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1. Introduction

In this article we consider the micropolar fluid equations, which in space dimension two have form (cf. e.g. [11])

a

a—Ltl—(v+vr)Au+(u-V)u—i—Vp:ZvrrotaH—f, (1a)
divu =0, (1b)
ow

E—aAw+(u-V)w+4vrw:2vrrotu+g, (1c)

where u = (uq1, uy) is the velocity field, p is the pressure and w is the microrotation field interpreted as the angular velocity
of particles. In the two-dimensional case we assume that the axis of rotation of particles is perpendicular to the x1,x;
plane. The external forces f = (f1, f2) and moments g are given. The positive constants v, v, and « represent viscosity
coefficients. Moreover

dupy  Jduq . ouq duy w Jw
oty =— — —, dlvu:—+—, mtwo={—,—1.
0X1 X2 0X1 0X2 09X 0X1

We supplement Egs. (1) with initial condition

ux,0)=uo(®),  @(x,0)=wo(x) (2)
and periodic boundary conditions

u(x+ Lej, t) =u(x,t), wx+Lej, t) =w(x,t) VxeR? Vt>0, 3)

where eq, e, is the usual basis of R? and L is the period in the ith direction.
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We assume that u, , f and g are periodic in each direction with period L; we denote Q = (0, L)2. For simplicity we
assume that the average values of functions u, w, f and g is zero:

/h(x,t)dx:O, Vt>0, h=u,w, f, g.
Q

From a priori estimates derived in [12] it follows that the system of micropolar fluid equations possesses a strong solution
ie.
Theorem 1. Let (ug, wg) €V, (f, g) € L,zoc(O, o0; H). Then there exists a strong solution of Egs. (1), that is a pair of function
(u, ) € L®(0,T; V) N L?(0, T; D(A) x D(A1))
such that (u, v) € C([0, T]; V), u(x, 0) = ug(x), w(x, 0) = wo(x). Moreover the equalities
%u + (v 4+ vr)Au+ B(u,u) =2v,1otw + f
and

d

aw +aAiw+ B1(u,w) +4viw =2y, rotu + g

are satisfied as equalities in L2(0, T; H) and L%(0, T; I;Iger)' respectively. In addition the solution depends continuously in the topology
of V on initial data.

The notation used in the above theorem will be introduced in the next section.
In this paper we show time analyticity and Gevrey class regularity in the space variable of strong solution of Egs. (1).
We follow the method used by Foias and Temam in [3].

2. Notations and main result

For every Banach space X we will denote by X the space X x X with a standard product norm.

L9 is the usual Lebesgue’s space LY(Q) for q € [1, co]. We denote the scalar product in L% by (-,-) and the norm in L2
by | - | when it does not lead to confusion.

H™, m e N are the usual Sobolev spaces H™(Q) of functions whose derivatives up to order m are square integrable, with
the norm

il =< 3 []D“u\zd)c)l/z.

lal<m o
By H;Ter(Q)- m € N, we denote the space of real functions which are in H;’;C(R”) and periodic with the period L in each
direction: u(x + Le;) = u(x), i =1, 2. For an arbitrary m € N, HI’,"er(Q) is a Hilbert space with the scalar product

W, vin=Y_ [ D*u(D*v(x)dx

lal<m o
and the norm induced by it. The functions in Hl’,"e,(Q) are explicitly characterized by their Fourier series expansion
Hper(Q) = {u: u=y we™ e =y, fuly =) kP gl < oo},
kez? keZn

where k/L = (k1/L,ky/L). We also set
Hper(Q) = {u € Hpr(Q). uo =0}

By H and V we denote the divergence-free subsets of ngr(Q) and H;er(Q), respectively. We equip V with the scalar
product and the Hilbert norm

" /ou 9
((u,V))=Z<a—s,3—;>, lull = {, up}2.

i=1

This norm is equivalent to that induced by H;er(Q), and V is a Hilbert space for this scalar product.

One can check that I:I;e’}1 is the dual space to H‘Ter, we also denote the dual space to V as V'.

