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1. Introduction

Let N={1,2,3,...} and Ng =NU {0}. Set

a(n)=Zd, neN.

deN
din

If n¢ N we set o(n) =0.
For a,b,c,d € N and n € Ny, we define

N(a,b,c.d;n) = card{(x, y,z. 1) € Z* | n = ax* + by? + c2* + dt*}.
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Clearly N(a,b,c,d;0) =1. For g € C with |q] <1 we have

Y N@b,c,d;mq" = ¢(q")e(a") ¢ (a)¢(a”),

n=0

where ¢(q) denotes Ramanujan’s theta function, namely

@)= q".

n=—o0
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(11)

There are twenty-six quaternary quadratic forms ax? 4+ by® + cz> + dt?> with a, b, c,d € {1, 4,9, 36},
gcd(a,b,c,d) =1 and a < b < ¢ < d. Formulae for N(a,b,c,d;n) (n € N) for the seven forms
(a,b,c,dy=(1,1,1,1), (1,1,1,4), (1,1,1,9), (1,1,4,4), (1,1,9,9), (1,4, 4,4), (1,9,9,9) appear in
the literature, [1,2]. In this paper we treat the remaining nineteen forms (Theorems 2.1-2.19). The

form (1, 4,9, 36) was treated by Gogisvilii [9, p. 101].
We also require the theta function ¥ (q) defined by

o0
n=—oo
Definition 1.1. For k € N and q € C with |gq| < 1, we define

o0

Ex=En(@ =] [(1—4").

n=1

The infinite product representations of ¢(q), ¥ (q), ¢(—q) are due to Jacobi

E3 E2 E2
(q) — 2 2 , 1
¢ 1

From [8, p. 357] we have

3
Bola") - o-0)’ =87 So(-a").
Then, immediately from (1.2) and (1.3), we obtain

E2E4
3¢(—¢°) —p(—q) =2 Ef B

It is convenient to define integers c(n) (n € N) and t(n) (n € Np) by

Ci6(q) :=qEg =Y cmq",

n=1
o
T(Q) = — g = Q) _tmg"
E{ESEs =

(1.3)

(14)

(1.5)

(1.6)
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The identity (1.4) is used to express T(q) in terms of theta functions, see (6.1). It is clear from (1.5)
that c(n) =0 if n#1 (mod 6). We set

o0 o0
Gu@:= Y <, GCGo@:= Y g, (1.7)
n=1 (mad 12) n=7 (mad 12)
o0
Tr@):= Y, tmq", ref0,1,2,...,11). (1.8)

n=0
n=r (mod 12)
Klein and Fricke [10, Vol. II, p. 374] have given an arithmetic formulation of c(n).
2. Statements of main results

Theorem 21. Forne N

20 (n) +2c(n) + 3t(n), ifn=1(mod 12),
20 (n) + 1t(n). ifn=2 (mod 12),
%a(n)+3a(n/9)+%t(n), ifn=3 (mod 12),
20 (n/4) — 80 (n/16) + 4c(n/4), ifn=4 (mod 12),
8o(n)+ 1t(n). ifn=5 (mod 12),
N(1.1.1.36:m) = o (n) 430 (1/9) + $t(n), ifn=6 (mod 12),
1o () +2cn) + 3t(n), ifn=7 (mod 12),
40 (n/4) — 160 (n/16), ifn =8 (mod 12),
20 (n) + 30 (n/9) + 3t(n), ifn=9 (mod 12),
o (n) + 3t(n), ifn =10 (mod 12),
30+ 1t(n), ifn=11 (mod 12),
80 (n/12) — 320 (n/48), ifn=0 (mod 12).
Theorem 2.2. Forn e N
Bom + Lem) - 3tm), ifn=1 (mod 12),
20 (n) — §t(n), ifn=2 (mod 12),
2o () +0(n/9) — §t(n), ifn=3 (mod 12),
20 (n/4) — 80 (n/16) + 4c(n/4), ifn=4 (mod 12),
Bom) — §tm), ifn=5 (mod 12),
N(1,1.4,9:m) = omn)+30n/9) — %t(n), ifn=6 (mod 12),
20(n) + 3cn) — §t(n), ifn=7 (mod 12),
40 (n/4) — 160 (n/16), ifn=8 (mod 12),
Bom/3)+501m/9) — §t(n),  ifn=9 (mod 12),
o(n) — §t(n), ifn =10 (mod 12),
Som) — St(n), ifn=11 (mod 12),
80 (n/12) — 320 (n/48), ifn=0 (mod 12).
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Theorem 2.3. Forn e N

N(1,1,4,36;n) =

Theorem 2.4. Forn e N

N(1,1,9,36;n) =

Theorem 2.5. Forn € N

N(1,1,36,36;n) =

Yo m) + 3cn) + 3,

Zon) + §t(n),

0,

20 (n/4) — 80 (n/16) + 4c(n/4),
Rom) + §tm),

40 (n/6) + $t(n),

40 (n/4) — 160 (n/16),

o) +200/9) + 5tm),

30 () + 5t(),

80 (n/12) — 320 (n/48),

Lo ) + 5c(n) + 3tn),
2o )+ St(n),
20 (n/9),

Som) + gt(m),

40 (n/9),

§o () + Fcm) + 5tm),
3om/4) — Lon/16),
60 (n/9),

Fo(n) + 3t(),

so ) + 5tm),

80 (n/36) — 320 (n/144),

8o(n)+ 3t(),

2o (n/2) + 3¢(n/2) + §t(n),

0,

30m/4) — Lon/16) + Sc(n/4),
so(n)+ 3t(n),

300/9),

30m/4) — Lo@/16),

40 (n/9),

2o () + (),

80 (n/36) — 320 (n/144),

3o (n/4) — Lo n/16) + Scn/4),

2195

ifn=1 (mod 12),
ifn=2 (mod 12),
ifn=3,7,11 (mod 12),
ifn=4 (mod 12),
ifn=5 (mod 12),
ifn=06 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2 (mod 12),
ifn=3 (mod 12),
ifn=4 (mod 12),
ifn=>5 (mod 12),
ifn=6 (mod 12),
ifn=7 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=11 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2 (mod 12),
ifn=3,7,11 (mod 12),
ifn=4 (mod 12),
ifn=>5 (mod 12),
ifn=6 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=0 (mod 12).
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Theorem 2.6. Forn € N

