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Abstract—Triangulation of polygous is a classical problem in computational geometry. For an
arbitrary polygon, the triangulation may depend on its shape. In this paper, we describe a new
geometric classification of triangulations of a convex polygon and then derive expressions for counting
the number of nonisomorphic triangulations in each class.
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1. INTRODUCTION

Triangulation of a simple polygon is a well-known problem in two-dimensional computational
geometry [1]. It has many applications in computer graphics, and in general, it is used in the
preprocessing phase of a number of nontrivial operations on simple polygons [1,2]. Triangulating
a polygon means partitioning it into triangles by inserting internal diagonals that are nonin-
tersecting except at the vertices. Several fast algorithms are known for triangulating simple
polygons. Until 1986, the best known algorithm for triangulating a simple polygon was of com-
plexity O(nlogn) [3]. An outstanding work in this direction was due to Tarjan and Van Wyk [4],
who proposed an O(nloglogn) algorithm. Recently, Chazelle [5] suggested a very tricky linear
time triangulation algorithm. Triangulation of an n-vertex polygon requires (n — 3) nonintersect-
ing internal diagonals. Thus, to count the total number of triangulations of a simple polygon, the
shape of the polygon must also be considered. This makes the counting problem very difficult.
However, the problem reduces to a simpler one if we restrict ourselves to convex polygons.

For convex polygons, all diagonals are internal diagonals. Thus, the number of triangulations
of a convex n-gon is independent of the shape, and therefore, it can uniquely be characterized
by the number of vertices n. Let §(n) be the total number of triangulations of a convex n-gon.
In [6], Knuth et al. have shown that

2n-—4)

8(n) =Cp_2 = (n“j),

where C,, is the n*® Catalan number.

A triangulated convex polygon may be represented by a maximal outerplanar graph (see [7])
Gr(V,¢), where v; € V corresponds to a vertex of the polygon, and (v;,v;) € ¢ if v;,v; are
joined either by a polygon edge or a diagonal. The triangulated polygon itself is a natural
outerplane embedding, where all the vertices lie on the outer face. Two triangulations are said
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Figure 1. Two isomorphic triangulations of a hexagon.

to be isomorphic to each other if the corresponding planar graphs are isomorphic. Figures 1a
and 1b represent two isomorphic triangulations of a hexagon.

The problem of counting the total number (6%V(n)) of triangulations, nonisomorphic up to
reflection and rotation, has been solved in [8-10] for convex polygons. The following counting
formula is due to Moon and Moser [10]:

1 3 2
6N(n):f(n)+f("/3+ )+ f(n/ +1), if n is even;

2n, 3 4
:f(n)+f(n/3+1)+f((n+1)/2)’ if n is odd,

2n 3 2

where
f(n) = 6(n), ifn>2,
=0, for fractional and/or negative values of (n — 2).

Recently, studies on certain special kinds of triangulations, such as min-max length triangu-
lations, thin triangulations, bushy triangulations, etc., have received attention in the area of
computational geometry, pattern recognition, and related fields. A quadratic time algorithm has
been proposed for min-max length triangulations [11], and the counting problem has been solved
for thin and bushy triangulations [12].

In this paper, we first introduce a new geometric classification of triangulations of a convex
polygon, and then derive expressions for the number of such triangulations, nonisomorphic up to
reflection and rotation, for each of these special classes.

With each edge (i, ) in G7, we associate a function d, the length of the edge (i, 7). The formal
definition of length appears in Section 2. If the length of the longest edge in G is denoted by A,
then [(n/3)] < A < |(n/2)]. If A is equal to [(n/2)] = |(n/2)], then we call the corresponding
triangulation a bisector triangulation. Otherwise, the triangulation is a nonbisector triangulation.
Next, we show that for each nonbisector triangulation, there exists a unique triangle (face), called
the central triangle, whose perimeter is equal to n. The notion of the central triangle allows us
to partition the set of all nonbisector triangulations into three disjoint classes. Depending on the
type of the central triangle, the nonbisector triangulations are classified as

(i) scalene,
(ii) sosceles, or
(iii) equilateral.
This classification is mutually exclusive and collectively exhaustive.
Such special type of triangulations may be of interest in pattern recognition, image processing,
robotics, etc. Based on this classification, we derive formulae for the number of nonisomorphic
triangulations in each class.
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2. NEW CLASSIFICATION OF POLYGON TRIANGULATIONS

Throughout the paper, we will consider a convex polygon with n vertices (n is any positive
integer, n > 3). The vertices are numbered from 0 to n — 1 in the clockwise direction. The
polygon will be denoted by P(0,1,2,...,n — 1). The notation T(0,1,...,n — 1), or just T in
short, will be used to denote a particular triangulation of the polygon P(0,1...,n —1). The
corresponding maximal outerplanar graph is denoted by Gr. An edge joining two vertices i and
7 is denoted by the pair (¢,7). Nodes of the graph G are also labeled in the same fashion as
in P.

