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Abstract

In this paper we define the analytic torsion for a complete oriented hyperbolic manifold of finite volume.
It depends on a representation of the fundamental group. For manifolds of odd dimension, we study the
asymptotic behavior of the analytic torsion with respect to certain sequences of representations obtained by
restriction of irreducible representations of the group of isometries of the hyperbolic space to the funda-
mental group.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let X be an oriented hyperbolic manifold of dimension d. Let G = SOy(d, 1), K = SO(d).
Then there exists a discrete, torsion free subgroup I" C G such that X = I' \Hd , where HY =
G/K is the d-dimensional hyperbolic space. First assume that X is compact. Let T be an irre-
ducible finite-dimensional representation of G. Restrict T to I" and let E; be the associated flat
vector bundle over X. By [26] one can equip E; with a canonical metric, called admissible met-
ric, which is unique up to scaling. Let Tx (t) be the Ray—Singer analytic torsion with respect to
the hyperbolic metric of X and the admissible metric in E; (see [37,32]). It was proved in [34],
that for d even, Tx(t) = 1 for all representations t as above.
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Now let d be odd, say d =2n + 1. In [34] we introduced special sequences 7 (m), m € N, of
irreducible representations of G and we studied the asymptotic behavior of Ty (7 (m)) as m — oo.
The representations 7 (m) are defined as follows. Fix natural numbers t; > 70 > - -+ > 1,,41. For
m € N let T(m) be the finite-dimensional irreducible representation of G with highest weight
(t1 +m, ..., 741 +m) (see [12, p. 365]). By Weyl’s dimension formula there exists a constant
C > 0 such that

n(n+1)

dim(r(m)) =Cm 2

o(m" Y, m— . (1.1)

One of the main results of [34] is the following asymptotic formula: There exists a constant
C(n) # 0, which depends only on n, such that

n(n+1)

log Tx (t(m)) = C(n) vol(X)m - dim(zr (m)) + O(m "~ 2 ) (1.2)

as m — o0. The 3-dimensional case was first treated in [33]. This result has been used in [25] to
study the growth of torsion in the cohomology of arithmetic hyperbolic 3-manifolds.

The main goal of the present paper is to extend the results of [34] to complete oriented hy-
perbolic manifolds of finite volume. Let "\H? be such a manifold. To simplify some of the
considerations we will assume that I” satisfies the following condition: For every I"-cuspidal
parabolic subgroup P = MpApNp of G we have

I'NP=INNp. (1.3)

We note that this condition is satisfied, if I" is “neat”, which means that the group generated by
the eigenvalues of any y € I" contains no roots of unity # 1. We need (1.3) to eliminate some
technical difficulties related to the Selberg trace formula.

The first problem is to define the analytic torsion for noncompact hyperbolic manifolds of
finite volume. The Laplace operator A ,(t) on E;-valued p-forms has then a continuous spec-
trum and therefore, the heat operator exp(—t A , (7)) is not trace class. So the usual zeta function
regularization cannot be used to define the analytic torsion in this case. To overcome this prob-
lem we use a regularization of the trace of the heat operator which is similar to the b-trace of
Melrose [27]. This kind of regularization was also used by Park [36] in the case of unitary repre-
sentations of I".

The regularization of the trace of the heat operator is defined as follows. Chopping off the
cusps at sufficiently high level Y > Yj, we get a compact submanifold X (Y) C X with boundary
0X(Y).Let K7 (¢, x, y) be the kernel of the heat operator exp(—A ,(7)). Then it follows that
there exists «(¢) € R such that fX(Y) tr KPT(x,x,t)dx —a(t)logY has alimit as ¥ — oco. Then
we put

Trreg(e*mf’(’)) = lim ( / ter"(t,x,x)dx—a(t)logY). (1.4)

Y—oo
X(Y)

We note that one can also use relative traces as in [32] to regularize the trace of the heat operator.
The methods are closely related.

It turns out that the right-hand side of (1.4) equals the spectral side of the Selberg trace formula
applied to the heat operator exp(—tA,(7)). Using the Selberg trace formula, it follows that
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Trreg(e™’ Ap(D)y has asymptotic expansions as t — 40 and as r — oo. This permits to define the
spectral zeta function. Let (zq, ..., 7,41) be the highest weight of t. If 7,41 # 0, then it follows
that Tryee (e’ Ap(M)y s exponentially decreasing as t — oo. In this case the definition of the zeta
function is simplified. It is given by

Lpls; 1) =

[’
i 1 —tA (7)
T i) dt. 1.5
i [ ) (1.5)
0

The integral converges absolutely and uniformly on compact subsets of the half-plane Re(s) >
d/2 and admits a meromorphic continuation to C which is regular at s = 0. In analogy to the
compact case we now define the analytic torsion Ty (t) € RT with respect to E; by

d
1 d
Tx(7) = GXP<§ Z(—l)”paip(s;r)lpo)- (1.6)
p=1
Again, the analytic torsion behaves quite differently in even and odd dimensions. We first con-
sider the odd-dimensional case. The main result of this paper is the following theorem.
Theorem 1.1. Let X = I'\H*'*! be a (2n + 1)-dimensional, complete, oriented, hyperbolic

manifold of finite volume. Assume that I" satisfies (1.3). There exists a constant C(n) # O which
depends only on n, such that we have

log T'x (r(m)) C(n)vol(X)m - d1m(r(m)) + O( logm)
as m — oo.
This result generalizes (1.2) to the finite volume case. The constant C(n) in Theorem 1.1

equals the constant C (n) occurring in (1.2) and can be computed explicitly from the Plancherel
polynomials. It equals

Cn)= (="

" (1.7)
vol(59)’ '

where vol(59) is the Euclidean volume of the d-dimensional unit sphere, see [34, (2.24), (5.22)].
We also consider the L2-torsion T)((Z)(t). Although X is noncompact, it can be defined as in the
compact case [23]. It can be computed using the results of [34]. First of all, we show that there
exists a polynomial P;(m) of degree n(n + 1)/2 4+ 1 such that

log T, (t(m)) = vol(X) P, (m). (1.8)

The polynomial is obtained from the Plancherel polynomials. Its leading term can be determined
as in [34] and we obtain

log T2 (z(m)) = C(n) vol (X)m - dim(z (m)) + O (m "), (1.9)

as m — 0o. Compared with Theorem 1.1 we obtain the following theorem.
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Theorem 1.2. Let X = I'\H>"*! be a (2n + 1)-dimensional complete, oriented, hyperbolic man-
ifold of finite volume. Assume that I" satisfies (1.3). Then we have

log Tx ((m)) = log T)((z) (t(m) + O(m@ logm)
as m — oo.

Remark 1.3. If X has a spin structure, then I" C SO (d, 1) has alift to Spin(d, 1). In this case we
may also assume that tq, ..., 7,41 and m are in %N. Then both Theorems 1.1 and 1.2 continue
to hold.

Next we turn to the even-dimensional case. First recall that for a compact manifold of even
dimension, the analytic torsion is always equal to 1 (see [37], [34, Proposition 1.7]). This is not
true anymore in the noncompact case. Park [36, Theorem 1.4] has computed the analytic torsion
of a unitary representation of I" in even dimensions. His formula shows that in the noncompact
case, the analytic torsion in even dimensions is not trivial in general. Nevertheless, the torsion
has still a rather simple behavior as shown by the next proposition. For a hyperbolic manifold
of finite volume X, denote by «(X) the number of cusps of X. Let h be the standard Cartan
subalgebra of g and let A(G) C b be the highest weight lattice. For A € A(G) let 7, be the
corresponding irreducible representation of G.

Proposition 1.4. There exists a function @ : A(G) — R such that for every even-dimensional
complete oriented hyperbolic manifold X of finite volume one has

logTx (1)) =k (X)P(A), A€ A(G).

The function @ can be described as follows. There is a distribution J which appears on the
geometric side of the trace formula. It is of the form J = «(X) - J , where J is defined in terms
of weighted characters of principal series representations of G (see (6.13)). Let k/ € C(G) be
the function (1.10). There is ¢ > 0 such that f(kf) = 0(e™ ") as t — o0o. Moreover f(kt’) has
an asymptotic expansion as r — 0. Thus the Mellin transform M J (s; 7) of J (k7) is defined for
Re(s) > 0 and admits a meromorphic extension to C which is regular at s = 0. Then we have

D(h) = MJ(0;13)

for all highest weights A = (k1, ..., ky+1).

Next recall that for a compact manifold X, the analytic torsion equals the Reidemeister torsion
(see [31]). This is the basis for the applications of the results of [33] to the cohomology of
arithmetic hyperbolic 3-manifolds in [25]. Currently it is not known if there is an extension of
the equality of analytic and Reidemeister torsion to the noncompact setting. This is an interesting
problem and the present paper is a first step in this direction.

We shall now outline our method for the proof of our main result. For notational simplicity
we will assume that X admits a spin structure. Then we take G = Spin(d, 1), K = Spin(d) and
I' C G. Letd =2n + 1. We assume that the highest weight of 7 satisfies 7,41 # 0. Let

2n+1
K(t.1):= Y (=1)F pTreeg (e 20 ™).
p=0
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By (1 5) and (1.6) we need to compute the finite part of the Mellin transform of K (t,7) at 0.
Let E, be the homogeneous vector bundle over X=G /K associated to T and let A p(7) be the

Laplacian on E.-valued p-forms on X. The heat operator e’ A is a convolution operator with

kernel "™ : G = End(APp* ® V;). Let h)” " (¢) =tr """ (9), g € G, and put
d
K=Y (=17 phy"". (1.10)
p=1

Let R be the right regular representation of G on L>(I'\G). There exists an orthogonal
R -invariant decomposition L3 (I'\G) = Lg(F\G) ® LE(F\G). The restriction R}{ of Rp to
Lf, (I'\G) decomposes into the orthogonal direct sum of irreducible unitary representations, each
of which occurs with finite multiplicity. On the other hand, by the theory of Eisenstein series, the
restriction R{. of R to LZ(F\G) is isomorphic to the direct integral over all tempered principal
series representations of G. For ¢ € L? S(I'\G) let

(R-(k7)op) (x) = f kI ()¢ (xg)dg.

G

Then R‘} (k7) is a trace class operator and the Selberg trace formula computes its trace. The
right-hand side of the trace formula is the sum of terms associated to the continuous spectrum
and orbital integrals associated to the various conjugacy classes of I". If we move the spectral
terms to the left-hand side of the trace formula we end up with the spectral side Jpec (kf) of the
trace formula. The key fact is now that

K(t,7) = Jpec (K] ).

By the Selberg trace formula, the spectral side equals the geometric side, that is, the sum of the
orbital integrals. This leads to the following fundamental equality:

Kt,oy=1t6;00+HGO+TEH o) +L0 )+ (@ 1), (1.11)

where I(t; T) is the contribution of the identity conjugacy class of I" and H(¢; t) is the con-
tribution of the hyperbolic conjugacy classes of I". Moreover, T (¢; t), Z(t; t) and J(¢; T) are
tempered distributions applied to k; which are constructed out of the parabolic conjugacy classes
of I'. Now we evaluate the Mellin transform of each term separately. Here an important simpli-
fication is obtained using a theorem of Kostant on Lie algebra cohomology.

Let M1 () be the Mellin transform of I (¢; t) evaluated at 0. Then we show that

1
log T2 (v) = SMI@).

Now consider the representations 7 (m), m € N. Using the results of [34] we compute M I (z (m))
and prove (1.8) and (1.9). Thus in order to prove our main result, we need to show that the
Mellin transforms at O of all other terms are of lower order. It is easy to treat the hyperbolic term
and the terms 7' (¢; T(m)). The distribution Z(¢; t(m)) is invariant and its Fourier transform was
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computed explicitly by Hoffmann [16]. Using his results we can estimate the Mellin transform of
Z(t; T(m)) at 0. Finally, the distribution J(¢; T(m)) is non-invariant. However it is described in
terms of Knapp—Stein intertwining operators which are understood completely in our case. With
this information its Mellin transform at O can also be estimated.

In [34] we have used a different method which does not rely on the trace formula. It would be
interesting to generalize this method to the finite volume case. Especially the Fourier transform,
which we use to deal with Z(z; t(m)), is a very heavy machinery and is not available in the higher
rank case. Part of the arguments used in [34] go through in the finite volume case as well. The
difficult part is to deal with the contribution of the parabolic terms.

This paper is organized as follows. In Section 2 we fix notations and collect some basic facts.
In Section 3 we review some properties of the right regular representation of G on L>(I'\G). In
Section 4 we introduce the locally invariant differential operators which act on locally homoge-
neous vector bundles over X. Section 5 is devoted to the regularized trace which we introduce
there and relate it to the spectral side of the Selberg trace formula. In Section 6 we apply the
Selberg trace formula which leads to (1.11). Furthermore, we study the Fourier transform of the
distribution Z. Finally we derive an asymptotic expansion as ¢t — O for the regularized trace of
the heat operator of a Bochner-Laplace operator. In 7 we introduce the analytic torsion. In Sec-
tion 8 we express the test function k;/ as a combination of functions defined by the heat kernels
of certain Bochner—Laplace operators. The results of this section are needed to deal with the
Mellin transforms of the various terms on the right-hand side of (1.11). In Section 9 we study the
L2-torsion. In the final Section 10 we prove the main results.

This paper arose from the PhD thesis of the second author under the supervision of the first
author.

2. Preliminaries

In this section we will establish some notation and recall some basic facts about representa-
tions of the involved Lie groups. As mentioned in the introduction, for simplicity we will assume
that X admits a spin structure. For d € N, d > 1 let G := Spin(d, 1). Recall that G is the uni-
versal covering group of SOp(d, 1). Let K := Spin(d). Then K is a maximal compact subgroup
of G.Put X := G/K. Let

G =NAK
be the standard Iwasawa decomposition of G and let M be the centralizer of A in G. Then

M = Spin(d — 1). The Lie algebras of G, K, A, M and N will be denoted by g, £, a, m and n,
respectively. Define the standard Cartan involution 6 : g — g by

oY)=-Y", Yeg.
The lift of 8 to G will be denoted by the same letter 6. Let
g=t®p

be the Cartan decomposition of g with respect to 6. Let xg = eK € X. Then we have a canonical
isomorphism

12

T X =p. @.1)
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Define the symmetric bilinear form (-,-) on g by

1
Y,Y)i=—B((Y1,Y2), Y.,Y . 2.2
(Y1, Y3) 3d—1) (Y1, Y2) LY2€9 (2.2)

By (2.1) the restriction of (-,-) to p defines an inner product on TXO)Z and therefore an invari-
ant metric on X. This metric has constant curvature —1. Then X, equipped with this metric, is
isometric to the hyperbolic space H.