Som)+ Scn) — (), ifn=1 (mod 12),
2o (n) — 5t(n), ifn=2 (mod 12),
0, ifn=3,7,11 (mod 12),
20 (n/4) — 80 (n/16) +4c(n/4), ifn=4 (mod 12),
N(L 44,9 m) = Dom) — 2t(n), ifn=5 (mod 12),
40 (n/6) — §t(n), ifn=6 (mod 12),
40 (n/4) — 160 (n/16), ifn =8 (mod 12),
8o (n) +40(n/9) — 3tn), ifn=9 (mod 12),
lom) — 3tm), ifn =10 (mod 12),
80 (n/12) — 320 (n/48), ifn=0 (mod 12).
Theorem 2.7. Forn e N
20(n) + 3c(n) + §t(n), ifn=1 (mod 12),
0, ifn=2,3,6,7,10,11 (mod 12),
20 (n/4) — 80 (n/16) + 4c(n/4), ifn=4 (mod 12),
N(1,4,4,36:n) = | o) + §t(), ifn=5 (mod 12),
40 (n/4) — 160 (n/16), ifn=28 (mod 12),
20 (n) + 0 (n/9) + 5t(n), ifn=9 (mod 12),
80 (n/12) — 320 (n/48), ifn=0 (mod 12).
Theorem 2.8. Forn € N
Som)+ Scm) — ), ifn=1 (mod 12),
Zon) - §t(n), ifn=2 (mod 12),
20 (n/9), ifn=3 (mod 12),
30m/4) — Lon/16) + 8cn/4), ifn=4(mod 12),
Bom) — §tm), ifn=5 (mod 12),
N(1,4.9,9:n) = 3001/9)’2 ifn=6 (mod 12),
50 (n) — 5t(n), ifn=7 (mod 12),
3om/4) — Lo n/16), ifn =8 (mod 12),
60 (n/9), ifn=9 (mod 12),
Zon) - 2t(n), ifn=10 (mod 12),
Zom) — §t(n), ifn=11 (mod 12),
80 (n/36) — 320 (n/144), ifn =0 (mod 12).




Theorem 2.9. Forn e N

N(1,4,9,36;n) =

Theorem 2.10. Forn € N

N(1,4,36,36;n) =

Theorem 2.11. Forn e N

N(1,9,9,36;n) =

Theorem 2.12. Forn e N

N(1,9,36,36;n) =
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2o (n) + 3cn),
26 (n/2) — 2c(n/2),
0

so0(n),

50(n/9),

$0(/4) — Lo n/16),
40 (n/9),

som),

80(n/36) — 320 (n/144),

som + 3t(m),

0,

20(n/4) — Lom/16) + Scn/4),
2o (n)+ 5t(n),

30m/4) — Lo n/16),

20 (n/9),

80 (n/36) — 320 (n/144),

20(n) + 3c(n) + §t(n),

0,

20 (n/9),

$0(n/4) — $0(n/16) + 5c(n/4),
40 (n/9),

50 (M) + 3c(n) + §t(n),

60 (n/9),

Tom) + 3tm),

80 (n/36) — 320 (n/144),

so(n) + (),

07

20 (n/4) - 80(n/16) + 3c(n/4),
300/9),

40 (n/9),

o) + Stmn),

80 (11/36) — 320 (n/144),

40 (1/4) — 801/16) + Scn/4).
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ifn=1 (mod 12),
ifn=2 (mod 12),
ifn=3,7,11 (mod 12),
ifn=4 (mod 12),
ifn=5 (mod 12),
ifn=6 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2,3,6,7,10,11 (mod 12),
ifn=4 (mod 12),
ifn=5 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2,5,8,11 (mod 12),
ifn=3 (mod 12),

ifn=4 (mod 12),

ifn=6 (mod 12),

ifn=7 (mod 12),

ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2,3,5,7,8,11 (mod 12),
ifn=4 (mod 12),

ifn=6 (mod 12),

ifn=9 (mod 12),

ifn=10 (mod 12),

ifn=0 (mod 12).
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Theorem 2.13. Forn e N

N(1,36,36,36;n) =

Theorem 2.14. Forn e N

N(4,4,4,9;n) =

Theorem 2.15. Forn ¢ N

N(4,4,9,9;n) =

Theorem 2.16. Forn € N

N(4,4,9,36;n) =

A. Alaca / Journal of Number Theory 131 (2011) 2192-2218

30() — 5c(n) + 3t(),
0,

$0(n/4) — §0(n/16) + 3c(n/4),

20 (n/9),

80 (n/36) — 320 (n/144),

30 () +2c(n) — 3t(n),
0,

20 (n/4) — 80 (n/16) + 4c(n/4),

3o ) — 1t(n),
40 (n/4) — 160 (n/16),

30 () + 30 (n/9) — $t(n),

80 (n/12) — 320 (n/48),

o,

Somn) — 2t(n),
30@/9),

40 (n/9),
2o (n) - 3t(n),

Zom) + 3cm) — ),
0,

3om/4) — Lom/16) + Sc(n/4),

so(n) — §t(n),

4 16

30 (n/4) — 30 (n/16),
20 (n/9),

80 (n/36) — 320 (n/144),

som) + Scm) — 3tm),
$0(/2) + 3c(n/2) — 5t(),

3o0m/4) — Lo@n/16),

80 (n/36) — 320 (n/144),

ifn=1 (mod 12),
ifn=2,3,5,6,7,8,10,11 (mod 12),
ifn=4 (mod 12),
ifn=9 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2,3,6,7,10,11 (mod 12),
ifn=4 (mod 12),
ifn=>5 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2 (mod 12),
ifn=3,7,11 (mod 12),

30n/4) — Lo n/16) + Scn/4), ifn=4(mod12),

ifn=>5 (mod 12),
ifn =6 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=10 (mod 12),
ifn=0 (mod 12).

ifn=1 (mod 12),
ifn=2,3,6,7,10,11 (mod 12),
ifn=4 (mod 12),
ifn=>5 (mod 12),
ifn=8 (mod 12),
ifn=9 (mod 12),
ifn=0 (mod 12).
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Theorem 2.17. Forn € N

Tom) +2cn) — 1tm), ifn=1 (mod 12),
0, ifn=2,5,8,11 (mod 12),
20 (n/9), ifn =3 (mod 12),
2o (n/4) — 30(n/16) + 3c(n/4), ifn=4 (mod 12),
N(4,9,9,9;n) = { 40 (n/9), ifn=6 (mod 12),
Tom —Zcn) — $t), ifn=7 (mod 12),
60 (n/9), ifn=9 (mod 12),
Tom) — 1tm), ifn=10 (mod 12),
80 (n/36) — 320 (n/144), ifn =0 (mod 12).
Theorem 2.18. Forn ¢ N
2o (n)+ Fcn) — (), ifn=1 (mod 12),
0, ifn=2,3,5,7,8,11 (mod 12),
20(n/4) — 30 (n/16) + 3c(n/4). ifn=4 (mod 12),
N(4,9,9,36:m) = | 45 (n/9), ifn =6 (mod 12),
40 (n)9), ifn=9 (mod 12),
som) — §tm), ifn =10 (mod 12),
80 (n/36) — 320 (n/144), ifn=0 (mod 12).
Theorem 2.19. Forn ¢ N
50 () + 3cm) — §t(n), ifn=1(mod 12),
0, ifn=2,3,5,6,7,8,10,11 (mod 12),
N(4,9,36,36:n) = { 20(n/4) — 80(n/16) + 3c(n/4), ifn=4 (mod 12),
20 (n/9), ifn=9 (mod 12),
80 (n/36) — 320 (n/144), ifn =0 (mod 12).

