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A characterization of resonance functions in terms of amplitude and phase is
given for radial Schrodinger operators. The potential is a sum of an analytic
background potential as, for example, the Coulomb potential and an exponentially
decaying term. > 1987 Academic Press, Inc.

INTRODUCTION

Since the work of Gamow [5] on a-decay of nuclei, resonances have
been associated with outgoing, exponentially growing solutions of the
Schrodinger equation (Gamow waves). Especially in the radial case an
extensive literature has developed on this subject, cf. Newton [6]. For a
more detailed analysis of resonance functions it is useful to connect them
with solutions of the analytically continued Lippman-Schwinger equation.

Assuming V exponentially decaying, the Lippman-Schwinger operator
VR,(k) has an analytic continuation VR, (k) into a strip as a function tak-
ing values in the space %(#,) of compact operators on an exponentially
weighted space /. Resonances are identified as singular points of VR(k)
in the 4th quadrant, and a resonance function i at the resonance z is given
by Y =Ryk)®, where & is a solution in h, of the equation
&+ VRy(z) ®=0. This suggests a generalization to pairs (H,, H,+ V),
where H =H,+ U and U is a suitable short-range potential. The key
property to be established is, that the operator VR, (k) should have an
analytic ¢(h,)-valued continuation VR (k) into the 4th quadrant.

In Section1 we establish this theory of resonances for radial
“background” potentials U, using partial wave analysis. We give an explicit
expression for R,(k) for each value of the angular momentum quantum
number /, in terms of analytically continued generalized eigenfunctions
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(Lemma 1.4). It is also shown that if the S-matrix of (H,, H,) has
an analytic extension into a region (), then these analytically continued
cigenfunctions exist (Lemma 1.1) and hence VR,(k) has a %(h,)-valued
continuation into {ke @|Im k> —a}.

An important example of potentials U, for which the S-matrix has an
analytic extension, is the class of dilation-analytic, short-range potentials
[17]. Here ¢ is the sector S, = {z||Argz| <} of dilation-analyticity. As a
consequence (Theorem 1.6) we show that the S-matrix of (Hy, Hy,+ U+ V)
has an analytic extension for U short-range, dilation-analytic and V
exponentially decaying, generalizing a result of [3] in the radial case. Thus,
U+ V can also serve as a background potential.

In Section 2 we characterize a resonance z by the existence of a regular
solution Y (the resonance function) of the Schrédinger equation
(Ho+ U+ V—2z?) =0 which is asymptotically very close to the outgoing
solution of the equation (Hy+ U —z?) u=0.

Writing the Schrodinger equation as a pair of differential equations for
the amplitude f and phase ¢ of the solution u, we derive in Section 3 some
basic properties of f and ¢, when z* is nonreal.

In Section 4 we further analyze the resonance function ¥ = fe’ in terms
of certain asymptotic conditions on f and ¢ (Theorem 4.1). The result is
precise in the following sense. Given an amplitude f satisfying these con-
ditions, there exist a unique phase function ¢ and potential V, such that
W =fe'® is the resonance function of Hyo+ U+ V at the prescribed
resonance z. Thus, for a given background potential U and a prescribed
resonance z, we have characterized the class of all functions { which can
occur as resonance function for Hy+ U+ V for some V=o(e *"). An
analogous result is proved for antibound states (Theorem 4.4). Here the
phase ¢ is 0, but in general the antibound state has a finite number of
nodes, whereas the resonance function is node-free.

Finally, in Section 5 the theory is extended to the physically interesting
case, where U is the Coulomb potential. Using the explicitly known form of
the Coulomb wave functions, we obtain similar results on resonance
functions and antibound states with modifications due to the logarithmic
term in the Coulomb phase function.

Most of the results of Section 1-4 have been given without proof in [2].

1. RESONANCES FOR A BACKGROUND POTENTIAL

Let R*=(0,0), RF=[0,00), C*={keClImk>0}, C =
{keCiImk>=0}. For a>0 we let C,={keCl|lmk> —a}, J,=
{keC|—a<Imk<al.

Let h=L*R™), h*= H*(R™"), the Sobolev space of order 2 on R*. The

a
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exponentially weighted spaces # . , and the weighted Sobolev space A2 , are
defined by

hiuz{fl”f”ia=“€iarf”h<oo},
hz—az{f”lf“hz,u:”eﬁwf”hz<00}-

For any angular momentum quantum number /=0, 1, 2,.., the free
Hamiltonian H} is the operator in h given by

& I(l+1)
Hi=— Er_2+—7_’

where H) is essentially self-adjoint on CF(R*) for />1, while the self-
adjoint operator HY is the closure of its restriction to
{ue C(F™) u(0) =0},

The free resolvent Ri(k)=(H,—k?)"' is defined for keC™*, and
Ri(k)e B(h, h*). We also define the operators

Ri(kye B(h, k) for keC* by Ri(k)=Ryk)lh,.

It is well known, that R3“(k) has an analytic, B(h,, h* ,)-valued analytic
continuation Ri(k) from C* to C,. If the potential V is in €(k2 ,, h,), we
have VR/(k)e%(h,) analytic in C,, and resonances of (H), H,+ V) in C,
can be defined as poles of (1+ VR.(k)) ™.

This suggests the following generalization. Let U be a symmetric, H}-
compact operator; H{=H,+ U is self-adjoint on Z,;. Let Ri(k)=
(H! —k*)~"' for keC™*, Ri(k)eB(h, h*), and let R:*(k)=R!(k)| h,€
B(h,, h* ). If R(k) has an analytic continuation R/ (k) from C* across R*
to a larger domain O, and Ve%(h% , h,), then VR.(k) is a €(h,)-valued,
analytic function in ¢, and resonances of (H%, H, + V) can be defined as
poles of (1+ VR,(k))~" in the 4th quadrant. In this section we shall dis-
cuss under what conditions on a multiplicative potential U such con-
tinuation exists. U will be called the background potential.

We make use of the well-known partial wave analysis, referring to [6]
for general background. The potential U is assumed to be a real-valued,

measurable function on R* satisfying the following conditions:
(i) [&r*|U(r)|? dr < oo forall R>0,
(i) [ [U()) dr< oo,
(iii) esssupg <, |Ulr)l < oo for some Ry > 0.