Let H and V denote H x ngr and V x H;er, respectively, with standard product norms.
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0

We define the operators A (the Stokes operator) and A1 on H and HY,, respectively, as follows:

per’
A=—A, D(A) =H,, NH,
Al =—A, D(A]):Hﬁerﬁyger.

Let i = (u, w) € H. The operator A is defined as Au = (Au, Ajw).

The operator A~! is linear, continuous from H into D(A). Since the injection of D(A) in H is compact, we can con-
sider A~! as a compact operator in H. A~! is also self-adjoint as an operator in H. Hence it possesses a sequence of
eigenfunctions wj, j € N which form an orthonormal basis of H

AWj:)»jo, WJ‘ED(A),
O<Xi <A<, Aj—> 00 for j — oo.

The operator A; has the same properties as the Stokes operator: it is one-to-one from D (A7) onto H°

per- The operator A;]
is linear, continuous from ngr onto D(A1) and compact as an operator in ngr. Although the eigenvalues of A and A; are

the same the eigenfunctions are different, because w is a scalar function. We denote the eigenfunctions of A1 by py.
We can express every element u € H and w € ngr as

U, 0 =Y uOwWrx), o)=Y ot)pX). (4)

k=1 k=1
The Galerkin projectors corresponding to the first m modes are:

Puu(x, ) =Y w@®wi(x),  Proi®,t) =) ort)pr(x).
k=1 k=1

Moreover for it = (u, w) we define
Ppil = (Pmu, PLo).

We define the trilinear forms b and by as follows

2
8 .

b(u,v,w)= E /uiﬁwjdx
1

ij=1q

for all u,v,weV, and

2

by (u, w, W:Z/uig—f:wdx
=14
for all u € V and all scalar functions w, ¥ € H;er(Q).
The functionals B:V x V — V' and By :V x H},, — Hp,; are defined as follows

(B(u,v), w) =b(u, v, w)

(we will write B(u) instead of B(u, u) for short) and
(B1(u, w),9) =b1(u, w, 9).

The operators 3 and R are defined by
Bu) = (B(u), B1(u, a))), R(u) = (—2v, rotw, 4vyw — 2v, ot U).

In order to extend the solutions of the micropolar fluid equations to complex times, we have to complexify the function
spaces H, V, etc. The elements of complex equivalent of real space are of the form u = uq + iuy, where uq and u, belong
to the corresponding real space and i is the imaginary unit. The complexified spaces are denoted by adding the subscript C
e.g. Hc is the complexified H. The inner product in Hc takes the form

(u, v)c = (U1 +iug, vi +ivy) = (U1, v1) + (U2, v2) +i[(uz, v1) — (U1, v2)]

and similarly for other spaces.
The operators are extended to the complexified spaces, they take form e.g.

Acu = Auq +iAuy,

B(u,v)c = B(u1, v) + B(uz, v2) +i[B(u1, v2) + B(uz, v1)]

and analogously for other operators.
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The operator Ac is linear self-adjoint operator in Hc, with D(Ac) = D(A)c. The operators B¢: Ve x Ve — Vi and

. 1 -1 T
Bic: Ve x Hper perc are still bilinear.

Now we can write Egs. (1) in a functional form

c—H

du
o + (v +v)Au+ B(u) =2v, 1otw + f, (5a)
dw
E+ozA1a)+B1(u,a))+4vra):2vrrotu+g. (5b)

Using the Fourier series expansions of velocity and rotation of fluid

u(t) =Y "),

keZz?

ok ) =Y e o), (6)

keZ?
where k/L = (k1/L,k2/L), we define the operators e™"? and e”‘yz in the following way:

erA”Zu(X’ t) = Z eil</L-x+r|I<|uk(t)’

kez?
1/2 .

erA1 w(x, t) = Z e'k/L'X+r|k‘a)k(t).

kez2
We refer the reader interested how expansions (4) and (6) are connected to [13].
For given 7,s > 0 we define the Gevrey class D(e™’) by
D(e*™*') =D(e™) x D(e™™),

where

D(e™) = {u € H: ]eTAsu]2 =Y 27Uy 2 < oo},
jez?