2.1.  Fix a Cartan subalgebra b of m. Then

h:=adb

is a Cartan subalgebra of g. We can identify gc = so(d + 1, C). Let ¢; € a* be the positive re-
stricted root defining n. Then for d =2n + 1, or d = 2n + 2, we fix ez, ..., ¢e,+1 € ib* such
that the positive roots AT (gc, he) are chosen as in [18, pp. 684—685] for the root system D, |
resp. B,1. We let AT (gc, ac) be the set of roots of A™(gc, hc) which do not vanish on ac.
The positive roots AT (mc, be) are chosen such that they are restrictions of elements from
At(gc,be). Fori=1,...,n+ 1 welet H; € h¢ be such that e;(H;) =6; ;, j=1,...,n+ 1.
For & € At (gc, he) there exists a unique H), € hc such that B(H, H),) = a(H) for all H € hc.
One has a(H),) # 0. We let

2 /
T aHy
One easily sees that
Hyeote; =+H; = H;. (2.3)

Forj=1,....,n+1let

L n+1-y, G =Spin2n + 1, 1); 2.4)
PI'=\n+3/2—j, G=Spin@n+2,1). :
Then the half-sums of positive roots pg and pyy, respectively, are given by
1 n+l
PG =7 > oe:Z,ojej (2.5)
aeAt(gc.be) j=1
and
1 n+1
oM ::5 Z ot:Z,ojej. (2.6)
a€AT(mg,be) j=2

Let Wi be the Weyl-group of A(gc, he).
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2.2. Let Z[%]j be the set of all (kq,...,k;) € Q’ such that either all k; are integers or all

k; are half-integers. Then the finite-dimensional irreducible representations T € G of G are
parametrized by their highest weights

A@) =ki(@)er + -+ k1 (Dentt; k(@) 2 ka(1) > - > k(1) = [knp1 (7)

, @27
if G = Spin(2n + 1, 1) resp.
A(M) =ki(v)er +- -+ hkpp1(Deny1; ki(x) 2 k() = 2 k(7)) Z kg1 (1) 20, (2.8)

if G = Spin(2n + 2, 1), where (k1 (7), ..., kns1(7)) € Z[%]Hl.

Moreover, the finite-dimensional irreducible representations v € K of K are parametrized by
their highest weights

AW) =ka(W)er + - +kpp1(Vent1;  ka(v) Zk3(v) = Z ky(v) Z k1 (v) 20, (2.9)
if G = Spin(2n + 1, 1) resp.

AW) =kiWer + -+ +knp1(Wenst; ki) Z ko) = = ky(v) = kg1 (v)

. (2.10)

if G =Spin(2n + 2, 1), where (k2(v), ..., kyp1(V)), (k1 (V), ..., kyy1(V)) € Z[%]”’n—H,

Finally, the finite-dimensional irreducible representations ¢ € M of M are parametrized by
their highest weights

A(0) =ka(0)ea + -+ kng1(0)ent1:  ka(0) Zk3(0) =+ = kn(0) = |knp1(0)

, (211
if G =Spin(2n 41, 1) resp.
A(o) =ka(o)er + - +knp1(@)ent1; ka(o) = -+ 2 kn(0) Z kny1(0) 20, (2.12)

if G = Spin(2n +2, 1), where (k2(0), ..., knt1(0)) € Z[11".

2.3. Letd=2n+1.Fort e G let 79 := T 00. Let A(7) denote the highest weight of T as in
(2.7). Then the highest weight A(ty) of tg is given by

A(tg) =ki(D)er + -+ -+ kn(T)en — kng1(D)ept1- (2.13)

Let 0 € M with highest weight A(o) € b{. as in (2.11). By the Weyl dimension formula
[17, Theorem 4.48] we have

dim@) =[] —M(‘z)*g‘;’“)
aeA*(me,be) PM

n  n+l

:l—[ l—[ (ki(0) + pi)? — (kj (o) + pj)?

(2.14)
)
i=2 j=itl Pi = Pj
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2.4. Let M' be the normalizer of A in K and let W(A) = M'/M be the restricted Weyl-
group. It has order two and it acts on the finite-dimensional representations of M as follows. Let
wo € W(A) be the non-trivial element and let mg € M’ be a representative of wg. Given o € M s
the representation woo € M is defined by

woo (m) =0(m0mm61), meM.

If d =2n+2 one has woo = o forevery o € M. Assume thatd = 2n + 1. Let A(o) =ky(o)er+
-+ 4+ ky41(0)en+1 be the highest weight of o as in (2.11). Then the highest weight A(wpo) of
woo is given by

A(woo) =ky(o)er + -+ ky(o)e, —kny1(0)enq. (2.15)

2.5. Letd=2n+4 1. Let R(K) and R(M) be the representation rings of K and M. Let
t: M — K be the inclusion and let (* : R(K) — R(M) be the induced map. If R(M)Y@A is the
subring of W (A)-invariant elements of R(M), then clearly (* maps R(K) into R(M)" ) The
first part of the following proposition is due to Miatello and Vargas [29, Proposition 1]. The more
precise statement is due to Bunke and Olbrich [3, Proposition 1.1].

Proposition 2.1. The map t is an isomorphism from R(K) onto R(M)W' A Explicitly, let o € M
be of highest weight A(o) as in (2.11) and assume that k,4+1(c) > 0. Then if v(c) € R(K) is
such that

o, o = wqo,
fv(o) =
o+ woo, o0 F weo

one has

vie)= Y (=D @v(A(0) - p), (2.16)

welo, 13"

where the sum runs over all . € {0, 1}" such that A(o) —  is the highest weight of an irreducible
representation v(A(c) — ) of K and c(u) :=#{1 € u}.

Let 0 € M and assume that o # woo . Then by Proposition 2.1 there exist unique integers
my (o) € {—1,0, 1}, which are zero except for finitely many v € K, such that

o+ woo = Z my(0)i*(v). (2.17)
vek

2.6. Measures are normalized as follows. Every a € A can be written as a = exploga, where
loga € aisunique. Fort e R, we let a(r) :=exp(tH;).If g € G, we definen(g) e N, H(g) e R
and k(g) € K by

g =n(g)exp(H(g)e1)k(g).
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Normalize the Haar measure on K such that K has volume 1. We let

1

X,Y)g:=————B(X,0(Y)). 2.18

(X, ¥} = =55 B(X.000) (2.18)
We fix an isometric identification of R¢~! with n with respect to the inner product (-,-)5. We
give n the measure induced from the Lebesgue measure under this identification. Moreover, we
identify n and N by the exponential map and we will denote by dn the Haar measure on N
induced from the measure on n under this identification. We normalize the Haar measure on G
by setting

ff(g)dg=/f/e—(d—”ff(na(t)k)dkdrdn. (2.19)
G N R K

The spaces X and I'\G, I" a discrete subgroup, will be equipped with the induced quotient-
measure.

2.7.  We parametrize the principal series as follows. Given o € M with (0, V,) € 0, let H°
denote the space of measurable functions f : K — V, satisfying

f(mk)y=0o(m)f(k), VkeK,VmeM, and /||f(k) ||2dk = f|I* < 0.
K

Then for A € C and f € H let
7o0.(8) f (k) := e PHATVIDHED £ (i (kg)).

Recall that the representations 7, ; are unitary iff A € R. Moreover, for A € R — {0} and o € M
the representations 7, are irreducible and 7, and 7, 5/, A, 1" € C are equivalent iff either
o =0c',2=21"or o’ =wgo, A’ = —x. The restriction of 7, , to K coincides with the induced
representation Indf,, (o). Hence by Frobenius reciprocity [17, p. 208] for every v € K one has

[T :vl=[v:o] (2.20)
2.8, Assume thatd =2n + 1. For o € M and A € R let o (A) be the Plancherel measure
associated to 7, . Then, since rk(G) > rk(K), (s (A) is a polynomial in A of degree 2n. Let

(-,+) be the bilinear form defined by (2.2). Let A(0) € b{. be the highest weight of o as in (2.11).
Then by Theorem 13.2 in [17] there exists a constant ¢(n) # 0 such that

o (X)) =c(n)

I (irey + A(0) + pm. @)

, o
aeAt(ge,be) (b @)

For z € C let
Pr@)=cn) ] 1+ AG) + pur. @) 2.21)

, o
aeA*(ge,be) (b, )




W. Miiller; J. Pfaff/ Journal of Functional Analysis 263 (2012) 2615-2675 2625

One easily sees that
Ps(2) = Pwoa (2). (2.22)
3. The decomposition of the right regular representation
Let I" be a discrete, torsion free subgroup of G with vol(/"\G) < oo. Let 3 be a fixed set of
representatives of I"-nonequivalent proper cuspidal parabolic subgroups of G. Then 3 is finite.

Let « := #). Without loss of generality we will assume that Py := M AN € ‘B. For every P €33,
there exists a kp € K such that

P=NpApMp

with Np =kpNkp', Ap =kpAkp', and Mp = kpMk,". We let kp, = 1. We will assume that
for each P €3 one has

I'NnP=INNp. 3.1)

Since Np is abelian, we have I' N\ Np\Np = T¢~!, where 79! is the flat (d — 1)-torus. For
PePletap(t) = kp(l(t)k;l. If g€ G,wedefinenp(g) e Np, Hp(g) e Rand kp(g) € K by

g=np(g)ap(Hp(8))kp(g). (3.2)
For each P € 13 define
tp:RT —> Ap
by tp(¢) :=ap(log(t)). For Y > 0, let
A%[Y]:=1p(Y, 00).

Then there exists Yo > 0 and, for every Y > Yy, a compact connected subset C(Y) of G such that
in the sense of a disjoint union one has

G=r-cyu| | r -nNpAbIYIK (3.3)
PeB
and such that
y -NpASIYIK NNpAL[YIK #0 & yel NNp. (3.4)

If for Y > Y, one lets

Fpy :=Ap[Y]x TN Np\Np Z[Y,00) x I' N\ Np\Np, (3.5)
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it follows from (3.3) and (3.4) that there exists a compact manifold X (Y) with smooth boundary
such that X has a decomposition as

X=X(Y)U |_| Fpy (3.6)
Pep

with X(Y) N Fp,y =8X(Y) = an’y and Fp’y N FP/’y =¢if P 5& P’

Let R be the right regular representation of G on L*(I"'\G). We shall now describe some
basic properties of Ry. The main references are [22,14,42]. There exists an orthogonal decom-
position

L*(I'\G) = L3(I'\G) ® LX(I'\G) (3.7)
of L2(I'\G) into closed R -invariant subspaces. The restriction of R to L?i(F \G) decomposes
into the orthogonal direct sum of irreducible unitary representations of G and the multiplicity of
each irreducible unitary representation of G in this decomposition is finite. On the other hand, by
the theory of Eisenstein series, the restriction R{. of R to LE(F \G) is isomorphic to the direct
integral over all unitary principal series representations of G.

Next we recall the definition and some of the basic properties of the Eisenstein series. For
P=MpA,Np €’B let Ep be the space of all functions on G which are measurable and left-

invariant under (I N P)Np A p and whose restriction to K is square-integrable. We turn Ep into
a Hilbert space using the inner product

(®, W) :=vol(I' N Np\Np) / @ (k)W (k) dk.
K

For each X € C there is a representation 7p ; of G on Ep, defined by
(NP,A(Y)‘D) (x) = M (A@=D/2)(Hp(xy) ,—(+(d=1)/2)(Hp (X)) g (xy).
Given @ € Ep and 1 € C, put
@, (x) = e*HA=D/DHP®) b ().
The action of the representation wp j is then given by
(Tps(N)P), (x) = Di(xy),

and 7p  is unitary for A € iR. Let Eg be the subspace of Ep consisting of all right K -finite and
left 3,/-finite functions, where 3, denotes the center of the universal enveloping algebra of mc.
For @ € 5?, and X € C the Eisenstein series E(P, @, A, x) is defined by

E(P,®,0,x)= Y  ®u(yx).
yel'NP\I'
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It converges absolutely and uniformly on compact subsets of {» € C: Re(A) > (d — 1)/2} x G,
and it has a meromorphic extension to C. Let P’ € B. The constant term Ep/(P, P, L) of
E(P,®, ) along P’ is defined by

1
Ep/(P,®,A,x):= / E(P,®,A,n'x)dn’. (3.8)
VOI(F N NP/\NP/)
TONp AN pr

Let W(Ap, Ap/) be the set of all bijections w : Ap — Ap/ for which there exists x € G such
that w(a) = xax™', a € Ap. Then one can identify W(Ap, Ap/) with kp/W(A)k;l. Thus
W(Ap, Ap/) has order 2. We let W(Ap, Ap/) act on C as follows. For w = kp/k;l and A € C

we put wi := . Let wo be the non-trivial element of W(A). Then for w = kp/u)()k;l and L € C
we put wA := —A. Then one has

Ep(P.®. 0= )  HEDRE O cpp @), (9
weW(Ap,AP/)

where

cpip(w:A):Ep — Epr

are linear maps which are meromorphic functions of A € C. Put

52@5[), JI)LZ@HP’)L.

PeB PePp

Then &), acts on £ as an induced representation. For @ = (®p) € € and A € C put

E(®, 1, x)= Z E(P,®p, A, x).
Pep

Let £° = é Pep Eg. Let wp be the non-trivial element of W(A). Then the operators
cp| p(k}, wok;] : A) can be combined into a linear operator

Ch): &> &°,

which is a meromorphic function of A.

