, Cop ). Liet Ag4a consist of all sequences oi with o € A and
0<i=<m, and let ®|Ayy be defined by putting P(o7)=C,. Clearly
A= |J 4k is a D-set, and the map @ is a d-sieve on X.

k=1
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Lemma 3. Let X be a compact metric space, x a normed Borel
measure on X, and @ a A-sieve on X. There exists a map ¥: 4 — B(J)
enjoying the following properties:

(i) Y(o) is a segment, for each ¢ €4, and ¥(0)=1.
(i) U{¥():tedn8(o)}=¥(o), for each o€ 4.
(iii) A¥(0)=uPD(o), for each o € 4.

Proof. We define ¥|4; by putting ¥(0)=1I. Suppose ¥|4; is already
defined for 1<7<#% in such a way that the requirements (i), (ii), (iii) are
met, and let o € Ag41. Writing t for p(c), we know then that Pt is a
subsegment [a, b] of I and that b—a=u(Pr). Suppose

(5) S(z)={tm, e, ..., ™0},
with ni<me<...<mn,; say o=1n;. We put

[a, a+ u(Do)] in case i=1;

(6) Yo = [@+ z:f,u@(‘m,-), a+

S u®(eny)] if 2<i<r.
U =1

7

The mapping ¥ defined in this way satisfies the conditions.

Lemma 4. Let X be a compact metric space, x a normed Borel
measure on X, and suppose in addition that x4 is non-atomic (i.e. u({z})=0
for every x € X). Then there exists in X a u-well distributed sequence.

Proof. Let @ be a A-sieve on X, and let ¥: 4 — B(I) meet the
requirements of lemma 3. We put

[e )

(7) X1=kﬂ (U A{(P0)°: o € Ai});

=1
clearly uX;=puX=1.

If x € X, then for every natural number k there is exactly one o =03 € 4
such that L(ox)=k and z € @ox (by condition (Q3) in definition 1);
moreover, we know that @oxy1 C Pop for all k. As u is non-atomic,
u@oy — 0 for k — oo (we use here the fact that every Borel measure on
a separable locally compact space is a Baire measure and hence is regular;
cf. [2] chapter X). It follows that Yox41 C Woy for all k, and that A¥We; — 0
for k — oo (as AWor=puDox; lemma 3, (iii)). Consequently there exists
exactly one y € I such that y € oy, for all k; this y we will denote by f(z).

Let I =fX,={fx: v € X1}. We assert that I; is dense in I. Assume to
the contrary that I\I; contains an open set U. As every y € I is the common
point of a descending chain of sets Yo, o € 4, there exists a o € 4 such
that Yo C U. By (S2) and (Q2), u®@o>0; hence, as u(X\X;)=0, there
exists an x € X; N @Do. For this x we have f(x) € I; and on the other hand
f(x) € Yo C U, which is impossible.

Now it is well-known that there exist 1-well distributed sequences in 1
(e.g. the sequences of the form (n0 — [n0])sen, 0 irrational), and it follows
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easily that every dense subset of I contains a sequence which is A-well
distributed in I (cf. [6, 9]; see also [4]). Let (yn)nen be a A-well distributed
sequence in I such that y, € I for all n; for each n € N, let z, € X1 be
chosen in such a way that fr,=y,. We assert that (xp)ney is u-well
distributed in X.

Let ¢ be an arbitrary real-valued continuous function on X, and let
£>0. We have to show that there exists an Moo= M(e, ¢), such that

1 M
(8) Wi 21 F(@m+r) —pu(P) | <e

for all M =Mo(e, ¢), uniformly in k e N.

As ¢ is uniformly continuous on the compact space X, there exists a
8>0 such that |¢x— dy| <e/4 whenever g(z, y) <6 (o denoting the metric
of X). We fix an r € N such that 1/2r<J, and for each ¢ € 4, we choose

an arbitrary but fixed z, € @o. Let 5 =£ I+ Y|Pz
ced,
If 6 €4,, then

1 X 1 u
Do — — o = [ AWo— — . .
(9) ) #Po— 37 2 Aoa(Tmir) ’ i 2, Leo(Ymie)

hence, as the sequence (yn)nen is A-well distributed in I, there exists an
M1= Mi(e, 0), independent of k, such that

(10) <7

1 M
uPo— i m2=:1 Koo Zm+k)

for all M=M;. Let Mo= max M,; M, depends on ¢ (and on ¢), but
not on k, and oed,

ME

(11) > XooTmik) $(2e) | <

1 ced,

2 uPo-4(z,)

oed, m

whenever M = M,.
Next, we consider the expression

(12) | E Koo(Xm+k) - B(24) — P(Tm+1)|-

oed r
As each z, (n € N) is contained in exactly one @o, o € 4y, (12) may be
reduced to the form

(13) |b(24,) — b(@m+x)|

with Zm+x € Pog. Consequently, its value is at most ¢/4 (by the choice
of r), and we find that, for all M,

M

(14) Z E X¢a(xm+k) ¢ a) z xm+lc

m—l aed. =

mm



Finally we remark that
(18)  |up— Z uPo-$(z,)| =| E { I $(x dﬂ—¢(za)-u¢a}|<2-i.
ced, ced,

Combining (11), (14) and (15) we arrive at (8).