A numerical study showed that there do not exist rational numbers u, v, w (not all zero) with
uo (n) + ve(n) + wt(n) =0 for all n=1 (mod 12) so that the formulation of each of the above
theorems cannot be simplified in the case n =1 (mod 12). Similarly for the remaining congruence
classes.

3. Theta function identities

We state nineteen theta function identities (Theorems 3.1-3.19) from which the theorems of Sec-
tion 2 follow.

Definition 3.1. Let k € N and i € Ng with 0 <i <k—1. Then we define L; x(q) and the Eisenstein series
L(g) by

o0

Lix@:= Y omq", L@:=1-24) omyq".

n=1 n=1
n=i (mod k)
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It is convenient to define «(q), B(q) and y(q) by

a(q) == Lo1(q) —4Lo1(q%). (3.1)
B(@) :=L13(q) —4L13(q*) + 2C1.6(q), (32)
Y@ = La3(q) — 4L23(q%). (33)

Theorem 3.1.

P> @e(*®) =1+ 8a(q"?) +28(q*) +4y (q¢*) +3L1,4(¢°) + 3L2.4(¢°)

5 1 8
+3L34(q°) + 3112@ +2L0@ + 51312@) + 5Ls12@ + Le 2@

1 5 4
+ §L7,12(Q) + §L9,12(Q) + L10,12(q) + §L11,12(Q) +2C1,6(Q)

1
+jﬂ@+h@+h@+ﬁ@+k@+ﬂ@+h@
+ T10(q) + T11(@))-

Theorem 3.2.

P2 @e(a)e(a®) =1+ 8a(q") +28(q*) + 4y (a*) + 5L1.4(¢°)

13 5
+ 3L2,4(q9) + L3,4(q9) + ?Lmz(q) +2L212(9) + §L3,12(Q)

28 5 13
+ §L5.12(Q) +Le12(q) + §L7,12(Q) + 31-9,12((1) + L10,12(q)

8L 10C ZC L T T
*5 11,12(Q)+? 1,12(Q)+§ 7,12(Q)—§( 1@ + T2(q)
+ T3(q) + Ts(q) + Te(q) + T7(@) + To (@) + T10(@) + T11(Q)).

Theorem 3.3.

P*@e(q*)e () =1+ 8a(q") +28(q*) + 4v (¢*)

10 2 16
+2L1.4(0°) + L2.4(q®) + 311,12(61) + §L2,12(61) + §L5,12(Q)

W -

10 1 4
+ s Le,12(9) + 31«9,12(61) + §L10,12(Q) + §C1,12(Q)

+ = (2T1(@) + T2(@) + 2Ts(q) + Te(q) + 2T (q) + T10(q)).

| =

Theorem 3.4.
4 4
w%m¢@%¢@%)=1+8am%)+§ﬂ@ﬂ4—§y@ﬁ+ﬁhA@%

10 2 8
+4L2,4(q9) + 213,4(‘19) + ?Lmz(Q) + §L2,12(Q) + §Ls,12(Q)
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+2L ()+2L ()+4L ()+4C @
9 7.12(q 3 10,12(9 9 11,129 3 1,64

1
+ 5(2T1(q) + T2(q) + T5(q) +2T7(q) +2T10(q) + T11(q)).

Theorem 3.5.

4 4 4
P> @9* (@) =1+ 8a(q%°) + 3P (%) + 57/(614) +4L14(q%) + §L2,4(q9)

8 2 4 2 4 3
+ 51-1,12(61) + §L2,12(CI) + 515,12(61) + §L10,12(Q) + §C1,6(q )

+ —(4T1(q) + T2(q) + 2T5(q) + 2T10(Q)).

o=

Theorem 3.6.

e@@*(a*) (@) =1+8a(q"?) +28(q*) + 4y (¢*)

o o 8 2 20
+4L1,4(0°) + L2.4(q”) + §L1,12(Q) + §L2,12(Q) + §L5.12(Q)

1 8 1 8
—L —L —L —C
+ 3 6,12(q) + 5 9,12(q) + 3 10,12(q) + 3 1,12(Q)

1
- §(ZT1 (@) + T2(q) + 2T5(q) + Te(q) + 2To(q) + T10(q))-

Theorem 3.7.

5
e@¢*(q") (@) =1+8a(q") +28(q*) + 4y (¢*) + L1.4(¢°) + gl112@

8 5 2 1
+ §L5,12(Q) + §L9,12(Q) + §C1,12(Q) + §(T1 (@ + Ts(q) + To(q)).

Theorem 3.8.
4 4
e@e(a")¢*(@°) =1+ 8a(q*°) + 3P (%) + 37 (%) +6L1.4(¢°)

8 2 10
+4L2,4(q9) + 2L3,4(q9) + §L1,12(Q) + §L2,12(Q) + 31-5,12(61)

4 2 2 8 1
+ §L7,12(Q) + §L10,12(Q) + §L11,12(Q) + §C1$12(Q) - §(ZT1 (@) + T209)
+ T5(q) + 2T7(q) + 2T10(q) + T11(Q))-

Theorem 3.9.

P @(a)p(@)0(a*) =1+ 80(a*) + 3B + 57(0) +4L1.4(0")

4 g2 2 2 2
+ §L2,4(q )+ §L1,12(Q) + §L2,12(Q) + §L5,12(Q) + §L10,12(Q)

4 2 2
+ §C1,12(CI) - §C1,6(q )-
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Theorem 3.10.
4\ .2(.36 36 4 0 4 4 4 9
P@e(q*)e*(q°) =1+8a(q )+§ﬁ(q )+§y(q ) +2L1.4(q°)
+éL ( )—l—gL ( )+%T ( )+1T (@
91,12q 95,12q 91q 95‘J-
Theorem 3.11.

2
P@¢*(°)9(q7°) =1+ 8a(q”®) + 3B(a") +6L1.4(¢°) +4L2.4(¢°)
o 5 1 1 2
+2L3.4(q°) + §L1,12(Q) + §L7,12(Q) + §L10,12(Q) + §C1,6(Q)

+ = (T1(q@) + T7(q) + T10(Q))-

o=

Theorem 3.12.
2 4
2@ (a°)p* (@) =1+ 8a(q*) + §ﬂ(q4) +4L14(¢°) + §Lz,4(q9)

4 1 2 1
—L —L -T T .
+ 9 1,12(q) + 5 10,12(q) + 5 1(Q) + 5 10(qQ)

Theorem 3.13.

2 1 2 1
e@¢* (@) =1+ 8a(q’°) + §ﬁ(q4) +2L1.4(q°) + 3h@ = 30@+ 3@,

Theorem 3.14.

1
3 (a*)e(a®) =1+ 8a(q'?) +28(q*) + 4y (q*) +3L1,4(¢°) + slie@

1

4 1
+ §L5,12(Q) + §L9,12(Q) +2C1,12(9) — g(Tl (@ + T5(@) + To(q)).

Theorem 3.15.

