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Abstract

We shall identify the structures of 5-connected projective-planar graphs which generate their
inequivalent embeddings on the projective plane and show a short proof of the result, due
to Kitakubo [3], that every 5-connected projective-planar nonplanar graph has exactly 1, 2, 3, 4,
6, 9 or 12 inequivalent embeddings on the projective plane. c© 2002 Elsevier Science B.V. All
rights reserved.
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1. Introduction

A graph in this paper is a simple graph, that is, one with no loops and no multiple
edges. An embedding of a graph G on a closed surface F2 is a drawing of G on
F2 without edge crossings. It will be however preferable to regard it as an injective
continuous map from a one-dimensional topological space G to F2 when we formulate
dericate properties of embeddings.

For example, when we enumerate the possible embeddings of a given graph G into
a closed surface F2, we need to de<ne the “equivalence” over the embeddings of G.
Two embeddings f1; f2 :G → F2 are said to be equivalent to each other if there
is a homeomorphism h :F2 → F2 such that hf1 = f2. If there is precisely only one
equivalence class of embeddings of G into F2, we say that G is uniquely embeddable
in F2, up to equivalence.

Under this equivalence, the complete graph K6 with six vertices has exactly 12
embeddings into the projective plane. However, they can be presented with the same
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picture if we neglect the labeling of vertices. Thus, we can say that K6 is uniquely
embeddable in the projective plane in the unlabeled sense.

This uniqueness can be formulated with another equivalence as below. Two embed-
dings f1; f2 :G → F2 are said to be weakly equivalent to each other if there exist a
homeomorphism h :F2 → F2 and an automorphism � :G → G such that hf1 = f2�.
Here, an automorphism � should be regarded as a homeomorphism � :G → G with
�(V (G)) = V (G). Now, we can say that K6 is uniquely embeddable in the projective
plane, up to weak equivalence.

Note that this “weak equivalence” is called the “equivalence” in [4]. Negami
pointed out in [4] that the uniqueness of embedding up to our equivalence splits into
two independent notions, called the uniqueness and the faithfulness of embeddings,
and he developed a theory on these two notions in his thesis [5] and many other
papers.

A graph is said to be projective-planar if it is embeddable in the projective plane. Our
purpose in this paper is to enumerate the embeddings of a 5-connected projective-planar
nonplanar graph into the projective plane.

It is easy to construct a series of 3-connected nonplanar graphs which have ex-
ponentially many inequivalent embeddings in the projective plane. Also, there is a
series of 4-connected nonplanar graphs, the number of whose embeddings in the pro-
jective plane increases in linear order with respect to the number of vertices. However,
Kitakubo has shown in [2] that there is a <nite constant which the number of in-
equivalent embeddings of any 5-connected nonplanar graph in the projective plane
does not exceed. Furthermore, he has already established the following theorem in his
thesis [3]. His proof is however so long that it has never been published in a suitable
journal yet.

Theorem 1 (Kitakubo [3]). Every 5-connected projective-planar nonplanar graph
admits exactly 1; 2; 3; 4; 6; 9 or 12 inequivalent embeddings into the projective plane.

The only 5-connected projective-planar nonplanar graph attaining “12” is K6. Since
K6 is uniquely embeddable in the projective plane up to weak equivalence, we can omit
“12” from this theorem if we count the embeddings up to weak equivalence. Kitakubo
[3] has given examples achieving each of the numbers 1, 2, 3, 4, 6 and 9.

In this paper, we will identify the “re-embedding structures” of 5-connected
projective-planar nonplanar graphs. This enables us to recognize the precise number
of their inequivalent embeddings and to give a brief proof of the above theorem.
There are two key theorems to do it. One is Negami’s general result on re-embedding
structures of projective-planar graphs in [6] and the other is Robertson’s result on the
Wagner graph in [8]. The latter has not been established yet when Kitakubo wrote
his thesis. The point of our proof is to focus on a MLobius ladder, to be introduced
in the next section. We can recognize its explicit re-embedding structure and can <nd
its subdivision in any 5-connected projective-planar nonplanar graph except K6, as
shown later.
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2. M�obius ladders

The M9obius ladder is a typical projective-planar graph and consists of an even cycle
v1 : : : v2n with chords vivn+i (i=1; : : : ; n). The cycle is called its rim and the chords are
called its spokes. We denote the MLobius ladder with rim of length 2n by MLn. The
length of MLn itself is n. In particular, ML3 is isomorphic to K3;3.