The class of potentials satisfying (i)-(iii) will be called S— R. We note
that Ue S — R implies U H)-compact and hence H| = H! + U self-adjoint
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on 2,. We construct Ri(k)=(H|{~k?)~"' for keC* via the Green’s
function for the equation

2
(- g+ 2 vin -k utn=o. (1)

We denote by ul(k, r) the regular solution of (1.1), defined for ke C and
r>0 by ul(k, r)~r'*" for r >0 and recall that u))(k, r) is entire in k* for
every r>0. The outgoing and incoming solutions u’ (k, r), defined for
+keCT\{0} by ' (k, r)=~e*™ for r > oo, are for every r >0 analytic in
+C+ and continuous in +C ¥\ {0}. The Jost function #(k)= W[u', (k, "),
u' (k,-)] is analytic for ke C* and continuous for k€T~ \{0}. The con-
nection between u), ', , and u’ is given for ke R\ {0}, r>0 by

1
ul(k, r) =57 (F—k)yu' (k,r)—Flk)u' (k,r)]. (1.2)

The S-matrix S,(k) is a continuous function of ke R* and is given by

. m/'gzl(—k)
Sitk) = e =2 (1.3)

We set A= {zeC* | F(z)=0} = {iA|A>0, — 4% is an eigenvalue of H!}.

LEMMA 1.1. Let © be a domain in C\({— A"} u {0}) having nonempty
intersection with R*. The following statements are equivalent:

(1) The Jost function #(k) has an analytic continuation F(k) from
C*\{0} 1o ONC™.
(2) The S-matrix Sk} has a meromorphic extension Sik) from
@ AR™* to © ~C~ with poles at the zeros of #(k) and no zeros.
(3) For every r>0, ', (k,r) has an analytic continuation i, (k, r)
from C*\{0} to ONC™.
Proof. (1)<>(2) is clear from (1.3).
(1)=(3). We define &, (k, r) for ke 0n T~ by
2ik Fk)

ﬁ[+(k, r)y=———ub(k, r)+m
!

(%(*k)uo w' (k,r) (1.4)

By (1.2) this agrees with u/, (k,r) for ke R* n ¢ and hence for every
r>0, @', (k, r) is an analytic continuation of u’ (k,r) to OnC™.

(3)=(1). Fix ro>0 such that u’ (k,ro)#0 for Imk<0. Then
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u' (k,ro)#0 except for k in a discrete set .#(r,). Define F7(k) for
k¢ M(ry), keOnC™ by
u{)(ks rO)

i"rok = Qg 2 97
Ttk = =2k

+ F(—k)
Let r> 0 be fixed. We have for all k>0

ub(k, 1) ==

2 LI k) ' (k, 1) — Filk) u'_(k, )]

By uniqueness of analytic continuation we get for all ke@nC,
k ¢ e/I("OL

1
ub(k, r)=

5 [P = k) i (k, r)~F k) u' (k, r)].

Hence Z (k)= Z (k) for ke ONC~, k¢ M(ro)u H(r).
For every ke #(r,) there exists r, such that k¢ .#(r,), since otherwise
we would have ' (k, r)=0. Then the function &/t defined by

~

onin [ F (k) for k¢ d(r,)
F] (k)—{ﬁyl(k) for ke d(r))

is analytic also at k. This shows that all points of .#(r,) are removable
singularities of Z#/°(k), and it follows that Z(k) has an analytic con-
tinuation to O " C ™.

The lemma is proved.

DeFINITION 1.2. Let ¢ be a domain in C\({—.4"}u {0}), such that
ONnR*#¢4. The potential Ue S— R is said to be C-analytic, if the
equivalent conditions (1)-(3) of Lemma 4.1 are satisfied.

To proceed further it is important to know the asymptotic behaviour of
i (k,r)for ke ®~C~. We have the following result.

LEMMA 1.3. Assume that Ue S — R is O-analytic. Then
al (k,rye * =1  for r— o,

uniformly for k in compact subsets of C* U 0.

Proof. We recall the following estimate (cf. [6]):
lug(k, rye=™|<C (L5)

valid for Im k<0, r=0.

409/123/2-4
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From (14), (1.5) and ', (k,r)eF* — 1 for r— oo it follows that for
every compact subset K of ¢ and &> 0 there exists C(X, ¢) such that

|a' (k,rye *| < C(K, ¢) for keK r>e. (1.6)

Now conclude from (1.6), since #/, (k,r)e * — 1 for r—» oc, keC* N0,
by Vitali’'s convergence theorem (cf. [7]), applied to any sequence
i, (k,r,) e *m ke, such that r, — oo, that

171+(k, rn)e—ikr"ﬁ 1 for ke,

uniformly for & in compact subsets of ¢. The Lemma is proved.

Based on Lemma 1.3 we obtain the following result on analytic con-
tinuation of Rie(k):

LEMMA 1.4. Assume that Ue S — R is O-analytic. Then the B(h,, h* )-
valued function R*(k) has a meromorphic continuation R'(k) from C*\ N
to @~ F, with poles at the zeros of #(k), given by

(RI(K) o)) =—— 2 (k, r) [ ik, ) ol1) i

L d k) r w (k, 1) o(t) dr

2ik .
LI r)ra (k, 1) o(7) dr (1.7)
2 Y- ' '

Moreover,

[(RI(k) v)(r)| < C(k)r*  for rnearO0.

For every r>0 the function (Ri(k)v)(r) is meromorphic in
/ge(@*\ﬂ’)u((ﬁr\ﬂ;) with poles at the zeros of #{k), and for veh,,
Ri(k) v is a solution of the equation

(HY _,—K)Ri(k)v=n.

Proof. R!(k) is a meromorphic B(h, h*)-valued and hence R:“(k) a
meromorphic B(h,, h>  )-valued function on C*\.4". By the standard con-
struction of the Green’s function it is easy to show that R{“(k) v is given for
ke(CT\A )T, by
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1 r
(RI#(k) 0)r) = s (o ) [ s 1) o0

+

o k) jrw u, (k, 1) o(t) dt

=9@’,zk) u', (k, r) f:o wl(k, 1) v(7) dt

r -
+ﬁ"*(k’r)£ ut (k, 1) v(1) dt
1

- ul (k1) jf u (k, 1) (1) dt. (1.8)

By the (O-analyt~icity of U and (1.5), (1.6) we can define (R.(k, v)(r) for
ke (0T {k|Fk)=0} by (L7).
Thus, for ve A, the function u(k, r)= (R\(k) v)(r) is given by

u(k, r)zfx’ Kk, r, ) o(t)di, keONT, r>0,

0

where 4 (k, r, t) is meromorphic in ¢ N 7, with poles at the zeros of Z(k)
for every fixed r, t > 0. By Fubini’s theorem this implies

f ulk,rydk =0 for every Jordan curve
r
re(0ng)\ k| #k)=0}

and by Morera’s theorem u(k, r) is analytic in (0~ T)\ (k| F(k)=0}.
Clearly, the zeros of Z(k) are poles of u(k, r).