()0 (@) = 1+ 82(%) + 2B(a") + 2y (¢*) +4L1.4(°)

3 3
4 4 4 2 8 2
+ §L2,4(q )+ §L1,12(Q) + §L2,12(Q) + §L5,12(Q) + §L10,12(Q)

8 4,001
+ §C1,12(Q) + §C1,6(q ) — 5(4T1 (@) + T2(q) + 2T5(q) + 2T10(q))-

Theorem 3.16.

0 (@)0(a*)p (@) = 1+ 8(a™) + 5 8(@") + 37(¢") + 2L14()

1+ 20 12@ + s @ + 2 Cu(@) — 2Ti@) — 2Ts()
91,12q 95,12q 31,12q 9161 9561-
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Theorem 3.17.

2
0(a")¢(¢") =1+8(q™) + 38(") +6L1.a(a°) +4L24(¢")
1
+ 2L3,4(q9) + 3 (L1,12(@) + L7,12(q) + L10,12(9))

2 1
+2C112(9) — §C7,12(Q) - §(T1 (@) + T7(@) + T10(Q)).

Theorem 3.18.
2 4
2(a)¢*(@°)e(a*°) =1+ 8a(q®) + gﬂ(q“) +4L1.4(q%) + §L2,4(q9)
9 9

2 1 4 2 1
+ —L1,12(@) + zL10,12(9) + §C1,12(Q) - §T1 @ — §T10(Q)~

Theorem 3.19.

2 1 2 1
?(qM)e(@°)9?*(a*°) =1+ 8a(q*®) + gﬁ(tf‘) +2L1.4(q%) + gl112@ +3C0@ - 5Ti@.

4. The (p, k)-parametrization

Following [6, p. 178] we set

0?2 (@) — 9% (@) 03 (@)

p=p@ = 205 k=k(q):=

(4.1)

Duplication and change of sign principles. (See [6, Theorems 9 and 11].)

n 14+p—p*—((1—p)A+p)(1+2p)'/2
p(q°) =

p? '

14+p—p%2+ (1 =p)A+p)A+2p)1/2)

k(qz)z( pP—p +(( p;( P +2p) k.
p(—q) = ——, k(—q) = (1 + p)°k.

1+p

Proposition 4.1. Define p and k by (4.1). Then

@ @ =Q1+2p)>K2,
()  ¢(@®) =1 +2p)/42,

1
© 9@ = 30+ 22 (1 +2p)* 2+ 2230 - p)' 22+ p) Bk,

Proof. (a)(b) See [4, p. 222]. (c) See [1, p. 156]. O
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By using Proposition 4.1, we obtain the following result.

Proposition 4.2.

2 2283
@ @ -9@°)= 30+ 2p)3/ 412 — =+ 2p/2a-p)'Pe+p)' Pk
B @@ —3¢(@°) =221 +2p""20 - p'P2+ p)' k2
k
+ 525/3(1 +2p)°°1-p'P2+p)'s3,

k
© ¢*(°)= §[<1 +2p)*2 42431 +2p)V%1 - P2+ )3

+2531+2p)%f(1 - p)'P2+p)'72.

We use the following basic properties of ¢(q), see for example [5]:

9@ +9(—q) =20(q%), (4.2)
9% (@ + ¢*(—q) = 2¢%(¢°). (43)
9@ — (-9 =2(p@ — ¢(q%)). (4.4)
X (@) = ¢* @ — 20@e(q*) + 2¢%(q*), (45)
P(@e(—9) = *(—¢°). (46)

The change of sign principle and Proposition 4.1 yield Proposition 4.3.
Proposition 4.3.
@ o= =01-p>**a+p 2
b @(-¢)=1-p "+ p)*/ikl2,
© ¢(-¢°)= %(22/30 +2p)' P -p) 2+ pte+ps3
+(1=p)¥AA+p) k2,
@ -9 —9(-¢°)= %(l —p)¥/4(1 + p)V/ 4K/
_ %22/3(] +2p)1/3(1 _ p)1/12(1 +p)1/4(2 —|—p)1/3k1/2,
@ (-9 —3¢(-¢°)=-22a+2p)'21 - )21+ )@+ p)' K2

It was shown in [1, p. 156] that

0*(@®) =30@¢* (¢°) = 30*@¢?* (a°) + 0> @e(d°), (4.7)

1 2 3 8
0’ @¢*(¢°) = 59" @ — 30*(@) + 3¢*(@°) + 3C16(@. (48)
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By appealing to (4.7) and (4.8), we obtain

1
Cre(@) =—1:[0@ - 9(@)][e@ —39(2°)][¢*@ + 3¢*(¢°)]- (4.9)
Theorem 4.1.

0@ — ¢(®)][e@ - 3¢(a°)][¢*@ + 3¢*(¢°)]
=—[p(-) — o(—0°)][0(—) — 3¢(—a°)][¢*(—a) + 3¢*(—4)].

Proof. The assertion follows immediately from (1.5) and (4.9). O

Theorem 4.2.

20@¢(q°)[¢* (=) — 20(—)p(—4°) + 3¢*(—¢")]
2 2
=’ @[e(-9) — o(—0°)]" + ¢*(°)[e(—a) — 30(-¢°)]".
Proof. Appealing to Propositions 4.1(a)(c), 4.2(c) and 4.3(a)(c), we see that each side of asserted equa-
tion is

4k?

9

+22Pa+2p)°a -1+ p)22+p)'>

+213a +2p)B%1 - p)Ve1 + p)' 22+ p)*
+2(1+2p)*2a -2 +p'?2+p] O

[1+2p)*2(1 - p)*/21 + p)'/?

Theorem 4.3.

@ L(¢°)-21(q") = —(1 +2p—p>— %p“)kz,

1 1
() Li2(¢)= (§p3 + Ep“)kz,
(© 8L12(q%) — L(¢®) +2L(q"?) = ¢*(¢°).

Proof. (a) See [7, Eq. (3.11), p. 33]. (b) See [6, Eq. (14.6), p. 189].
(c) Follows from (a), (b) and Proposition 4.1(b). O

Theorem 4.4.

@ La@=(mt2prips By Lpt)e
23 =137 T 7P T3P T 7P T 7P

-1 1 15 1 3\ 23 1/3,2
— ——p+- —p?)223(0 - p) +2p)2 k
+<27 gP+gP +27p> (1=p)A+2p)2+p))

1 1 1 5\, 2/3
— — —p+—p2 123 (1 - p)1 +2p)(2 Kk?
+<54 27p+54p> (A=pA+2p)Q2+p)~ 7k,
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1
(b) L2,3(CI4):(E fp_fp 108" )kz

LI 1 2/3((1 _
+( 27~ 187" 108” )2 (a p)(1+2p)(2+p))

1 1 1 . 2/3
_ _ /3 _ 2
+<54 =P+ 316P )2 (A=pA+2p)2+p) "k

Proof. (a) See [6, Eq. (15.9), p. 190].
(b) Apply the duplication principle to part (a) twice. O

Theorem 4.5.

r@=30@v@-o@)  r@)= 302 ele") - o))

Proof. Appealing to (3.3) and Theorem 4.4, we obtain

1 21 /3
Y@= g(~1+6p”+4p°)i ——<1+2p>(<1+2p)<1—p)<2+p>)
22/3
+T(1+p+pz)(<1+2p><1—p><2+p>)”3

Set X =(142p)*%, Y =(1+2p)"/°(1 - p)*22+ p)?* and Z = (1+2p)*/%(1 - p)/>2 + p)'/°. By
Proposition 4.2(a)(c), we obtain

2
§1</32(c19)[90(q)—so(qg)]2 lkog(x+24/3Y+2 2237)(4X +2%3Y —4.22137)

12
108(
k2

2
=5 (=1+6p* +4p°) - f—g 231 +2p) (1 +2p)(1 - p)2+ D))

4X?+5.2%3XY +4.223XZ —8YZ +4.2*y? —16.2'37?)

