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1. Introduction

Epidemiology is the study of the spread of diseases with the objective to trace factors that are responsible for or con-
tribute to their occurrence. Significant progress has been made in the theory and application of epidemiology modeling
by mathematical research. Most models for the transmission of infectious diseases descend from the classical SIR model
of Kermack and McKendrick [2]. SIR model and a lot of its extensions are well investigated by many scholars [3-11]. In
recent years, multigroup models have been proposed in the literature to describe the transmission dynamics of infectious
diseases in heterogeneous host populations. One of the earliest works on multigroup models is the seminal paper by Laj-
manovich and Yorke [12] on a class of SIS multigroup models for the transmission dynamics of Gonorrhea. They established
a complete analysis of the global dynamics. The global stability of the unique endemic equilibrium is proved by using a
global Lyapunov function. Subsequently, much research has been done on multigroup models, see, e.g., [1,13-16]. Similarly,
the authors in [1,13,14] also study the question of global stability of the endemic equilibrium of multigroup models under
certain restrictions. In light of these results, complete determination of the global dynamics of these models is essential for
their application and further development.

In fact, there are real benefits to be gained in using stochastic models because real life is full of randomness and
stochasticity. Recently, several authors studied stochastic biological system, see [17-26]. In addition, some stochastic epi-
demic models have been studied by many authors, see [27-30]. In [27-29], the situation of the parameter perturbation
was considered. Dalal et al. [27,28] showed that stochastic models had nonnegative solutions and carried out analysis on
the asymptotic stability of models. Tornatore et al. [29] studied the stability of disease free equilibrium of a stochastic SIR
model with or without distributed time delay. On the other hand, white noise stochastic perturbations around the positive
endemic equilibrium of epidemic models was considered in [30,31]. Carletti [30] investigated the stability properties of a
stochastic model for phage-bacteria interaction in open marine environment both analytically and numerically. Beretta et al.
[31] proved the stability of epidemic model with stochastic time delays influenced by probability under certain conditions.
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Due to the large scale and complexity of multigroup models, progresses in the mathematical analysis of deterministic and
stochastic systems have been slow.

In this paper, we will consider the problem of the two-group SIR model in [1] with respect to white noise stochastic
perturbations around its positive endemic equilibrium. The remain part of this paper is as follows. In the next section, we
recall the deterministic multigroup SIR model and its main results given by Guo et al. [1]. Section 3 introduce the stochastic
model. In Section 4, we carry out an analysis of stability of the endemic equilibrium by means of Lyapunov functions. Finally,
numerical simulations are presented to illustrate our mathematical findings.

2. Deterministic multigroup SIR epidemic model and main results

Guo et al. [1] characterized that a multigroup model is, in general, formulated by dividing the population of size N(t)
into n distinct groups. For 1 <k < n, the k-th group is further partitioned into three compartments: the susceptible, in-
fectious, and recovered, whose numbers of individuals at time t are denoted by Si(t), Ix(t) and Ri(t), respectively. They
considered the following multigroup SIR epidemic model:

n
Sk=(1=p) Ak — (& +0)Sk — Y BjSilj.
j=1

n
Ik = Zﬂkjskfj — (df, + € + i) Ik,
j=1
Ri = px Ak + 0k Sk + vicli — df Ry,

2.1)

where k=1, 2,...,n. The parameters in the model are summarized in the following list:

Bij: transmission coefficient between compartments S; and I j;
d,f ;di;dR: natural death rates of S, I, R compartments in the k-th group, respectively;
Ay influx of individuals into the k-th group;
pk: fraction of new individuals into the k-th group who are immuned;
). fraction of individuals in S, who are vaccinated;
Y. recovery rate of infectious individuals in the k-th group;
€. disease-caused death rate in the k-th group.