Since u' (k,r)~cr~' for r >0, by (1.4) also @, (k,r)~cr~' for r—0,
and since wi(k,r)~r'*" for r -0 we obtain, using the expression for
u(k, r) given by the analytic continuation of the first formula in (1.8), that
tu(k, r)| < c(k) r* for r near 0.

Moreover, by Fubini’s and Morera’s theorems, for every v, we h, the
function

. R KY 0>, = [ " 0(r) itk r)

is meromorphic in ¢ N 7, with poles at the zeros of Z(k), hence R}(k) is a
B(h,, h_,)-valued meromorphic function in C* u (0 ) with poles at
the zeros of Z(k).
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Differentiation of (1.7) yields
W' =Uu—k*u—v=[(U-k* Ri(k)-Iv. (1.9)

In view of (i) and (iii) the above implies that UR!(k) and hence by (1.8)
the map v — (4*/dr*) R!(k) v is a meromorphic B(h,, h_,)-valued function
in 0n7, Tt follows that Ri(k) is a B(h,, h* )-valued function in

C* u(0nT,) with poles at the zeros of Z(k). Moreover, by (1.9)
(H, _,—Kk*)Ri(kyv=v

and the lemma is proved.

Based on Lemma 1.4 we can now define resonances of (H,, H, + V) for
exponentially decaying potentials V. We assume that V is a real-valued,
measurable function on R™ satisfying (i) and

(i")  V(ry=W(r)e **, where {7*' | W(1)|* dt 0 for r > c0.
The class of potentials V satisfying (i) and (ii") will be denoted by &,

THEOREM 1.5. Assume that Ue S—R is U-analytic and Veé,. Then
VRi(k) is a €(h,)-valued analytic function and (1 + VR!(k))™" a B(h,)-
valued meromorphic function in {C* U (0N T)\{k|Fk)=0}. The
operator Hy=Hy+U+V=H|+V s self-adjoint on 2 —JH with

HY)=T[0, oc). The B(h,, h* ,)-valued function R%%(k)=(H ) “h,
has the meromorphic continuation Rl(k) from C*\A" to {C*\ Ao
{€~T,} given by

Ri(k)=Ri(k)(1 + VR (k)" (1.10)

with the same poles as (1 + Vﬁ’l(k))’ !. This set of poles is symmetric with
respect to the imaginary axis.

Proof. Ve & implies that ¥ e €(h% ,, h,), and by Lemma 1.4 VR/(k)is a

%(h,)-valued analytic function on {C* U(0 N T,) }\’k|,/',( )=0}. By the
analytic Fredholm theorem this implies that (14 VRi(k))™' is a
meromorphic B(h,)-valued function in the same region. It follows from the
conditions on U and V, that H} and HY are self-adjoint on %, with
6. (HY)=a,(H,)=[0, o). Restriction of the second resolvent identity to A,
yields  Rba(k)=Rie(k)(1 + VRi(k))™' for ke {CH\N ]\ {iA|A>0,
—A*e o ,(H,)}. By analytic continuation we obtain (1.10) as an~idcntity of
meromorphic functions in (CT\A)U (0N T,). Clearly Ri(k) and
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(14 Ri(k))~! have the same poles. Let R4**(k) be the adjoint of Rj(k)
with respects to the duality between 4, and & _, defined by

(u,v)a‘,a='[ aryo(r)dr, uch, veh_,.

R+

For keC*\{iA|A>0, —4i%eo,(H,) we have R5(k)=R.(—K); this

implies R5“"(k)= R5%(—k) and hence by analytic continuation
Ri(k)=Riy(—k), ke{C\N}u{ONT)

as an identity between meromorphic functions. Hence the set of poles of
Ri(k) is symmetric with respect to the imaginary axis.

THEOREM 1.6. Assume that Ue S— R is O-analytic and Ve é,. Then
U+V is O-analytic, where 0,={0nJ,}\{k|Z(k)=0}. Denoting by
y'. (k) and (k) the analytic continuation of the outgoing solution and the
Jost function of the equation

2
(*%Jr@Jr U+ V—kz)y(k,r)=0 (L11)
we have
7, (k -
o= =Rtk 1), ()
!

where @' _(k, r) is defined by (1.4).
Proof. Let W=U+V and define 4/, (k) for ke C*, k*¢ o (H,) by

' (k)= (1= Ry(k) W) wi*(k),

where w{*)(kr) is the Ricatti-Hankel function of order [/ (cf. [6,

pp. 38, 391]).
For k¢ o (H,)u o (H,) we have

y' (k)

(1= Ry(k) V)(1 = Ry(k) U) wi* (k)
(1= Ro(k) V) ', (k, )= (1 — Rs*(k) V) u!, (K, ). (1.12)

By Theorem 1.5 4/, (k) has an A? -valued meromorphic continuation
7 (k)to {C\AN}U{OnT,} given by

¥ (k)= (1= Ry(k) V) @', (k). (1.13)

Since #/, (k, r)e C'(R™), this is easily seen to imply that 2. (k,r) has a
meromorphic continuation to {C*\ A"} U {0~ 7} for each fixed r> 0.



348 ERIK BALSLEV

For k>0 we have, letting y{(k) denote the regular solution of (1.11),

y' (k, r)=[(1 - Ro(k) W) wi* (k-)](r)

yl+ (k, r) k/ef infi2

— i) .
Wik T

xf vk, 1) W(t) wi* (k, 1) dr

0

J’ﬁz(%f vk, 1) W) wi (K, 1) di
P ko Wiy wy k0
— e -8 g 1)
+ o(e™) = % +o(e™),

where we have used the identity [6, 12.144)] and the fact that
wi* ) (kr)~e™* and y', (k, r)~e™ for r - oc.

Thus 4/, (k, r)~e™*"/%(k) for r - oo, and since 3/, (k, r) is a solution of
(1.11) we have

.}"I+ (k’ r)

vk ==g %

for k>0,r>0. (1.14)

Moreover, for k>0,
1
yolk, r)=ﬁ [9U—k)y', (k,r)—=Fk)y' (k, )],

where 4(k) = (k'e ™?/(21 + 1)!!) 49(k).
This implies

(— 1) 2ikyqo(k, r)
G(—k) y', (k. r) =y (k. r)

for all k, r > 0 such that the denominator is not zero.

