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Abstract

In this paper we study the existence and uniqueness of weak solutions of stochastic differential
equations on Banach spaces. We also study the existence of invariant measures for the corre-
sponding Markovian semigroups. Our main tool is the factorization of stochastic convolutions.
We close the paper with some examples. (©) 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The aim of this paper is twofold. Firstly, we study weak (martingale) solutions of
stochastic evolution equations in Banach spaces. Secondly, we investigate existence of
invariant measures for such equations. The general motivation for studying weak rather
than strong solutions of stochastic equations in finite dimensions is that existence of
weak solutions requires smaller degree of regularity of the coefficients than existence of
strong solutions, see Ikeda and Watanabe (1981). This remains valid for equations in
infinite-dimensional spaces. An important case, where there it is more natural to study
martingale (rather than strong) solutions are stochastic Navier—Stokes equations, see
Capinski and Cutland (1991) and Flandoli and Gatarek (1995), and references therein.

An extensive study of martingale solutions of stochastic evolution equations was
initiated in the thesis of Viot (1976) in the Hilbert space setting. Some results of Viot
(1976) were clarified and generalized in Metivier (1988). The paper by Dettweiler
(1992) was the first (to our knowledge) to deal with martingale problems on Banach
spaces. The model studied in Dettweiler (1992) is different from ours in that we allow
unbounded coefficients.
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In a vast literature on existence of invariant measures for stochastic evolution equa-
tions let us point out a paper by Manthey and Maslowski (1992) (see also references
therein), where the authors study a problem similar to ours but with more stringent con-
ditions. In particular, we do not assume that the diffusion coefficient is constant nor that
the main linear part of the drift operator is symmetric. However, we do not study er-
godic properties of the solutions as is done in Manthey and Maslowski (1992). It would
be of some interest to study these in the framework of the present paper. One of the ba-
sic ingredients of our approach to existence of invariant measures is compactness which
allows us to use a general scheme due to Krylov—Bogoluobov. A similar technique to
the question of existence of an invariant measure for a single reaction—diffusion equa-
tion with Dirichlet boundary conditions was applied by Da Prato and Pardoux (1995).
Let us point out that the unbounded linear part of the drift is the Laplacian with Dirich-
let boundary condition. Our approach is more general as it allows to consider various
problems (even systems) with mixed boundary conditions without making use of the
specific forms of the fundamental solutions. Even when restricted to the case of Da
Prato and Pardoux (1995) our methods of obtaining a priori bounds on moments of
the solutions based on Burkholder inequality in Banach spaces is more transparent and
elegant than the other one. Still another paper is the one by Mueller (1993), where the
author uses in an ingenious way a coupling method for proving existence of invariant
measures for a heat equation with space-time noise. Large deviation for an invariant
measure in the case of globally Lipschitz coefficient is studied by Sowers (1992).

Related questions for infinite-dimensional stochastic differential equations but of com-
pletely different type have been studied by Albeverio and Rockner (1991) in the frame-
work of Dirichlet forms.

We use two different techniques. On the one hand, we study some processes with val-
ues in Banach spaces by using various properties of dissipative mappings. On the other,
we study other processes with values in Banach spaces by making use of Burkholder
inequality. Thus, for the latter, we have to consider special types of Banach spaces:
M-type 2 or (as they are also called) 2-uniformly smooth. In this paper we follow the
general framework of integration in M-type 2 Banach spaces as introduced in Brzezniak
(1995, 1997) together with the factorization method as in Da Prato et al. (1987), Da
Prato and Zabczyk (1992a) and Gatarek and Goldys (1994). These tools seem to be
very effective for our purpose. Another important case, of dissipative equations, is in-
vestigated in the present publication. Factorization approach to the problem of existence
of martingale solutions of Hilbert-space-valued diffusions was introduced in Gatarek and
Goldys (1994): see also some applications: in control theory (Gatarek and Sobczyk,
1994) and for stochastic Navier—Stokes equation, see Capinski and Gatarek (1994).
Stochastic reaction diffusion equations in L? spaces are also studied by Peszat (1995).