The standard embedding of MLn on the projective plane is shown in the left-hand
side of Fig. 1, where each antipodal pair of points on the boundary of the disk should
be identi<ed to a single point on the projective plane. The two vertical line segments
form the rim of MLn, which divides the projective plane into a 2-cell region and a
MLobius band. The left and right half-moon regions correspond to the 2-cell region,
while the central region between the two vertical line segments corresponds to the
MLobius band. All of the spokes are placed in the MLobius band in parallel.

The right-hand side of Fig. 1 presents another embedding of MLn, which is not
equivalent to the standard one. Clearly, we can construct n such embeddings, corre-
sponding to the spoke that jumps out from the MLobius band into the 2-cell region,
which are weakly equivalent to each other.

In fact, MLn admits no other embeddings on the projective plane if n¿ 4. That
is, it has precisely n + 1 embeddings up to equivalence and two embeddings up to
weak equivalence. This “re-embedding structure” of MLn is typical among those of
projective planar graphs and will play an important role with the following fact in our
later arguments.

Lemma 2. The rim of MLn with n¿ 4 bounds a 2-cell on the projective plane in any
embedding.

This allows us to present the rim of MLn in any embedding with two <xed vertical
line segments in a disk, as mentioned above. The proof of this lemma is routine and
can be found in Negami’s thesis [5] for example.

The MLobius ladder ML4 of length 4 is often called the Wagner graph and there have
been several studies about suNcient conditions for a graph to contain a subdivision of
ML4. For example, Robertson [8] has proved the following theorem. A graph G is said

Fig. 1. MLobius ladders in the projective plane.
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to be internally 4-connected if G is 3-connected and if any cut of three vertices yields
a trivial component.

Theorem 3 (Robertson [8]). Let G be an internally 4-connected graph. If G does not
contain a subdivision of ML4; then one of the following <ve holds:

(i) G is planar.
(ii) G − {x; y} is a cycle for some x; y∈V (G).
(iii) G − {w; x; y; z} has no edge for some w; x; y; z ∈V (G).
(iv) G is isomorphic to the line graph L(K3;3) of K3;3.
(v) |V (G)|6 7.

Corollary 4. Every 5-connected projective-planar nonplanar graph; except K6; con-
tains a subdivision of ML4.

Proof. Let G be a 5-connected projective-planar nonplanar graph, not isomorphic to
K6. Then G has at least 7 vertices. It is easy to see that there is a vertex of degree
at most 4 in Cases (ii), (iii) and (iv) of Theorem 3, which is contrary to G being
5-connected. Thus, these cases do not happen and the nonplanarity of G excludes
Case (i) too.

Suppose that G has exactly 7 vertices. Since G is 5-connected, each vertex must
have degree at least 5. This implies that G is isomorphic to K7 minus a matching. That
is, G can be obtained from K1;2;2;2 by adding at most three edges. However, K1;2;2;2

has been known as a graph which cannot be embedded on the projective plane. (In
fact, it appears in the list of 103 irreducible graphs for the projective plane [1].) Thus,
there is no 5-connected projective-planar graph with 7 vertices. Therefore, Case (v)
also is not the case and hence the corollary follows.

3. Fixed rims in embeddings

Let G be a connected graph and C a cycle in G throughout this section. A bridge
B for C in G (with body B̂) is the subgraph induced by a component B̂ of G− V (C)
with edges incident to B̂. We call each of the vertices of B lying of C a foot and each
edge of B incident to a foot a leg of B. Also, each chord of C is called a bridge for
C, but is said to be singular. That is, a singular bridge consists of only one leg and
two feet without its body.

Suppose that G is embedded on the projective plane P2 and that C bounds a 2-cell
region D on P2, possibly not a face of G. Let f :G → P2 be another embedding.
If f(C) also bounds a 2-cell region, we can assume that f <xes C pointwise af-
ter deforming f isotopically; the deformed embedding is equivalent to f. Such an
assumption will make it easier to describe the structure of f as below.