The space £° decomposes into the direct sum of finite-dimensional subspaces as follows.
Let P =MpApNp be a I'-cuspidal proper parabolic subgroup. For op € Mp and v € K let
E(op, v) be the space of all continuous functions @ : (I' N P)ApNp\G — C such that for all
x € G the function m € Mp — @ (mx) belongs to the o p-isotypical subspace of the right regular
representation of M and for all x € G the function k € K — @ (xk) belongs to the v-isotypical
subspace of the right regular representation of K. For o € M set

E(o,v) = @ E(op,v),
PeB
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where op € Mp is obtained from o by conjugation. Each € (o, v) is finite-dimensional. Further-
more, let

E(o):= @8(0, V).

vekK

Then £(o) is invariant under & and the restriction of ) to £(o) will be denoted by 7 . Now
consider an orbit ¥ € W(A)\M. Let ¥ = {o, wo'}. Put

E(o,v), wo =o,

E@,v):= { E(o,v)® E(wo,v), wo #o.

Then it follows that

E'=Pew.v). (3.10)
LAY

where ¢ runs over W(A)\M and v over K. The operator C(1) preserves this decomposition. For
Y€ W(A)\M,veK and 1 € C let

C@W,v,A):E@,v) — EW,v) (3.1D)

be the restriction of C(A). We note that for ¢ = {o, wo'}, C(8, v, A) maps €(o, v) into £ (wa, v).
We denote the corresponding operator by

C(o,v,A):E(0,v) = E(wo, v). (3.12)
Taking the direct sum with respect to v € K, we get operators
C(o, 1) : E(0) — E(wo). (3.13)
Next we recall the functional equations satisfied by E and C. For @ € £° and 4 € C we have
E(@®,0)=E(CL)®, 1), (3.14)
and
CA)C(—Ar) =1d. (3.15)
Furthermore, let f € C2°(G) be right K -finite. Then &, (f) acts on &0 and we have
Cm.(f)=m_(/HCR), reC. (3.16)
Thus C(%) is an intertwining operator for the induced representation .
Now we come to the relation with the spectral resolution of R{.. For P = MpApNp € P

let Ry, denote the right regular representation of Mp on L>(Mp). Since Mp is compact, it
decomposes discretely as
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Ry, = @ d(op)op, (3.17)

UPEMP

where d(op) = dim(op). For L € C let & : Ap — C be the quasi-character given by
& (ap(t)) :=e™. Let Indg(RMP , 1) be the representation of G induced from Rpr, ® &x4(a—1)/2-
Then we have

wps = Ind§ (Rurp, 1) (3.18)

The theory of Eisenstein series implies that

R%; @/ﬂp’md)uZ/nmd)u.

Pe&BR R

Using the decomposition (3.17), the induced representation decomposes correspondingly into
the direct sum of principal series representations 7, ;. This gives the spectral resolution of R{.
(see [42, Section 3]).

Now let o be a K -finite Schwarz function. Define an operator Ry («) on L3*(I'\G) by

Rr(e)¢(x) i=/06(g)¢(xg)dg, ¢ € L*(I'\G). (3.19)

G

Then R (o) is an integral operator with smooth kernel K, (x, y). Moreover, the decomposition
of Rr in (3.7) induces a decomposition of the operator R («) as

Rr(a) = R{-(2) & R} (o).

It turns out that R (e) is again an integral operator with smooth kernel which can be computed
explicitly in terms of Eisenstein series as follows. Let {e,: n € I} be an orthonormal basis of €
which is adapted to the decomposition (3.10), i.e., each e, belongs to some subspace & (i, v).
The following proposition is the main result about the spectral resolution of the kernel.

Proposition 3.1. Let o be a K -finite function in C'(G). Then R{.(a) is an integral operator with
kernel K§(x,y) given by

Ké(x,y):% > /(m(a)em,en)E(en,m,x)E(em,ix,y)dx. (3.20)

m,nel R

Furthermore, the kernel Kg = Ky — K is integrable over the diagonal, the operator Rj{ (o) is
of trace class and its trace is given by

Tr(R?(a)): / Kg(x,x)dx.
G
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Proof. See [42, Theorem 4.7]. O

The Eisenstein series are not square integrable. However, the truncated Eisenstein series,
which are obtained by subtracting the constant terms in each cusp, are square integrable. Their
inner product gives rise to the Maass—Selberg relations which we recall next.

Let Yp > 0 be such that (3.3) holds. Let Y > Y. For P € ‘B let xp y be the characteristic
function of NpA%[Y1K C G.Let @ € E°. For Y > ¥, put

EY(@,0,x)=E@70x)— Y > xpy(QEp(® i vg),
PeByel NNp\I'

where Ep(®, X, x) is as in (3.8). By (3.4) at most one summand in this sum is not zero. By [14]
the function EY (&, 1) belongs to LXr \G). Now we have the following proposition.

Proposition 3.2. Let &,V € E% and )\ € C. Then one has

EY(®,ir, x)EY (W, i), x)dx
G

2iA —2iA
®.Cinw)—
2 (@ ClaY) = —

:—<C(—ik)diZC(iA)§b,lP>+2(¢,J/)logY—+— (Cine, v).

At the end of this section, we remark that the space Lf, (I'\G) admits a further decomposition

LA(I'\G) = L2, (I'\G) ® L2 (I'\G). (3.21)

cusp res

Here L%usp(l“ \G) is the space spanned by the cusp forms, i.e. the square integrable functions f,

which for all P € satisty

f;,) (x):= / f(nx)dn =0 foralmostall x € G.

I'NNp\Np

One does not know much about Lgusp(F\G) and its size in general. On the other hand, let
@ € E(o,v). Let 59 € (0,n] be a pole of E(®,s). Then the function x - Res|s—s E(P, s) is

square integrable on I"\G and L?es(l" \G) is spanned by all these residues of Eisenstein series.
4. Bochner Laplace operators

Regard G as a principal K-fibre bundle over X. By the invariance of p under Ad(K), the
assignment

d
Tghor::{a gexptX: Xep}

defines a horizontal distribution on G. This connection is called the canonical connection. Let v
be a finite-dimensional unitary representation of K on (V,, (-,-),). Let

=0
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E,:=Gx,V,
be the associated homogeneous vector bundle over X. Then (-,-),, induces a G-invariant metric

BV on Ev. Let V" be the connection on Ev induced by the canonical connection. Then \ARTS
G-invariant. Let

E,:=T\(G x, V)

be the associated locally homogeneous bundle over X. Since B, and V" are G-invariant, they
push down to a metric B, and a connection V" on E,,. Let

C®(G,v):={f:G—>V,: feC® fghy=v(k')f(g), Vg€ G, YkeK}. (4.1)

Let

C®(I\G,v):={feC®G,v): f(yg)=f(g), VgeG, Vy eT}. 4.2)

Let C*°(X, E,) denote the space of smooth sections of E,. Then there is a canonical isomor-
phism

A:C®(X,E) =ZC®(I'\G,v)

(see [28, p. 4]). There is also a corresponding isometry for the space L?(X, E,) of L2-sections
of E,.Forevery X € g, g € G and every f € C*(X, E,) one has

d
A(VZ(g)*Xf)(g) =1 Z_OAf(gexth).

Let A, = VV*$" be the Bochner—Laplace operator of E,,. Since X is complete, A, with domain
the smooth compactly supported sections is essentially self-adjoint [5]. Its self-adjoint extension
will be denoted by A, t00. Let R be the regular representation of Z(g) on C*°(G, v). Then by
[28, Proposition 1.1] it follows that on C*°(G, v) one has

Ay =—R(Q) + v(2k), 4.3)

where 2k is the Casimir operator of £ with respect to the restriction of the normalized Killing
form of g to €. Let AU be the differential operator on E,, which acts as —Rp(£2) on C*(G, v).
Then it follows from (4.3) that A, is bounded from below and is essentially self-adjoint. Its self-
adjoint extension will be denoted by A, too. Let e~*4* be the corresponding heat semigroup
on L2(G,v), where L%(G, v) is defined analogously to (4.1). Then the same arguments as in
[4, Section 1] imply that there exists a function

K € C*(G x G,End(V,)), (4.4)
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with the following properties: K (g, g’) is symmetric in the G-variables, for each g € G, the
function g’ > K (g, g’) belongs to L?(G, End(V,)), it satisfies

K,”(gk, g/k/) = v(k_l)K,”(g, g/)v(k/), Vg, g € G, Yk, k' e K

and it is the kernel of the heat operator, i.e.,

(e—tAv¢)(g) _ / sz(gv g/)¢(g/) dg', Ve¢e L%*(G,v).

G

Since £2 is G-invariant, K} is invariant under the diagonal action of G. Hence there exists a
function

H/:G — End(V,)

which satisfies

H (k"' gk') = v(k)~ o H () ov(K))., Vk.K €K, VgeG, .5
such that
K'(s.¢)=H(g7's). Vg8 €G. (4.6)
Thus one has
(7 9)(9) = / U(g7'8)¢(s)dg’. ¢ €L (G.v). g€G. @.7)
G

By the arguments of [1, Proposition 2.4], H} belongs to all Harish-Chandra Schwartz spaces
(C1(G) ® End(V))), ¢ > 0.

Now we pass to the quotient X = I'\ X. Let A, = V"*V" the closure of the Bochner—Laplace
operator with domain the smooth compactly supported sections of E,. Then A, is self-adjoint
and by (4.3) it induces the operator — R (§2) + v(§2k) on C*°(I"\G, v). Thus if we let A, be
the operator —R(§2) on C°(I'\G, v), then A, is bounded from below and is essentially self-
adjoint. The closure of A, will be denoted by A, too. Let e *4v be the heat semigroup of A, on
L*(I'\G, v). Let

U(t;x,x") Z H'(g~ 7/8 (4.8)
yel’

where x,x’ € I'\G, x = I'g, x' = I'g’. By [42, Chapter 4] this series converges absolutely and
locally uniformly. It follows from (4.7) that

(7o) = f H"(1;x,2')¢(x)dx', ¢ € L*(I'\G,v), x € I'\G.
NG
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Put
h}(g) :=trH'(g), 4.9)

where tr denotes the trace in End V,,. Define the operator Ry (h}) on L*(I'\G) as in (3.19). Then
Rr(h}) is an integral operator on L%(I'\G), whose kernel is given by

h”(t;x,x/) :=trH"(t;x,x’). (4.10)
We shall now compute the Fourier transform of 4}. Let 7 be a unitary admissible representa-
tion of G on a Hilbert space H. Let v be the contragredient representation of v and let Py ()
be the projection of 7, onto #., the V-isotypical component of #,. By assumption /. is

finite-dimensional. Furthermore, it easily follows from (4.5) and the Schur orthogonality rela-
tions [18, Corollary 4.10] that

n(h}’) = Pf,(rr)rr(h}’)P‘;(ﬂ). 4.11)

The restriction of 7 (h}) to ’H,j‘; will be denoted by (/) too. Define a bounded operator 77 (H,”)
on H; ® V, by

7 (H)(g) = / 7(g) ® Hy (g) ds. @.12)
G

Then relative to the splitting

He ® Vi = Hr ® V)X @ (Ha ® Vi)K)™,

m(H) 0
0o o)

where 7 (H,”) acts on (H; ® V)X It follows as in [1, Corollary 2.2] that

7 (H,”) has the form

m(H') =" 1d, (4.13)
where Id is the identity on (H, ® V,,)X. Now let A : H, — H, be a bounded operator which
is an intertwining operator for 7 |x. Then A o w(h}) is again a finite rank operator. Define an

operator AonH, ®V, by A:=A®]Id. Then by the same argument as in [1, Lemma 5.1] one
has

Tr(A o7 (H)) =Tr(Aom(h))). (4.14)
Together with (4.13) we obtain

Tr(Aom(h))) =™ - TrAl gy, k- (4.15)
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Let 7 € G and let O be its global character. Taking A = Id in (4.15), one obtains
O (h}) =™ - dim(Hr @ V,)K =™ - [ : 7).

Now note that if d is odd, we have v = v for every v € K and if d is even we have & = o for
every o € M, see for example [12, Section 3.2.5]. Thus, in any case we have [V:o]=[v:0o].
Moreover, by [12, Theorems 8.1.3, 8.1.4] we have [v:o] < 1forallv e K and all 0 € M. Now
consider the principal series representation 7, 3, where o € M and X € R. Let O, be the global
character of 7, ;. Forall v € K one has

[m5:v]=[v:0o]
by Frobenius reciprocity [17, p. 208]. Hence for [v : o] # 0 one has
@a,k(h;)) — 70 (£2)

and one has ©, , (hy) =0 for [v : 0] = 0. The Casimir eigenvalue can be computed as follows.
For o € M with highest weight given by (2.11) resp. (2.12), let

n+l 5 n+1
clo)=Y (kj(@)+p;) =D pi. (4.16)
j=2 j=1
Then one has
M5 (82) = =22 + ¢(0). 4.17)

For G = Spin(2n + 1, 1) this was proved in [34, Corollary 2.4]. For G = Spin(2n + 2, 1), one
can proceed in the same way. Thus we obtain the following proposition.

Proposition 4.1. For o € M and ) € R let O,y be the global character of 7, . Let c(o) be
defined by (4.16). Then one has

O (1) = 3
for[v:o]#0and O ;(h}) =0 otherwise.

Finally, by (3.18), (4.17) also gives

T2 (2) =22 +¢(0). (4.18)
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5. The regularized trace

In this section we define the regularized trace of the heat operator. The decomposition (3.7)
induces a decomposition of LZ(F\G, V)= (LZ(F\G, V) ® V,)K as

L*(I'\G,v) = L3(I'\G,v) ® L>(I'\G, v). (5.1)

Let A, be the operator induced by —Ry(£2) on C°(I'\G). The decomposition (5.1) is in-
variant under A, in the sense of unbounded operators. Let A? denote the restriction of A, to
LZ(F\G, V). Then the spectrum of A‘j is discrete. Let A1 < A2 < - -- be the sequence of eigen-
values of A‘,f, counted with multiplicities. This sequence may be finite or infinite. For A € [0, 00)
let

N@) :=#{j: L; <A}
be the counting function of eigenvalues. By [30, Theorem 0.1] there exists C > 0 such that

N < C(1+2) (5.2)

for all A > 0. In fact, in the present case, the exponent is d/2. This follows from an estima-
tion of the counting function of the cuspidal eigenvalues, which can be obtained by adapting
[7, Theorem I.1] and its proof to the case of a locally homogeneous vector bundle, and the fact
that the residual spectrum is finite in the present case. Hence the sum Z e~"*i converges for all

_saAd .
1A} is of trace class and one has

(e74%) Ze A (5.3)

t > 0, the operator e

Let H; be the kernel of e~ and let h{ =tr H’. Then h; belongs to CY(G).Let h”(t; x, y) be
the kernel of R (). By Proposition 3.1, the kernel h/(t; x, y) of R}.(h}) is given by

1 _
hE(t; x,y) = EZ f(nix(hf)el,ek>E(ek,iA,x)E(el,ik,y)dk, (5.4)
k,l

where {ex: k € I} is an orthonormal basis of £ adapted to the decomposition (3.10). Let
hy(t;x, y) =h"(t;x,y) —he(t; x, ). (5.5)

By the second part of Proposition 3.1, &), is the kernel of Rji (h}) and we have

Tr(e 'A%) = Tr(R% () = / Y (t; x, x) dx. (5.6)
NG
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Now the argument on p. 82 in [42] can be extended to iy € C(G) and one has

dxdi < oo.