DEFINITION 1. In G, the length d(i, j) of an edge (4, j) is defined as the minimum path length
between i and j along the outermost cycle. In other words,

d(i, ) = d(j, 1) = min{|i — j|,n — i — j|}.

ExaMPLE. In Figure 1a, d(1,4) = 3, d(1,5) = 2.

For any triangulation T, the length of the longest edge in Gt will be denoted by A. It is easy
to verify that A < |n/2].

2.1. Classification
DEFINITION 2. A triangulation is said to be a bisector triangulation if A = |n/2] = [n/2].
Otherwise, T will be a nonbisector triangulation.

Thus, for odd values of n, we cannot have any bisector triangulation, whereas for even n, we

may have both types of triangulations.

DEFINITION 3. Since each internal face in G is enclosed by three vertices, any two vertices
corresponding to an internal face are said to be the consecutive neighbors of the third vertex.
THEOREM 1. For any triangulation T, [n/3] < A < {n/2].

ProoF. For a bisector triangulation, A = [n/2] = |[n/2]. So we need to consider only the non-
bisector triangulations. Let T be a nonbisector triangulation, and without any loss of generality,
let us assume that Gr contains the edge (0, z), such that d(0,z) =z = A < [n/2]. Let ¢ and =
be two consecutive neighbors of vertex 0, where i > z, as shown in Figure 2.

Now, d(z,3) < A. Therefore,

i—z<A. (1)

Also, d(0,7) < A. Asi >z and d(0,7) =n — 1,
n—1i<A. (2)

Adding (1) and (2), we get 2A >n—xz. Asz = A, we have 3A > n, i.e., [n/e] < A. Hence, the
proof.

i X

Figure 2. Illustration of Theorem 1.
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LEMMA 1. In any nonbisector triangulation T, if there are more than one longest edge, then
every two of them must have one end-point in common.

PRrROOF. Without loss of generality, let (0,z) be one such edge, where d(0,z) = 2 = A <
[n/2]. Let there be another longest edge (i, 4+ x) such that ¢ > z and ¢ +  # 0 (mod
n). The situation is shown in Figure 3. For proper triangulation of the original polygon
P(0,1,...,n — 1), we now have to triangulate the polygonal structure (0,z,x + 1,z + 2,...,1,
i+z,i+zx+1,...,n—1), which is also convex. Thus, we have to join at least one vertex from
theset (1 +z,i+x+1,...,n—1,0) toone of (z,z+1,x+2,...,7) by an edge other than (0, z)
and (Z,7+ z). But the length of that edge will be at least A+ 1. This contradicts our hypothesis.

0
i+x

i

Figure 3. Illustration of Lemma 1.

THEOREM 2. For any triangulation T', G will satisfy the following properties:
(1) If A = |n/2| = [n/2], there will be exactly one longest edge in T.
(2) If A = |n/3] = [n/3], there will be exactly three longest edges in T.
(3) If |In/3] < A < [n/2], there will at most two longest edges in T.

PRrROOF. Follows from Theorem 1 and Lemma 1.

THEOREM 3. For any nonbisector triangulation T, there is a unique triangle (face) in Gp whose
perimeter is equal to n.
Proor. Without loss of generality, let us assume that G contains the edge (0,z), such that
d(0,z) = x = A < [n/2]. Let i and = be two consecutive neighbors of the vertex 0, where
z+1<i<n-1. Now,

d(0,z) = A
dlz,)=t—xz=i—A
d(i,0)=n—1 [as A is the maximum length].

Therefore, the perimeter of the triangle (0, z,1) is n.

To prove uniqueness, let us assume that there exists another triangle in G, whose perimeter
is also n. From planarity, the second triangle must be contained in either of the three portions
of the original polygon (Figure 4). These three portions (regions) are named as «, 3, and 7.

0

Figure 4. A unique face with perimeter n.