By an argument similar to the one used in proving (3)=(1) of
Lemma t.1 we conclude that 49(k) and hence %(k) has an analytic con-
tinuation to ¢/, with zeros at the poles of 7, (k, r), i.e., the poles of R4(k).
Note that the order of a zero z of (k) is the same as the order of z as a

k) = (1.15)
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pole of ' (k,r). Thus U+ V is 0 -analytic. The analytic continuation
7. (k, r) known to exist by Lemma 1.1 is also obtained from (1.14) as
P (k1) =9Lk) 5" (k, ).

CoOROLLARY 1.7. Suppose that U is a S— R, dilation-analytic potential
with angle of analyticity S,= {k(|Argk| <o} and Veé&,. Then U+ V is
(S, T )-analytic.

Proof. It is proved in [1], that the scattering matrix and hence, in the
radial case, S/(k) has a meromorphic extension to S, with no zeros, so U is
S.-analytic. Then by Theorem 1.6, U + V is (S, n C,)-analytic.

COROLLARY 1.8. Let U, V, €, O, be as in Theorem 1.6. Then for z€ O,
the following conditions are equivalent:
(1) %(z)=0.
(2) The S-matrix of (Hy, H,+ U+ V) has a pole at z.
(3) The equation
&+ VRI(z)d=0
has a solution ®eh,, +#0.
(4) The operator-valued function Ri(k)e B(h,, h* ) has a pole at .

DEerFINITION 1.9. Let U, V, 0, ¢ be as in Theorem 1.6. We denote by X,
the set {ze(|%(z)=0}. If z=a—ifeX, and o, >0, z is called a
resonance of Hy+ U+ V. If a<0, >0, z is a conjugate resonance. If
z=—iff, >0, z is called a virtual pole. A point z= —if, B<0,
corresponds to a bound state, —f” being a discrete eigenvalue of
Hy+ U+ V.

Note that X, (R\{0})= (cf. [6]).

2. A CHARACTERIZATION OF RESONANCE FUNCTIONS

THEOREM 2.1. Let UeS—R be O-analytic, let Veé,, and set
G={0n T \{k|F(k)=0}. Let z=a—ifeC, aeR, 0<f<a Then
ze X, if and only if there exists a function Yy € C'(R*) with y' loc. ac. on
R*, satisfying the following conditions:
(1) (—(@/dr*)+ (I + 1)/r*)+ U(r) + V(r)—22) Y(r)=0 for re R*.
(2) Y(r)y=cr'*! for r -0, where ¢ #0.

If a#0,4(r)#0 for r>0.
(3Y W(ry=u' (z,r)+o0(e® =27} for r - .
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Y is uniquely determined by (1)-(3) and is given by

y=Riz)®, &=-V1y, (2.1)
where
1 o«
%L uo(z, 1) D) dr = 1. (22)
!

Proof. (A) Assume that ze ), —a<Imz <0, and let @ € h,, satisfy
&+ VR(z) D=0,

Define y by (2.1). Clearly ¢y e C'(R™), ‘P € Li..(R*) and by Lemma 1.4,
(1) holds. Also by Lemma 1.4, lx// rj < Cr for small r, hence ¢ is a mul-
tipie of the regular solution of (1), so Y(r) ~cr'*"' for r - 0 with ¢ #0.

For a proof of the fact that .p has no positive nodes if a#0, see
Theorem 3.2 and Remark 3.3. It remains to prove (3). We estimate the last
two terms on the r.h.s. of (1.7) as follows: We have |ii' (z, r}| < Ce # and
by (1.6) |, (z,r)|<Ce’ for large r. Since @Peh,, we have
®=e “y,ye L*(R"). Then we get by Schwarz' inequality for large r,

j% u' (2, 1) (1) dt

r

<C[ e ) di

Cla+p) e terhr {Jw

r

1/2
POk dr}
and hence

S r)fi W (z, 1) () di=o(e ) for r—oo.  (2.3)

Similarly we get

Ly (z,r)fxﬁﬁr(z,t)tp(t)dtzo(e"”) for r—o. (24)
2iz r

If jo ub(k, 1) ®(t) di =0, by (1.7), (2.3), and (2.4) i would be a square-
integrable solution of (4), i.e., an eigenfunction of H' with eigenvalue z°.
For a #0 this is obviously impossible. For o =0 it would imply that both
i and —if lie in X, which is impossible (cf. [6, p.360]). Hence

& ul(k, t) ®(t) dt #£0, and we can normalize ¥ by (2.2). Using (2.3), (2.4),
lu, (z, r)l < Ce® and the condition (i) (V'=We >, [1+! |W(t)|* dt >0
for r — o) we obtain from (1.7):

B(r)= —V(r) Y(r)= W(r) O(e? 7). (2.5)
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Using (2.5), we get the improved estimates

F ul (2, 1) (1) di

r

scfme—ZMW(mdz

i

cy [T e iwaa

n=1"r+n—1

e*»2«<f+"“{j”" lW(t)lzdt}
r+n—1

s+ 1 172
]W(t)[zdt} [ e 2 df

oC 1/2
>

n=1

<c s {f

$ r—1
— 0(372(”).
Hence
1 x
— i (2, t)j W (z, 1) B(1) dt = o(e®~27), (2.6)
2iz ,
Similarly we get
L u (z t)rC il (z,t) ®(t) dt = o(e® ~3r) (2.7)
A7 SN ) '

From (2.2), (2.6), and (2.7), (3) follows.

(B) Assume now that y satisfies (1)-(3) and set &= — V. By (3) and
(ii"), @ =0(e" =2y W(r), hence dch,. Set Y, = Ri(z) ®. We shall prove
that =y, -y, satisfies the conditions

(1) (= (@/dr*)+ I+ 1)r*)+ U(r) =22 Y, = &,
(2") |, (r)| < Cr?*for r small.
(3) Yilr)=citl (z.r)+n(r), nir) = ofe® =)

where

1 ©
c=%(z)j0 uo(z, 1) B(1) dt.

Here (1’) and (2') follow from Lemma 1.4, and (3') is proved as above
using ®@(r) = O(e~247) W(r).
By (1) and (1') the function o=y —y, satisfies

& Ki+1
(—gp+(—;——)+ U(r)~zz> Yo=0. (28)
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By (2) and (2'), |¥o(r)| < Cr? for r small, hence for some o

Wolr) = ooz, 1) =ﬁ [F(—2) i, (zr) - F ) (zr)]. (29)
Finally, by (3) and (3")
Yolr)=(1—c) i (z,ry+o(e” 7). (2.10)

From (29) and (2.10), a=0, ¢=1, ,=0 follows. Hence I,//=R/1(Z)(D,
@ = —Vy and (2.2) holds.