2/3

Ko 2 1/3
+5 2P+ p+p*) (14290 - )2 +p)

The second assertion follows on replacing q by g* in the first one. O
Theorem 4.6.

B(q) = §<p3(q9)[¢(q) -9(@)].  B@*)= §<p3 (@°)[e(@*) — ¢(a*)].

Proof. It was proved in [1, Theorem 2.5, p. 158] that
¢>(@e(a°) = 2L1,3(@) +4L2,3(9) — 8L13(q*) — 16L2,3(q")

—L(q%) +2L(q"?) + 8L1,2(q®) + 4C1,6(Q). (4.10)

Substituting (3.2), (3.3) and Theorem 4.3(c) into (4.10), we obtain
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0> @e(@°) =28@) +4y @ +¢* (7). (411)

Appealing to (4.11), Theorem 4.5 and (4.7), we obtain

1 3
B@) = §[<p3(q)<p(q9) —4y (@) - ¢*(@®)] = 5<p3 (@)[e@ —¢(@®)]-

The second assertion follows on replacing q by g* in the first one. O
5. Identities involving ¢ (q), i € {1,4, 9, 36}
We give four identities, (5.1)-(5.4), of degree 4 of the form
4
Y. al. j.k Do @’ (a*)¢*(a°)¢' (a°) = 0.
i,j,k,I=0

i+j+k+=4

We list the coefficients a(i, j, k,[) of identities (5.1)-(5.4) in Table 5.1.

Table 5.1

o @9l (aHeka)¢' @) adi, j. k.1

(5.1) (5.2) (5.3) (5.4)
o' (@ 1 1 1 0
3@ —4 -4 —4 0
V3 (@) —4 —4 —4 0
0> @9@*®) 4 4 4 0
V2 (@*(@h) 12 4 0 1
V> (@e@He®) 12 12 12 0
2@ @@He@>®) —24 -8 0 -2
(@9 (@) 6 6 6 0
V> (@9 @)e@>®) —-12 12 -12 0
V29> (G*®) 12 4 0 1
@@ @ —-16 0 8 )
2@ (o) —24 -8 0 2
@@ (@He@>®) 48 0 —24 6
P@9@He*(q®) -12 12 12 0
@9 @)e@>®) 48 16 0 4
@9 @He* (@) —48 0 24 -6
0@9> @) —12 -12 ~12 0
0@9* (@)@ 36 36 36 0
2@e@")9* (@) -72 24 0 _6
2@9* @) 48 0 —24 6
o* (" 8 0 —4 1
Rl 16 0 -8 2
0> (@) -32 0 16 —4
V2 (@H9* (@) 12 4 0 1
V2@ e@®)p@*®) —48 0 24 6
P (aHe* (@) 48 0 —24 6
0@@He3 @) 12 12 12 0
0a@He? @) e@*®) -72 —24 0 —6
@) %) 144 0 —72 18
0@He* (@) —96 0 48 12
0*(q®) 9 9 9 0
03 @)e(@*®) -36 -36 -36 0
029 (%) 108 36 0 9
0@")9* (@) —144 0 72 ~18
04 (*%) 72 0 ~36 9
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Identities (5.1) and (5.2) are consequences of Theorems 4.1 and 4.2 respectively using (4.2). Identi-
ties (5.3) and (5.4) are linear combinations of (5.1) and (5.2).

6. T;(q) in terms of (p(q"), ie{1,4,9,36)}

By (1.2), (1.4), (1.6) and (4.2), we obtain

1
T(q) = §<p3 @(e@ —2¢(q*) - 3¢(q°) + 6¢(*°)). (6.1)

Let w denote any 12th root of unity. Then

oo o0 oo o0

2 2 2 2
pp= 3 " +o Y 4ot Y "+ 3 "
_n=—c0 n=— n=— n=—
n=0 (mod 6) n20 (mod 2) n=0 (mod 2) n20 (mod 2)
n#0 (mod 3) n#0 (mod 3) n=0 (mod 3)

Thus we obtain

9(@q) = 0p(q) + (0* — ) (q*) + (©° — )9 () + (1 + 0 — 0* — )9 (@*®°).  (6.2)
In particular we have
He(@®) — (@), (63)
*(0(a°) — ¢(a°)). (6.4)

Replacing q by wq in (6.1), and appealing to (6.3) and (6.4), we obtain

(,0(604(]4) — (D(q36) T w
(p(wgqg) — ¢(q36) +w

1
T(@q) = 5¢° (@) (p(@9) - 20 (") = 3p(w°q’) + 60 (). (65)

Next for r € {0, 1, ..., 11} we have with w chosen to be e27i/12

1 00 11 1 11 00

— (n—r)k _ —rk k \"

T (q) = ﬁ § t(n)qn § " = ﬁ E w E t(n)(w‘q) s
n=0 k=0 k=0 n=0

that is

1 11
T@ =15 > 07T (wkq). (6.6)
k=0

Appealing to (6.2)-(6.5), using MAPLE, we calculate T(w*q), and then by substituting the values of
T(w*q) in (6.6), we obtain T,(q) (r €{0,1,...,11}) in the form

4
Ti@= Y. b jkDe'@¢!(q*)e" ()¢ (@)
i-&l-’j]—;—kk{ﬁ-:li4

The coefficients b; (i, j, k,l) are given in Table 6.1. (We note that we used the identities (5.2) and (5.4)
to simplify T4(q) to the form given.)