Let us briefly present the content of our paper. In Section 2 we study the factoriza-
tion operator in Banach spaces which proves to be a fractional power of some abstract
parabolic operator, see also Brzezniak (1996). We prove general smoothing and com-
pactness properties of the operator in question. In Section 3 we prove general results on
stochastic convolutions in M-type 2 Banach spaces. These results are applied to some
examples in Section 3.2. The main results of the paper are in Section 4. We prove ex-
istence of weak solutions of nonlinear stochastic evolution equations in Banach spaces
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under general conditions: continuous and bounded diffusion coefficient and continuous
drift coefficient with one-sided growth condition. This covers important examples of
reaction—diffusion equations. In Section 5 we prove existence of invariant measures
under the same assumptions as in the previous section but with an extra condition on
the linear part: uniform asymptotic stability of the semigroup involved. In the last sec-
tion, which is in some sense a continuation of Section 3.2, we show how the previous
abstract results can be applied to a general stochastic reaction—diffusion equation with
space-time white noise. In this respect our results are complimentary to those obtained
recently by Bally et al. (1994). We close the section by showing how our results lead
to solvability of stochastic Ginzburg-Landau equations with nonconstant diffusion and
non-Lipschitz force. This generalizes the results from Funaki (1989) in the bounded
domain case.

In Brzezniak and Peszat (1999a,b) we continue the line of research developed here
by studying SPDEs, contrary to the present paper, with all coefficients time dependent.

2. The parabolic operator Ar

Let us begin with a list of assumptions that will be frequently used throughout this
and later sections. Whenever we use any of them this will be specifically written.

(Hla) X is an UMD Banach space.

(H1b) X is a type 2 Banach space.

(H2a) 4 is a positive operator in X, i.e. a densely defined and closed operator for
which there exists M > 0 such that for 1 > 0,

_ M
(4 + 2) 1|\<m, 4> 0.

(H2b) —4 is a generator of an analytic semigroup {e=*},~¢ on X.
(H3) There exist positive constants K and o satisfying

T
¥ < = 2.1
3 (2.1)
such that
|4%]| <Ke’Ml, s eR. (2.2)

Digression 1. A Banach space X is an UMD space iff there exist f >0 and p €
(1,00) such that for any X-valued martingale difference sequence n = {n j};’:l and for

any ¢ € {—1,1}"
n ry/p n py Up
{[E > e } <[3{[E > i } : (2.3)
i=1 X =1 lx
The smallest constant  for which (2.3) holds will be denoted by f,(X). This definition
is p independent, see Burkholder (1986).

A Banach space X is of type 2 iff there exists a constant K > 0 such that for any
X1,...,%, € X and any symmetric i.i.d. random variables g,...,0, : @ — {—1,1} the
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following holds:

n
E ;X
i=1

The smallest number K for which the above holds is denoted by K,(X).
On the other hand, using the Kahane inequality which asserts that for any » € (0, 00)

2y 12 " 12
E <K {Z |x,~|2} .

i=1

there exist numbers A4,,B, > 0 such that for any Banach space Z, for all z,...,z, € Z
and for all ay,...,0, : @ — {—1,1} symmetric i.i.d. random variables
2y 12 2 12

A,

r~N 1/r
ZO’,‘Z,‘ < {E ZO’,‘Z,‘ } <Br E ZG,‘Z,‘
i i i

one sees that X is of type 2 iff for any (some) r € (0,00) there exists K’ > 0 such

that
ry 1r 12
{[E > o } <K’ {Z xilz} (2.4)

for any xi,...,x, € X and any oy,...,0, : @ — {—1,1} symmetric i.i.d. random
variables. The smallest constant K’ is denoted by K (X).
In this context, let us note that K, ,(X)<K,(X)B, and Kr(X) = K> »(X).