If y, and y, satisfy (1)-(3), then y, —y, satisfies (1), (2) and
(W, — ) (r)=o0(e” 247y for r > o0; hence ¥, — ¢, =0, so Y is uniquely
determined by (1)-(3).

DEFINITION 22. Letz=a—ifeX,, 0<f <o If 2> 0, the function y of
Theorem 2.1 is called the resonance function of H' at z. If & <0, i is called
the conjugate resonance function of H' at z (in fact, ¥ is the complex con-
jugate of the resonance function at —z). If «=0, then y is called the
antibound state of H' at .

Remark 2.3. The resonances and resonance functions of H' are in fact
independent of the decomposition of the total potential Y=U+ V. In a
standard way, resonances are zeros of the Jost function %(k)
{cf. Theorem 1.6), and the resonance function iy at the resonance z i1s the
regular solution of (1), which is equal to the outgoing solution normalized
by ¥(r) ~e™ for r - oc.

If the total potential ¥ = U+ ¥ has another decomposition Y= U, + V|
as in Theorem 2.1, then onec obtains a new fucntion @, = —Vy with
W =R\(z) ®,, where R,(k)=(H,+ U, —k? '~. Then y is characterized
by being asymptotically very close to the outgoing solution of (2.8) with U
replaced by U,. The interest of Theorem 2.1 lies in the fact, that certain
splittings of Y are natural, as for example, if Y=r "+ V, Veé,, 1<y<3
(for the case a=1 see Sect. 5). Also, keeping the background potential U
fixed and letting V vary over &,, we obtain from Theorem 2.1 a complete
characterization of the class of all resonance functions, as we shall see in
Section 4.

3. DIFFERENTIAL EQUATIONS FOR AMPLITUDE AND PHASE

We consider a differential equation of the form

'+ Wu—(E—ilNu=0, (3.1)
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where We L] (), I is a (finite or infinite) open interval (a, b), and E and I
are given real numbers with I"'#0. A solution « of (3.1) is a complex-
valued function on I, such that » and ' are loc. a.c. on I, i.e., absolutely
continuous on every closed interval contained in 7, and (3.1) holds a.e. on
I. Let f be the amplitude of u, ie.,

u=f0,  f=(au)"> (3.2)
THEOREM 3.1. Let u be a solution of (3.1) on I. Then u has at most one

node in I, ie., there is at most one point ro€ I such that u(ry)=0.

If u has no node in I, fe C'(I) and f" is loc. a.c. on I. There exists a real-
valued phase function @ € C*(I) with @" loc. a.c. on I, such that u= fe*. The
pair (f, @) satisfies the differential equations

—f"+Vi+ 97— Ef=0, (33)
fo"+2f 9" —T'f=0. (3.4)

The function ¢’ is given in terms of f for any ¢ >0 by
o'(r) =f2(r){r [ ryans w'(c)fz(c)}. (35)

If u has a node roel, then [ is loc. a.c. on I\{ry}, and f’ has the limits
S'i(ro)= 1 |u'(ro)|. There exists a phase function @ e C*(I\{ry}) with ¢"
loc.a.c. on I\{ry} and with the limits ¢ (ro)=¢ _(ro)+n, @' (ry)=0,
©" (ro) = I'/3, such that u=fe* on I.

The pair (f, @) satisfies (3.3) and (3.4) on (a, ry) v (ry, b), and (3.5) holds
Jor every ce Il and re I, where @'(ry) is replaced by 0 and the r.h.s. for r=r,
means the limit for r —rq, .

Proof. First, assume that u has no node in £ Then by (3.2) fe C'(I)
with /7 loc. a.c. on I Clearly, 0 = u/fe C'(I} with € loc. a.c. on I, and there
exists a continuous phase fuction ¢ such that 8 =¢. Since ¢’ = —i0'/0,
¢’ is loc. a.c. on £ Inserting u=fe'” in (3.1), we obtain (3.3) and (3.4) a.c.
on [. By (3.4), ¢” can be taken to be loc. a.c. on [ with (2.4) holding for all
re 1, and solving (3.4) for ¢" we get (3.5).

Assume now that « has at least one node rq. If r, were an accumulation
point of the set of nodes of u, we would have u(ry)=u'(ry) =0, implying
u=0. Hence r, is isolated in this set. Let I, and /, be the maximal open
intervals to the left and right of r, such that u(r)#0 for rel, vlI,. Then
feCYI,ul,), 0eC\(I, ul,). Moreover, for rel, i=1,2,

M:(_ly[ﬁ(” u(r)

r—ror—rg

1/2
} e () =f s (). (36)
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Furthermore,
y (3.2), forrel,ul,
f'(ry=3[a'(r) 0(r) +u'(r) O(r)]. (3.8)
From (3.6)-(3.8) follows
S === 21 (ro)| =174 (ro). (3.9)

By (3.7) there exists a continuous phase function ¢ on 7, U I, such that ¢
has limits ¢ , (r,) at ry and

O(r)=e“" for rel,ul,, 0_(ry)=e“+", (3.10)
Clearly, ¢’ = —i8'/0 is loca.c. on I, ul,, and (f, @) satisfies (3.3) and

(34) ae. on I, ul,. By (3.4), ¢” can be taken loc.a.c. on I, UT,.
The solutions of (3.4) for ¢’ in terms of f are given on [, i=1, 2, by

O (N =c.f 2+ I1 20 [ fHyar (3.11)
y (3.11) and I'Hospital’s rule
AR Sa L f(r)
T I TS
By (3.9), (3.11), and (3.12),
@' (r)Y~C;\u'(ro)] 2 (r—rg) 2 for rory,.

This contradicts the existence of ¢ ,(r,) unless C, = C, =0; we obtain for
rel,ul,

o' =17 ) [ e (3.13)

and it follows from (3.12) and (3.13) that ¢', (ry)=0. This together with
(3.13) implies that ¢’ e C'(I, U I,) and that ¢’ extends by continuity across
ro. Moreover, by (3.13)

,[0 fir)at
i)
and it follows from (3.14) by I'Hospital’s rule that ¢ (ro) =17/3.

Q"(ry==2If"(r)y=—m——+1T (3.14)
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It is now easy to prove that » has at most one node. Assume that r,,
ryel and

f(r)=f(ry)=0, f(ry>0 for ri<r<r,.

By (3.13) with r, replaced by r, we have for r, <r<r,

o' =If ) [ 120 dt — i o,

contradicting ¢'_(r,)=0.