4. Proof of the main result

Theorem. Let X be a compact space satisfying the second axiom of
countability, and let x be a normed Borel measure on X. There exists
in X a u-well distributed sequence.

Proof. It follows from Urysohn’s metrization theorem (cf. e.g. [8]
chapter 4) that the space X is metrizable. Therefore the assertion follows
from lemma 4 in case the set

(16) Xo={x e X: u({zx})>0}

is empty. Let us suppose now that Xo5=0. We remark that Xo, being

countable, is a Borel set.
We first assume uXo#1. In that case we define a new normed Borel

measure ¥ on X in the following way: if B is an arbitrary Borel set in X,
then
T wX\Xo)
According to lemma 4, there exists in X a »-well distributed sequence
(xn)neN-
Let {z, 22, 23, ...} be an enumeration of X,, and let
Io=[0, 1 —puXo], Iy=[1—puXo, 1 — uXo+pu({z1})],

Io=[1—pXo+u({z1}), 1 — pXo+p({z1}) + u({22})], ete.

(17)

Let (yn)nen be a A-well distributed sequence in I such that no y, is an
endpoint of one of the intervals Io, I, Is, ..., and let (yu;);ex be its sub-
sequence consisting of all y, € I,.

We now define a new sequence (#,)neny in X as follows. If n=mn,, for
some ¢, we put up=a;; if nsn; but, say, y, € Ix, we put up,=2z. We will
show that this sequence (uz)nen is u-well distributed in X.

For arbitrary =, k, M € N we define

(18) Jnlk, M) = Z Xy, Ymk)-

Let > 0 be arbitrary, and let ¢ be a continuous real-valued function on X.
As Yu({za}) <1< oo, there exists an ng=1, depending only on & and ¢,

n
such that

(19) (14 max |@)])- T ulfe <3

reX n>n,
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As (yYn)nen is A-well distributed, there exists an M;, depending only on
¢ and ¢, such that, for all n=<no and all M =M,

(20) (ky M)— AL, | <e&-(1+4mno - max |$(z)|)?

‘ M 7” zeX
uniformly in k. In particular it follows that j(k, M) - oo if M — oo,
for all n<mno and uniformly in k, and also that there exists a K >0 such

that

(21) <K

M

for all n=<no, all £ and all M.
Let J= | In; by (19), 4J <¢/8-(1+ max |¢(x)])~1. Applying the good

n>ng

distribution of (yx)nen to yx, we find that there exists an My(e) such that

(22) > jalk, M)—AJ 1+ max |$(z

1
‘ M n>n, l ( zeX [
whenever M = M, (again, uniformly in k). It follows that

(23)

> %M(k M)’ (1+ ma,x|<,{> )1

n>n,g

for all M =Mz and all k.
As (zp)nen is v-well distributed in X, there exists an M3(e, ¢) such that

1 M
(24) ’Tlf gl ¢ (@m+x) — ()

uniformly in k, if M = M3(e). Let My be such that Mo=max (M, M2, Ms3)
while moreover jo(k, M)> Ms(e) for all M = M, uniformly in k. Such an
M, exists, and it depends only on ¢ and ¢ but not on k. Then—if we

write >4 for sums over s consecutive values of the parameter ; —we have:
8

&
LK
<gK™,

- |
|33 som g | = | (&2 zzj.,w.mm); B )+
+ 3 (MG e [ wan) + 3 2G e+
(k, M
_n>zu. (z£)¢(x)dM = 70 )l 70(’0 M z/”jo(k M)S6 xi - ¢)‘ +
+ [0 o)t + 3% e +
2 = max[qu)]—}— g,u({zn}) max|¢x)|<

<€+8+8+8+8_
=3T3 Tz 31785

whenever M = Mo(e, ¢), uniformly in k.
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There remains the case uXo=1. In this case we can use practically the

same proof as outlined above; all terms containing jo(k, M) must, however,

be omitted.
Amsterdam, Mathematical Centre
Prague, Mathematical Institute of
the Caroline University
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