Remark 2.1. If a linear operator 4 in Banach space X is positive then —A4 is the
generator of a %, semigroup in X and one defines (see Triebel, 1978) the fractional
powers A* and 47%, o € (0,1) of 4 as closures of operators given by the formulas

Ay = Sln(nnoc) / VAL + 4)"'xd),  x € D(A), (2.5)
0
_g sin(ma) [ _, 1
A % = - tTHAM+A4) xdA, xeX (2.6)
0

Note that 4~* is a bounded operator in X and the function (0,1) 3 2 +— 4™* € L(X)
extends to an analytic function 47 on the open half-plane C* = {z € C: Rez > 0}.
Moreover, if (for example) —1 < Rez < 1, then for x € D(4),

P (¢ *
Irl—zyr(+z) J,
Now the condition (H3) should be more clearly explained. It means, that the function
A% has an extension to the imaginary line iR and the inequality (2.2) holds (with

satisfying (2.1)).

Most of the content of this section follows Brzezniak (1997), but our approach to
the compactness property in Theorem 2.6 is new. A result of this type has been first
discovered and applied in Gatarek and Goldys (1994), see Proposition 1 therein.

Let us note that if X is a UMD and type 2 Banach space, i.e. the assumptions (H1)
are satisfied, then X is also an M-type 2 Banach space, see Brzezniak (1996). It is
known, see Priiss and Sohr (1990), that under the condition (H3), —4 is the generator
of a uniformly bounded (!) analytic semigroup.

JTEAA 4+ 2 xd A
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For fixed ¢ € (1,00), T € (0,00] and a Banach space X, H"9(0,T; X) is the Banach
space of (classes of) functions u € L9(0,7;X) whose weak derivative u’ belongs to
L9(0,T;X) as well. By HOl "4(0, T; X) we will denote, not in agreement with the standard
notation, the closure in H9(0,T;X) of the space' {u € €°>°([0,T];X): u(0) = 0}. It
is known that Hol’q(O, T;X) equals to the subspace of H"9(0,T;X) consisting of such
u with u(0)=0. Note that due to the Sobolev imbedding theorem u(0) is well defined.

For o € (0,1) the Sobolev spaces H*%(0,T;X) and Hy?(0,T;X) are defined by
means of complex interpolation

H“9(0,T;X) = [LY(0,T;X), H"9(0, T; X )1, (2.7)

Hy (0, T3.X) = [L4(0, T3.X ), Hy (0, T3 X)), (2:8)

It is known that for a > 1/q the latter is equal to the space of all u € H*4(0,7;X)
for which u(0) =0 while for a € (0, 1/q) it equals H*4(0,T;X).
With ¢, 7 and X as above we set

Bru=1u', u € D(Br), (2.9)

D(Br) = Hy (0, T; X). (2.10)

It is also known, see Dore and Venni (1987) and Brzezniak (1996), that the operator
—Br generates a %-semigroup {S(#)};>0 on the Banach space L9(0,7T;X) =: ¥r

u(r—t) if 0<t<r,

[S()ul(r) = { 0 i o<r <1 (2.11)

for r € [0,7] and u € L9(0,T; X).
Note also that the original norm on D(B7) (or on Hol’q(O, T;X)) (i.e. the one inher-
ited from H'9(0,T;X)) is equivalent to the following one:

T
ul? = / W ()] d. 2.12)

The spectral properties of the operators By for T=co and T finite differs substantially.
While the spectrum o(By) of By, equals to the closed left half-plane {z € C: Rez<0}
the spectrum o(Br) of By for T finite is empty. Moreover, B, + vI is positive for
any v=0 (or Rev>=0 in the complex case) and, for 7 < oo, By + vI is positive for
any v € R (or v € C in the complex case), see also below.