Thus, if # has a node ry, we have I, =(aq, ry), I,(ro, b), and the theorem
is proved. It only remains to note, that (3.5) for ¢ =r, follows from (3.4)
and (3.13), and by (3.7) ¢ can be chosen such that ¢, (ro)=¢@ _(r)+ 7.

THEOREM 3.2. Let W be a real-valued, measurable function on R*
satisfying the condition

er|W(r)|dr<oo for every R>0. (*)

0

Let 1=0,1, 2,..., be fixed, and let ul, be the regular solution on R* of the
differential equation

(I+1
—u"+ ( :; )u+ Wu—k’u=0 (3.15)
defined by
ub(ry~r'*! for r—0, (3.16)

where k is fixed with k* = E—il', EcR, I'>0.
Then ul, has no nodes in R*. There exists a continuous phase function on
R™* such that ul,=fe', and the pair ([, @) satisfies the following conditions:
(1) feC'R™),f locac. on R, f(r)>0 for r>0,
2) fr)=r"*Y fi(r)y=(+1)r' for r—0,
(3) @eCXR*), ¢"loc.ac on R”,
4) ¢ (0)=0,9°(0)=1/(2/+3),
(5) @' (r)=T1J5.L2(r) dr)/f*(r),
(6) ~f"+ I+ 1)r*) [+ Wf+ ¢ f—Ef=0,
(7} fo"+2f'0'—Tf=0.
Proof. By Theorem 3.1, u), has at most one positive node.
Assume that u{(rs)=0, ro>0. By Theorem 3.1, feC'(0,r,) with
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f'loc. a.c. on (0, ry), and there exists ¢ € C*(0, r,) with ¢” loc. a.c. on (0, r,)
such that u) = fe’>. Moreover, (6) and (7) are satisfied on (0, r,).
For /=0, (3.16) amounts to

ud(0)=0, ug(0)y=1. (3.17)
For /=1, by (3.16)

Also, by (3.15), (3.16), and (*),

. I+1
ul = Vu(’)+l( :; )u{)—kzu{)eLl(O, 1), (3.18)

and hence

u(’)'(r)=u(’;(l)—f] uf (1) dt ——5— u(’)/(l)—L1 ub (1) dt=ub(0)=0. (3.19)

From (3.16), (3.18), and (3.19) we get
up(r) = _[r up(ydr~(+1)r  for r-0. (3.20)
0

By (3.16) and (3.20), for 0 <r <r,,
ug(r) _f'(r)
up(r)  f(r)

From (3.17) it follows that (3.19) holds also for /=0, which implies that
for =0, 1,2,...,

+ip'(ry=(I+1)r~"  for r—0. (3.21)

S'(r)
and
@' (r)——=—0. (3.23)
By (3.16),
flry~r+! for r—-0 (3.24)

and hence by (3.22),
=+ for r—0 (3.25)
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proving (2). By Theorem 3.1, for 0 <r <r,,
o) =120 | foya (3.26)
o
From (3.24) and (3.26),
ro
o'(r) ~ _rf ) di-r2 for r—0,
0

follows, contradicting (3.23). We conclude that ») has no positive nodes
and that (6) and (7) hold on R*. Also,

0=/ )+ 170 [ P de

is the general solution of (7) on R*. By (3.23) and (3.24) we must have
C =0, and (5) is proved. By (5),

1) e(r)
J(r)

By (5), @' (r)~ (L/(2{+3)) r for r - 0 and hence, by (3.22) and (3.27),

p'(r)= -2 + 1 (3.27)

Y I+1 _ r
(P(r)—’—zrm'Fr—m for r-0,

which concludes the proof of (4), and the theorem is proved.

Remark 3.3. The fact that any nonzero solution u of (3.1) has at most
one node can be proved by noting that if r, <r, were two such zeros, the
boundary value problem defined by (3.1) on (r,, r,) and u(r,)=u(r,)=0
would have a nonreal eigenvalue. Similarly, the regular solution u/(k, r) has
no nodes, because if u)(k,r,)=0 then the Dirichlet problem in the ball
{F||F] <ro} would have a nonreal eigenvalue.

4. RESONANCE FUNCTIONS CHARACTERIZED BY
AMPLITUDE AND PHASE

Let Ue S—R be an (-analytic potential and let z=a—if e, o>0,
0<p<a, #(z)#0. Let &'_(z, r) be the outgoing solution, defined by (1.4),
of the equation

(H,—z2*)u(z, r)=0, (4.1)



358 ERIK BALSLEV

where

d I(I+1)
H11= —P‘F(T‘i- U(r).

By Theorem 3.1, @, (z, r) has at most one node r, >0, and i, (z, r) can
be written as

i (z, ry=fr) e, (4.2)

where ¢, is continuous on R™, if &', (z, r) has no node, and continuous on
R*\{ro} with @, (ro)=0, (re)+n if & (z,ry)=0. Moreover, since by
Lemma 1.3 &' (z,r)~e™ for r— oo, we can choose ¢, such that
or)y—ar =0 for r - 0. Also, f/(r) ~e” for r - x.

If Ve, and z is a resonance of H! + V' with resonance function ¥, then
by Theorems 2.1 and 3.2 y can be written as

Y(r)=f(rye”", (43)

where ¢ is continuous on [0, «0) and ¢@(r)— @ (r) — 0 for r - .

In what follows it is understood, that the phase functions ¢, and ¢ are
chosen as indicated above. With the notations (4.2) and (4.3) and the
above normalizations of the phase functions we can now formulate the
main result of this section.

THEOREM 4.1.  Assume that U € S — R is (-analytic.

(A) Let Veég, and assume that z=o—ifeC is a resonance of
(HL, H + V) with resonance function . The pair (f, ¢) satisfies the follow-
ing conditions, where z*> = E — il

(1) feC'(R*), /' loc.ac. on R, f(r)>0 for r>0,

() fy=er' ' fii)=c(l+1)r  for r-0,

(3) flry=flr)+o(e” ) for r— w0,

(4) [T eLL RY), [51r(f (N (r) — I+ 1)/r)? dr < o0,
(5) fr(r)y=f"(r)+eP >Pg[(r), where

r+1
[ Hanirdr~0  for roeo,

r

(6) [of2(t)dt+ = pAtydt=T"oir)f3(r) for every r>0, where
pAry=[*(r)—fHr),
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(7) @eCXR™), ¢"loc.ac. on R¥,

(8) ¢'(0)=0, "(0)=17/(21+3),

9) @'(r)=Ifr) [o.S7(1) dt

0) @'(r)=oi(r)+ole ) for r > oo,

1) o(r)=or)+ T [F {(pd0) §§ L2(s) ds/f3(0) £2(0)+ (7 pis)

13) —f"+(U+V+{I+1)/r) [+ f—Ef=0,
14) 2f'¢'+fo"~Tf=0.