All parameter values are assumed to be nonnegative and ds, d,’{, dlf, Ay > 0 for all k.
For each k, adding the three equations in (2.1), gives

Sk + I + Rk)/ = Ay — d,f - (dll< + Ek)lk - d,}ij
< A —di(Sk+ Ik + Ry,

v;/lhere df = min{dy, d} + ek, dX}. Hence limsup,_, o, (Sk+ I+ Ri) < Ay/d;. Similarly, it follows from the first equation in (2.1)
that

1-— A
limsup Sy < %
t—00 dk + Ok

Observe that the variable R does not appear in the first two equations of (2.1). This allows us to consider first the following
reduced system for Sy and I}

n
Sk=(1=p) Ak — (& +6)Sk — Y BijSil .

i=1
0 J (2.2)
Iy = Zﬂkjskfj — (di + € + ) Ik,
j=1
where k=1, 2,...,n, in the feasible region
(1 — pr) A Ay }
F={1,1,....50 1) e R?™: S < — % S+ < —=, k=1,2,...,n}. 2.3
{( 1. 11 > In) + k d,§+9k k k dlt ( )

Behaviors of Ry can then be determined from the last equation in (2.1). It can be verified that I" in (2.3) is positively
invariant with respect to (2.2). Let int I" denote the interior of I". The following results will be stated for system (2.2) in I,
and can be translated straightforwardly to system (2.1).



JJ. Yuet al. /. Math. Anal. Appl. 360 (2009) 235-244 237

System (2.2) always has the disease-free equilibrium

Po=(59,0,59.0,...,52,0),

where
1—ppA
2:%, k=1,2,....n, (2.4)
d;; + 0k
is the equilibrium of the S, population in the absence of disease (I =1, =--- =1, = 0). An endemic equilibrium P* =
(531,13, S5, 15, ..., S5, I}) of (2.2) belongs to int /", namely, Sy >0, I} >0, k=1,2,...,n. Set
Ro = p(Mo), (2.5)
where
;50
Mo =M(S9,59.....89) = (#) : (2.6)
d,- + €+ Yi/nxn

and p denotes the spectral radius. The basic reproduction number R is the key threshold parameter whose values com-
pletely characterize the global dynamics of (2.2). Note that the matrix B = (Bij)nxn denotes the contact matrix, where
Bij = 0. The following results were proved in [1] and just recalled:

Proposition 2.1. Assume B = (B;j) is irreducible. Then the following hold.

(1) If Ro < 1, then Py is the unique equilibrium of (2.2) and it is globally stable in I".
(2) If Ro > 1, then Py is unstable and system (2.2) is uniformly persistent in int I'.

Lemma 2.2. Assume B = (f;;) is irreducible. If Ro > 1, then (2.2) has at least one endemic equilibrium.

Lemma 2.3. Assume B = (B;;) is irreducible. If Ro > 1, then there exists a unique endemic equilibrium P*, and P* is globally asymp-
totically stable in int I".

The authors proved that, when Rg > 1, the endemic equilibrium of the model is unique and globally asymptotically
stable. Their proof of global stability of the endemic equilibrium relies on the use of a class of global Lyapunov functions
and graph theory. For this class of multigroup models, the results completely resolve the open problem on the uniqueness
and global stability of endemic equilibrium.

3. Stochastic model derivation

In this paper, we only consider the case of k =2 in system (2.1):
Sk = (1= pi) Ak — (d§ +6k) Sk — Bia Skl1 — iz Skl2,
Ik = BaSkl1 + B Sklz — (di + € + i) Ik, (3.1)
R = prAk + 0kSk + Vielk — df R,
where k =1, 2. The global stability of the endemic equilibrium of system (3.1) has been discussed in the proof of Theo-
rem 2.3 in [1].
Here we also assume B = (Bjj)2x2 is irreducible. From Lemma 2.3 in Section 2, if Rg > 1, then there exists a unique
endemic equilibrium P*.