The cycle C divides the projective plane P2 into a 2-cell D and a MLobius band
M . An arc joining two points across M is said to be essential if it cuts open M into
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a rectangle, and to be inessential otherwise. For example, each spoke of MLn in the
standard embedding is essential in M and an inessential are clips oQ a diagonal 2-cell
from M .

Each bridge B for C is placed in either D or M . In the latter case, B is said to be
essential if B contains an essential arc joining two of its feet. Otherwise, B is planar
since it is contained in a digonal 2-cell region bounded by C and an inessential arc in
M . Any bridge placed in D also is planar.

Under our assumption, an embedding f :G→P2 might change the location of bridges
for C, but always <xes its feet on C. If f(B) cannot be deformed into B isotopically
for some embedding f :G→P2, then B is said to be relocatable (by f). It is easy to
show the following lemmas on relocatable bridges; they present the same phenomena
as the behavior of spokes of a MLobius ladder.

Lemma 5. Let B be a bridge for C placed in M . If B contains two disjoint essential
arcs; then B is not relocatable.

Lemma 6. Let B1 and B2 be two bridges for C placed in M . If two disjoint essential
arcs are contained in B1 and B2 separately; then B1 and B2 cannot be relocated
together into D.

Lemma 7. Let B be a nonsingular bridge for C placed in D. If B can be relocated
into M to be an essential bridge; then B splits into two subgraphs B′ and B′′ which
have only one common vertex.

The following lemma is one of the keys to our proof of Theorem 1.

Lemma 8. Every 5-connected nonplanar graph G; except K6; embedded on the pro-
jective plane P2 contains a cycle C such that:

(i) The cycle C divides P2 into a 2-cell D and a M9obius band M .
(ii) The interior of M includes no vertex of G.
(iii) Each edge of G across M is essential and there are at least three such

mutually disjoint edges.
(iv) The cycle f(C) bounds a 2-cell on P2 for any embedding f :G→P2.

Proof. Let C be a cycle in G which satis<es Conditions (i) and (iv) in the lemma. We
can actually consider the cycle corresponding to the rim of ML4 as such a cycle C by
Lemma 2 and Corollary 4, and the MLobius band M includes at least three disjoint paths
P1; : : : ; Pn so that H =C∪P1∪· · ·∪Pn forms a subdivision of a standard embedding of
MLn with n¿ 3. This n should be maximal. In addition, we assume that M contains
as few faces of G as possible. To simplify our arguments, we can assume that any
embedding f :G → P2 <xes C pointwise.

The subdivision H of MLn divides the MLobius band M into n rectangular regions
Ai (i = 1; : : : ; n). The two paths Pi and Pi+1 form a pair of parallel sides of Ai and the
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other pair consists of two segments of C, say Li and Ri. We may assume that Pi, Pi+1;
Li and Ri are placed at the top, bottom, left and right of Ai.

Suppose that the interior of M contains a vertex of G. First, assume that at least one
of P1; : : : ; Pn, say P1, has a length at least 2. Let u be an inner vertex of P1. Then, we
may assume that there is a path Q running across A1 from u to another vertex v not
lying on P1, reselecting u if needed. Otherwise, the ends of P1 would form a 2-vertex
cut of G, contrary to G being 5-connected. We have the following two cases for
this Q:

Case (a) The vertex v is an inner vertex of L1 (or of R2): Let A be a triangular region
bounded by L1, P1 and Q in A1. Let C′ be the cycle with E(C′) = E(C) 	 E(@A),
where X 	 Y denotes the symmetric diQerence of X and Y , and @A stands for the
boundary cycle of the region A. Then C′ bounds a 2-cell D′ = D ∪ A and a MLobius
band M ′ = M − A, and hence this new cycle C′ satis<es (i). It is easy to see that
f(@A) always bounds a 2-cell, in D or in A1. This implies that f(C′) also bounds a
2-cell, and hence (iv) holds for C′. The MLobius band M ′ contains fewer faces than
M , contrary to the minimality of M . Thus, this is not the case.