Table 6.1

P @9l (aHeka)e' @) br(i, j. kD) (r=0,1,...,11)
To(q) T1(q) T2(q) Ts(q) T4(q) Ts(q) Te(q) T7(q) Ts(q) To(q) T10(q) T11(q)

) 0 0 0 0 0 0 0 0 0 0 0 0
o> @@ 0 0 0 0 0 0 0 1 0 0 0 0
0> (@e(q®) 1/2 0 0 0 0 0 0 0 0 0 0 0
@9 —1/2 0 0 5/2 0 0 0 -1 0 0 0 0
V@@ @q*) 0 0 0 0 0 0 0 -3 0 0 0 0
o> (@@ e@®) —3/2 0 0 —3/2 0 0 0 -3 0 0 0 0
V*@eaHe®®) 3/2 0 0 -6 0 0 9/2 6 0 0 0 0
P2(@9*(q°) -3/2 0 0 0 0 0 0 0 -3,2 0 0 0
V*@e@®)e@*®) 3 0 0 -6 0 0 0 3 3 0 0 3
V2 (@p? (%) —-3/2 0 9/2 6 0 0 -9/2 -3 —3/2 0 0 -3
@3 @@ 0 -1 0 0 0 0 0 3 0 0 0 0
P@9*@He@) 3/2 0 0 3 0 0 -9/2 6 0 0 0 0
o@* (@) —3/2 3 0 9/2 0 0 —9/2 -9 0 3/2 0 0
P@eaHe* @) 3 0 0 3 0 0 0 3 3 0 0 6
e@e@He@)e*®) -6 0 0 6 0 0 0 —12 -6 0 0 6
P@e@H)p*@*) 3 -3 -9 -9 0 6 9 9 3 -3 0 0
@93 3/2 0 0 0 3/2 0 0 0 3 0 0 0
P@9*@)9(@*) -9/2 0 0 9/2 -9/2 0 0 -9/2 -9 0 0 0
0(@e@)p*(q%) 9/2 0 -9 -9 9/2 0 9/2 9 9 0 9/2 0
0@¢3 %) —3/2 9/2 9 9/2 -3/2 -6 -9/2 -9/2 -3 3/2 -9/2 0
ot 0 1 0 0 -1 0 0 -1 0 0 0 0
03 @hHe®) -1/2 1 0 —3/2 0 0 9/2 -3 0 —5/2 0 0
03 @H @) 0 —4 0 -1 4 0 0 4 0 1 0 0
V> @%@ —3/2 0 -9/2 -3 0 0 9/2 -3 -3/2 0 0 6
P2 aHe@)p@*®) 3 -3 9 0 0 -3 -9 9 3 6 0 -9
V2@ e* (%) 0 6 0 3 -6 -3 0 -6 0 -3 0 3
0@@He3 @) —3/2 0 0 —3/2 —3/2 0 0 —9/2 -3 0 0 6
e@H9*@)e@*®) 9/2 0 9 0 9/2 0 -9/2 18 9 0 -9/2 -18
0@H @) e*@>%) —9/2 9/2 -9 9/2 —9/2 0 9/2 —45/2 -9 —9/2 9/2 18
@3 @) 0 -9 0 -3 12 6 0 9 0 3 0 -6
C) -3/2 0 0 0 —-3/2 0 0 0 —3/2 0 0 0
0> (@)e(@*) 6 0 0 -3 6 0 0 6 6 0 0 -3
029 @) -9 0 0 9 -9 0 0 -18 -9 0 0 9
0(@)93 (@) 6 —6 0 -9 6 3 0 18 6 3 0 -9
04 (% 0 6 0 3 -9 -3 0 -6 0 -3 0 3

8122-761Z (1102) 1£1 A10ay] 1aquinp fo jpu.nof / pInjy 'y

60¢¢C



2210 A. Alaca / Journal of Number Theory 131 (2011) 2192-2218

7. C1,12(q) and C7,12(q) in terms of ¢ (q), i € {1,4,9, 36}

It was shown in [5, Lemma 2.3, p. 16] that

o(i9) = o(q*) +i(e@ — ¢(q%)).
p(—ig) = ¢(q*) —i(p@ — ¢(q*)). (7.1)
Theorem 7.1.
@ Cin@= l<p4(q) - l903(q)90(q“) - 1<p3(q)<p(c19) + l903(q)90(q36)
’ 16 4 2 2
3 3 3
+ Zqoz(q)so(Q“)sv(qg) + §¢2(q)¢2(qg) - Zsoz(q)qo(qg)w(q%)
1 3 3
+ Zso(q)v)3 (%) - ;1<p(q)<ﬂ2(q4)¢(q36) - Zw(q)¢(q4)¢2(q9)

3 3 9
+ Zw(q)w(q“)wz(q%) — Zw(q)<p3(q9) + Zw(q)wz (@®)e(a*®)

- %sﬂ(q)qﬁ @°) - %¢3(q4)¢(q9) + %(pz (@)e(@)e(@®) + pr(q“)w?’ (@)

- %w(q“)w(qg)wz(q%) + %cp“(qg) - §<p3(q9)<p(q3") + §¢(q9)¢3(q36),

(b)  Cr1209) = —%w“(q) + %qﬁ(q)w(q“) + %<p3(q)<p(q9) - %qﬁ(q)w(q%)
- %wz(q)w(q“)(p(qg) - %wz(q)wz(qg) + %wz(q)w(qg)w(q%) - %w(q)qﬁ(q“)
+ %¢(q)¢2(q4)¢(q36) + %w(q)w(Q“)wz(qg) - %fp(q)w(Q“)wz(q%)

3 9 3 1
+ 5<p(q)s03 (¢°) - th(q)wz(qgw(q“) + Zso(q)sf (%) + Z¢3(q4)¢(q9)

Proof. Recall that c(n) =0 for n=1 (mod 6). We have

o o
CGn@-CGo@= Y, - > g
n=1 n=1
n=1 (mod 6) n=1 (mod 6)
n=1 (mod 4) n=3 (mod 4)

= i C(n)q”(w> = lC] 6(iq) — lC1 6(—iq)
2i 2i 2i '

n=1
n=1 (mod 6)
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Appealing to (4.9) and (7.1), we obtain

C1.12(@) — Cr.12(@) = %¢3(q)¢(q4) - }1<p3(q)<p(q36) - %fpz(q)fpz(q“)
- %ﬂz(q)w(q“)w(qg) + %fpz(q)rp(q“)w(q%) + %wz(q)w(qgw(q%)
- %wz(q)fpz(q%) + %w(q)ff(q‘*) + %fp(q)wz(q“)w(qg)
- gfp(q)goz(q“)w(q%) + %@(q)¢(q4)¢2(qg) -30@9¢(a*)e ()¢ ()

9 9
~0@¢*(0°)p(q®) + 5<p(q)<p(ff’)<p2 (¢*°)

3
+ Zo@e(q*)¢*(a*°) - 3

2

@)@ - >

- ;w(q)¢3(q36) - 29 (@) (@) + %wZ(Q“)w(qg)(p(q%)

- grp(q“)w(qg)soz(q%)

9
—¢2(q9)¢2(q36) n Ew(qg)¢3(q36)’
_% 3.9\ _ § 2 2(.9 l 3 9
CLz@ + C2@ = 29@¢* (@) — 59" @¢* (@) + 79" @e(a")
1 4 9 49
59 @ = 59"(@).
The assertions follow by adding and subtracting the above two equations and using identity (5.2). O

Theorem 7.2.