We assume stochastic perturbations are‘of white noise type, which are directly proportional to distances S(t), I(t), R(t)
from values of S*, I*, R*, influence on the S(t), I(t), R(t) respectively. So system (3.1) results in

Si= (1= p) A — (d +60) Sk — BeaSkl1 — BraSl2 + o1e(Sk — Si) Bu (©),
Ik = Bia Skl + B Sklz — (d + € + vie) Ik + oo (I — 1) Bar (0), (3.2)
Ry = pk Ak + 0k Sk + Vil — df R + o3¢ (Ri — R) B3k (),

where Bqy(t), Bok(t), B3k (t) (k=1,2) are independent standard Brownian motions and Gi > 0 represent the intensities
of By (t) (i=1,2,3), respectively.

Obviously, stochastic system (3.2) has the same equilibrium points as system (3.1). In the next section, we will investigate
the stability of the equilibrium P* of system (3.2). Below we will construct a class of different Lyapunov functions from those
used in [1] to achieve our proof under certain conditions.
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4. Stochastic stability of the endemic equilibrium

In this paper, unless otherwise specified, let (£2, F, {F¢}t>0, P) be a complete probability space with a filtration {F¢}¢>0
satisfying the usual conditions (i.e. it is increasing and right continuous while F( contains all P-null sets). Let Bj,(t) be the
Brownian motions defined on this probability space.

If Ro > 1, then the stochastic system (3.2) can be centered at its endemic equilibrium P* = (S, I7, R}, S5, I3, R}), by the
change of variables

up =Sk — S, V=1 — I}, Wi =Rk — R}
By the way, we obtain the following system
U =—(di + 6 — Bal} — Bl3)uk — Ba Sivi — BaSiva — BtV — BukVva + otk B i (0),
Vi = (Balf + Baly)uk — (d + €k + Vi) Vi + Ba Sivi + B Sk va + Beatkvi + BlkVa + o2k viBax (D), (41)
Wi = O + ViVi — df wi + 03wy Bai (0).

It is easy to see that the stability of the system (3.2) equilibrium is equivalent to the stability of zero solution of system (4.1).
Before proving the main theorem we put forward a lemma in [19].
Consider the d-dimensional stochastic differential equation [19]

dx(t) = f(x(t),t)dt + g(x(t),t)dB (t), ont > to. (4.2)

Assume that the assumptions of the existence-and-uniqueness theorem are fulfilled. Hence, for any given initial value x(tp) =
xo € RY, Eq. (4.2) has a unique global solution that is denoted by x(t; tg, o). Assume furthermore that

f,t)=0 and g(0,t)=0 forallt> tg.

So Eq. (4.2) has the solution x(t) =0 corresponding to the initial value x(tg) = 0. This solution is called the trivial solution
or equilibrium position.

Denote by C%1(R? x [tg, oo]; R, ) the family of all nonnegative functions V (x,t) defined on R x [to, oo] such that they
are continuously twice differentiable in x and once in t. Define the differential operator L associated with Eq. (4.2) by

2

R b 1 9
L=— ix,t)— + = Tx,t X, )., ——.
at+;ﬁ( ) 8><f+2,.,»z_1[g( 80D ]y

If L acts on a function V € CZ1(R? x [ty, 0o]; R4), then

1
LV(x, 1) = Ve(x, t) + Va(x, 1) f(x, 1) + Etrace[gT(x, DV (X, DX, 1)].
Definition 4.1. (i) The trivial solution of Eq. (4.2) is said to be stochastically stable or stable in probability if for every pair
of £ € (0,1) and r > 0, there exists a § =8(¢, 1, tg) > 0 such that
P{|x(t; to,x0)| <rforallt >to} >1—¢

whenever |xg| < 8. Otherwise, it is said to be stochastically unstable.
(ii) The trivial solution is said to be stochastically asymptotically stable if it is stochastically stable and, moreover, for
every ¢ € (0, 1), there exists a 8y = 8g(&, tp) > 0 such that

P{ lim x(t: to, Xo) =o} >1-¢
t—o00
whenever |xg| < §p.
(iii) The trivial solution is said to be stochastically asymptotically stable in the large if it is stochastically asymptotically
stable and, moreover, for all xg € RY
P{ lim X(t; to, Xo) =0} =1
t—00

Lemma 4.2. If there exists a positive-definite decrescent radially unbounded function V (x,t) € CZ1(RY x [to, oo]; Ry) such that
LV (x, t) is negative-definite, then the trivial solution of Eq. (4.2) is stochastically asymptotically stable in the large.