Finally let us recall, see Dore and Venni (1987) and Giga and Sohr (1991), that if
X is a UMD Banach space and T is finite, By satisfies a condition similar to (2.2) but
with the constant ¥ equal to 1t/2, i.e.

1Bl <Cr(1+s57)e’l, seR (2.13)

However, one can easily show that the same holds for By — v/ for any v € C. The
key observation is the following formula:

(Br —vI)' =J,B; U,

I'For T = oo we consider u : [0,00) — X.
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where J, is a linear isomorphism of L9(0, 7'; X') defined by (J,g)(s)=e"g(s). Therefore,
with R(B) denoting the range of operator B, we have, see Brzezniak (1996),

R((Br —vI)™*):= Hy;(0, T; X).

Define now a linear operator .«/7 by the formula
D(oA7r)={ue L90,T;X) sth. Au € LY(0,T; X)},
oru = {[0,T] >t +— A(u(t)) € X}.

It is then easy to show, see Dore and Venni (1987), that if A+v/ satisfies the conditions
(H2) and (H3) then .77 + v/ satisfies them as well. Define finally the operator A7 by

ATI:BT—FJ?/T, (215)

(2.14)

D(Ar):=D(Br) N D(A7). (2.16)

If X is a UMD Banach space and 4 + v/, for some v >0, satisfies the conditions (H2)
and (H3) then, since Ay =By — vl + «/7 + vI, by Dore and Venni (1987) and Giga
and Sohr (1991), Ay is a positive operator. In particular, A7 has a bounded inverse.
The domain D(Ar) of Ay endowed with a ‘graph’ norm

T T 1/p
[|ul| = {/0 |u’(s)|qu+/0 |Au(s)qu} (2.17)

is a Banach space. This space will be frequently denoted by HO1 40, T;X,A). Moreover,
Ay satisfies the condition (H3). Therefore, compare with Brzezniak (1996), we have

[L90,T; X); D(Ar)], =D(A%), 0<a<l. (2.18)

We begin exposition of our results by presenting an explicit formula for the fractional
power of the operator A7, see Brzezniak (1996) for the proof.

Proposition 2.2. Assume that the conditions (Hla), (H2) are satisfied. Assume also
that for some v=0, A+ vl satisfies the condition (H3).

Then, for 0 < o<1, A7* is a bounded linear operator in L1(0,T;X), and for
O<a<l,

o 1 ' o—1_,—(t—s
UFFXO= s /0 (1 — syl M £(s) ds,
t€(0,T), feL0,T;X). (2.19)

Remark 2.3. The assumptions (H1b) and (H3) in Proposition 2.2 are to ensure that
the operator Ay is closed. In fact, suppose that X is a Banach space and —4 is a
generator of a %, semigroup e, >0 on X. Let P(¢), t=0 be a %, semigroup
on Yr = L9(0,T;X) defined by [P(t)f1(r) = e “(f(r)), r € [0,T], t=0. Then the
semigroups S(¢) and P(¢) commute and the generator C of the %y semigroup O(¢) =
P(#)S(t) is a positive operator and C~*= Ar,. Here the linear operator Ay, is defined
by the RHS of formula (2.19). Using just the Young inequality one can prove directly
that A7, is bounded map in L9(0,7;X ). With this notation, Proposition 2.2 states that
if the conditions (Hla) and (H3) are satisfied, then A;* = Ar,. See Carroll (1999)
for more details.
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One can easily mimic the proof of Lemma 2 from Da Prato et al. (1987) (set up in
a Hilbertian framework) to obtain the following generalization of that result.

Lemma 2.4. Assume a Banach space X and a linear operator A satisfy the condition
(H2). Suppose that the positive numbers o, B, satisfy

1
0<[i<o¢—;+y—5. (2.20)

Then, if T € (0,00) and f € LY(0,T;D(A4")), the function u= Ar, f satisfies
u € 6°(0,T;D(A4%)). (2.21)

Moreover, Ar, is a bounded map in the above spaces.
If T = 0o and the semigroup e~ is exponentially bounded, i.e. for some a >0,
C>0

|eftA‘ <Cefat, 120, (222)
then for any f € L1(0,00;D(A")) the function u= A 4 f belongs to %f(o,oo;D(A‘s)).