. 2 02
D(e’Ai):{a)engr: leMw|* = > el Ywjl? <oo}.
jez?

TA1/2

We endow the space D(e ) with a scalar product

(€A u, e )

W, v)e = u,e

. . vz ., .
and a norm |u|; = (u, u)l/z. We introduce the norm and the scalar product in D(e*1") in the same way and we will

denote them as the norm and scalar product in D(e”‘l/z).
For given 7,s,o > 0 we define the spaces D(A%e™*’) and D(A‘f‘e”ﬁ) of functions from D(e*#’) and D(e*4’), respec-
tively, satisfying

2 2
|A“emsu} = Z k|22 e2T K™ |y 12 < oo,
kez?
2 2
‘A‘{‘e”ﬁwy = Z k1227 K1 |62 < o0.

kez?
We endow the space D(A'/2e™4"?) with a scalar product
((u, V))r — (A]/ze”\l/zu, Al/zerAl/z V)

and norm || - || induced by it. We define the scalar product and norm in D(A}/ze”‘}/z) analogously and denote them ((-,-))

and || - ||;. Moreover the norm and scalar product in D(e”‘l/z) X D(e”’}/z) is denoted by |- |; and (-,-)r. The notation
seems to be confusing but it will always be clear if we consider the scalar product or norm in D(e”‘l/z), D(e”ﬂ/z) or
D) x D™,

Since we consider the space-periodic case, the operators A, e”‘m, Py and Aq, e”‘}/z, P,; commute.

The following theorem is the main result of this paper.



344 P. Szopa / J. Math. Anal. Appl. 351 (2009) 340-349

Theorem 2. et u(0) € V, G = (f,g) € D(e"’lAl/z) for some o1 > 0. Then there exists T, > 0 that depend only on data and ||u(0) ||
such that the following holds:

(i) Egs.(1)posseson (0, T,) a unique regular solution ui(t), continuous from [0, T,] into V, such that the map t — e‘/’(”Al/z.Al/zﬁ(t),
where v (t) = min(t, o1, T,), is analytic on (0, T,) with values in H.
(ii) The solution ii(t) is analytic on (T, 00) with values in D(A'/2e°A""?) for some o > 0 and T, as before.

The following lemma gives the proper estimate of the nonlinear term.

) . . 1/2
Lemma 1. (See [3].) Let u,v,w be given in D(Ae”‘l/z) and w,p in D(A1e™ ), T > 0. Then B(u,v) € D(eml/z)'
1/2
Bi(u, w) € D(e*A"") and the following estimates hold for an appropriate constant cy:
|(e”‘1/zB(u v) e”‘mAw)| < cz}eml/zAl/zuP/Z . |e”‘1/2Au|l/2 . |e”‘1/2A1/2v} . |e”‘1/2Aw|

|(e”‘}/zB1(u, ), eTA}/2A1p)| < 62|e”‘1/2A1/2u|1/2 . |e”‘1/2Au|l/2 . |e”‘}/2A}/2w| . |e”‘}/2A1,0}.
The proof for By is similar to that for B.

Proof. In order to obtain analyticity in time we complexify our equations. The proof is composed of five steps including:
a priori estimates, basis of Galerkin approximation, showing that Galerkin approximations are analytic and passing to the
limit.

For simplicity of notation we will denote the complex operators and spaces as their real equivalents.

Egs. (5) are rewritten

d

£+(v+vr)Au+B(u):2vrr0ta)+f, (7a)
dw

E+aA1a)+B1(u,a))+4vrw=2vrrotu+g, (7b)

where ¢ =sei?, s > 0 and cos6 > 0 (thus Re¢ > 0).