Case (b) The vertex v lies on P2: Assume that v lies on L1 if v is one of the ends of
P2, without the loss of generality. Let A be a rectangular (or triangular) region bounded
by L1, P1, Q and P2 in A1 and let C′ be the cycle with E(C′)=E(C)	E(@A). Then,
C′ splits P2 into a 2-cell D′ = D ∪ A and a MLobius band M ′ = M − A and hence C′

satis<es (i).
If f(Q) always stays in A1, then f(C′) bounds the 2-cell D′ and hence (iv) holds

for C′. However, there are some cases that f(Q) does not stay in A1. For example,
if v lies on L1, then an embedding f :G → P2 may map Q into D. In such a case,
f(@A) bounds a 2-cell and so does f(C′), as well as in Case (a). Thus, it suNces to
discuss only the case that f(Q) lies in M .

If n¿ 4, then one of f(P3) to f(Pn) stays in M and it will force Q to stay in A1.
This implies that C′ satis<es (iv). So, we suppose that n = 3 and that f(Q) is placed
in M −A1 for some embedding f :G → P2. In this case, f(P3) must be mapped into
D, and both f(P1) and f(P2) stay in M so that they bound A1 together with L1 and
R1. Recall that G contains a subdivision of ML4. Since n= 3, the MLobius ladder must
be embedded in a nonstandard way. That is, only three of its spokes are placed in the
MLobius band bounded by its rim. The three paths P1, P2 and P3 can be assumed to
run along those spokes and there is a bridge for C placed in D, say B, which contains
the fourth spoke of ML4. The relocation of P3 by f forces B to be mapped into A1.
This implies that the end vertices of P1 and P2 form a 4-vertex cut which separates
the vertices of B and the other in G, contrary to G being 5-connected. Thus, Case (b)
does not happen.

Since both Cases (a) and (b) imply a contradiction, each of P1 to Pn must not
be subdivided, that is, it consists of a single edge. In this case, we may assume
that the interior of A1 contains a vertex w of G. Since G is 5-connected, there are
<ve inner-disjoint paths from w to <ve distinct vertices of @A1. This implies the
following case.
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Case (c) There is a path Q running across A1 and joining an inner vertex u of L1

to another vertex v on L1: Then Q bounds a digonal region A together with L1 in A1.
Let C′ be the cycle with edge set E(C)	E(@A): Then C′ bounds a 2-cell D′ =D∪A
and a MLobius band M ′ = M − A. It is clear that f(Q) clips a digonal region from
A1 or D′. Thus, C′ satis<es both (i) and (iv), but this is contrary to the minimality
of M .

In all cases, we have got a contradiction and hence there is no vertex in the interior
of M , that is, (ii) holds for C′.

Finally, suppose that there is an inessential edge uv in M . Then, the edge uv is
contained in one of A1; : : : ; An, say A1, and both u and v may be assumed to lie
together on L1. If at least one of u and v is an inner vertex of L1, the same argument
as in Case (c) will work for this case, and it implies a contradiction to the minimality
of M . Otherwise, uv joins the two ends of L1 and a similar argument to Case (b) will
work. Therefore, C′ satis<es (iii).

We call such a cycle C in Lemma 8 a <xed rim of G and the edges placed in M
its spokes. Although a <xed rim is not unique in general, it is very useful to analyze
the embeddings of a projective-planar graph since it is always <xed. It only suNces to
consider how the bridges for the <xed rim are mapped.

Lemma 9. Let G be a 5-connected projective-planar nonplanar graph and C a <xed
rim of G. Then any relocatable bridge for C is singular.

Proof. Let B be one of nonsingular bridges for C in D and suppose that B is relocatable
by an embedding f :G → P2 with f(C) = C.

First, suppose that f(B) is planar in M . Then f(B) is placed in a 2-cell region in
M which is bounded by a segment S of C and an inessential arc in M . The segment S
contains all feet of B and both the ends should be feet of B. All spokes of C incident
to inner vertices of S must be mapped into D by f and hence they have a common
end vertex w by Lemma 6. In this case, the two end vertices of S and w would form
a 3-cut, contrary to G being 5-connected. Thus f(B) is not planar.

Since f(B) is essential, B splits into two subgraphs B′ and B′′ so that they have
only one common vertex x, by Lemma 7. Then, we can choose two disjoint seg-
ments L′ and L′′ of C each of which includes all feet belonging to B′ and B′′,
respectively.

Let y and z be the ends of L′, which should be feet of B, and suppose that B′

contains at least one vertex diQerent from feet and x. Since the spokes of C incident
to inner vertices of L′ must be mapped into D by f, they have a common end vertex w
by Lemma 6. Then, {x; y; z; w} would form a 4-cut in G, a contradiction. This implies
that the body of B consists of only x.