Moreover, A, is a bounded map in the above spaces.

Remark 2.5. For a Banach space 7, ‘6[/5(0,00; Y) denotes a set of all continuous and
bounded functions u : [0,00) — Y such that

|u(t) — u(s)|

]l 680,00,y := sup [u(t)| +  sup 5 (2.23)
t=0 0<s<t<oo |t—S|
is finite. (65(0,00; Y) endowed with a norm || - |45, y) is @ Banach space.

Our main result in this section is the following.

Theorem 2.6. Assume that X is an UMD Banach space and a operator A satisfying
the condition (H2) is such that A+ vI, for some v=0, satisfies (H3). We suppose also
that (A +vI)~" is a compact operator in X (i.e. the imbedding D(A)=D(A +vI) —
X is compact). Then, for any finite T and o € (0,1], the fractional power operator
A7*:L90,T;X) — L9(0,T;X) is compact.

Proof. We begin with « = 1. The compactness of /1;1 is equivalent to compactness
of the imbedding D(Ar) — L4(0,T;.X). Since X, as being an UMD Banach space is
also reflexive, the last compactness follows directly from Theorem 2.1 in Chapter 111
of Temam (1977).

To prove compactness of A7* for o € (0,1) one can follow many different roots,
we choose the one based on interpolation. As above A;* is compact iff the imbedding
D(A}) — Yr is compact. Since Yr = L9(0,7;X) is an UMD Banach space (see
Burkholder, 1986) the latter is compact as follows from Theorem 9 in Cwikel and
Kalton (1993) by using (2.18) and compactness of the imbedding D(Ar) — Yy. [

Remark 2.7. (i) The second part of the above proof can be summarized by saying
that if /1;1 is compact then also A;* is compact for a € (0,1).
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(ii) The conditions (Hla) and (H3) simplify many technical arguments and make
the proofs more transparent. However, if one simply assumes that X is any separable
Banach space and 4 satisfies the condition (H2) with 4~ being compact, then the
operator Ar,, see Remark 2.3, is compact. For a proof of a related result in a Hilbert
space framework, see Gatarek and Gotdys (1994, Proposition 1).

Theorem 2.6 in conjunction with Lemma 2.4 yields the following.

Corollary 2.8. Supposing that the assumptions of Theorem 2.6 are satisfied and that
the nonnegative numbers o, 5,0 satisfy the following condition:

1
0<p+d<oa—-—, (2.24)
q

A" is a compact map from L1(0, T; X ) into €P(0,T; D(4%)). In particular, if o > 1/q,
the map A7;%: L1(0,T;X) — 4(0,T;X) is compact.

Proof. Let o' € (0,2) be such that the condition (2.24) holds with o being replaced
by o«’. Then, by Lemma 2.4 and Proposition 2.2, /1;“/ is a bounded linear map from
L9(0,T;X) into 65(0,T;D(4%)). On the other hand, as « — o’ > 0, by Theorem 2.6,
A;(‘%“l) is compact in L4(0,7;X). This together with the semigroup property A% =
A7% A7) concludes the proof. [

3. Stochastic preliminaries
3.1. Regularity properties of stochastic convolution

Let us begin with an assumption that we will assume from now on in the whole
paper.
(H4) H is a separable Hilbert space, and W(¢), t>0 is an H-cylindrical Wiener
process on (2,7 ,P) with respect to the filtration (% ),>¢.