(B) Letz=a—ife0, a>0,0<p<a, #(z)#0, z=E—il". Assume
that f satisfies conditions (1)-(6) and define ¢ by (11) and V by (13). Then
Ved, and W=fe' is the resonance function of (H,, H\+ V) at the

%t s

resonance Z.

(1

(1
ds/f (1))} dt,

(12) o(r)=@/r)+ole *)  for r— o,

(13)

(14)

Proof. (A) Assume that z=o — iff is a resonance of (H, H| + V), where
Ve, and let y =fe’ be the resonance function at z. Then (1), (2), (7),
(8), (9), (13), and (14) follow from ¢ € C'(R¥), ¥’ el (R*)and (1), (2)
of Theorem 2.1, and Theorem 3.2. Now (4) follows from condition (1) on
Veé, (1), (2), (7), and (13). From (3) of Theorem 2.1, (3) and (12) follow.
We now turn to the proof of (6) and (10). By (9), for any ¢ >0,

(=170 [ Aoy di 170 [ S de

=170 [ P 720 [ o d

pl r) 2 *
T jf (1 di+I7730) [ pio) di
— 1170 [ pdoy (44)

By (3.11) and (3.13) of Theorem 3.1, &, (z, r) has at most one node, and
for any ¢>0,

AN = U S SN+ 11720 [ iy a. (45)

Introducing (4.5) into (4.4) and using (3) and p(r)=f*(r)—f¥r)=
o(e'* =2y for r —» o0, we get

409/123/2-5
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pAr)
F3r) f3(r)

x[ fwyd—rr720 [ pioy de
0

r

@' (r)=ofr)+Cf )+ T

=@ir)+ Cf 7 2(r) + ole ), (4.6)

where C=1" [ f2(1)dr+ T [ p(t) dit — @{c) fc).

Clearly (4.6) contradicts (12) unless C=0. This yields (6). Inserting
C=0 in (4.6) we get (10), and taking account again of (12), we obtain
(11). Finally (5) follows from (3), (10), (13) and condition (ii’) on V.

(B) Assume now that f satisfies (1)-(6) with z=a—i, a>0,
0<B<a, z2=E—il". Define ¢ by (11) and V by (13). From (11) and (6)
we conclude that ¢’ is given by (3.21) with C=0. By (4.5) this implies that
@’ satisfies (9), and hence (f, ¢) is a solution of (14). Since (13) is satisfied
by definition of V, it follows that = fe' satisfies (1) of Theorem 2.1.
Properties (2) and (3) as well as (i) of Ve 4, are easy consequences of the
properties of f and ¢. Finally, we verify (ii") of Ve §, as follows, using (3),
(5), and (10),

() Id+1)

Vir)= O 0 (r)+E
Sl +e? 2(”45.’/(V)~/(1“*’ 1)
fir)+o(e? —24r) r?

—@)r)+ole )+ E
) W+ 1)

Sdr) r?

— @+ E+e MW(r)=e *W(r),

where

r+1
j (W dt -0  for r— o,

r

since (f,, ¢,) satisfies (13) with V'=0.
It now follows from Theorem 2.1, that  is the resonance function of
H, +V at z.

COROLLARY 4.2. Assuming Ue C"(R*) we have Ve C"(R™") if and only
iffe C"*3(R™), p e C"*3(R ™). Assuming U analytic in a sector S,, we have
V analytic in S, if and only if f and ¢ are analytic in S,. V =o0(e™*) for all
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b>0 if and only if f(r)—f(r)=o0(e "), (r)— @/r) =0(e ") for all b>0.
V(r)=0 for r> R if and only if f(r)=f(r), ¢(r)=@r), p{r)=0 for r> R.

In this case, (3), (4), (10), (12) are automatic, and (6) becomes for r > R

(6¢) J P de=r-1gin i

Note that (6.) cannot be satisfied with r=r if f(r,) =0 for some ry > R.
Thus, a necessary condition for the existence of a resonance at z for any
such V that &', (z, r) has no node ry > R.

Remark 4.3. Theorem 2.1 also covers the case z= —a—if,, a>0,
0< f<a, ie, conjugate resonances. Accordingly, Theorem 4.1 extends to
conjugate resonance states. The conjugate resonance state at —a—iff is
simply ¢ = fe ~*?, where ¥ is the resonance state at o — if.

It remains to discuss the case when a =0. With the usual normalization
of phases, the function ¥ is real, ¢(r)=0. This simplifies considerably the
results. On the other hand the absence of nodes of the resonance function ¥
is linked to the existence of a nontrivial phase function. When o =0, i has
in general nodes.

We obtain the following results on antibound states.

THEOREM 4.4. Assume that Ue S— R is (G-analytic and z= —ife0,
O<f<a

(A) Let Veé, and let z be a virtual pole of H\ + V with antibound
state . Then  is a real-valued function satisfying the following conditions:

(1) YyeC(R"), ¢ loc.ac. on RY,

(2) ¥ has at most a finite number of nodes,

(3) Y(r)~cr'*! for r -0, ¢ #0,

(4) Y(ry=a'_(—ipr)+o(e ") for r - oo,

(5) W e Ly (R™), 5 [r(y"(r)/p(r)) — (I(1+ 1)/r?)|? dr < o0,

(6) Y (ry=a',(—ir)+e' "~V g (r), where [;*' | g{1)|* dt -0 for
r—0,

(7 (—(d2/dr2) + (I + 1)/r2) + U(r) + V(r) + ﬁz) Y(r)=0 for
reR™.

(B) Assume that  satisfies (1)-(6) with 0 < B < a and define V by (7).
Then Veé,, and \ is the antibound state of H' + V at —ip.
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Proof. (A) Assume that V€ & and ¢ is the antibound state of H! + V at
—if. Then (1), (3), (4), (7) are satisfied by Theorem 2.1. It follows from (4)
that ¢ has no nodes for large r, since &, (—ir)~e? for r— oo, If ry>0
were an accumulation point of positive nodes, we would have Y(ry) =
Y’ (ro) =0, hence ¥ =0, so the positive nodes are isolated. Finally r, —, 0
(r.#r, for n#m) and Y(r,)=0 for all # would contradict (3), and (2) is
proved. From (4), (7) and &(ii’), we obtain (6), and (5) follows from (1),
(7), and &(i).