Now, the perimeter of any triangle contained in the portion «, will be at most 2A, which
cannot be equal to n, as A < [n/2]. Similarly, the perimneter of any triangle contained in the
portion 8 and « will be at most 2(i — A) and 2(n — i), respectively. But none of these can be
equal to n, as A < [n/2].
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DEFINITION 4. In any nonbisector triangulation, the unique triangle with perimeter n will be
called the central triangle of that triangulation. The position of the central triangle will be
specified by its three vertices.

EXAMPLE. The triangulation of the polygon, as shown in Figure 5, has the central triangle
(0,3,6).

The central triangle may be equilateral, isosceles, or scalene.
0 1

5 4

Figure 5. The central triangle.

REMARK. If n = 3, the polygon itself is the central triangle. For n > 3, the central triangle may
involve at most one polygonal edge. If it involves a polygonal edge, the central triangle would be
isosceles.

If n (> 3) is even, the central triangle cannot involve any polygonal edge. If n (> 3) is odd,
the central triangle may involve a polygonal edge, and in that case, the length of the other two
edges will be (n —1)/2.

DEFINITION 5. A triangulation will be called scalene or isosceles or equilateral if the central
triangle is scalene or isosceles or equilateral, respectively.

The notions of bisector triangulation and the central triangle allow us to classify the various
triangulations of a convex polygon into the following cases, as shown in Figure 6.

Triangulation
I
l I

Bisector Non-bisector
|
1 |
Scalene Isosceles Equilateral

Figure 6. Classification of triangulations.

REMARK. For n = 6r + 1 or 6r + 5, (r > 0), bisector and equilateral triangulations are not
possible.

For n = 6r + 2 or 6r + 4, (r > 0), equilateral triangulations are not possible.

For n = 6r + 3, (r > 0), bisector triangulations are not possible.

2.2. Reflectional Symmetry of Triangulations

In this section, we are going to define reflectional symmetry (a) about a vertex, and (b) about
the perpendicular bisector of an edge.

DEFINITION 6. The reflection of a triangulation T(0,1,...,n ~ 1) about the vertex 0 is defined
asT'(0,1...,n—1)=T0,n~-1,n—2,...,1).
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0 1 0 1
5 g i: 2 5@ 2
4 3 4 3

T(0,1,2, 3, 4, 5) TY(0, 1,2, 3, 4, 5)

Figure 7. Reflection of a triangulation about the vertex O.

Figure 8. V-symmetric triangulation about the vertex 0.

Figure 7 shows a triangulation of a convex hexagon and its reflection about vertex 0.
REMARK. (T") =T.
DEFINITION 7. A triangulation T(0,1,...,n—1) is called V -symmetric triangulation about ver-
tex 0, if T(0,1,...,n~1)=T"(0,1,...,n—1).

Figure 8 shows an example of a V-symmetric triangulation about vertex 0.
DEFINITION 8. Reflection of the vertices of a convex polygon P(0,1,...,n — 1) about the per-

pendicular bisector of the edge (0,n — 1) will be defined by the mapping F : V — V|, where
E@Wv)y=n—-v~-1,veV.

DEFINITION 9. Reflection of a triangulation T(0,1,...,n — 1) about the perpendicular bisector
of the edge (0,n — 1) will be denoted by T¥(0,1,...,n — 1) and defined as

TE(0,1,...,n— 1) =T(E(0), EQ),E?2),...,E(n—-1))=T(n—1,n—2,...,1,0).

Figure 9 shows an example of a triangulation and its reflection about the perpendicular bisector
of an edge.
0 0

3 3

T T

Figure 9. Reflection about the perpendicular bisector of the edge (0, 5).
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REMARK. (TF)® =T.

DEFINITION 10. A triangulation T'(0,1,...,n — 1) is called an E-symmetric triangulation if
T(0,1,...,n~1) =TE(0,1,...,n - 1).

Figure 10 displays an example.

6 0
5 1
4 2
3
Figure 10. An E-symmetric triangulation about the perpendicular bisector of the

edge (0, 6).

LEMMA 2. Let ég(n) denote the total number of E-symmetric triangulations of a polygon
P(0,1,...,n—1). Then 6g(2) =1, and for n > 2,

Sg(n) =0, if n is even;
1
=5 ((—"—QJQ> . ifn is odd.