Z(ﬂix(h}))el, ek)EY(ek, ix, x\)EY (e}, in, x)
k.l

R I'\G

Thus one can apply Proposition 3.2 and interchange the order of integration. Let C(o, v, 1) be
the operator (3.12). Arguing now as in [42, pp. 82—-84] and using Proposition 4.1 one obtains

ke log ¥ dim(o)

Tr(zrmo(h}’)C(o,v,O))_'_ Z <

hl(t; x,x)dx =
/ ¢ Z 4 . 4t
X(Y) oeM;o=wpo oeM
[v:o]#£0 [v:o]#0
- L Tr| n ~;L(h”)C(0 v —ik)iC(o V,iA) JdA ) +o0(1)
. 0,i t , V, dz , V, s
R

as ¥ — oo. Now recall that the restriction of the representation ;) to K is independent of the

parameter A. Let

Co,v,1): (E@) @ V)" — (Ewo) @ V)"

be the restriction of C(o, ) ®Idy, to (E(0) ® V)X, where C (o, 1) is the operator (3.13). Using
the intertwining property of C (o, 1), Egs. (4.15) and (4.18) one obtains

Tr(C (o, v,0 1¢@) Jog Y di
fhf,(r;x,x)dxz T o IHE@.1 0D (Z” Dy (Ke oi (@)
X(Y) oeM; o=wyo oeM i

[v:io]#£0 [v:o]#£0
1 —1(2=c(o)) > . d - :
—— | e Tr{ C(o,v, —iA)—C(o,v,i)) |dr | +0(1),
4 dz
R

as Y — oo. Thus together with (5.5), (5.6) we obtain

ke dim(o)log Y
h'(t; x,x)dx = + e i
/ )3 )

Y J
X) [v:ia]#0
ety TH(C (@, v, 0))

+ ) 1

oeM;a:woa

[v:ia]#0

1 _ d -
- Z /e_’()‘z_”(“))Tr<C(o, v, —i,\)d—C(a, v,ik)) d
TT
UGM R ‘
[v:ia]#0

+o(1) (5.7)
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as Y — oo. It follows that fX(Y) tri¥ (t; x, x) dx has an asymptotic expansion as ¥ — oo and
following [27], we take the constant coefficient as the definition of the regularized trace.

Definition 5.1. The regularized trace of e /4 is defined as

Tryeg (e"4) = Tr(e—fA’v’) + Y w
O‘EM; o =wpo

[v:o]#£0

1 . d -
e Z /e—"W—C(“))Tr(C(o,u,—ix)d—ZC(o,u,ix)>dA. (5.8)

oceEM R
[v:io]#0

Remark 5.2. The right-hand side of (5.8) equals the spectral side of the Selberg trace formula
applied to exp(—tA,). This follows from [42, Theorem 8.4].

Remark 5.3. There are slightly different methods to regularize the trace. One is to truncate
the zero Fourier coefficients of 4V (¢; x, y) at level Y > Y. The resulting kernel h;(t; Xx,y) is
integrable over the diagonal. The integral [, h} (r;x,x)dx depends on Y in a simple way. If
one subtracts off the term which contains Y, one gets another definition of the regularized trace
which is closely related to (5.8).

Remark 5.4. The definition of the regularized trace depends in a subtle way on a choice of the
representatives 3 of I'-cuspidal proper parabolic subgroups of G since the terms in Eq. (5.8)
involving the scattering matrices C depend on this choice. If one expresses the regularized traces
as in Theorem 6.1 below, then its dependence on the set 3 is incorporated in the constant C (1)
which occurs in the definition of the distribution 7. This fact has been brought to our attention
by Werner Hoffmann. However, it will follow immediately from our proof that our main result
Theorem 1.1 is not affected by the choice of 3 since the leading term C (n) vol(X)m - dim(z (m))
in Theorem 1.1 is independent of the choice of *13.

6. The trace formula

In this section we apply the Selberg trace formula to study the regularized trace of the heat
operator e *4v_ To begin with, we briefly recall the Selberg trace formula. First we introduce the
distributions involved. Let o be a K -finite Schwartz function. Let

(@) == vol(I'\G)a(1).

By [15, Theorem 3], the Plancherel theorem can be applied to «. For groups of real rank one
which do not possess a compact Cartan subgroup it is stated in [17, Theorem 13.2]. Thus if
P;(z) is as in Section 2.8, then for an odd-dimensional X one has

I =vol(X) Y /Pg(ik)@g,x(a)d)u, 6.1)

oceM R
[v:ia]#£0
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where the sum is finite since « is K -finite. In even dimensions an additional contribution of the
discrete series appears. Let Iy be the semi-simple elements of I" and let C(I")s be the set of
I'-conjugacy classes [y ], y € I5. Put

H(a) = Z a(xilyx)dx.

e veh—{l

By [42, Lemma 8.1] the integral converges absolutely. Its Fourier transform can be computed
as follows. Since I" is assumed to be torsion free, every non-trivial semi-simple element y is
conjugate to an element m(y)exp£(y)Hy, m(y) € M. By [39, Lemma 6.6], /() > 0 is unique
and m(y) is determined up to conjugacy in M. Moreover, £(y) is the length of the unique closed
geodesic in X associated to [y ]. It follows that I, the centralizer of y in I', is infinite cyclic. Let
o denote its generator which is semi-simple too. For y € C(I")s — {[1]} let a), :=exp £(y)H
and let

Ly.o) = Tr(o)(my)

= e M), 6.2)
det(Id — Ad(myay)|7)

Proceeding as in [39] and using [10, Eq. 4.6], one obtains

oeM y1eCMs—[1]

! r .
Haw=)" > %?L(m) / O (@)™ dj, 6.3)

where the sum is finite since « is K -finite.
Now let P €*B. Forevery n € I' N Np — {1} let X, :=logn. Write || - || for the norm induced

on np by the restriction of 4]78(-, 0-). Then for Re(s) > O the Epstein-type zeta function ¢p,
defined by

tp(s) = Y lIX, 70, (6.4)

nel'NNp—{1}

converges and ¢p has a meromorphic continuation to C with a simple pole at 0. Let Cp(I") be
the constant term of ¢p at s = 0. Then put

Tp(a) :://a(knpk’l)dnpdkz//a(knok’l)dnodk,
K Np K N
vol(I" N Np\Np)

T(a):= Y Cp(I) Vol )

PeP

Th(a) :=//a(knpk*‘)1og||1ognp||dnpdk.
K Np

Tp(a),
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Then T and Tp: are tempered distributions. The distribution 7 is invariant. Let

vol(I" N Np\Np)

C(M):=Y_ CpI) T

PeB

Applying the Fourier inversion formula and the Peter—Weyl theorem to Eq. 10.21 in [17], one
obtains the Fourier transform of 7' as

T@=) dlm(a)—C(I")/ O 1. (c0) d. (6.5)

oeM

The distributions T}, are not invariant. However, they can be made invariant using the standard
Knapp-Stein intertwining operators. These operators are defined as follows. Let Py := NoAoM
be the parabolic subgroup opposite to Py. Let o € M and let (H%)™ be the subspace of C*°-
vectors in H?. For @ € () and A € C define @, : G — V,; by

®; (nak) := @ (k)etrertploga,

Then for Im(A) < O the integral

Ty (@ ) (@) (K) 1= / @, (k) dii (6.6)

N

is convergent and J Bolpo (@5 M) (H?)°° — (H?)®° defines an intertwining operator between 7, ),

and 7, ; p,wherex, ; 5 denotes the principal series representation associated to o', A and P.
As an operator-valued function, J ol Po (o, ) has a meromorphic continuation to C (see [19]).

Letve K bea K -type of 7, 3. Since [v: o] < 1 for every v € K , it follows from Frobenius
reciprocity and Schur’s lemma that

JPO\PO (o, M|(Hoy =cy(o:A) -1d, (6.7)

where ¢, (o : A) € C. The function z — ¢, (o : z) can be computed explicitly. Assume that d =
2n+1.Letky(o)er +- - -+ kn+1(0)e, 41 be the highest weight of o asin (2.11) and let k> (v)er +

-+ +ky41(v)en+1 be the highest weight of v as in (2.9). Then taking the different parametrization
into account, it follows from Theorem 8.2 in [8] that there exists a constant «(n) depending on n
such that

175 Mz —kj(0) = pp) [T}5, Tz +kj(0) + p))
[T Mz — ki) = pp [T Tz + k) +pj+ 1)

cy(o:z2) =an) (6.8)

This formula implies that

n+1 n+1 ki)

cy(o:z2)” —Cv(O' )= Z Z 17 - Z Z m (6.9)
J

J=2 |kj(@)|<I<k;j(v) J=2 I=lk;(0)]
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Nextletd =2n+2.Let ka(0)ez + - - - + ky4+1(0)en+1 be the highest weight of o as in (2.12) and
letky(v)er +- - -+ ky41(v)en41 be the highest weight of v as in (2.10). Then by [8, Theorem 8.2],
there exists a constant «(n) depending only on n such that

rQig) [T riz—kjo) — p])]_[”+1F(lz+k @)+ pj)
22z [TH5 Miz — k() — pj + DITIE Tz + k) + p))

cv(o:z) =a(n) (6.10)

Egs. (6.8) and (6.10) imply that J P (O A) has no poles on R — {0} and is invertible there
and that J Pyl Py (O z)~ ! is defined as a meromorphic function of z. It follows that the weighted
character

d
Tr(JPOPO(a z) JPo\Po(a z)ngz(a)> (6.11)

is regular for z € R — {0}. Let € > 0 be sufficiently small. Let H, be the half-circle from —e to
€ in the lower half-plane, oriented counter-clockwise. Let D, be the path which is the union of
(—00, —€], H¢ and [€, 00). Using (6.8), (6.10) and the fact that the matrix coefficients of 74 ; (o)
are rapidly decreasing, it follows that (6.11) is integrable over D.. Let

kdimo 1 d
Jo (@) := e /TF(JPOPO(U z) JPolpo(U z)naz(a)) (6.12)
De

The change of contour is only necessary if Jj, 5 (0, 5) has a pole at 0. Let

J(o) = — Z Jo (). (6.13)
It

Using [12, Section 3.2.5], [12, Theorems 8.1.3, 8.1.4],A(6.8) and (6.10) it is easy to see that
[V:ol=[v:o]and cy(o :z) =cy(o :z) forall v e K and all o € M. Thus by (4.11) and
Proposition 4.1 one has

v __L . . —1(z2—c(0)) . ,11 .
J(hY) = mZ[v.a]dlm(o)/e @07 e @i ndz (6.14)

For notational convenience, if v € K and o € M with [vio]=0weletc,(o:z):=0. Now we
define a distribution Z by

I(a):= Y Tpla)— J(@). (6.15)
Peyp

We claim that 7 is an invariant distribution. This can be seen as follows. Using the formula for
Ju(m,a) onp. 92 of [16], we get Jy, (1, ) = T;, (). Next using the formula for the invariant
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distribution Ip (m, o) on p. 93 of [16] and formula (8) of [16], it follows that

di d
IP(LO‘):TI/:(O()+ Z 141:171-[(1.0) /Tr<]130|p0(o', Z)*ld_zjﬁolpo(o', Z)n'g’z(a)) dz.

oceMy D,

Adding over P €33, we get

> 1) =T(@ ~ J (@),
Pesps

which proves our claim.

Theorem 6.1. With the above notations, one has
Trreg(e 'A*) = 1(h}) + H(}) + T (h}) + Z(h}) + J (h}).

Proof. By (5.8), Treg(e™ Av) is the difference of Tr(e_’Ag) and the terms in the trace formula
which are associated to the continuous spectrum. These are the last two terms in the trace formula
[42, Theorem 8.4]. Using [42, Theorem 8.4], the theorem on p. 299 in [35], and taking our
normalization of measures into account, we obtain the claimed equality. O

The Fourier Eransform of the distribution Z was computed in [16]. We shall now state his
result. For 0 € M with highest weight ky(0)ex + -+ - + kp1(0)en41 and A € R define A, € (b)(’{:
by

n+1
ho i=irer+ Y (kj(0)+ pj)e;. (6.16)
j=2

Let S(bc) be the symmetric algebra of bc. Define IT € S(bc) by

n:= [] He. 6.17)

acAt(mc,bc)

The restriction of the Killing form to hc defines a non-degenerate symmetric bilinear form. We

will identify b, with hc via this form and denote the induced symmetric bilinear form on b7, by
{x.a)
{a.a)

(-,-). Then for « € A" (gc, hc) we denote by s : bt — b the reflection 5o (x) = x —2
Now the Fourier transform of Z is computed as follows.

o.

Theorem 6.2. For every K -finite « € C*(G) one has

T(@) = % 3 /9(&,—,\)@0,1@)(1,\,

ogeM R
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where

. 1 M (sae)
(o, )) :=-2d - = _— 14+ Ay (Hy 1—As(Hy))).
(0, 2) im(o)y 2a€A+(ZWC) o) (¥ (14 2o (H)) + ¥ ( (Hy)))

Here  denotes the digamma function and y denotes the Euler—Mascheroni constant. Moreover
o denotes the contragredient representation of o and I1 is as in (6.17).