Step 1 (a priori estimates). The a priori estimates we derive formally can be obtained in a rigorous way for Galerkin approx-
imations. Let ¢(t) = min(t, o1). We will use in the course of proof the fact that 0 < cos® < 1. We take the scalar product
of (7a) with Au(se'®) in D(e?©<s94"*) multiply the equation we obtain by e~ and take the real part. We have

Ree~ ¥ (e‘/’(s cos6)A1/2 Z_l; (se'?), e cos)A? gy, (sem))

_ Re(Al/zdﬂ(ew(scose)A‘/zu(Seie)) . e’iew/(s cos Q)Au(sei"), e(p(scose)A‘/zAl/zu(seie))

s
1d ) i i
Z §£’A1/2u(sele)|(ﬂ(sc059) - COSZQ(p/(SCOSQ)|Au(se'9)|w(scose) ’ ‘A]/zu(seleﬂtp(scose)'
Using the Young inequality we obtain
1d ) : .
E & |A1/2u(sele) |(p(sc059) - COSZ 9(,0/(5 cos ) ‘Au(selg) |<p(scos<9) ‘Al/zu(sele) !(p(scosf))
1d 2 v coso ) 1 i 112
2 5% ”u(sew)”q)(scose) - —|Au(sele)|(p(sc059) - m Hu(sew)”(p(scos@)' (8)
Moreover

; 12 ; 12 ;
Ree—i? (eqo(scos(-))A / Au(se's), pP(scosf)A / Au(selg)) _ C059|Au|é(scose)~

Hence, omitting the dependence of u on s when possible, and writing ¢ instead of ¢(scos6) we have

1d o (3 2 2 —i6 —if
5£|lul|w+ Zv—l—vr cos@lAul(p—vc059||u||(p<Re2vre (rotw, Au)y +Ree 7 (f, Au)y

+Ree ?(B(u), Au),. 9)
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We majorize every term in the RHS of (9) using the Cauchy-Schwartz inequality. Then we use Lemma 1 and the Young
inequality to get

32 v cos6

32 vrcose|Au|¢-|—urc:059||a)|\(/J

2vr cosO| ot w|y|Auly + cos| fly|Auly + c2 cosOully “|Auly |Au Iw

2cosf 76‘2l 6  vcosh 2
u —|Auls.
15+ o congys I8l + —— 1Auly

Inserting the above estimate into (9) we obtain

4
vcosOlAu\é <

d 2 3 2 5 2cos@ 5
S gy + 3 5 Il + vrcosllwlg + =115 + (10)

Now we devote our attention to the microrotation equation. We multiply the scalar product of Eq. (7b) with Ajw in
1/2 . . . ..
D(e®6 DA™y by e~ and take the real part. Proceeding in a similar way as above we conclude that

2 6
(vcos6)3 Itlly-

Ree! ( ¢(scos0)A;> ZC; (se), P(5COsO)A] Ala)(see)) > %:_5||w(sc°59)“i(scose) o cos |A1“’(5C°59)|¢<scose>
2
- o cosO ”w(scose)”w(scose)'

Here we again omit the dependence on s, for short

1i||a)|\2 + EotcosG|A1a)|2 + { 4v; cos6 — ! ||a)||2 < Re2vy e’ig(rotu Aw) +Ree’i0(g Ai1w)
2ds’ ¢ 4 ¢ r a cosé ¢ r ’ ¢ ' ¢
—i0
+Ree (B1(u,a)),A1w)w. (11)
We estimate the linear terms in the RHS of (11) as follows
o o cosé ,  8vZcosd
Re2vre™ 7 (rotu, Ajw)y < 2vrc059|r0tu|¢|A1w|¢, |A1w|(/J —”“”w’
o
_io 5 2cosé
(& M)y < cosblglylAroly < 22 w2 1812
and the form Bp using Lemma 1 and Young’s inequality
1/2 1/2
cos0(B1(u, ), Ajw) , < c2cosljully | Auly “wllp|Arwly
acosd cZ coso
< |Aol5 + 2——|lully|Auly @]
<ac059 Ao 4 2COSO 3
< [Arwly, + |Au |(p mﬂuﬂ ”w”(p
o cosf ) 2, 2¢5 6 6
< [A1oly +7|A| m(“u||¢+”w”¢)~
Combining above estimates with (11) we infer that
1 o coso v cosé 2cos6 8v2 cosf 1
——|lw —Aw|? Au 4y, cosB||w r ul? w2
5 lolly + == 1Al - |Auf2 + 4vy cos b))% < 18l + g+ ol
2ct
2 6 6
——=——(llully + llwlly)- 12
azvcos39(H 18+ llewll$) (12)
Adding (10) and (12) we obtain
I<1 cosf 2cos6 c 41
Ed_(”“”ﬁ”‘“" )+ (1Au2 +1A1012) < (1f12+1g2) + o (Il + o))
4
+— + lw 13
@ COS9)3(“ 18+ lwllS). (13)

where k1 = min(v, o). Using the Young inequality we estimate the term with ||u||é + IIwIIé as follows