C1.6(q%) = ¢> 2(@@* (4 )+%<p2(q4)<p2(q9)— %w(q)cv(q“)(p(qg)w(q”)-

Proof. Sun [11] has shown that for a,b € N and q € R with |g| < 1

o0

H(l—q " (1-¢"™) 1+i

n=1

R(a+b,12(a —b),36(a+b); 24n+a+b)

NI'—K

— R(4(a+b),12(a —b),9(a + b); 24n +a+b)|q"

where R(a, b, ¢; n) = card{(x, y) € Z? | n = ax* + bxy + cy?}. Take a =b = 12. Then
[Ja-a")" =1+ Z [R(24, 0, 864; 24n + 24) — R(96, 0, 216; 24n + 24)]q"

1 o0
+5 Z R(1,0,36;n+1) — R(4,0,9;n+ 1)]q"
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Multiplying both sides by 2q, we obtain

o0

oo o0
2q[J(1-4"")*=2g+) R(1,0.36:mq" — Y R(4,0,9; m)q"

n=1 n=2 n=2

= 0@ (*°) — o(a*)e(d°).

as R(1,0,36;0)=1, R(1,0,36;1) =2, R(4,0,9;0) =1, R(4,0,9; 1) = 0. Squaring both sides, we ob-
tain the asserted identity by (1.5). O

8. Evaluation of L; ;(q)

Theorem 8.1.

1
L12(q) = ifp(q“)[pr @ - 3¢*@e(a*) +4p@¢*(a*) — 2¢°(q*)].

Proof. From [3, Theorem 2.4(i)] we have

L12(q) = }l(w(q) —0(=0)¢*(a*)p(a*).
The asserted result now follows using (4.4) and (4.5). O
Lemma 8.1. Ly 4(q) = 3L1.2(q?).
Proof. Recall that for all n € N, we have
o(2n) =30 (n) —20(n/2). (8.1)

Hence, appealing to (8.1), we deduce

oo x
La@= Y. omg= Y  o@mng"
n=1 n=1
n=2 (mod 4) n=1 (mod 2)
o

=3 Y om¢"=3L(¢). O

n=1
n=1 (mod 2)
Theorem 8.2.
1
@ Lia@= §¢3(q4)(¢(q) —o(qY),
3
b Laa(q) = Z¢2(614)(<.0(CI) — (@)’

1
© L3a(q)= iso(q“)(so(q) —o(@*)’.
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Proof. (a) From [3, Theorem 2.4(ii)] we have by (4.4),

1
Lia@=;[e@ - o(—]¢*(q*) =

(b) Replacing q by g2 in (4.5), we have

Substituting (4.5) into (8.2), we obtain

(0@ —0(a*)* =20(a*) (9(¢*) — (¢")).
Appealing to Lemma 8.1, Theorem 8.1, (4.5) and (8.3) we obtain
Lo.4(q) = %rp(qg) [0%(a%) — 30%(0*)@(q®) + 49 (a*)*(a®) — 2¢°(d®)]
= ;w(qs)[w(qz) - ¢(a*)][¢*(@*) — 20 (@) (a°) +2¢°(¢°)]

= Z(pz(q“)[so(q) — o]

(c) From [3, Theorem 2.4(iii)] we have

L3 4(q) = %[w(q) —90][e(@) - ¢(-a*)]e(a*)¢ (¢).
Then, by (4.4) and (8.3), we obtain
L3.4@ = ¢(a*)[o@ — ¢(a*)]o(®)[¢ (@) — ¢(a®)]
= 0(") 0@ ~ 0(a")]5[0@ ~ 9] = 50l 0@ — 0(a")]"

Theorem 8.3.

@ La@) =300 (0@) - 9(@)),

O La(e®) = 3020 @) - ()’

©  Lale®) = 50() (@) - 9(*)"

Proof. Replace q by q° in Theorem 8.2. O

2213

(8.2)

(8.3)
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Theorem 8.4.

1
@ a@=g(-1+ o' (@),

b a(q"?) == (—143¢(q")¢* (@°) — 3¢%(a*)* (@) + ©*(a*) e (¢°°)).

©  a(@®) =z (-1+¢*d*)).

| = 00| =

Proof. (a) The number of representations of n € N as the sum of four squares is 80 (n) — 320 (n/4) so

o

¢* (@) — 1= (80 () — 320 (n/4))q" =8Lo.1(q) — 32Lo.1(q*) = 8a(q).

n=1

(b) Replacing q by q* in (4.7), we obtain

904(6112) _ 3<p(q4)qo3 (qBG) _ 3(,02 (q4)<p2 (q36) + (P3 (q4)<p(q36). (8.4)

The assertion follows from (a) on replacing q by q!2 and then using (8.4).
(c) Replace g by g% in part (a). O

Theorem 8.5. Let @ = e27!/3 Then, fors=1,2,...,11,

1 1 2s 1 S 2
Ls12(q) = §Ls,4(Q) + 3@ Ls 4(wq) + 3@ Ls.4(0%q).
Proof. We have

o0
Lin@= Y oo
n=1
n=s (mod 3)
n=s (mod 4)
o

= Z omq"(1+ " + a)z(”_s))

n=1
n=s (mod 4)

1 1 1
= §Ls,4(Q) + ngsLsA(wQ) + gwsLsA(wZQ)' O

Theorem 8.6. For s € {1,2,3,5,6,7,9, 10, 11}, we have

4

Ln@= Y o jkbe'@e (a*)e"(e®)¢' ().

i,j.k,1=0
i+ j+k-+i=4

The coefficients c¢;(i, j, k, 1) are listed in Table 8.1. We note that L 12(q) is shortened as L; 12.
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Table 8.1
cs(i, j, kD s=1 s=2 s=3 s=5 s=6 s=7 s=9 s=10 s=11
Li12 Lr12 L3 12 L5 12 Le.12 L7.12 Lo 12 L1012 Li112
¢s(4,0,0,0) 0 0 0 0 0 0 0 0 0
cs(3,1,0,0) 0 0 0 0 0 1/2 0 0 0
¢s(3,0,1,0) 0 0 0 0 0 0 0 0 0
cs(3,0,0,1) 0 0 1/2 0 0 —-1/2 0 0 0
cs(2,2,0,0) 0 0 0 0 0 -3/2 0 3/4 0
cs(2,1,1,0) 0 0 3/2 0 0 -3/2 0 0 0
cs(2,1,0,1) 0 0 -3 0 3/2 3 0 —-3/2 0
5(2,0,2,0) 0 0 0 0 0 0 0 0 0
cs(2,0,1,1) 0 0 -3 0 0 3/2 0 0 3/2
5(2,0,0,2) 0 3/4 3 0 -3,2 -3,2 0 3/4 -3,2
¢s(1,3,0,0) 1/2 0 0 0 0 3/2 0 —32 0
cs(1,2,1,0) 0 0 -3 0 3/2 3 0 -3/2 0
s(1,2,0,1) -3/2 0 9/2 0 -9/2 -9/2 3/2 9/2 0
¢s(1,1,2,0) 0 0 -3 0 0 3/2 0 0 3/2
c(1,1,1,1) 0 3 12 0 -6 -6 0 3 -6
s(1,1,0,2) 3/2 -9/2 -9 3/2 9 9/2 -3 -9/2 9/2
¢s(1,0,3,0) 0 0 0 0 0 0 0 0 0
¢5(1,0,2,1) 0 0 9/2 0 0 0 0 0 —9/2
cs(1,0,1,2) 0 -9/2 -9 0 9/2 0 0 0 9
¢s(1,0,0,3) 0 9/2 9/2 —3/2 -9/2 0 3/2 0 -9/2
¢5(0,4,0,0) ~1/2 0 0 0 0 ~12 0 3/4 0
¢5(0,3,1,0) -1/2 0 3/2 0 —3/2 -32 1/2 3/2 0
cs(0,3,0,1) 2 0 -2 0 3 2 -2 -3 0
¢5(0,2,2,0) 0 3/4 3 0 —3,2 ~3,2 0 3/4 ~3,2
(0,2,1,1) 3/2 —9/2 -9 3/2 9 9/2 -3 —9/2 9/2
cs(0,2,0,2) -3 9/2 6 -3 -9 -3 6 9/2 -3
¢s(0,1,3,0) 0 0 3/2 0 0 0 0 0 —3/2
5(0,1,2,1) 0 —9/2 -9 0 9/2 0 0 0 9
(0,1,1,2) 0 27/2 27/2 —9/2 —27/2 0 9/2 0 —27/2
¢s(0,1,0,3) 0 -9 —6 6 9 0 —6 0 6
¢5(0,0,4,0) 0 0 0 0 0 0 0 0 0
cs(0,0,3,1) 0 0 —3/2 0 0 -3/2 0 0 3
¢5(0,0,2,2) 0 9/2 9/2 0 -9/4 9/2 0 -9/4 -9
¢5(0,0,1,3) ~3,2 9 —9,2 3 9/2 —9,2 3,2 9/2 9
¢(0,0,0, 4) 3/2 9/2 3/2 -3 —9/4 3/2 3/2 —9/4 -3