Since G is 5-connected, x has degree at least 5 and hence L′ contains at least
three feet of B. By a similar argument as above, we can conclude that L′ is a



218 S. Kitakubo, S. Negami /Discrete Mathematics 244 (2002) 211–221

path u′uu′′ consisting of only three vertices and that at least two spokes uv1; : : : ; uvk
of C are incident to the middle vertex u of L′. If k¿ 3, then there would be a
bridge for C which has some feet on the path v2 · · · vk−1 and it would disturb
the relocation of uv1 or uvk to D by f. Thus, k = 2 and v1vk = v1v2 is an edge
on C.

If L′′ includes at least three feet of B, then the same argument as for L′ will work
and we can <nd a spoke e′ of C incident to the middle vertex of L′′. Since e′ is
disjointed from either uv1 or uv2, they cannot be placed together in D by Lemma
6, which would not allow f(B) to be in M . Thus L′′ must consist of only one
edge v′v′′.

Now consider the position of the feet of B and v1v2 along C. We can assume that
u′, u, u′′, v′ and v′′ lie along C in this order. Up to symmetry, we have two cases on
the position of v1 and v2; (i) v′ = v1 and v′′ = v2, or (ii) u′uu′′, v1v2 and v′v′′ lie along
C in this order, possibly with v2 = v′.

In Case (i), it is clear that {u′; u′′; v′; v′′} would be a 4-cut, a contradiction. In Case
(ii), there is a bridge for C or a spoke of C, say B′, which is incident to v2 or v′

since they would not have degree at least 5, otherwise. However, if B′ joins an inner
vertex of the segment v1v2 · · · v′v′′ of C to another vertex not on the segment, it will
disturb the relocation of B and uv1 by f. Otherwise, {x; u; v1; v′′} would be a 4-cut, a
contradiction.

In all cases, we have concluded a contradiction. Therefore, any nonsingular bridge
for C is not relocatable by any embedding.

4. Re-embedding structures

Negami [6] has already classi<ed the re-embedding structures of projective-planar
graphs, not assuming that they are 5-connected. His classi<cation is so complicated
that it cannot be described brieRy here. However, we need only the following
theorem, which can be shown as an immediate corollary of his theorem. The
representativity of a graph G embedded on a closed surface F2, except the sphere,
is the minimum number of intersecting points of G with essential simple closed
curves on F2 and is denoted by #(G). (See [7] for background material on the
representativity.)

Theorem 10 (Negami [6]). If G is a 5-connected nonplanar graph; not isomorphic to
K6; embedded on the projective plane with #(G)¿ 3; then G is uniquely embeddable
in the projective plane; up to equivalence.

By this theorem, if a 5-connected projective-planar nonplanar graph G has at least
two inequivalent embeddings on the projective plane P2, we can <nd an essential simple
closed curve $ on P2 so that $ intersects G in precisely two points; if $ intersected G
in only one point, then G would be planar.
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Fig. 2. Three re-embedding structures.

For example, Fig. 2 presents three pictures of 5-connected nonplanar graphs G em-
bedded on the projective plane with #(G) = 2. The shaded polygon in each picture
should be a suitable graph so that the whole graph becomes 5-connected.

The graph G given in the <rst picture must have edges x′x′′ and y′y′′, placed
vertically and horizontally, and has at least one of x′y′; x′′y′′; x′y′′ and x′′y′. There
are two ways to place each of the four edges. There are only three ways to put
x′y′ and x′′y′′ (or x′y′′ and x′′y′) together so that they do not cross each other.
The position of {x′y′; x′′y′′} is independent of that of {x′y′′; x′′y′}. Thus, this
picture exhibits 9 inequivalent embeddings of G if G has all of the four edges
x′y′; x′′y′′; x′y′′ and x′′y′. Otherwise, G will have 2; 3; 4 or 6 inequivalent
embeddings. Thus, all the numbers in Theorem 1, except 1 and 12, appear with this
structure.

The second and third pictures can be obtained from the <rst one by contracting the
edges y′y′′ and x′x′′ and by omitting some edges so that the graph becomes simple.
The second one exhibits 2 or 4 inequivalent embeddings, depending on whether one or
both of the edges x′y and x′′y exist. The third one exhibits 2 inequivalent embeddings,
corresponding to where the edge xy is placed.