ProOOF. We prove the result by induction on n. It is easy to verify the result for n = 3, 4,
and 5. Let the result be true for n =1,2,...,n—1. Let T(0,1,2,...,n — 1) be any E-symmetric
triangulation. Because of E-symmetry, for every edge (¢,7) in T, theedge (n —j — 1,n — i —1)
should also be present in T. But, due to planarity, for ¢ < (n — 1)/2 < j, it is not possible
for any triangulation T to have both of these edges, unless j = n — 4 — 1 (i.e., when (¢, ) and
(n—j—1,n—1%-1) represent the same edge). An edge of the form (i,n -i—-1),1<i<n -2,
divides a polygon into two polygons of smaller size and both of them have to be triangulated
in an E-symmetric fashion to get an E-symmetric triangulation of the original polygon. The
polygon, containing the edge (0,n — 1) and (¢,n — ¢ — 1) will have even number of vertices. But
by induction hypothesis, it is not possible to triangulate it in an E-symmetric way. So, T cannot
have an internal edge of the form (i,n — ¢ — 1).

From the above discussion, it follows that if n is even, the polygon (0,n/2 —1,n/2,n — 1) will
remain intact in 7. Thus, no E-symmetric triangulation exists, for even values of n.

For odd values of n, there must be the central triangle (0,(n —1)/2,n — 1) in T, as edges (i, 7)
for i < (n —1)/2 < j cannot exist in T. This divides the polygon into two smaller polygons
(0,1,...,(n—1)/2) and ((n — 1)/2,...,n — 2,n — 1). Referring to Figure 11, for T to be E-
symmetric, we must have T(0,1,...,(n ~ 1)/2) = T((n — 1)/2,...,n — 1). Thus, the total
number of E-symmetric triangulations will be §g(n) = 6((n +1)/2).

n-1 0
TE T
(n-1)/2

Figure 11. Hlustration of Lemma 2.

CAMWA 27-7-H
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REMARK. If we redefine §(n) as

6(n) = Dyp_g = Cp_g, ifn>2,

=0, for fractional and/or negative values of (n — 2),

then the above result can be restated as: 6g(2) = 1, and for n > 2, 6g(n) = D,_3/2.

3. COUNTING NONISOMORPHIC TRIANGULATIONS
IN EACH CLASS

Having classified the triangulations of a convex polygon as above, we now show that two
triangulations belonging to two different classes cannot be isomorphic. Then, we proceed to
count the number of nonisomorphic triangulations in each of the above classes. Summing them
up, we could also find the overall expression for the total number of nonisomorphic triangulations
of a convex polygon.

3.1. Properties of Isomorphic Triangulations

Many results on isomorphism of planar graphs appeared in [13]. In this subsection, we point
out a special property of outerplanar graphs, which in turn characterizes nonisomorphic triangu-
lations.

LeEMMA 3. The maximal outerplanar graph Gr, corresponding to any triangulation T(0,1,...,
n — 1), has a unique Hamiltonian cycle (0,1...,n — 1,0), along the outermost cycle.

Proor. The sequence of vertices (0,1,2,...,n — 1,0) along the outermost face of G gives us
one Hamiltonian cycle.

If possible, let there be another Hamiltonian cycle which includes an internal edge (4, j), as in
Figure 12. Let us try to traverse this Hamiltonian cycle starting from the vertex ¢ and moving
towards j along the edge (Z,j). The edge divides the polygon into two halves, and from vertex
j we must go to a vertex in one of the halves. But once we enter one of the halves, there is no
internal edge which can take us to the other half (from planarity}. The other two edges into the
other half also cannot be used, as ¢ and j both have already been traversed. Thus, we cannot
traverse all the vertices. Hence the contradiction.

i

L/

Figure 12. Uniqueness of the Hamiltonian cycle.

THEOREM 4. Two triangulations T1(0,1,...,n—1) and T»(0,1,...,n — 1) are isomorphic iff one
can be obtained from the other by reflection and/or rotation.

PRrROOF. If one of the triangulations can be obtained from the other by reflection and/or rotation,
it is easy to see that they are isomorphic.

To prove the necessity, let T, = f(73). Now, (0,1,...,2—1,0) is a Hamiltonian cycle in 7}. As
f is an isomorphism, (f(0), f(1),..., f(n—1), f(0)) will also be a Hamiltonian cycle in T». But, by
Lemma 3, the only Hamiltonian cycle in T3 1s (0,1, ...,n—1,0). So, {f(0), f(1),..., f(n=1), f(0)}
is nothing but a reflection and/or rotation of (0,1,...,7n —1,0). Thus, T, can be obtained from
T} by reflection and/or rotation.
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CoOROLLARY 1. IfT) and T3 are two isomorphic triangulations, then the central triangle of T} is
identical to that of Ts.