Proof. This follows from [16, Theorems 5, 6], [16, Corollary on p. 96]. Here we use that
for d even and 7 € Gd, the discrete series of G, the term |Dg(a)|' 2@),; (a) occurring in
[16, Theorem 5] vanishes for a = 1. This can be seen as follows. By the formula for the char-
acter of the discrete series [17, Theorem 12.7], [41, Theorem 10.1.1.1], one needs to show that
> wewy det(w) = 0. This has been established in the proof of Lemma 5 in [6]. O

For the applications we have in mind, we shall now transform the functions $2(A, o) a bit.
In the rest of this section we assume that d = dim(X) is odd, d = 2n + 1. We start with the
following elementary lemma.

Lemma 6.3. One has

Z M:Zdima

aeAt(ge,ac) o)

Proof. This is proved in [16, p. 95] but can also be seen as follows. Let & € b, § =&ex+---+
&n+1€n+1- Then it follows from (2.3) that

ne =[] G-&)&E+é). (6.18)
2<i<j<n+l
If 7 is a permutation of {2,...,n + 1} and

& =5e 0+ F 16t

it follows from (6.18) that
I1(5;) = £11(8). (6.19)

Write A(0) + py =&ex+ - +&u11e,41. Let Ay be asin (6.16). Then if o = e1 & ¢, one has

sa(ho) =F&jer +&rea+---+&j1ej_1 Fikej +&jr1ej41 + - +Epr1ent1.  (6.20)

Using (2.15) and (6.18) it follows that

H(S21+Ej ()‘0)) = H(SEI—E]‘ ()\0))§ H(sel+ej ()\0)) = n(sel+ej (A‘woo))~ (6.21)
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Thus by (2.14) and (6.18) for « = ey & ¢; one gets

I (s¢ (X)) (=1 ) ) n+l1 ) ,
= _ _)\‘ _
H(py) (o) [T @E&-¢)]]¢ £)

2<k<I<n+1 p=2
kl#j P#]
1 n+l _ 22 %-2
= H (‘gk2 _El) 1_[ 2 o0
2
I (pm) 2<k<I<n+1 §i -6
paéj

n+1 2 %-2
= dim(o) ]_[ 52 2
p#/

Now as in [34, Lemma 5.6] one has

n+1 n+1 _k2 _ 52

— P
]2_;]!_[2 52 52
P#J

for every A. This proves the lemma. O
For j=2,...,n+1and A € C let

H(Sel +e; Ag)

Pj(O, )\.) = H(pM)

2643

(6.22)

(6.23)

Then if o is of highest weight ky(c)ex + -+ - + ky41(0)en+1 as in (2.11) it follows from (6.22)

that

n+1

| — (kp(0) + pp)>
P; CA =d .
(0, 1) = dim(0) 1!:[2 k(@) + p))2 — (kp(@) + pp)>

P#]

In particular P; (o, A) is an even polynomial in A of degree 2n — 2.

(6.24)

Proposition 6.4. Let o € M be of highest weight ka(0)ez + - - - + ky41(0)en+1. Assume that all
kj(o) are integral and that k,,1(0) > 0. Let the notation be as in Theorem 6.2. Then one has

(o, L) = 2(woo, L); (0, \) =82, —A).
Moreover one can write

(o, 1) =821(0,A) + §22(0, L),
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where §21(o, A) and §2,(o, A) are defined as follows. Let mq := |ky+1(0)| — 1. Then one puts

21
21(o, 1) :=—di 2 14+ix 1—ix — ).
10, 3) lm(o><y+w( +i Y =i+ Y zzﬂz)
1<i<mg
Furthermore for every j let Pj(o, ) be as in (6.23). For mo <1 < kj(0) + p; define an even
polynomial Qj (o, L) by

Pj(O‘,)x)—Pj(O‘,l'l) Pj(U,)L)—Pj(U,il)

(o, \) = 6.25
Qju(@4) [+in I—ix (6:25)
Then
n+1 n+l
o2 . ki (o) + pj
§2,(o, ) ::—Z Z Pj(a,tl)ﬁ —Zdlm((f) / 5 5
j=2 mo<l<kj(c)+p; A+l j=2 (kj(o) +pj)"+ A
n+1 1
—Z Z Qji(o: 1) =3 Z Qji(o,A).
Jj=2 mo<l<k;j(0)+p;j I=kj(0)+p;
2<j<n+l
Finally, if k,11(0) <0, one puts $21(o, 1) = £21(woo, L), $22(0, L) = §22(woo, A).
Proof. Let j € {2,...,n+ 1}. We have
Ao (Heyxe;) =i % (kj(0) + pj). (6.26)

Now recall that p,4+1 = 0 and that the highest weight of wgo is given by kx(o)ex + --- +
ky(0)en — kyy1(0)en+1. Moreover recall that for M = Spin(n) one has & = ¢ if n is odd
and ¢ = wpo if n is even. Thus (6.21) and (6.26) imply that £2(1,0) = £2(:, woo) and
(A, 0) = 2(—X, 7). Moreover, using ¥ (z + 1) = % + ¥ (2), (6.21) and (6.26) we obtain

n e e')\‘o'
TTCerte0) (4 4 pg (Herpe)) + 9 (1= 2o (Horse)

I (pm)
I (Sei—e. Mo)
o W2 (Hey o) (1= e (Hey )
H(S€1+ej)\a) 21
=2— 1+ix 1—iA =
o) (W +id)+F (1 —id)+ Z Py
1<I<mg
21 ki(o)+p;
+ Z 12 )\2+ k( J(G) I;)]) )L2)'
mo<l<k;j(o)+p; + ( J(G)+pj) +
Using Lemma 6.3 and (6.21) we obtain
n+1
21 (kj(o) +pj)
Q(o,k):[)ﬂo,k)—ZR,(a,)»)( Z 5 5+ 5 5 ).
j=2 mo<taioyee; T2 ki@ + )72



W. Miiller; J. Pfaff / Journal of Functional Analysis 263 (2012) 2615-2675 2645

Since Pj(o, A) is an even polynomial in A, forevery j =2,...,n+ 1 and every [ with mo <1 <
|kj(o)] + pj we can write

Pj(O',)\)l 1 X
7124-)»2 = EQJ’I(U’)L)+Pj(0’ll)—l2+)»2'

Using (6.24) it follows that
P; (o, i(kj(a) + pj)) =dim(o).
This implies the proposition. 0O

Remark 6.5. There is a similar formula for o € M with half-integral weight.

—tAp(7)
—tA,

In order to define the analytic torsion, we need to know that the regularized trace of e
admits an asymptotic expansion as t — +0. We establish this in general for the operators e
To begin with, we prove some auxiliary lemmas.

Lemma 6.6. Let ¢ (1) := fR e dX. Then there exist aj € C such that

)»2+2
o .

A

$1(1)~ Y ajt?

ast — 0.

Proof. We have

5 efz(xuc?)
o1() =¢€'¢ /7&».

2242
R

One has
d —t(,\2+c2) JT
di ,/ A2+ c? VA
R
Thus one has

fz(x%rcz)
/k dr=C + +/mt.
R

.. 2 . ..
Writing e’¢” as a power series, the proposition follows. O
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Lemma 6.7. Let ¢ (t) := fR e_’)‘zl/f(l + i) dA. Then there exist complex coefficients aj, bj, c;
such that as t — 0, there is an asymptotic expansion

o [e¢) [e )
o (t) ~ Zajtj_l/z + ijtf‘l/z log? + chtj.
Jj=0 Jj=0 Jj=0
Proof. The asymptotic behavior of the Laplace transform at 0 of functions which admit suitable
asymptotic expansions at infinity has been treated in [13].

Recall that

N

Y+ 1) =logz+ = 3o B L RyG). NeN (6.27)
=10 ~_ ~1.  Tor 9 9 .
k4 g2 2z Z % N(Z

where B; are the Bernoulli numbers and
Ry@=0(z*72), 7>

uniformly on sectors —m 4 § < arg(z) < — §. Consider

o0

0 :=/e*“2w(1 +ix)dh.

0

Let x be the characteristic function of [1, 00). Define a function

A
g0 = (1 + i) — log(in) — X2
2i A
and define a function
A
hoy o= 89D,
2V
Then by (6.27) there is an asymptotic expansion
oo
h(G)~ Y a2 x> o0, (6.28)
k=1
First define
o o

v () ::/e—”zg(x)d,\:/e—”h(x)d,\.

0 0
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Then by (6.28) and [13, Corollary 5.2] one obtains

o o
W)~ a4y e
k=0 =0

for complex a;, c;. Next we have
0 o0
/e—tkzlogxdkzt_l/Z/ -2 loghdi — { 1/zlogt
0 0

Finally we have

e’} 1 o) 1 00 2k—1
/e—’“rldx=/e—*2r1dx+/e—*2r1dx /Z( 1)" dr+C
1 Ji 1

«ﬂ k=0

_log\/_+2( 1)k+1k'2k C/

Putting everything together, we obtain the desired asymptotic expansion for qb;r . For the integral
over (—o00, 0] we proceed similarly.

Alternatively, one can also proceed as in [21, pp. 156-157, 165-166]. The methods of [13]
and [21] are closely related. O

Lemma 6.8. Let P(z) := Z?]:o a jzzj be an even polynomial. Then there exist a;. € C such that

N
/e_”‘zP()») dr = Za}t—f—%.

R j=0
Proof. This follows by a change of variables. 0O

Proposition 6.9. Assume that dim(X) is odd. There exist coefficients aj, bj, cj, j €N, such that
one has

o0
Tireg (€ _tA" Zaﬂ/ 2+Zb 1 10gt+zcjz/

Jj=0
ast — +0.

Proof. We use Theorem 6.1 and derive an asymptotic expansion of each term on the right-
hand side. We can always ignore additional factors of the form e~*¢, ¢ > 0 by expanding this
term in a power series. The term / (h}) has the desired asymptotic expansion by Proposition 4.1,
Eq. (6.1) and Lemma 6.8. Secondly, using [11, Proposition 5.4] one obtains H (h}) = O(e_§) for



2648 W. Miiller, J. Pfaff / Journal of Functional Analysis 263 (2012) 2615-2675

a constant ¢ > 0. By Proposition 4.1 and Eq. (6.5), the term 7 (k}') has an asymptotic expansion

starting with t’%. For every o € M with [v:o]# 0 we write £2(X, o) as in Proposition 6.4.
Then by Propositions 4.1, 6.4 together with Remark 6.5, Lemmas 6.6, 6.7 and 6.8 it follows
that the term Z(h;) has the claimed asymptotic expansion in ¢. The term J () has the claimed
asymptotic expansion by Eq. (6.14) and Lemma 6.6. 0O

Remark 6.10. The proposition remains true in even dimensions. The proof, however, would
require more work due to the discrete series. This is not needed for our purpose.

7. The analytic torsion

Let 7 be an irreducible finite-dimensional representation of G on V. Let E” be the flat vector
bundle associated to the restriction of 7 to I". Then E/ is canonically isomorphic to the locally
homogeneous vector bundle E; associated to 7|g. By [26], there exists an inner product (-,-) on

V; such that

) (tY)u,v)=—(u,t(Y)v) forall Y €&, u,v e Vg,
2) (t(Y)u,v)=(u,r(Y)v) forall Y e p,u,ve V;.

Such an inner product is called admissible. It is unique up to scaling. Fix an admissible inner
product. Since 7|k is unitary with respect to this inner product, it induces a metric on E; which
will be called admissible too. Let A”(E;) be the bundle of E;-valued p-forms on X. Let

vp(7) = AP Ad* ®7 : K — GL(APp* @ V7). 7.1
There is a canonical isomorphism
AP(Er) ZT\(G Xy, () (APp* @ Vr)). (7.2)

If AP(X, E;) are the smooth E;-valued p-forms on X, the isomorphism (7.2) induces an iso-
morphism

AP (X, Er) = C®(I'\G,vp(1)). (7.3)

A corresponding isomorphism also holds for the L2-spaces. Let Ap(t) be the Hodge—
Laplacian on AP (X, E;) with respect to the admissible inner product. By (6.9) in [26], on
C*(I'\G, v, (1)) one has

Ap(t)=—2 +1(£2)1d. (7.4)
If A(t) =ki(r)er + -+ + knt1(T)en+1 is the highest weight of t, we have
n+l1 n+l

@)=Y (ki@ +0;)" = o2 (7.5)
j=I

j=1
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For G = Spin(2n + 1, 1) this was proved in [34, Section 2]. For G = Spin(2n + 2, 1), one can
proceed in the same way. Let 0 < A1 < A2 < - - - be the eigenvalues of A, (7). By (7.4) and (5.8)
we have

Treg(e @)=Y e ™+ Y 1T (2)—c(o)) THC (@, Zp(f)vo))
J oeM;o=wyo

[vp(7):0]#0

1 t
S —1(r(£2)—c(0))
4 Z ¢

ogeM
[vp(r):0]#0

[ e m(Ce v - Ll @) )an a6
Z

Let

d
K(t, 1) =Y (=1)" pTreeg (e 4). (7.7)
p=0

Then the analytic torsion is defined in terms of the Mellin transform of K (¢, 7). For every p =
0,...,d,let v,(7) be the representation (7.1) and let h;)p(r) be defined by (4.9). Put

d
k=T (1P pi . (7.8)
p=0
By Theorem 6.1 we have
K@, 1) =1(kj)+H(k[)+T(k\) +Z(k[)+ J (k] ). (7.9)

This equality will be used in Section 10 to study the Mellin transform of K (¢, 7).

To define the analytic torsion, we need to determine the asymptotic behavior of the regularized
trace of e~27(™) as t — oo. To begin with we estimate the exponential factors occurring on the
right-hand side of (7.6).

Lemma 7.1.

(1) Let G =Spin(2n + 2, 1). Let T be an irreducible representation of G. Then

T(82) —c(o) 2

Bl

forall o € M with [vp(z):0]#0.
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(2) Let G = Spin(2n + 1, 1). Let © be an irreducible representation of G with highest weight
t1e1 + -+ Thr1en+1 as in (2.7). Then

T(2) —c(o) =17

forallo € M with [vp(z) : 0] # 0. Moreover assume that o € M is such that [vp(z):0]1#0
and such that o = woo. Then one has

T(R2)—c(0) = (m+ D+ 12, > 1+12, .