Remark 3.1. W (¢), t=0 is an H-cylindrical Wiener process on (Q, #,P) with respect
to the filtration (% ),>¢ iff, see Da Prato and Zabczyk (1992a) and Brzezniak (1997)
or Brzezniak and Peszat (1999a), it is a family of bounded linear operators acting from
H into L*(Q, Z,P) such that

(1) for all t>=0, hy,h, € H, EW () W(t)h, = l(hl,h2>H,
(i1) for each h € H, W(t)h, t=0 is a real-valued Wiener process adapted to the
family ().

Suppose that E is a real separable Banach space such that H is densily and con-
tinuously imbedded into H. Denote by i: H — E the natural imbedding. If i: H — E
is an abstract Wiener space (AWS), see Kuo (1975), and w(¢), =0, is the canoni-
cal E-valued Wiener process on a probability space (£, #,P), then one can define a
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family of linear operators from E* into L*(Q, 7, P),
W(th = (h,w(t)), heE", t=0. (3.1)

Since W(t) is a continuous linear map from E* with topology induced by H (recall
that E* CH* =2 H CE) W(t) extends in a unique way to a linear bounded map from
H into L*(Q,.7,P) such that the conditions (i) and (ii) above are satisfied.

Conversely, if W(¢), t=0, is an H-cylindrical Wiener process with respect to the
filtration (% ),>0 and i: H — E is an AWS then there exists an E-valued Wiener pro-
cess w(t), t=0 such that the condition (3.1) is satisfied. In fact, it is enough to take
a continuous version of the process W(¢):= >, W(t)(ex)ex, t=0, for some orthonor-
mal basis {e;}; of H. In Brzezniak (1997) we studied It6 integrals with respect to
the canonical E-valued Wiener process which, as we observed therein, played only an
auxiliary role. In this paper we consider cylindrical Wiener processes and Ito integrals
with respect to them. This is motivated by many reasons. Firstly, it is more canonical,
as we avoid using any auxiliary objects.

Secondly, as explained above, any cylindrical Wiener process generates a true Wiener
process. The third reason is related to an Ito integral. For this we need to recall some
notation introduced in Brzezniak (1997). We begin with

Definition 3.2. For separable Hilbert and Banach spaces H and X we put
M(H,X):={L:H — X : L is linear bounded and y-radonifying}. (3.2)

Thus, a bounded linear operator L: H — X belongs to M(H,X) iff the image L(yy)
of the canonical finitely additive Gaussian function y; on H by L is o-additive on the
algebra of cylindrical sets in X. By v, we will denote the unique extension of L(yy)
to the Borel o-algebra B(x).

For L € M(H,X) we put

12
||| x) := {/szdVL(x)} . (3.3)

In view of the Landau—Shepp—Fernique Theorem, ||L|| is a finite number. It is known,
see Neidhardt (1978), that M(H,X) is a separable Banach space.

Given a Banach S, usually S is one of the spaces X, M(H,X) or ¥(E,X), by
N (a,b;S) we denote the space of (equivalence classes of) functions & : [a,b) x Q —
S which are progressively measurable.

For q € [1,00), we set

b
Na,b;S) = {f € N(a,b;S): / [&(s)|?ds < o0 a.s.} , (3.4)

b
M(a,b; S) = {5 € N(a,b;S): [E/ |E&(s)|7 ds < oo}. (3.5)

Let A gep(a,b;S) be the space of all £ € A'(a,b;S) for which there exists a partition
a=ty <t <---<t,=b such that &(¢t)=&(¢t;) for t € [, t;+1). We put %Ztep:%qﬂ
N siep- Note that .#9(a,b;S) is a closed subspace of Li([a,b] x ©;§). Assume that X
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satisfies the assumptions (H1), thus in particular, X is an M-type 2 Banach space. Then
for any ¢ € .#(0,T; M(H,X)) there exists a continuous X-valued process, denoted by
x(t):= fot Edw(s), 0<t<T, such that if &= 1.4\ f, f € LX(Q, F, L(E, X)), x(t) =
f(w(d Nt) —w(c At)). Moreover, the following Burkholder-type inequality holds, see
Dettweiler (1991). For any » € (1,00) there exists a constant C depending only on X
and  (and so independent from &) such that for each &.#%(0,T; M(H,X)),

r - r T r/2
< <r— 1) C.(X)E ({/0 |é(5)||%4(H,X)dS} ) (3.6)