The following theorem is our goal in this paper and shows that the above three pic-
tures present all the re-embedding structures of 5-connected projective planar nonplanar
graphs.

Theorem 11. A 5-connected nonplanar graph G; except K6; embedded on the projec-
tive plane has at least two inequivalent embeddings if and only if G has one of the
structures given in Fig. 2.

Proof. It suNces to show the necessity. Let G be a 5-connected nonplanar graph,
except K6, embedded on the projective plane P2 and suppose that G has at least two
inequivalent embeddings. By Theorem 10, there is an essential simple closed curve
$ on P2 which meets G in exactly two points. Take a <xed rim C of G, which G
actually has by Lemma 8. Then we may assume that $ crosses C at precisely two
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vertices x and y on C. This allows us to draw a picture of the embedding of G as a
graph in a disk D2 so that:

(i) Two vertical parallel line segments present the rim C and their ends correspond
to x and y.

(ii) The region between these two line segments presents a MLobius band M , and
includes only edges, which are the spokes of C.

(iii) The left and right half-moon regions, say D1 and D2, present a 2-cell D, and each
of them includes bridges for C.

Assume that M includes as many essential edges as possible, re-embedding G and
reselecting C if necessary.

Let e = uv be one of spokes of the <xed rim C in M with u and v lying on the
left and the right segments of C, respectively. Suppose that e is relocatable by an
embedding f :G → P2. Then f(e) ⊂ D. Here, we say that a bridge blocks e in Di if
we cannot draw an arc from one end of e to the boundary of D2 across Di, missing the
bridge. Suppose that there is a bridge B in D1 which blocks e. Since f(e) ⊂ D;f(B)
must be placed in M and hence it is relocatable and singular by Lemma 9.

Let wz be the unique leg of B and let S be the segment of C between w and z
containing u. If f(B) crossed $, then there would be another embedding f′ :G → P2

with both f′(e) and f′(B) being placed together in M , contrary to the maximality
of the number of essential edges in M . Thus, f(B) is place in M so that f(B) ∪ S
bounds a 2-cell region. This implies that all the edges e1; : : : ; ek incident to S −{w; z},
including e, are place in D by f and hence those edges must have a common end
vertex, which should be u or v, by Lemma 6.

If it were v, then {v; w; z} would be a 3-cut. Thus, it should be u. Let vj be the end
vertex of ej other than u and suppose that v1; : : : ; vk lie along the right segment of C
downward. Let T be the path between v1 and vk along C. Then k¿ 3 and there is a
bridge B′ in D2 one of whose feet lies on T−{v1; vk} and another not on T ; otherwise,
{v1; vk ; w; z} would be a 3- or 4-cut. Since B′ blocks e1 or ek , say e1, in D2, the same
argument as above works for e1 and B′, and we will <nd at least two edges incident
to v1 in M diQerent from e1 and they must be relocated to D by f. However, one of
those edges is disjoint from e2. This is contrary to Lemma 6.

Therefore, no bridge blocks any relocatable spoke e = x′y′. This implies that the
removal of {x′; y′} separates the graph in the picture into the upper and lower halves.
So, if there are two distinct relocatable spokes e=x′y′ and e′=x′′y′′, then {x′; y′; x′′; y′′}
looks like a 4-cut. Since it cannot be a 4-cut actually, either x′x′′ must be an edge of
C or x′ = x′′, and also either y′y′′ must be an edge of C or y′ = y′′. It is easy to see
that there are at most four vertices which are the end vertices of relocatable spokes
and we have the three pictures in Fig. 2.

Finally, we should consider the relocatable bridges for C which are not the spokes of
C. Let B be such a bridge, which is singular by Lemma 9. In each of the three pictures
in Fig. 2, the shaded polygonal part includes B, and all the spokes of C contained in
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it are not relocatable. Thus, if B is relocated to M , then its end vertices must belong
to {x′; x′′; y′; y′′} in the <rst picture, for example. That is, B should be one of the four
edges x′y′; x′′y′′; x′y′′ and x′′y′. It is the same for the other two pictures. Therefore,
there is no other embedding of G diQerent from those explained previously.
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