Proor. If T} and T3 are isomorphic to each other, then T} can be obtained from T3 by rotation
and/or reflection. Such an operation can only affect the orientation of the central triangle of a
triangulation, but not its shape and size. Hence the result.

COROLLARY 2. Two triangulations belonging to two different classes cannot be isomorphic to
each other.
ProOF. Immediate from Corollary 1.

Corollary 2 allows us to calculate the number of nonisomorphic triangulations for each class
separately.
3.2. Counting

We will now derive expressions for enumerating nonisomorphic triangulations in each of the
classes.
3.2.1. Counting scalene triangulations
THEOREM 5. The total number of nonisomorphic scalene triangulations of a convex n-gon is

Nsr= > [6(a+1)8(b+1)6(c+1)).

a+b4c=n
a<b<e<[n/2]

PROOF. Assume that the three sides of the central triangle are of length a, b, ¢ (a, b, c are
distinct), where a + b+ ¢ = n. Let us first fix the position of the central triangle in the polygon
as (0,a,a + b) as shown in Figure 13. With this fixed position of the central triangle, the total
number of possible triangulations is §(a + 1)6(b + 1)é(c + 1).

0

-]

a+b

Figure 13. Counting scalene triangulations.

We claim that the triangulations which are included in the above count are nonisomorphic to
each other. To prove this, we assume the converse. Let 77 and 7> be two isomorphic triangulations
present in the above count. Then, by Theorem 4, T} can be obtained from T} by reflection and/or
rotation. As the central triangle is scalene, reflection or rotation will change the orientation of
the central triangle. But this contradicts our hypothesis that the position of the central triangle
is fixed at (0,a,a + b).

For a given set of values a, b, ¢, a + b+ ¢ = n (a, b, ¢ are all distinct), it is enough to consider
any one of the six possible central triangles, viz., (0,a,a+b), (0,a,a+¢), (0,b,a +b), (0,b,b+¢),
(0,¢c,a +¢), (0,¢,b + ¢). All triangulations for the remaining position of the central triangle
will be isomorphic to some member of the set already considered. So let us assume a < b < ¢,
and consider the central triangle (0,a,a + b). Thus, the total number of nonisomorphic scalene
triangulations of a convex n-gon will be:

> [bla+ 1)6(b+1)8(c + 1)).
a+btc=n
a<b<e<[n/2)]
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REMARK. With our notation defined above, the above result can further be simplified as:

1 1 1 1 1
Nst =3 Dn2— 5 Dn1-7 Diypoy - g Dnjz-1- 3 Y. D1 Dp-dl,
2a+b=n
a#b<[n/2]

(see Appendix).

3.2.2. Counting isosceles triangulations

THEOREM 6. The total number of nonisomorphic isoceles triangulations of a convex n-gon is

Nir = > %{[6((14- DI28(b+ 1) + 6(a+ 1)6p(b+1)}.

2a+b=n
a#b, a,b<[n/2]

PROOF. Let the two equal sides of the central triangle be of length a, and the other side be
of length b. Thus, 2a +b = n, a # b, and a,b < [n/2]. Let us first fix the position of the
central triangle as (0,a,a + b). With this fixed position of the central triangle, the total number
of possible triangulations will be [{6(a + 1)}26(b + 1)].

Since an isosceles triangle has a twofold symmetry, the above triangulations are nonisomor-
phic up to rotation only. In other words, the above set contains both T' and 7" (if they are
not identical). Let us consider an isosceles triangulation T(0,1,...,n — 1), with central trian-
gle (0,a,a + b). The central triangle divides the original polygon into three smaller polygons,
0,1,...,a), (a,a+1,...,a+b),and (a+b,a+b+1,...,n—1,0) as shown in Figure 14. In
any triangulation, these three smaller polygons are also triangulated in some fashion. This is
symbolically represented as:

7(0,1,...,n—1) = (A(O,l,...,a)B(a,a+1,...,a+b)C(a+b,a+b+1,...,n—1,0)),

where A and C are any two triangulations of a polygon of size (a + 1) and B is that of a polygon
of size (b + 1). In short, we also denote this by T'= (ABC).