Proof. We do the proof only for L1 12(q) as the other ones can be done similarly. By Theorem 8.5, we

have

1 1, 1 ,
Ly12(9) = §L1,4(Q) + 3@ Ly4(wq) + §60L1,4(60 q).

Appealing to Theorem 8.2(a), (6.2) and (6.3), we obtain

3 9
L14(wq) = Ew(q)wz(q“)w(q%) - ifp(q)w(q“)wz(q“) +30@¢> (%)

- %qﬁ (@) e(@®) —2¢%(¢*) e () - ng(q“)w(qg)w(q%)
+ 9(,02 (q4)<p2 (q36) + §<p4(q36) _ 12(/)(614)(03 (q36) . 290((19)(03 (q36)

+9¢(q*)¢(a°)9*(4°°) + wA(g),

(8.5)
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Lia(0’a) = =5 9@¢° (@) + 3p@¢?(a*)p(a) - w(q)w( 9* ()

+ %w(qw?’ (@) + %w“(q“) +¢°(a%)9(a°) — 40*(¢*) @ () — 60(q*)¢*(a°°)

— =% (09 (2°)e(a*®) + 9% (¢*)*(a°°) + gso(q“)w(qg)w2 (@) — wA@).

where

1 3
AQQ) = Ew(q)<p3(q4) — —w(q)wz(q“)w(q%) + Z0@¢*(¢°°)

Substituting L1 4(q), L1,4(wq), L1,4(w2q) into (8.5) completes the proof. O

We note that L4 12(q) and Lg 12(q) can be obtained in a similar manner. They are excluded as they
are not needed in this paper.

9. Proofs of theorems of Section 3

Theorem 3.10 follows from Theorems 4.5, 4.6, 8.3(a), 8.4(c), Tables 6.1 and 8.1 immediately. We
just prove Theorem 3.7. The rest can be proved similarly.

By Theorems 4.5, 4.6, 7.1(a), 8.3(a), 8.4(b), Table 6.1, Table 8.1 and the identity (5.3), the right-hand
side of Theorem 3.7 becomes

21—4 [0*@ — 40’ @9 (%) — 40> @9 (a°) + 40> @9 (@) + 120> @9 (a*) 9 (a°)
+60°(@9*(0°) — 120° @ (2°) 9 (a7°) + 8@ > (¢*) — 120 @¥*(¢°)
—240@¢*(7%) ¢ (0°) — 120@e(a*)9*(2°) + 240 @ (a*)9*(7°)
+360@¢° (0°)9(a°°) — 240@¢° (4°°) — 4¢*(¢*) — 8¢*(4*) ¢ (¢°)
+169°(a")9(a7°) +249% (") (a°) 0 (°°) — 249% (a*)9* (°°) + 99(¢°)

9(a°)9*(a%°) +48¢(a")¢* (°°) + 120(a*)¢* (¢°) — 36" (¢%°)
9*(¢%°) — 360> (¢°)0(¢°)] + @@ (a*) 0 (4°°)

= 0@¢*(q*) ().

—72¢(q 4)
)

+ 72g0(q9

10. Proofs of theorems of Section 2

We deduce Theorem 2.7 from Theorem 3.7. The rest can be proved similarly. By Theorem 3.7 and
(1.1), (1.5), (1.7), (1.8), we have
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[e.¢]
Y N(1,4,4,36;n)"

n=0
o0 o0 o0
=1+8) omq™-32) omg®™+2 Y omq"
n=1 n=1 n=1
n=1 (mod 3)
o0 o0 o0
-8 Y  omg+4 > omq™-16 Y  omq'®™
n=1 n=1 n=1
n=1 (mod 3) n=2 (mod 3) n=2 (mod 3)
9n n n
+ Z o(mq™" + § Z on)q + § Z o(nq
n=1 n=1 n=1
n=1 (mod 4) n=1 (mod 12) n=5 (mod 12)
5 o0 2 o0 o0
n n 4n
+t3 X omd+3 Y cma'+4 3 clng
n=1 n=1 n=1
n=9 (mod 12) n=1 (mod 12) n=1 (mod 6)
1 o0 oo o0
n n n
+ 5 Z t(mq" + Z t(n)q" + Z t(mq )
n=1 n=1 n=1
n=1 (mod 12) n=5 (mod 12) n=9 (mod 12)
o0 o0 oo
=1+8) om/12)q"—32) om/48)"+2 > om/4q"
n=1 n=1 n=1
n=1 (mod 3)
o0 o0 o0
-8 ) om16)q"+4 Y om/4d"-16 > o@/16)¢"
n=1 n=1 n=1
n=1 (mod 3) n=2 (mod 3) n=2 (mod 3)
n n n
+ Z om/9q" + 5 Z o(mq + 5 Z o (n)q
n=1 n=1 n=1
n=1 (mod 4) n=1 (mod 12) n=5 (mod 12)
5 o0 2 o0 o0
N ocmq"+ = c(n)q" +4 c(n/dq"
+3 ,; (mg" + 3 n; mq" + n; (n/4)q
n=9 (mod 12) n=1 (mod 12) n=4 (mod 6)
1 o0 o0 o0
n n n
+ 5( n; tmq" + n; tmq" + ’; t(n)q )
n=1 (mod 12) n=5 (mod 12) n=9 (mod 12)

Equating the coefficients of ¢" completes the proof.
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