8v2+1 8v2+1 2 s 2
1+ =lu sllw

kr cosg Il + 1@1) < 2= cosg( + 3 lullg + ol

<8vr—|—

k1 cos6O

(14 lull§ + ).
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Inserting the above estimate into (13) we obtain

4 cos6
k]

£(||u||2 tlol2) < 16v2 +2  18c5 +2k3(8v2 + 1)
ds 4 ¢/ = k1 cos6 (kq cos0)3

Let us restrict 6 to the interval (—m /4, 7 /4) and denote

(IF15 + 1gl5) + (lul? + o]2)’. (14)

y(s) =1+ ”u”é + ”w”é =14+ |e¢(5c059)A1/2A1/2ﬁ(Seie)|27
8(18¢5 + 4k3 (8v2 + 1))
(k1+/2)3

4
mzﬂm@+m®+

Then we can rewrite (14) in the form

W gy, (15)
ds

Inequality (15) implies y(s) <2y(0), i.e.

14 [e#GosOA 41727 (51%) 2 < 2 4 2| A0 (0) (16)
or equivalently

14 | A2 (se) ) <2 +2[A2a(0)*

for ¢ =sel? € A(ilg), where A(iig) is the set of (s,8) € Rt x (—m /4,1 /4), such that

0<s< Ty (|AV2E0)]) = %(1 +]A2a0)) %, cosfe (? 1). (17)
1

This shows that even if @(0) belongs only to V, ii(se'?) € D(e?¢s)AY? A1/2) in the subset of C given by (17).

Step 2 (Galerkin approximation). Notice that the operator .4 possesses an orthonormal family of eigenfunctions w1, wy, ...
with corresponding eigenvalues A1, Ay, ... such that

O<Ai <A<+ —> 00,
wj e D(A).
We consider the following complex differential system in the space Wy, = span{wy, ..., Wy} spanned by the first m eigen-

vectors of the A:

d _ _ _ _

Eum + Al + P B(iiy) + Rilp = PG,

im(0) = Pru(0), (18)
where P, : Hc — Wy, is the orthogonal projection and G = (f, g) as in the statement of Theorem 2. The Galerkin approx-
imation (18) has an analytic solution in a complex neighborhood of the complex origin, because it is a complex system of
ODEs with polynomial nonlinearity (Theorem 13.4.1 in [7]). By estimate (16)

1+ \e‘p(scose)“‘“/zA”zﬁm(sew)|2<2+2|A1/2ﬂ(0)|2 (19)
if (s, 0) € A(up).

Step 3 (proof of (ii)). Denote T = ¢(T1/+/2). Since the norm of solution is bounded in V for every t > 0, we can repeat the
above argument (Egs. (16)-(17)) at any time ty > 0. From (19) it follows that

14 ™A AV 20, (T2e® +to) > < 2(1 + M2)
for to > 0, cosé € [+/2/2, 1] and

1 -2

Ty =Ta(Mp) = —(1+M3) "

2 =T2(M3) 41(1( + M3)
Hence we have

‘eTAl/ZA‘l/Zﬂm(C)P < 2(1 + M%)

for ¢ in the set

T,

A(Mz)z{;e(c: Re;>$, [Im¢| < T22

i
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Notice, that A(M>) is the domain of analyticity of every ii,;(¢) (i, are analytic as solutions of a finite-dimensional system
of ODEs with polynomial nonlinearity and they exist in A(M;) because of a priori estimates). Denote

- - 1/2 ~ _

i=e"u, =M w a=e""0,

1/2 _ . .
foru e D(e”‘m), weDE™ HYandiie D(eTAm). The Cauchy integral formula gives

dk - k- Um(2)
0= [
|z—¢|=d/2

where d = dist(¢, BA(Mz)). Hence for ¢ € A(M>)

1/2 d* 1/2 ki2kt! 2
‘A / ack m({)’ i sup }A 2i(z)| < o —— (14 M3).
Therefore for any set K cC A(M3) we have
ard g o)< k2t (1+M2), forall ek
ck U] S fdist(k, aa M) 2 cet

which implies

sup
cek

A”ZTum(;)‘ C1(K, My).