The proof of this theorem can be found in [19].
From the above lemma, we can obtain the stochastically asymptotically stability of equilibrium as following:
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Theorem 4.3. Assume that B = (Bjj)2x> is irreducible and Ro > 1, then if the following condition is satisfied

2(d + e + It + Bl
012k<2(d]f+9k), O_zzk ( k Vl;)(ﬂkl 1/3k2 ) 0'32k<2d]1§,
Bali + Bals +df + 6 +dl + e+ v

the endemic equilibrium P* is stochastically asymptotically stable in the large.

Proof. It is easy to see that we only need to prove the zero solution of (4.1) is stochastically asymptotically stable in the
large. Let X (t) = (ug(t), vi(®), wp ()T, k=1,2 and x(t) = (x1(t), X2 ().

We define the Lyapunov function V (x(t)) as follows

(4.4)

2
1
V) =5 Y [avi + b+ vio? +awi]. k=12,

k=1
where a; > 0, by, > 0, ¢ > 0 are real positive constants to be chosen later. Then it can be described as the quadratic form

2
1 T
Vx)= 3 kE—l X QrX,

where

by by 0
Q= (bk ax + by 0)
0 0 Ck
is a symmetric positive-definite matrix. So it is obviously that V (x) is positive-definite and decrescent
For sake of simplicity, (4.4) may be divided into three functions: V (x) = V1 (x) + V2(x) + V3(x), where

2 2
1 2 1 2
3 E by (ug + vi)“, V3(x) = 2 E_ ewi, k=12

2
1
v1<x>=5§ avi, Vo=
k=1 k=1

Using Itd’s formula, we compute

2
LV, Zakvk Bali + B ly)uk — (di + €k + V) Vi + BraSpvi + B Spva + Baukvi + Broukva]

k=1
_12
2.2
+—E axos, Vv
2’1 2k 'k
k=

2
Z —(di + €+ i) vi + (Ba Sivi + BaSiva) vi]

1
+ Zak[—ozzkvf + (Bali + Bizl3)ukvic + (Bavi + ,3k2V2)uka:|

V2

2
Vi
:Zaklk[ dk+6k+yk) (ﬂklsk 1 I* +ﬂk25k 2 I*)I_*]
k=1 k k

+Zak[ o5 VE+ (ﬂklﬁf+ﬁk21;)ukvk+(ﬂkl‘/1+ﬂk2V2)ul<Vk]

il () + (b 4 heit )]
= k —Pk1 K2\ 7% k1 7% kK2 7% | 7%
=k Iy I} ) I

2
1
+ Zak[iazzkvﬁ + (BiaI7 + Bia I3 ) ukvic + (Brava + ,BkZVZ)Uka]-

k=1

Set /3,] = Bij S} I* Here we choose a;I* = By1, axI% = B2, ie., a1 =

(4.5)

B2155, az = B12S7. Substituting this into (4.5), yields
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2
2 2 2 Vi 2 Vi
LV, =,321[—(/311 +,312)<7> (511 — + B12 *>7]
I I ;)T

_ _ _ 1% 2 Vo
+ B12 [—(,321 + ﬂzz)(l—*) <521 +Bn— 5 ) 5 }
2 2

+ Zak[ 05 VE+ (Bali + Bly)ukvi + (Bavi + lngVZ)uka]
k=1

o Vi
= —p12B21 (1—* - —> + Zak[ 05Ve + (Bali + Bals)ukvi + (Bavi + ﬂkz‘/z)ukvk]
1

2
< Zak[ 03V + (B I} + Bial3)uvic + (Brava +ﬂkzvz)Uka]