Proof. For p=0,...,d let
vp = AP Ady : K — GL(Ap").

Recall that v, (7) = 1|k ® vp. Let v € K with [vy(t) : v] # 0. Then by [17, Proposition 9.72],
there exists v’ € K with [t : v/] # 0 of highest weight A(V') € b¢ and u € b which is a weight
of v, such that the highest weight A(v) of v is given by i + A(v'). Now let v' € K be such
that [t : V'] # 0. Let A(V') be the highest weight of v’ as in (2.9) resp. (2.10). Then by [12,
Theorems 8.1.3, 8.1.4] we have

rj_1>kj(v’)>0, j=2,...,n+1,

ifd=2n+1 and

if d = 2n + 2. Moreover, every weight u € bg. of v, is given as
mw==xe; £---kej,, ji<p<--<jpsn+l

Thus, if v € K is such that [vp(7) : v] # 0, the highest weight A(v) of v, given as in (2.9) resp.
(2.10), satisfies

o1+ 12k(w) =0, je{2,....,n+1},
ifd=2n+1 and
i+ 12> kjw)| =0, jel{l,....n+1},

if d =2n +2.Let o € M be such that [vp(7) : 0]+ 0. Then using [12, Theorems 8.1.3, 8.1.4] it
follows that

T+ 12> ko)
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forevery j € {2,...,n + 1}, where the k; (o) are as in (2.11) resp. (2.12). Furthermore note that
by (2.4) we have p; 1 = p; + 1. Using (7.5) and (4.16) we get

n+1 5 n+1 n+1 n+1
c@) = (kj@)+p;)" =D p; <D (T +pi-1)" =D 0 =1(2) = (Tag1 + put1)’

j=2 Jj=1 j=2 Jj=1

If G = Spin(2n + 2,2), we have p,+1 =1/2 and 1,41 2 0. If G = Spin(2n + 1, 1), we have
Pn+1 = 0. Thus item (1) and the first statement of item (2) are proved.

Now assume that G = Spin(2n + 1, 1). Assume that o additionally satisfies 0 = wgo . This is
equivalent to k41 (0) =0 by (2.15). Thus since p,+1 =0, p, =1 we get

n n+1 n n+1
2
c@)=Y (k@) +p;) =Y p; <D (tj1+pi-1)> =D i =1(R) = (m+ 1> — 17,
j=2 j=1 j=2 j=1

Finally by (2.7) we have 1, > 0. This proves the lemma. O

The next two lemmas are also needed to determine the behavior of the regularized trace as
t — oo.

Lemma 7.2. There is an asymptotic expansion

2 ~ N~ . —,
fe 1 Tr(C(a, vp(r),—z)\)EC(a, v[,(t),zk)) d)wij;bjt i
5 —

ast — oQ.

Proof. Since C (0 :vp(7):iA) is analytic near A =0, we have a power series expansion

Tr(é’(o, v, (1), —ik)dizé(a, vp (1), ik)) = Zajkj
j=0

which converges for || < 2¢. Hence we get an asymptotic expansion
8 2 d >
/e_t)‘ Tr(C(o, v,(7), —i,\)Ec(a, v, (7), m)) dxr~ ij;—J/Z.
—& j=1

The integral over (—oo, —¢/2] U [e/2,00) is exponentially decreasing. This proves the
lemma. O

Lemma 7.3. Let G = Spin(2n + 1, 1). Let T € G and assume that T #19. For p €{0,...,d} let
*o € RT be an eigenvalue of A ,(t). Then one has ho > 1/4.
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Proof. If T # 19 one has |7,41]| > 1/2. Let G be the unitary dual of G. Recall that if ¢ is an
eigenvalue of A ,(7), there exists aw € G with [ : f)p(r)] = [m : vp(7)] # 0 such that

2o = —7(2) + T(2).

Since rk(G) > rk(K), it follows from [17, Theorem 8.54] and [38, Corollary 6.2] that G consist
of the unitary principal series representations 75 3, 0 € M, A € R and the complementary series
representations 77 ¢ on O € M A € R. First consider a unitary principal series representation 7, .

Then by Frobemus reciprocity [17, p. 208], [, : v, ()] is non-zero iff [v,(7) : o] is non-zero.

Thus together with (4.17) and Lemma 7.1, for every A € R one has

5 (2) + T(2) = —c(0) + A2 +1(2) > 1/4.

Next consider a complementary series representation ng 5.~ Again it follows from Frobenius
reciprocity that [, x : v, (1)] is non-zero iff [v,(7) : o] is non-zero. Moreover by [19, Propo-
sitions 49, 53], if 7 ; belongs to the complementary series one has o = woo and 0 <2 < 1.
Recall that by (4. 17) one has

m&, (82) =c(o) + 12
Thus together with Lemma 7.1 one gets
L () +T(R2) = —c(0) = A +T(2) > >1/4. O

We are now ready to introduce the analytic torsion. We distinguish between the odd- and
even-dimensional case. The reason is that the even-dimensional case can be treated in a more
elementary way.

First assume that d =2n + 1. Let h, (1) := dim(ker A ,(7) N L?). Using (7.6), Lemmas 7.1
and 7.2, it follows that there is an asymptotic expansion

o0
Treeg (e 727 ) ~ hp(x) + ) cjt ™ 1 - o (7.10)
j=1

On the other hand, by Proposition 6.9, Tryeg (e~ "2r(™) has also an asymptotic expansion as t — 0.
Thus we can define the spectral zeta function by

Lp(s; 1) = (720 @) — hp(v))dt

o\_

F(s

r(s f (Ttreg (e 27 ) — (1)) dt. (7.11)
1

By Proposition 6.9, the first integral on the right converges in the half-plane Re(s) > d/2 and
admits a meromorphic extension to C which is holomorphic at s = 0. By (7.10), the second
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integral converges in the half-plane Re(s) < 1/2 and also admits a meromorphic extension to C
which is holomorphic at s = 0.

Now assume that T # 1g. This is equivalent to 7,11 7% 0. Then by (2.7) and Lemma 7.1 we
have t(£2) — c(o) > 1/4 for all 0 € M with [vp(z):0]#0 and p =0,...,d. Furthermore
by Lemma 7.3 we have ker(A,(z) N L?) =0, p=0,...,d. By (7.6) it follows that there exist
C,c > Osuchthatforall p=0,...,d:

Trreg (e 47 P) < Ce™, t>1. (7.12)

Using Proposition 6.9, it follows that £, (s; T) can be defined as in the compact case by

Lp(siT) =

[
Piie 1 —tA,(7)
T 4 drt. 7.13
el R ) @.13)
0

The integral converges absolutely and uniformly on compact subsets of Re(s) > d/2 and ad-
mits a meromorphic extension to C which is holomorphic at s = 0. We define the regularized
determinant of A, (7) as in the compact case by

d
detA,(7) = exp(—agp(s; r)|s:0>. (7.14)

In analogy to the compact case we now define the analytic torsion Tx () € R associated to the
flat bundle E;, equipped with the admissible metric, by

d
Tx (1) = [ ] det A, (r) V"2, (7.15)
p=0

Let K (¢, 7) be defined by (7.7). If T 2 19, then K(¢,7) = O(e™ ") as t — 00, and the analytic

torsion is given by
d T
/;S‘U{(r,r)d: , (7.16)
s=0 F(S) 0

1
logTx(r) = 3ds

where the right-hand side is defined near s = 0 by analytic continuation.
Now assume that d = 2n + 2. We use (7.16) as the definition of Tx (7). Let h,(7) =
dim(ker A ,(z) N L?) and let

d
h(t) =Y (=1)? php(1).

p=0

Then it follows from (7.6) and Lemma 7.1 that there exists a constant ¢ > 0 such that

K(t,1)—h(t)=0(e"), t— o0. (7.17)
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Next we use (7.9) to determine the short-time asymptotics of K (¢, t) and to prove Proposi-
tion 1.4. To compute the terms on the right-hand side of (7.9), we note that by [34, Lemma 4.1]
we have

Opi(kf) =0, YoeM, reR. (7.18)

This result immediately implies H (k/) = 0 by (6.3), T(k/) = 0 by (6.5), and Z(k;) = 0 by
Theorem 6.2. The identity contribution is given by

(k) = vol(X)kF (1).

Since k; is a K-finite function in C(G), the Plancherel theorem can be applied to k; by
[15, Theorem 3]. Thus by [17, Theorem 13.5] and (7.18) we have

K=" a(m)Ox (k).

ﬂeéd

where Gd denotes the discrete series and a(r) € C. Since k; is K-finite, the sum is finite. In
[34, Section 5] it was shown that for each 7 € Gd, O (k7 ) is independent of ¢ > 0. This implies
that 7 (k7 ) is independent of . Summarizing, it follows from (7.9) that there exists c(7) € C such
that

K(t,7)=c(®) + J (k7). (7.19)

Next we investigate J (k;). Using (7.8) and (6.14), we have

d
K (X) . _ _
Ik == I;(—l)”p Y. Dlvioldim(o)e (@)
[up (510 7
—t22 —1 d
- e cy(oiz) d—ch(G 1z)dz. (7.20)
De

Thus by Lemma 7.1 one has
J(kf) = O(e_”), t— 00
for some constant ¢ > 0. Using (7.17) and (7.19) it follows that c(t) = h(t) and we get
K(t,7)—h(x)=J(k}). (7.21)

For the short-time asymptotics of K (¢, t), we use Eq. (6.10), Lemmas 6.6, 6.7 and (7.21). This
implies that there exist a;, b; € C such that

o o0 o0
K@, t)~ Zajtj_l/z + ijtj_l/zlogt + chtj
j=0 j=0 j=0
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as t — 0. Together with (7.17) it follows that the integral

YK (@, 1) — h(r))dt

converges for Re(s) >> 0 and admits a meromorphic continuation to s € C with at most a simple
pole at s = 0. Then in analogy with (7.16), we define the analytic torsion Tx (t) € Rt of E; with
respect to the admissible metric by

s=0>

_ 1 P 1 _
Tx(t) =exp <2ds<1"(s)/ K(t T) h(r)) )

Let v = 1) be an irreducible finite-dimensional representation of G with highest weight A €
A(G). Using (7.20) it follows that there exists a function ¥ : RT x A(G) — R such that

T (k) = (X9 (1, 1)

for all even-dimensional X and . € A(G). For A € A(G) let

@ (1) _l_(r( )/xp(t by YA ldt>

where the value at s = 0 is defined by analytic continuation. Then by the definition of Ty (t) we
have

’

s=0

log Tx (1) =k (X)P ()
for all even-dimensional X and A € A(G). This proves Proposition 1.4.
8. Virtual heat kernels

In order to deal with the Mellin transform of the terms on the right-hand side of (6.1) we
express k; in terms of certain auxiliary heat kernels which are easier to handle. These functions
first occurred in [3] in a different context. To begin with, we need some preparation. In this
section we assume that d =2n 4 1.

Let 7 € G and let A(t) =t1e1 + - -+ 4 Tyt1en+1 be its highest weight. For w € W let [(w)
denote its length with respect to the simple roots which define the positive roots above. Let

Wwhi={we Ws: w'a >0, Vo € A(mg, be)}.

Let V; be the representation space of 7. For k =0, ...,2n let H¥(n, V;) be the cohomology
of n with coefficients in V;. Then H¥(n, V;) is an MA module. For w € W! let Ve(w) be the
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MA module of highest weight w(A(t) + pg) — pc. By a theorem of Kostant (see [40, Theo-
rem 2.5.1.3]), it follows that as MA-modules one has

Using the Poincaré principle [20,

2n
2 (-1

k=0

as MA-modules.

Hm V)= > Ve,

weWw!
[(w)=k

(7.2.3)], we get

Yakar @ Vo= (=1)™Vy

wew!

For w € W! let o, ,, be the representation of M with highest weight

Arw) = w(A@) +06) |, — Py

and let A, € C such that

Fork=0,...,nlet

and let o, be the representation

w(A(r) + ,OG)‘aC =Arwel.

Aek=Tig1 +n—k

of M with highest weight

Ag =@+ Dex+ -+ (tr + Degt1 + Thraert2 + -+ + Tur1€n+1-

Then by the computations in [2, Chapter VI.3] one has

{()‘T,un Or,w» l(w)) w

€ Wl} ={Ok, 0k, k): k=0,....n}
U {(=Aek woork,2n —k): k=0,...,n}.

We will also need the following lemma.