Figure 14. Counting isosceles triangulations.

Now,

T7'(0,1,...,n—=1)=T0O,n—1,n —2,...,1)
=A(0,n—1,...,a+b)Bla+ba+b+1,...,a)Cla,a~1,...,0)
=CF0,1,...,a)B¥(a,a +1,...,a+b) AP(a+b,...,n —1,0)
= (CEBEAF).

If T is a V-symmetric triangulation, then

T0,1,...,n~1)=T'(0,1,....,n— 1) =T{0,n—1,n—2,...,1).

Therefore, C = AF and B = BP. Thus, for T to be a V-symmetric triangulation, B should be
E-symmetric and C should be A¥. Therefore, the total number of V-symmetric triangulations
will be §(a + 1)§(b + 1) which can be comupted using Lemma 2.
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Thus, for the fixed position of the central triangle, the number of nonisomorphic triangulations
will be

%{[6((1 +1))%6(b+1) +6(a+1)65(b+1)}.

Any change in the position of the central triangle will generate a triangulation isomorphic to one
that has already been considered in the above count.
Therefore, the total number of nonisomorphic isosceles triangulations will be

Nr= 3 %{[6(a+1)]26(b+1)+5(a+1)6E(b+1)}.

2a+b=n
a#b, a,b<n/2]

REMARK. The above result can be simplified as:

1 1
Nip = 3 Z {[Da_1]2Db_1} + 5 Dpn_1y/2-1

2a+b=
a#b, a,b<[n/2]
1 1 4 1
+ 1 D21 — 1 Dn/4—1 3 Dns3-1Dns6-1,

(see Appendix).

3.2.3. Counting equilateral triangulations

THEOREM 7. The total number of nonisomorphic equilateral triangulations of a convex n-gon is

Ner =5 {[s (5 +0)) 28 (34 1) +36 (34 1) s (3 1) ).

PROOF. Let n be a multiple of 3. Without loss of generality, we fix the central triangle at
(0,n/3,2n/3). With this central triangle, the total number of possible triangulations will be
[6(n/3 + 1)}3. Among these, let us consider a particular triangulation T such that

2 2n 2
101 n-n= (401 5) B (5541 F) (55 +1m-10)),

ie.,, T = (ABC), where A, B, C are any three triangulations of a convex polygon of size (n/341),
as shown in Figure 15.

0

2n/3 B n/3

Figure 15. Counting equilateral triangulations.

As the position of the central triangle is fixed, there are at most five triangulations, namely,
Ty = (BCA), T; = (CAB), Ts = (CPBFP AE), Ty = (BEAPCPF), Ts = (APCEBF), all of which
are isomorphic to T'. But the triangulation T; (1 < 7 < 5) may be identical to T. If so, T} has no
contribution in the above count. Otherwise, it has been considered separately in the count.

If Ty (or T2) = T, then A = B = C. The number of such triangulations, for which T} (or T3)
is identical to T, is §(n/3 + 1).
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IfT3 =T, then A =CF, B=BE C = AP, The number of such triangulations will be
8(n/3+1)6g(n/3 + 1).

In a similar way, the number of triangulations for which T is identical to Ty or T will be
8(n/3+ 1)6g(n/3 +1).

Thus, the total number of nonisomorphic equilateral triangulations, with the central triangle
(0,n/3,2n/3) will be 1/6{[6(n/3 + 1)]* + 26(n/3 + 1) + 36(n/3 + 1)6(n/3 + 1)}.

Any triangulation generated by changing the position of the central triangle has already been

included in the above count.
Thus, the total number of nonisomorphic equilateral triangulations of P(0,1,...,n —1) will be

Nor =t {[s (3 +0)) +2s (3 +1) 30 (5+1) e (5+1)}.

When n is not a multiple of 3, Ngr = 0. Therefore, for any n-gon,

1 1 1
—D3/3_1 + §Dn/3—1 + §Dn/3—1Dn/6—l-

NET=6 n

3.2.4. Counting bisector triangulations

THEOREM 8. The total number of nonisomorphic bisector triangulations of a convex n-gon is

NBT=§[{5(g+1)}2+25(g+1)+{5E(g+1)}2]‘

PROOF. In this case, the length of the longest edge is [n/2} = [n/2], that is, n must be even.
Let us first fix the position of this edge as (0,n/2).