Similarly, from It6’s formula, we obtain

2 2
LVy = bi(u+ vi)[—(df + O )uk — (df + e + m)vie] + 5 > (axofuf + brog vi)
k=1 k=1

2
1 1
= Zb,{—(d,f + 6k — 5‘7121<>“i - (dllc T Ve 503 k)" (i + 6+ dy + € + Vk)”k"k]
k=1

N =

2

2
1
R 2.2
LV3 = ,;_1 kW (Oruk + Vievie — di wi) + 5 E_ kO3, Wi,

= ch[ (dk - —03k> Wk + Opupwy + VkaWk]

Then we compute

LV =LV1+ LV, +LV3

< Zak[ 03V + (B} + Beal3)urvie + (Beivi + ﬂkzvz)ukvk]

2
1 1
+ Zbk[_ (d,f +6, — 20”<> uZ - (dk +e+ v — 2022k> VE— (df + 6 +dj + € + yk)ukvk]

+

Ck[ <dk 03k> Wk + O Wi + VieVie W1<:|
k=1

1 1 1
- Z{—bk (d,f +6, — 5012k) u — [bk (cl,’< +e+ Y — 5‘7221<> - iakozzk}v,f
k=1
+ [ak (B 1§ + Bal3) — bie(di + Ok + di, + € + vie) Jurvi
2

1
—Ck (dff - 5032;() Wﬁ + Ok U Wi + CkaVka} + Z ak(Br1v1 + Brav2)ug v
k=1
2

=LoV + ) a(Bavi + BiaV2)uk Vi,
k=1

where
2

1 1
LoV =: Z{ by (dk + 6 — 01]() U — |:bk <dk + €k + Yk — 021<> - Eak0221<i| V]%

k=1

+ [ak (B I + Bial3) — bie(di + 6k + di + € + vie) Jurvi

(4.6)

(4.7)

(4.8)
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1
—Ck (dff - 5032k> WE + bWk + CkaVka] (4.9)

is the linear part of the right-hand side of inequality.
n (4.9) we choose

ak(BerI§ + Bial3) — bi(dy + 6k +di + e+ ) =0

then
k(B 1] + Bial3)
k= s< ]1 2 (4.10)
dp + 0k +d;, + €+ W
ie.,
B2155 (Bl + B12l3) b B12S5 (Bl + B22l3)
1= ) 2= .
d} +61+dj +€1+ 71 d5+6+d) + €2+ v
Moreover, using Cauchy inequality to 6,urwy and p,viwyg, we can obtain
1 62u2
Oeugwy, < (dk 2032k> wi + %’
dy O3y
1 y2v2
)/kaWk (dk O'32k) W]% + % (411)
d U3k
Substituting (4.10) and (4.11) into (4.9), yields
2 1 62
2 k 2
L()V Z{ |:bk(dk +9k §O]k> —Ckm]uk
k=1 k — 293k
1 1 Y2
[bk <dk +e+ Vi — Uzk> 2al<022k - Ckm vi
k — 29k
1 1, 2
5% (dk 2‘73k> Wk}
2
== (Axuf + Bevi + Diwy), (412)
k=1
where
1 62
Ag :bk<dlf + 60 — 50121<> —Ck—g k] >
dk — 203
1 1, i
By =by( di+ €+ i — Uzk B R T S eI
Kk~ 293k
1 R_1 5
D= ick <dk 2 UBk)
Let us choose cj such that
C(dR =152 1 df — Jo2
0<cy< mm{ %bk <d,‘§ + 6k — 50’&), 3/7% |:bk (dk + e+ Vk) - —(Clk + bk)02,<] }
k k

On the other hand, the condition in (4.3) is satisfied, so A, By, Dy are positive constants. Let A = ming— 2{A, B, Dk}, then
A > 0. From (4.12), one sees that

LV < —ax®]” +o(|x®)[)

Hence LV (x,t) is negative-definite in a sufficiently small neighborhood of x =0 for t > 0. According to Lemma 4.1, we
therefore conclude that the zero solution of (4.1) is stochastically asymptotically stable in the large.
The proof is complete. O
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Fig. 2. Stochastic trajectories of SIR model (3.2) for 17 = 0.5, 021 =0.7, 031 = 0.8, 012 = 0.8, 022 = 0.6, 033 = 0.75 and At =1073.