Lemma 8.1. For every w e W' o

Proof. See [34, Proposition 2.7].

ne has

T(2) =22, +c(orw).

d

8.1)

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)



W. Miiller; J. Pfaff / Journal of Functional Analysis 263 (2012) 2615-2675 2657

Fix 0 € M and assume that o' # woo. For v € K let m, (o) € {—1,0, 1} be defined by (2.17).
Let H,” be the kernel of e*4v as in (4.7) and let 4 :=tr H,". Put

hY(g) =€~ 3" m,(0)h}(g). (8.7)
o (0)£0
Proposition 8.2. For k =0, ..., n let oy and A i be as in (8.6). Then one has
n
k;[ — Z(_l)k-ﬁ—le—tk%.kh?nk .
k=0

Proof. It is easy to see that as M-modules p and a @ n are equivalent. Thus in the sense of
M -modules one has

d d d—1
D (=DPp APP* = (=1 p(APn* + AP n*) = (=P AP, (8.8)
p=0 p=0 p=0

Let i* : R(K) — R(M)W be the restriction map. Then it follows from (8.8), (8.1) and (8.6)
that we have

d n
D =D pit(vp(@) =Y (=D o0k + woor k). (8.9)
p=0 k=0

Since T # tp we have o;  # woor i for all k by (2.13), (2.15) and (8.5). Thus as in (2.17) we
can write

Ok + W07 |k = Z mv(o'r,k)i*(v)-
vek

Moreover, the restriction map i* is injective. Therefore the following equality holds in R(K):

d n
D =DPpup(0) =Y (DY my (o v
p=0 k=0 vek

Since R(K) is a free abelian group generated by the representations v € K, it follows that for
every v € K one has

d n
D =D plvp () iv] = (=D my (o). (8.10)
p=0 k=0

Moreover let us remark that if v, v, v, are finite-dimensional unitary representations of K with
vV =] @ vy one has

hY =h" + h}. 8.11)
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Thus we obtain

K _Z( 1) pe T @y = Z( DPp Y [vp(e):v]e ™Dy

p=0 p=0 vek
d
=2 2 D Py @ i v]e T
vek =0
n
=Y Y =D my(or e Thy +)
vek k=0
— Z( l)k-‘rl va(o_ k)e t(r(.Q))hv
k=0

vek

_Z( 1)k+] Zm (o k)e l()‘rl\Jr‘(”tk))hv (+4)

k=0 vek
" 2
— Z(_l)k+]eil}hr*kh?nk. (+++)
k=0

Here the second equality in the first line follows from (8.11), (4) is (8.10), (++) follows from
Lemma 8.1 and (4+++) follows from (8.7). O

Finally we compute the Fourier transform of 47, o € M. Using (2.17) and Proposition 4.1, it
follows that for a principal series representation 77,5, A € R we have

@o’,k(h?) —e ™ forol e {o, woo}; @gu(h;’) =0, otherwise. (8.12)
9. L2-torsion

In this section we briefly discuss the L2-torsion T)(f)(r). We assume that d = 2n + 1. For
the trivial representation, the L2-torsion of complete hyperbolic manifolds of finite volume has
been studied in [24]. Although X is not compact, the L2-torsion can be defined as in the compact
case [23]. This follows from the fact that X is homogeneous. We assume that the highest weight
of 7 satisfies 7,41 # 0. Let A p(7) be the Laplace operator on E.-valued p-forms on X. By
(7.4) the kernel of e™* Bp(@ i given by e 1T g 7' © Where H" "7 i the kernel of the operator
induced by —£2 in the homogeneous bundle attached to v, (t) (see (4.6)). Then the I"-trace of
e~ 120 (see [23] for its definition) is given by

Trr (e 50 @) = vol (X)e T D" (1), ©.1)
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vp (1)

Applying the Plancherel theorem to #,”" " (1) and using Proposition 4.1, we get

Trp(e*fzp(ﬁ) =vol(X) ) e*“’(m*c("))/e—xAZPa(ix)dx. (9.2)
oeM R
[vp(r):0]#0

Since Py (z) is an even polynomial of degree d — 1, we get an asymptotic expansion
Trr (e —’AN) Za Y S N () 9.3)

Since we are assuming that the highest weight of t satisfies 7,41 # 0, it follows from Lemma 7.1
and (9.2) there exists ¢ > 0 such that

Trr (e ™50 ™) = 0 (™) (9.4)

as t — o00. Therefore the Mellin transform
o0
/Trr —zAp(r) s=1 gy
0

converges absolutely and uniformly on compact subsets of Re(s) > d/2 and admits a meromor-
phic extension to C. Moreover, since the asymptotic expansion (9.3) has no constant term, the
Mellin transform is regular at s = 0. So we can define the L2-torsion T)((z) (r) eRT by

(9.5)

]0g T(Z)(T) 2ds <F(s) Z(_])P /Trr(eftgl,(t))tsfl dl)

s=0
Now recall that the contribution of the identity 7 (k;) to the right-hand side of (7.9) is given by
I(t, 7) = vol(X)k/ (1).

Let

o0

MI (s, T) :=/1(;,r)z5*1dt
0

be the Mellin transform. Using (7.8) and the considerations above, it follows that the integral
converges for Re(s) > d/2 and has a meromorphic extension to C which is regular at s = 0. Let
MU (7) be its value at s = 0. Then by (7.8), (9.1), and (9.5) we have

log T (7) = %Ml(r). 9.6)
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Our next goal is to compute M1 (7). Let oy and Ar x, k =0, ..., n, be defined by (8.4) and (8.5),
respectively. Then for every k we have o; ; # woor k. Let P, i be the Plancherel polynomial.
Using Proposition 8.2, the Plancherel theorem, (8.12) and (2.22), we obtain

n
1(t,7) =2vol(X) Z(—l)k“e—flik / e Py (ih)dA. 9.7)
k=0 R
To evaluate the Mellin transform of 7 (¢, ) at s = 0, we use the following elementary lemma.

Lemma 9.1. Let P be an even polynomial. Let ¢ > 0 and o € M. For Re(s) > % let

e @]

E(s) ::/ts_le_tczfe_')‘zP(ik)dAdt.

0 R
Then E (s) has a meromorphic continuation to C. Moreover E (s) is regular at zero and

E(O):—Zn/P(A)dA.
0

Proof. This follows from Lemmas 2 and 3in [9]. O

We have A, > 0 for every k. Applying Lemma 9.1 to the right-hand side of (9.7) we ob-
tain

n Ak
MI(r)=47tvol(X)Z(—1)k/P(,r,k()h)d)n.
k=0 0

Together with (9.6) we get the following proposition.

Proposition 9.2. Let t be such that t,+1 # 0. Then we have

)\r k
. :
log Ty (v) = 27 vol(X) Y _ (1) / Py, (W) dA.
k=0 0

10. Proof of the main results

In this section we assume that d = dim(X) is odd. Let d = 2n + 1. We fix natural numbers
Ty evos Tnel With 11 2 10 2> -+ - 2 1,41 For m € N we let t(m) be the representation of G with
highest weight (m + t1)e1 + - - - + (m + T+1)en+1. Then T (m) satisfies t(m) o 6 ~ 7. Hence the
analytic torsion Tx (t(m)) is defined by (7.16).
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Our goal is to study the asymptotic behavior of log Tx (t (m)) as m — oo. To begin with, for
ke{0,...,n}let Argm),k € R and o7 (m),x € M with highest weight A (07 (n),x) be defined as in
(8.4) resp. (8.5). One has

Alormy ) =m+1+Der +---+(m+ 1 + Degyg
+ (m 4 Teg2)er42 + -+ (M + Thg1)eny (10.1)

and
Armyk =m + Tpr1 +n — k. (10.2)

We use the decomposition (7.9) of K (¢, T(m)) and study the Mellin transform of each term on
the right-hand side separately. First we consider the identity contribution which is given by

I(t, T(m)) == vol(X)kf ™ (1).

Its Mellin transform M (z (m)) has been computed in the previous section and the contribution
to log Tx (r(m)) equals

%./\/ll(t(m)) =log T\ (z(m)).

In order to study the asymptotic behavior of log T)((z) (tr(m)) as m — oo, we use Proposition 9.2.
Let

At(m),k
n
Po(m) := 2nZ(—1)k / Po s ) d.
k=0 0

Using (10.2) and the explicit form of the Plancherel polynomial Py, (%), it follows that Pr(m)
is a polynomial in m of degree n(n + 1)/2 4 1. The coefficient of the leading power has been
determined at the end of Section 5 of [34]. Let C(n) be constant given by (1.7). Combining the
results above with the computations of the leading coefficient of P (m) in [34], we get

Proposition 10.1. We have

n(n+1)

log T, (z(m)) = C (n) vol(X)m dimz(m) + O(m”™ 2 ),
as m — oo.
Thus to prove our main results we have to show that the Mellin transform of the terms in (7.9)
which are different from the identity contribution is of lower order as m — oco. We begin with

the contribution of the hyperbolic term to the analytic torsion. For [y] € C(I")s —[1] and ¢ € M
let L(y, o) be defined by (6.2). Put

Lsym(y;0):=L(y;0) + L(y; woo). (10.3)
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Using (6.3), Proposition 8.2 and (8.12), it follows that the hyperbolic contribution is given by

H(t.t(m)): Z( DD

[yleC(IM)s—[1]

0©y) e—f(y)2/4t

——Lyym(V; 0cm),x) ———- (10.4)
np(y) YmoTem (471)2

In order to study the Mellin transform of H (¢, T (m)), we use the following proposition.
Proposition 10.2. Let A > +/2n and o € M. For every s € C the integral
o
¢ —L(y)? /4t
G(s, A 0) :=/rs716—m2 Z ) L(y:o)———ar (10.5)

5 ec@y—m ") (4m1)?

converges absolutely and is an entire function of s. There exists a constant Cy which is indepen-
dent of o and A\ such that

|G(0,; 0)| < Codim(o). (10.6)
Proof. Let
2y) et /4
£0) = Z (V)Lw;a)—l
1ecye—1 Y (4m1)2
We have
. 2y) e—f(y)z/“f
[Fol<dime) 3 LGNS
(y1ecay—m Y (4m1)?

where 1 stands for the trivial representation of M. Now let A be the Laplace operator acting on
C(X) and let Ag be its restriction to the point spectrum. Then the right-hand side is exactly

the hyperbolic contribution to the Selberg trace formula for Tr(e ™" A0) So we can apply the trace

formula to estimate the right-hand side. Denote the trivial representation of K by 1 too. Then if
we apply the trace formula [42, Theorems 8.4, 9.3] and use Eq. (4.16), Proposition 4.1, Egs. (6.1)
and (6.3), it follows that there exist constants c¢; ("), c2(I") such that

D D AT

<
et V) (4rt)2

et /4

= Tr(e™'%0) — / eI P+ GOl (XY Py (i 1) dn
R

— / 102 +n?) (w(l +in) 4+ eI + Tr(é(l, 1, —i,\)diéu, 1, iA))) da
Z
R

+ci(Me™™
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The right-hand side of this equation is bounded for ¢ > 1. Thus there exists a constant C; which
is independent of o such that

|f(O)] < Crdim(@)e™, 1>1, (10.7)

For & > n and s € C put

]

Gols, 1 o) :=/t5_1e_”\2f(t)dt.

1

Then it follows from (10.7) that Go(s, A; o) is an entire function of s and that for A > v/2n we
can estimate

N 2 22
|Go(0, A; 0)] </f‘e*“ |f(®)|dt < Crdim(o)e™ T, 1> ~/2n. (10.8)
1

Next we consider the integral from O to 1. To begin with, we need to estimate L(y, o). By
[11, Proposition 5.4] there exist a constant C; > 0 such that for R > 0 one has

#{[y1e C(Ns: €(y) < R} < Cre®R. (10.9)
Thus if we let
c:=min{€(y): [y] € C(I")s —[11} (10.10)
we have ¢ > 0. Moreover one has
det (Id — Ad(my,a,)|5) > (1 — e )"
Hence there exists a constant C3 such that for all [y] € C(I")s — [1] one has

1
<
det(Id — Ad(mya,)|7)

Cs.

It follows that there exists a constant C4 which is independent of ¢ such that for every [y] €
C(I")s — [1] one has

Ly )] < @D (10.11)
o) < < im(o). .
v det(Id — Ad(mya,)|s) *

L(y)
nr(y)

Using (10.9) and (10.11), it follows that there exist constants c¢; > 0, Cs > 0 which are indepen-
dent of o such that

| ()] < Csdim(o)e /!, 0<r< 1. (10.12)
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For A >0 and s € C put

1

Gi(s, A 0) =fr?—1e—“2f(t)dz.

0
By (10.12), G (s, A; o) is an entire function of s and its value at zero can be estimated as follows

1

|G1(0,2;0)| g/t“e‘f“!f(t)}dt < Cédim(a)/e_“‘ze_% dt < Cedim(o).
0 0

Together with (10.8) the proposition follows. O

Now let m > +/2n. Then by (10.2) one has Ay x > 2n for every k. Thus by (10.4) and
Proposition 10.2 the integral

H(s, (m)) :=/:~‘—1H(t,r(m))dz
0

converges absolutely and uniformly on compact subsets of C and defines an entire function of s.
Denote by M H (t(m)) its value at zero. It can be estimated as follows.

Proposition 10.3. There exists a constant C such that for every m > ~/2n one has

nmn—1)
2

|MH (t(m))| < Cm

Proof. By (2.14) and (10.1) there exists a constant C such that for every m € N one has

nn—1)

dim(oromy i) KCm— 7 . (10.13)
The proposition follows from Proposition 10.2. O
The contribution of the distribution 7" can be treated without difficulty.

Proposition 10.4. For Re(s) >> 0 let
o
MT (s, t(m)): /tg 'T(k t(m) dt.
0

Then MT (s, t(m)) has a meromorphic continuation to C and is regular at s = 0. Let
MT (t(m)) denote its value at s = 0. Then there exists a constant C which is independent of
m such that

n(n+1)
2

\MT(t(m))| <Cm
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Proof. By Proposition 8.2, Egs. (6.5) and (8.12) we have

C(IN) <& ) N 1
27 ]g(_l)kH dim (o ny, k) Az (m) &) I+ s=3)

MT (s, T(m)) =
The proposition follows from (10.2) and (10.13). O
To treat the remaining terms, we need the following two auxiliary lemmas.

Lemma 10.5. For c € (0, 00), s € C, Re(s) > 0, j € [0, 00) let

o]

1 ~tz?
Lo(s) = —/ts_le_tczf .e -dzdt,
b 1z+]
0 De

where Dy is the same contour as in (6.12). Then .(s) has a meromorphic continuation to C with
a simple pole at 0. Moreover, one has

d

Q—(S) = —2log(c + j).
ds

=0T ()

Proof. The statement about the convergence of the integral and the meromorphic continuation
follows from Lemma 6.6 and standard methods. Note that

—lz2 1 —tZ2
/e‘ dz:—/ e. dz =m.
iz 2 1z

De¢ |z|=€

Hence, for j =0 we have

Ce(s) =™ (s)

and the claim follows in this case. Assume that j > 0. Then one has

. %0 —22
J s—1 —1c? e’
==t ———dM\dt. 10.14
;C(s) JT/ e /)\‘24_]2 ( )
0 R

For Re(z%) > 0, Re(z) > 0 define a function ¢(z,s) by

8]

. —2
_J s—1 —tzz/ e’
,8) == | ' e ——dM\dt.
¢ n/ 22452
0 R
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Then it is easy to see that £(z, s) is holomorphic in z. Let

o0

—t(0242%) - —t(24j?)
J o1 [ € J / s—l/e
s = ————dirdt— = [t ————d\dt.
¢ 5) = nf / A2+ j2 m 22+ j2

0 R 0 R

Then, since e”z2 — e”j2 = 0(t), t — 0, the integral converges for Re(s) > —1. One has

d * —t(Az—i-zz) _2

—¢(z,0) = dr = -

dz¢( ) T _// Z+]
0

Since ¢ (j, 0) =0, one has

¢(z,0) = —2log(z+ j) +2log2j. (10.15)

On the other hand, one has

® 71()»2+]) j72s 1
,8) = didt = ——TI = ).
¢ /( )/ EFys Jrs (”2)
0

Hence for s — 0 one has

')

N

Together with (10.15) this gives for s — 0:

1
c(j,s) = ——210g]+ +0()———210g]+1[/< )—f-O(s).
1 . 1 . .
C(Z,s):;—210g1+1ﬂ<§> —2log(z+ j)+2log2j + O(s)
1
= —2log(z+j)—y + O(s),

where we used W(%) = —2log2 — y. Since for s — 0 one has

- 2 3
o) =s+ys 4+ 0(s), (10.16)

the proposition follows. O

Lemma 10.6. Let c € RT, s € C, Re(s) > 1/2. Define

o
- 1 .
Co(s) i= _/zs—le—fczfe—’“l//(l+ix)dxdr.
T
0

R
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Then ¢.(s) has a meromorphic continuation to s € C with at most a simple pole at s = 0. More-
over there exists a constant C () which is independent of c such that

d

EARR#O)
ds

s=0 F(S)

=—=2logI"'(1+¢)+ C).