With this fixed position of the longest edge, the total number of possible triangulations is
[6(n/2 + 1)]2

Let us consider a triangulation T such that

n nn
TO,1,...,n—1) = (A(O,l,...,—2-) B(§,§+1,...,n—1,0)),
i.e., T = (AB), where A and B are any two triangulations of a convex polygon of size (n/2 + 1),
as shown in Figure 16.

n/2

Figure 16. Counting bisector triangulations.

With the fixed position of the longest edge, the triangulation T has at most three isomers,
namely, Ty = (BA), T, = (APBF), and T; = (BFAF). But these triangulations may be
identical to T. If they are not, then they must have been considered separately in the above
count.

If T = Ty, then A = B. The number of such triangulations, (44), is §(n/2 + 1).

If T = Ty, then A = AF and B = BF. The number of such triangulations is [6g(n/2 + 1)

If T = T, then A = BE and B = AE. The number of such triangulations, (AF A), is §(n/2+1).

Thus, the total number of nonisomorphic bisector triangulations with the fixed position of the
longest edge will be 1/4[{6(n/2 + 1)}? + 26(n/2 + 1) + 6p(n/2 + 1)?].

2]‘
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Triangulations obtained by changing the position of the longest edge will be isomorphic to one
which has already been included in the above count.
Therefore, the total number of nonisomorphic bisector triangulations of a convex n-gon will be

= H[{o @ o) 20 (3 1) o (2]
For odd values of n, Ngr = 0. Therefore, for all values of n,

1 1 1
Npr = D75 1+ §Dn/2—1 + ZDEL/4—1-

4
3.2.5. Counting total number of nonisomorphic triangulations
THEOREM 9. The total number of nonisomorphic triangulations of a convex polygon P(0,1,...,
n — 1) is given by
1
§N(n) = - [4Dy_3 + 9Dy /a1 + 4Dy 31 4+ 6D _1)/2-1 — Dn_1].

PROOF. See Appendix.

4. CONCLUSION

In this paper, we have presented a new classification scheme for triangulating a convex polygon,
namely: bisector, scalene, isosceles, and equilateral. As there is a bijection between maximal
outerplanar graphs and planar embedding of triangulations of convex polygons, this classification
scheme is valid for maximal outerplanar graphs as well. Then, we enumerated the number of
nonisomorphic triangulations in each class separately. Numerical results up to n = 20 are given
in Table 1.

Table 1.

n Nsr Nir Ngr Npr 6N (n)
3 0 0 1 0 1
4 0 0 0 1 1
5 0 1 0 0 1
6 0 [} 1 2 3
7 Q 4 0 0 4
8 0 3 0 9 12
9 10 15 2 0 27

10 0 26 0 56 82

11 70 158 0 0 228

12 140 105 25 463 733

13 1008 1274 0 0 2282

14 1176 1930 0 4422 7528

15 12180 12192 462 0 24834

16 20328 17339 0 46231 83898

17 150414 134943 0 0 285357

18 280962 177938 12404 511940 983244

19 1826682 1585738 0 0 3412420

20 3804372 2228001 0 5912241 11944614

The proposed characterization of triangulations can be extended further to explore more prop-
erties of triangulations. For example, if D(n) denotes the total length of the diagonals in a convex
n-gon, then what are the lower and upper bounds of D(n)?

Similar geometric classification of triangulations in a general polygon remains open.
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APPENDIX

From Theorems 5-8, we get
6N(n) = Nst + Nit + Ngr + Npr. (A)

From the recurrence relation [8] of Catalan numbers, we have

n—1
Dy = Z Dn—k—le-
k=0
One can easily verify that
[n/2-1] 1
Z Dyk-1Dg = E(Dn + D?n—l)/’l)’ (3)
k=0

Now, for any three positive integers a, b, and ¢ and any function f(a,b,c), we can write:

Sof= > 43 X

a+btc=n a+btc=n a+b+c=n
a,b,c<n/2 azn/2

ie.,
Sof= 3 w3 f+ 3 f43 3 f
a+b+c=n a+btec=n a+b+c=n a+b+c=n a+b+c=n
a,b,c are distinct a=bs#c a=b=c=n/2 a>n/2
abe<n/2 a,b,e<n/2
Therefore,
Sof=6 Y f+3 3 f+ > f43 > f
a+btc=n a+btc=n a+bte=n a+b+c=n a+b+c=n
a<b<e<n/2 <l1’=b#c/ a=b=c=n/3 a>n/2
a,b,c<n/2
Therefore,
1
> Bla+1sb+1sc+1) =g 3T [8la+1)8(b+ 1)é(c +1)]
a+b+c=n a+b+ec=n
a<b<c<n/2
1 1 3
-5 X [5(a+1)26(b+1)]——6[6(g-+1)]
2a+b=n
a#b<n/2
1
-3 ST [Bla+1)8(b+1)8(c+1)). (4)
a+b+c=n
a>n/2
Now,