Let us return to Eq. (18). Since
d - ~ - =~ ~
Eum + Atum + P B(Un) + Rium = PG,

then

+ | Bim)| + [Ritm| + IGI. (20)

- d -
At | < |—1u
[ Al | ‘dC m
We estimate the RHS of the above inequality by using Lemma 1, the Young and the Poincaré inequalities
3/2 1/2, 4~ -
‘B(um)| Cz(’A]/z ’ / | Al |1/2+ |A1/2 | / |Aum|1/2’A}/2wm‘)
—|Aﬁm| + 3| AV, ),

[Rily| < 2Vr| 10t @y | + 2Vr| 1Ot Tl | + 40y | @

4vr 12 ]

<Ave | AV g |+ —= |A
< C4|A]/2ﬁm|.
Inserting above estimate into (20) we obtain
sup|Atim| < ¢s(K, M2) (21)
K

for all K CcC A(My). It follows from estimate (21) that for each ¢ € K

k! | Atim| 2Kk -
< — dz < ,
”’"(O‘ pr / PRGN T T NI Al

A—
‘ dck
lz—¢|=d/2

where d = dist(¢, dA(M3)) and
K' = {; € A(My): dist(z,0A(M3)) < %dist(](, E)A(Mz))}.

Thus

d -
Slljép Awum

< ce(K, Ma), (22)

which implies that TETS analytic function with values in D(A) (cf. e.g. [1,2]).
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Step 4 (passing to the limit). Let {¢x} be a countable dense subset of A(M). Estimate (22) implies that for every ¢
the sequence iim(¢) is bounded in D(e™A'"* A). Since the embedding D(e™4"* A) — D(e*A"* A1/2) is compact, we can
choose for every k a subsequence ﬁf%n, which is convergent in D(efA]/ZA” 2). Using the diagonal method we can extract
a subsequence (denoted by u,) which is convergent in every point . By virtue of the vector version of Vitali’s theorem
(Theorem 3.14.1 in [8]), we conclude that the convergence is uniform with respect to ¢ on every compact subset of A(M>)
and the limit function @ is analytic with values in D(e?A"* A1/2).

Observe that the restriction of #i(¢) to real axis is the strong solution of Egs. (1). Hence u(¢) is a unique analytic

continuation of u(t), for t € R. Consequently u(t) is analytic function of real time variable t with values in D(e’Al/zAl/ 2)
for t > To(M2)//2.

Step 5 (proof of (i)). From (16) it follows that the sequence e¢(5)41/2 AV241 (se'?) is bounded uniformly with respect to set?
in A(ilg). As above we can choose a dense countable subset siei of A(ilg). Since the embedding V <> H is compact, we
can use the diagonal method to extract a subsequence (denoted by u;;) such that

1/2 _ ; 1/2 _ i .
¥ A (ske') — ¥ A i(se) inH
for every k. It results from the Vitali theorem that
1/2 _ ; 1/2 _ i .
P OAY im(se") — e?©AY i(se”) inH

uniformly on compact subsets A(iig) and e‘/’“)A]/zﬁ(sew ) is an analytic function with values in H.
The result follows with T, = T, and o = min(oy, T1(AY?1g)/v/2). O

Remark 1. The pressure gradient is absent in Eqgs. (5) so there arise a question how to recover it. From Eq. (1a) we have
d
pm=V"" (—Eum + W+ v)Aum — (Um - Vuy + 2y, rot oy + fm>,

where u,, is Pnu, etc.
In the course of proof and in the Lemma 1 we have shoved that:

ium c D(erp(scose)Al/zA) Al € D(e‘ﬂ(SCOSH)A]/z)
d¢ ’ )
1/2
(Um - VU € D(e<ﬂ(56059)A1/2)7 rot o, € D(e(p(scose)Al Ai/z)’