Proof. The convergence of the integral and the statement about the meromorphic continuation

follow from Lemma 6.7 and standard methods. Fix co € RT. Since ¢~'% — e1% = O(t) as
t — 0, it follows from Lemma 6.7 that the integral

00
¢~)c(5, 7) = / ts—l / (e_t()“2+12) _ e—t(kzﬁ—z(z)))l/j(l +ir)dxrdt

converges for Re(s) > —5 and is holomorphic in z € C, Re(z) > 0, Re(z%) > 0. One has

1ﬂ(1+l)

pE dr= =27y (14 2).

J -~
8—Z¢c(0, ) =-

R

This proves the lemma. 0O

Next we treat the contribution of the distribution Z to the analytic torsion. By Theorem 6.2,
Propositions 6.4, 8.2 and (8.12) we have

Z(ki™) = Z( 1ftle™ f(m)k/sz(or(m)k,x)e 122 gy, (10.17)

By Proposition 6.4 we have the decomposition

£2(0c(m) k> M) = 8210 (m) k> A) + §22(0r(m) ks M)-

Using the description of §2; and §2, together with Lemmas 6.6, 6.7 and 6.8, it follows that
T(m) . . .
I(k, ") admits an asymptotic expansion

(k™) ~ Zakfk (d— 2)/2+Zbkﬂ< 210gt + ¢o
k=0 k=0

as t — 0. Moreover, since Aqgy)x > m for every k, it follows that I(kf(m)) O(e"’”z) as
m — 0o. Thus for s € C with Re(s) > (d — 2)/2 the integral

o0

MT s 'l:(m) /ts II T(m) dt
0
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converges and has a meromorphic continuation to C with at most a simple pole at s = 0. Let

d MI(s; t(m))
MI(T(m)) = % _OW'

Next we will estimate MZ(z(m)) as m — oco. To this end we establish some auxiliary lemmas.

Lemma 10.7. There exists a constant C such that for every m one has

n

> (= 1*dim (o7 my ) (10g I (kn1 (0 my &) + Aemy k) + ¥ deimy.k + C ()
k=0

n(n+1)

<Cm 7, (10.18)
where C () is as in Lemma 10.6.

Proof. By (8.6) and (8.1) one has

n 2n
2> (= DX dim(ormyx) = dim(t) Y (=1)? dim APn* =0. (10.19)
k=0 p=0

Thus the sum on the left-hand side of (10.18) equals

I (kng1(0comy k) + Aem), k)
I 2m)

Z(—l)k dim(o;(m) k) (log

+ )/)»r(m>,k>-
k=0

It follows from (10.2) that there exists a constant C which is independent of m such that

I (kp1(0z0my k) + Aem). k)

I <Cl .
og T m) ogm
Using (10.2) and (10.13) the proposition is proved. O
The next two lemmas are concerned with the polynomials Pj(o, 1), j =2,...,n + 1, which

are defined by (6.23).

Lemma 10.8. Let k € {0, ..., n} and let j € {2,...,n 4+ 1}. Then there exists a constant C such
that for every m one has

2(n—1)
(n—DH(n-2) i 1y
|Pi@cma M| <Cm™— 2 3 (L+[a]) m>@ =D (10.20)
i=0

and such that
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d (n—1)(n—2) 2n—h-1 P 1) i
P @ | < Cm 2 >0 (1) mPe D (10.21)
i=0

forall A € C.

Proof. If we use the explicit formula (6.24) for the polynomials P; (o, A), combined with (10.1)
and (10.13), the lemma follows. O

Lemma 10.9. Letk € {0, ... ,n}andlet j € {2,...,n+1}. Forl e Nwithm <1 < kj(orom) 1) +
pj let the even polynomial Q j |(0O¢(m),k, A) be defined by (6.25). Then there exists a constant C
such that for every m one has

)‘r(m),k
Q.1 (O m) ks IX) dX

n(n+1)
<Cm™ 2

0

Proof. By (6.25) we have

Pi(0r(m) i, IA) — Pij(0rm) k- 1) Pi(orgmy ks i) — Pj(0r(my ks il)
+ .
[—A [+ A

Q. 1(or(m) k> IX) =

Using the fact that P;(o, z) is an even polynomial, together with Egs. (10.2) and (10.21), we
obtain

)\r(m),k
n(n+1)
Q.1(0r(m) k> IN) dA < 2hg () & max Pj(O’,l')»)‘ <Cm 7. O
[E1<IHA () &

d
di

0 =t

Now we can estimate MZ(t(m)) as m — o0.

Proposition 10.10. There exists a constant C such that for every m one has

n(n+1)
2

|IMZ(r(m))| < Cm

Proof. For k € {0,...,n}let

o0
2
MI(s; 0rmy k) = /ts_le_ll’("”*"z(hff(m)’k)d’~
0

As in the case of MZ(s; t(m)) it follows that the integral converges for Re(s) > (d — 2)/2 and
admits a meromorphic continuation to C with at most a simple pole at s = 0. By Proposition 8.2
we have

MI(s; 0 (m) k)

- d
_ 1k 2
MI(z(m)) = kg D
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Let k € {0, ..., n}. Using Proposition 6.4, Lemma 10.5 together with (10.14), Lemma 10.6 and
Lemma 9.1 we obtain

d

ds

MI(s; 0 (m) k)
5=0 I"(s)

= 2k dim(o7 om) 1) (108 I (Knt-1(0z gm), k) + Aromy k) + YAz .k + C ()

n+1 Az (m).k

+ry > <2Pj(dr(m),k,il)10g(l+/\r(m),k) +

J=2 knt1(ormy k)<l
<kj(ormyk)+0j

Qi 1(0cm) ks IA) d?»)
0

nl At(m).k

+ > dim (o7 ) 1020 + A ) +
K o —
2 (m),k) 108 T(m),k D)
J=
1=k (o (m).k)+Pj

Q;.1(Ocmy k> L) dk) )

0

By (10.1) we have m < ky41(07(m),x) and kj(oromy i) + pj <m+ 11 +n+ 1 for every j =
2,...,n+1, and by (10.2) we have 0 < A;(m),k < m + 71 +n. Thus if we apply Lemmas 10.7,
10.8, 10.9 and (10.13), the proposition follows. O

Finally we consider the asymptotic behavior of the contribution of the non-invariant distribu-
tion J to log Tx (z (m)). For k € {0, ..., n} let h;"™* be as in (8.7), and for v € K let

mU(Ut(m),k) e {-1,0,1}

be defined by (2.17). By (6.14) we have

J(httmm),k) — 1O m).k) Z mv(dz(m),k)J(hzv)
vek

ke 1C@rm).K) )
= Z dim(o) Z my (Oz(m),k)[V:0]

4mi /
oeM vek

d
X /cu(o :z)_ld—zcv(o :z)e_t(z2_c(g)) dz. (10.22)

D
To continue with the investigation of the right-hand side, we need the following lemma.

Lemma 10.11. Let k=0, ..., n. For o € M let

d
fem(@0) 1=} my(@cm Ol 0leu (@ :2) ™ —ev(@ :2). (10.23)
vek
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Then one has

n+1 . .
Sem (2, 0)—va(‘fr(m)k)[v U]Z< Z — Z m)
' J

m<I<k;(v) iz=1=pj m<I<k; (v)
[k (0')|<l [kj(o)|<

Proof. By Proposition 2.1 and Eq. (10.1), it follows that for every v € K with my(Orm),k) 0
and every j =2,...,n+ 1 we have

where (k2 (v), ..., ky+1(v)) is the highest weight of v. Thus, using (6.9) one can write

fem(z,0) =Y my(@rm.)lv:o]

vek

i( > 0 m>

iz—1—pj

J=2 > m<I<k;j(v) m<I<k;(v)
kj (o)<l [kj(@)I<I
+ Z my 0z (m).1) v : o]
vek
n+1 m—1 m—1 i
— . (10.24
Z( Z zz—l— ; lz+l+pj> )
1>|k (G)I 1Zlkj (o)l

Now if 0 = 0¢(n),k OF 0 = WoOr(m),x the sum in the second row of (10.24) is zero by (10.1)
and (2.15). On the other hand, assume that o # o7 () k, 0 # WO (m) k- Since R(M) is the free
abelian group generated by o € M, it follows from (2.17) that

Z my (or(m) KV :o]=
vek

Thus, in this case the sum in the second row of (10.24) is zero too. This proves the proposi-
tion. O

Proposition 10.12. For s € C, Re(s) > 0 let

oo

MUI(s; 01 (m) k) :=/ e r<m>’(J(hg’(m’k)dt.
0

Then MJ (s; 07(m),k) has a meromorphic continuation to C with at most a simple pole at 0 and
we have
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d MUI (8507 (m).k) e

I s D> my(ermp)lv : oldim(o)

oeMvek

n+1

. Z Z log(\/)\%(m),k +c(oromy k) —clo) +1+ )Oj)

=2 m<I<k; )
1>1kj ()]

_g Y muowem Ol oldim(o)

oeMvek

n+1

Z log(\/)\%(m)’k +c(orm)k) —c(o) + |kj (a)| + ,Oj).
Kyl

Proof. Let o € M. By (2.16) the highest weights of v € K with my (07 (m),k) 7 0 are of the
form A(or(my k) — i, where € {0, 1}"". Now assume that also [v : o] # 0. Then by [12, Theo-

rem 8.1.4] we have k; (07 (m),x) = kj(0). Hence if o € M is such that [v:olmy(orom k) # 0 for
some v € K, it follows from (4.16) that

c(Ormyx) — c(o) = 0. (10.25)

Thus the proposition follows from Lemma 10.5, Eq. (10.22) and Lemma 10.11. O

Proposition 10.13. Let k € {0, ..., n}. There exists a constant C such that for every m one has
i —MJ(S; T (m) k) <Cm n(nzﬂ) logm.
ds |, I'(s)

Proof. Let v € K such that m, (o7 (m.4) # 0. Let o € M such that [v : ] # 0. Then (10.25)
holds as shown in the proof of the previous proposition. Hence

m < \/)‘%(m)‘k + C(Ur(m),k) - C(U) < \/)L%(m)‘k + C(Ur(m),k)-

By (4.16), (10.1) and (10.2) there exists a constant C; which is independent of v and ¢ such that
for every m we have

m < \/)”%(m),k + c(orm)k) —c(o) < Cym.
Forv € K as above, it follows from (2.16) and (10.1) that for every j € {2,...,n + 1} one has

ki(wv)y<m+1 + 1.
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Thus there exists a constant Cp which is independent of v and o such that for every m we have

n+1

S Y foa(yf32 i+ e ) —c@) +1+ p;)] < Calogm.

J=2m<I<k; ()

By Proposition 10.12 it follows that there exists a constant C3 such that for every m € N we have

d MI(s; 0r(m).k)
— T Trmk | < Czlogm Z|mv(0r(m) k)| Z[v o]dim(o)
ds |, I'(s) =
(o2
=Czlogm Z |1y (02 gmy 1) dim(v).

vek

Now by (2.16) the number of v € K with my (o (my,k) # 0 is bounded by 2" and one has

[my (o (m),k)] < 1 forevery v e K. Let A(v) € b{. be the highest weight of v as in (2.9). Then by
Weyl’s dimension formula [17, Theorem 4.48] we have

dim(v) = l—[ (A(W) + pk, @)
aeA* (kg be) (o a)
n+1 n+1 2 2
_ _ , (ki(W) + pi +1/2)7 = (k;(v) + pj +1/2)
=[]k +pi+1/2) T] o T 122 (s 11/ .

i=2 j=i+1

(10.26)

By (2.16) the highest weights of v € K with my (0 (my,k) 7 0 are of the form A(o7m) k) — 1
where u € {0, 1}". Usir}g (10.1) it follows that there exists C4 > 0, which is independent of m,
such that for each v € K with m, (07 (m),k) 7 0 one has

nn+1)
2

dim(v) < Cq4m
This proves the proposition. 0O
Summarizing, we have proved the following proposition.

Proposition 10.14. For s € C, Re(s) > 0 the integral

o0
MJ s r(m) /ts 1J T(m) dt
0

converges and M J (s; T(m)) admits a meromorphic continuation to C with at most simple a pole
at 0. Let

d

MJ(t(m)) = R
s=0

MJ (s; T(m))
I'(s) ’
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Then there exists a constant C such that for every m € N one has

n(n+1)

|MJ(z(m))| < Cm™ 2 logm.

Proof. By Proposition 8.2 one has

MI(sitm) =Y (=D MU (53 0cm 0)-
k=0

The proposition follows from Propositions 10.12 and 10.13. O

Now by Egs. (7.16), (7.9) and Proposition 8.2 we have

log Tx (t(m)) = %(Ml(r(m)) + MH (t(m)) + MT (t(m)) + MI(t(m)) + MJ (z(m))).

Combining Eq. (9.6) and Propositions 10.1, 10.3, 10.4, 10.10 and 10.14, Theorems 1.1 and 1.2
follow.
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