3 [6(a+1)5(b+1)6(c+1)]=§n:5(a+1) ST s+ 1)s(c+1)

a4-btc=n a=0 b+c=n-—a

=3 da+1f(n-a)

a=0
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where
fly= > 8(b+1s(c+1), fork>1
b+c=k
= O’ fOI' k =1
= 3 DyyD.y, for k > 1
b+c=k
= 0’ for k =1.
Therefore,
f(k) = Dy_1, fork>1 (5)
=0, for k =1.
Hence,
n—2
S [Bla+1)6(b+1)s(c+1)] =Y [6(a+1)f(n—a)] +8(n) f(1)
a+btec=n a=0
n—2
=Y Da1Dnar  fos f(1) =0
a=0
n—1
= Z[Da—an—a—I] - Dn—2
a=0
= Dn-—l - Dn—2- (6)
Now,

n

Y Bla+Dsb+1)sc+ D)= Y [Bla+1)f(n-a)]

a+bte=n a=[n/2]
a>n/2

n—1
Z [De—1Dp_q1] — Dyn Jusing (5))
a=[n/2]

n

= Z [Dan——k—2] - Dn—2
k=[(n-1)/2]

- %(Dn_l + D25 )=~ Day  [using (3)) (7)

I

Using (4}, (6), and (7) we get

Nsr= > [8(a+1)8(b+1)s(c+1)

a+b+c=n
a<b<c<n/2
1 1
= E(Dn_l —Dp-2) -3 > [6(a+1)%8(b+1)]
2a+b=n
aF#b<n/2

5l G 3 a0+ 20 -2
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Now,
i b
> sa+1)spb+1) =) 6 (3 — =+ 1) Se(b+1)
2 2
2a+b=n b>0
= Dnjz-bj2-166(b+1)
b=0
n/2-1
= D(n_1y/2-168(2) + Z Dy j2-b/2-1Dbja-1
b/2=1
= D(n_1y/2-1 + Dnya_1. (8)
Again,
3 b+ )ep+1) = > Sa+1)ip+1)+ Y Sa+1)sgb+1), or
2a+b=n a+b/2=n/2 a+b/2=n/2
b/2<n/4 b/2>n/4
b
S Sla+1)se(b+1) = Y e+ 1)bp(b+1)+ > bsla+1)s (5 + 1)
2a+b=n a+b/2=n/2 a+b/2=n/2
b/2<n/4 b/2>n/4
|n/4]-1
= > 8a+1)bpb+1)+ > DiDnjzk2
a+b/2=n/2 k=0
b/2<n/4
1
= > [la+1)6p(b+ 1)+ 5(Dnjp + Diysy)  using (3))
a+b/2=n/2 9)
b/2<n/4

Using (8) and (9), we get

1
Y Sla+1)sp(b+1) = Dn-nja-1+ Dnjao1 = 5(Dnjz-1 + DZ,,_y).
2a+b=n
b<n/2

Therefore,

1 n
> 8(a+1)8g(b+1) = Din1yja-1+ Dpja1 = 5(Dnja-1+ D?2)4_1)— Dns3-16g (g + 1) .
a+b=n
b<2n72,a;éb

Now,

Nr= Y %{6(a+1)]26(b+1)+6(a+1)6E(b+1)

2a+b=n
a#b, a,b<n/2]

1 1
ST Bla+nPsb+1)+ 3 Din-vy/2-1 = 7(Dnjz-1 + D%,
a+b=n
a#b? aj;< fn/2]

1 n

3 Dn/g_.léE (§ + 1) .

Using simplified expressions obtained for Ngr and N7, Expression (A) can further be simplified
as

1 1 3 1 1
§N(n) = 3 Dn-2- 15 Drn-1+ 7 Dnja-1+3 Dnjg—r+ 3 Denvy/2-1
1

12 (4Dp-2 + 9Dy /21 +4Dp/3-1 +6D(n-1)/2-1 — Dpn_y).
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