5. Numerical simulation

Computer simulations of this mathematical model agree well with mathematical theory. In order to confirm the stability
results of Section 4 we numerically simulated the solution of the stochastic system (3.2). For simplicity, we assume pj =
6k =€ =0 and dy =dS =d! =dF in systems (3.1) and (3.2). Furthermore, let Ay =4.725, d; = 0.5, y; = 0.9, f11 =0.15,
B12 =0.175; Ay =2.4, d; =0.4, y, =0.8, f21 =0.1, B2 =0.25. Hence we obtain S} =5.25, IT =15, R} =2.7; S5 =3,
I3 =1, R5 = 2. Moreover, we always choose initial value (51(0), I1(0), R1(0), S2(0), 12(0), R2(0)T =(5.5,1,2,4,0.5,1.5)T.

In the absence of noise, we simulate the global stability of the endemic equilibrium of deterministic system (3.1) in
Fig. 1.

On the other hand, we show the numerical simulation of the stochastic system (3.1). Given the discretization of sys-
tem (3.2) for t =0, At, 2At, ..., nAt,

Sk,i+1 = Sk,i + (A — diSk,i — Br1Sk,il1,i — Bk2Sk,il2.i) At + o1k (Ski — S§)V Ater,i,
Iiis1 = Iii + (Bia Sk.ilvi + BiaSkiilz.i — (i + i) I i) At + oo (I i — 1)V Aty i,
Rii+1 = Rii + (Vlki — iRy i) At + o3k (Ri i — Rjp) vV Ates i,



JJ. Yu et al. /. Math. Anal. Appl. 360 (2009) 235-244 243
6 . 6f .
A,AN\\~,~—' s,
5| ] 5| .
4t . 4k :
s,
3t R, (0 - sl 2
R,
2 L . 2t 2 1
()
|t
N e 0
0 : ' 0 : :
0 10 20 30 0 10 20 30
t t

Fig. 3. Stochastic trajectories of SIR model (3.2) for o1 = 0.4, 021 = 0.45, 031 =0.39, 012 = 0.3, 032 = 0.42, 033 = 0.35 and At =1073.
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Fig. 4. Stochastic trajectories of SIR model (3.2) for o117 = 39.23, 021 = 39.30, 031 = 39.24, 012 = 39.25, 03 = 39.27, 03; =39.28 and At =103,

where time increment At > 0, and &1y, &xx.i, €3k.i» k =1, 2 are N(0, 1)-distributed independent random variables which can
be generated numerically by pseudo-random number generators.

In Fig. 2, the numerical simulation shows that the endemic equilibrium of stochastic system (3.2) is global asymptotically
stable under the condition (4.3). Fig. 2 shows a realization of the dynamics of this system for 011 = 0.5, 021 =0.7, 031 = 0.8,
o012 = 0.8, 022 = 0.6, 033 = 0.75, whilst Fig. 2 corresponds to o171 = 0.4, 021 = 0.45, 031 = 0.39, 012 = 0.3, 092 = 0.42,
o3 = 0.35. Moreover, comparison of Figs. 2 and 3 suggests that fluctuations reduce as the noise level decreases. Note that
the condition (4.3) is just a sufficient condition. When this condition is not satisfied, the stochastic system (3.2) may be
unstable. If we choose 011 = 39.23, 021 = 39.30, 031 = 39.24, 012 = 39.25, 09 = 39.27, 033 = 39.28, then the solution of
the stochastic system (3.2) is not asymptotically stable but explode to infinity at the finite time (see Fig. 4).
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