(B) Assume that y satisfies (1)-(6) with 0 < 8 < a and define V by (7). It
is easy to show that Ve &, and it follows from Theorem 2.1 that ¥ is an
antibound state at —if.

Remark 4.5. Theorem 2.1 and hence Theorem 4.4 are valid also for
—a< <0, giving a characterization of bound states of H, + V at eigen-
values —iffe 7,.

The proof is identical with that for 0 < f <a.

5. RESONANCES WITH COULOMB POTENTIAL AS BACKGROUND

In this section we extend the results of Section 4 to the case, where the
short-range potential U is replaced by the Coulomb potential. The regular,
outgoing and incoming solutions are known explicitly in terms of con-
fluent, hypergeometric functions, and the analytically continued resolvent
Ri(k)e B(4,, #.,) is constructed by means of these solutions. The result
differs from the short-range case because of the asymptotically logarithmic
term in the Coulomb phase function and the resulting difference in the
asymptotic behaviour of the amplitude and phase of the resonance
function.

The unperturbed operator H’ is given by

& 2 Ii+1)
Hf.—_:—d~r2+—r—+ 2

where y=z,z,e%y, and z, e, z,e are the charges of the two particles and u
their reduced mass.

The regular, outgoing and incoming solutions #’, u!., and u’_ of the
equation

2
(-5 +2V+——’“+2“_k2>u=o (5.1)
r

At or
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are given by
wl(k, r)=r'* e <1+ 1+ 1%, 2+2, —2ikr>,
ulo(k, r) = (—2kr)* ! jeltkr = (2)) g2k
XWO+LH%JHQ;Q%O,
ul _(k,ry=ul.(—k,r),

and
Wk)= W(ul(k, r), u' . (k, r))

r(2i+2)

— 2k —1 ,(my/2k) + (i(ml/2))
(2k) e T+ 1+iy/k)

(5.2)

where ¢ and y are the regular and irregular confluent hypergeometric
functions (cf. [4, 6]).

The function u/(k, r) is analytic in k for k # 0 with a simple pole at 0 and
entire in r, whereas ¥(a, ¢; x) is a multi-valued function of x with a
logarithmic singularity at 0. Hence for fixed r >0 «/. continues analytically
from C* into the 4th quadrant. The asymptotic behaviour in r for fixed
k+#0 is given (cf. [4, 6]) by

rQ20+2)

, - —I 1 w2k
ulkor) = 2020) e e )]

/
X sin <kr—%log2kr—%+;1,> for r— oo,

where
n=Arg I'(l+ 1 +i(y/k)), (5.3)
uls(k, )y~ e*ikr—rkllog(£2kn)  for  p 5 op, (5.4)
ullk, ry~r'*! for r—0, (5.5)
wl (k, ry = Cr~ for r—0. (5.6)

We have the following estimates for fixed k #0, k=a — ip,

|l (k)] < Celhs 7, (5.7)

|ul(k, r)| < CePrpfr/2 45, (5.8)
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Due to the estimate (5.7) we can continue analytically
R'(kye B(4,, #* ) from C* to R* U {k| —a<Imk <0}. Explicitly, we
have

LemMA 5.1, R%(k) has an analytic continuation Ri(k) from C* 1o R* U
{k| —a<Imk <0}, given by

1

(Rf-(k)v)(’)=—‘m

ul,(k, r) j " ul(k, £y o(1) dt

0

1 x
! !
+ 7k w . (k,r) '[r u!_(k, 1) o(r) dt

stk r)J‘r ul,(k, 1) o(t) dt. (59)

Here the function W k), given by (5.2), has zeros at k= —iy(p+1)~ ",
peN, corresponding to the bound states of the hydrogen atom if y <0 and
the antibound states if y > 0. Thus, R/(k) has a logarithmic branch point at
0 and poles at the points { —iy(p+{)"'|peN}nC,.

Based on Lemma 5.1 and the asymptotic expressions (5.3)-(5.6) we can
now extend the analysis of resonance functions to the pair of operators
(H', H' + V), where Veé,.

We notice that Theorem 2.2, which is proved for short range potentials,
also holds for (y/r) + V due to the asymptotic estimates (5.5), (5.6) for the
Coulomb wave functions.

By Lemma 5.1, for Veé&, the €(4,)-valued function VR:“(k) has the
analytic continuation VR/(k) to R* U {k| —a <Im k <0} with poles at the
points {k=—iy(p+1)~'|peN}. It follows that (1 + VR.(k)) ' has a
meromorphic continuation to this region. The set of poles of
(14+ VR!(k))~" is denoted by X ,. It is divided as usual into resonances,
antibound states and bound states of H' + V. From Lemma 5.1, (5.7), and
(5.8) we obtain the following characterization of resonances and virtual
poles of H! + V. We omit the proof, which is similar to the previous cases.

THEOREM 5.2. Let z=a—if, aeR, O0<f<a, z# —iy(p+1)"", peN.
Then ze X, if and only if there exists a function Y on R* satisfying con-
ditions (1) and (2) of Theorem 2.1 with V replaced by (2y/r)+V as well as

(3) W) =ul () +ole? 2P for p s .

W is uniquely determined by (1), (2), and (3') and is given by
y=Riz)®, @=-1y,
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where

_ 1
Wi(z)

Jm ul(z, 1) P(t) dt=1.
0

From Lemma 5.2 we obtain the following characterization of resonance
Sfunctions of (H', H.+ V).

THEOREM 5.3. (A) Assume that Ved, and let z=o—iff, a>0,
O0<fB<a, bea resonance of (H., H' + V) with resonance function ¥ = fe*,
and set u'..(zr)=f" e with the usual normalization of phases. Then the pair
(> @) satisfies conditions (1)-(14) of Theorem 4.1 with (f,, @,) replaced by
(f', @'), u replaced by 2y/r in (13) and '® = 2% replaced by e~ 27 pPi=*+ 5
in (3) and (5).

(B) Assume that [ satisfies (1)-(6) of Theorem 3.3 with this
modification, where >0, 0 < ff < a. Define ¢ by (11) and V by

STII+) Yy

Then Veé, and z=a—if is a resonance of (H', H + V) with resonance
Sfunction yr = fe®.

The characterization of antibound states and bound states is obtained as
before. Thus, Theorem 4.4 holds with H! replaced by H’ for B #y(p+1)~'
if y>0, @', replaced by u/., u by (2y/r) in (7) and e'#~2*" by
e!f = 2arp B+ 81 in (4) and (6).

Remark 4.5 extends in the same way for —a<p<0, B#y(p+/)"" if
y < 0.
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