1/2 e . .
moreover fp, € D(e”lAl/z). Then pm € D(e¥E 054, A}/z) and we can pass to the limit similar as in the steps 4 and 5 to
get

(1) The function ¢t — e¥ <‘>A}/2p(t), where ¥ (t) = min(t, o1, T4), is analytic on (0, T,) with values in H.
1/2
(2) The function p(t) is analytic on (T,, co) with values in D(e"Al/ ) for Ty = T, and o = min(oy, T1(AY21ig)/+/2).

3. Properties of Gevrey class solutions

It is shown in [12] that a sufficient number of “nodal values” determine the asymptotic behavior of solutions of 2D
micropolar fluid equations in particular if &7 = (u1, 1) and iy = (uz, w;) are two solutions of Egs. (1) with periodic
boundary conditions then there exists a number N such that if Q is covered by N identical squares Q', 1 <i <N, and
there is one and only one point x' € Q' and

sup |y (X', t) —ila(x', t)| > 0 ast— oo,

1<i
one has

sup|ﬁ1(xi,t) - ﬂz(xi, t)) >0 ast— oo.

xeQ
Since the asymptotic behavior of solutions on these nodes fixes the asymptotic behavior of whole solutions they have been
called the “determining nodes.” However, this result does not say if these nodes determine instantaneously the values of
u(x,t) in the whole domain. In general there is no reason to believe that the behavior of solution in the transient period of
time is determined by a finite number of parameters.

In this section we show that the nodal values determine uniquely the elements of the global attractor A, , provided
that we consider a flow driven by forces and moments belonging to a Gevrey class. We prove the existence of a set of
instantaneously determining nodes that is the set of k points X = {x1,...,xx} in the domain of flow Q, such that there
exists a 1 — 1 mapping from A,, to R3* given by

Ex:ii€ A— (U(x1), B(x2), ..., U(x)) € R*
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between attractor A, and its image. Roughly speaking the value of solution at a finite number of points of Q determine
uniquely elements lying on the attractor. To this end we use the following theorem by Fritz and Robinson

Theorem 3. (See [4].) Let §2 be a periodic domain in R, and A a finite-dimensional compact subset of [L%(£2)]™ which is bounded in
D(e?™"?) for some T > 0. Then, provided that k > 16nd  (A), the map from A into R™ given by

Ex:ur> (u(1), ..., u(x))

is 1 — 1 between A and its image for almost every X = (X1, .. ., ;) in $2¥ (with respect to nk-dimensional Lebesgue measure).

What we need is the existence of the global attractor and the estimate of its fractal dimension. The former was proved
in [11] and the latter in [12]. The fractal dimension of the global attractor A,, is estimated by

1/2 (23)

dp () <c(1fRaq, +181%)
for an appropriate constant c.
Now we have everything we need to prove the following theorem.

Theorem 4. Let A, be the global attractor for a semigroup {S(t)}¢>o associated with the micropolar fluid equations (1) with periodic

boundary conditions (3). Assume that k > 326(|f|]2L2(Q) +1g%)1/2.

Then for almost every (with respect to 2k-dimensional Lebesgue measure) set of k nodes

X=(X1,...,%), Xj€Q,

values u(x;) determine uniquely the function u € A,,.

Proof of Theorem 4. The existence of the global attractor A,, is shown in [11], the fractal dimension of A,, is estimated
in [12] as follows df(A,,) < C(|f|i2(Q) + |21%)1/2 - this is a finite-dimensional compact subset of [L2(Q)]°. In the course of

proof of Theorem 2 we have shown that the global attractor A,, is bounded in D(efA]/z) (step 3 of the proof). We can now
use Theorem 3 with n=2,m =3 since Q c R? and ii(x, t) € R3. That ends the proof. O

Remark 2. The solutions of Navier-Stokes (and other) equations in Gevrey classes was studied intensively by Robinson,
Kukavica, Fritz and Langa in a series of papers [4-10].
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