The above recalled definition of the It0 integral involves an auxiliary Banach space E
such that i: H — E is an AWS. The third reason for considering cylindrical Wiener pro-
cesses is described below. If two true Wiener processes (E and respectively £-valued)
w(t) and w(¢) correspond to the same H-cylindrical Wiener process W (¢), then for any
&€ M(0,T;M(H,X)) the processes x(t) := fot E(s)dw(s) and x(¢):= fot E(s) dw(s) are
modifications of each other. Let us also point out that in Brzezniak and Peszat (1999)
we define an Itd integral without involving any auxiliary space E.

By (X, D(A4))1/2,» we shall denote the real interpolation space with parameters (1/2, 2)
between D(A4) and X, see Triebel (1978).

Given n € .#*(0,T; M(H,X)) and xo € L*(Q, %y, X) a process x € .4#*(0,T;X) is
called a (mild) solution to

E sup

0<t<T

/0 &(s) dw(s)

dx(t) + Ax(t)dt = n(t)dW (), t>0,
x(0) = xo, (3.7)

iff for all £ € [0,T], a.s.

x(t) = e xy + / I e U= My(s)dw (s). (3.8)
0

Now, we want to recall a couple of sufficient conditions for the stochastic It integral
in (3.8) to make sense. The most general one is the following:

e M) € 30,6, M(H, X)), t€[0,T]. (3.9)
Another one is presented in the theorem below.
Theorem 3.3. Denote V = (X,D(A))ip2 and assume that n is an operator-valued
process such that A=y € #*(0,T; M(H,V)). Then, for almost all t € (0,T), the It6
integral
t
u(t) :/ e M) d W (s) (3.10)
0
exists and the following inequality holds:

T T
E /0 ()P dr <Ca(X) /0 1A= 05| Brgr ds. G.11)

Proof of Theorem 3.3. We begin with a technical lemma.
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Lemma 34. For x € X

o
/ o472 dr = |4~ "x[2.
0

Proof of Lemma 3.4. If x € X then e “x = de~“ A4~ !x. Therefore,

oo oo
/ le—Hx2 dr = / oA~ P dx = A%, O
0 0

The Fubini theorem yields

T . T
[E/o /0He_(t_S)AW(S)szu(H,X)def:/O /||e_(t_s)A’7(S)||§/1(H,X)dtds
s

T o3}
< / / e ()| ysx) dT ds. (3.12)
0 0

Taking into account Lemma 3.4 from which it follows that

o0
/o ||e_Az77(s)Hﬁ/[(H,X) dr= ||A_1’7(S)||12\/I(H,V)7

we infer that

T T
[E/ / Hef(tfs)A’?(S)szu(H,X)def</ 4™ ()| [Brca.cx. 7y D (3.13)
o Jo 0

which concludes the proof of the Theorem 3.3. [J

The process v(¢) defined above by the convolution type formula should be seen as
a candidate for a solution to the problem (3.7). As the following result shows, under
some additional assumptions, v(¢) is indeed a strong solution. For a similar result see
Lemma 4.5 in Brzezniak (1995).

Lemma 3.5. Assume that uy € L*(Q,F¢,P,V), g € M*0,T,M(H,V)) and that, for
some 7 >0, f € #*0,T,D(A7)). Then the following conditions are equivalent:

t t
u(t) =e “u, —|-/ e T g(rydW (r) + / e "M (r)dr,  as., for t<T,
0 0
(3.14)

u(t) + /OtAu(s)ds =uy+ /Ot g(s)dw(s) + /Ot f(s)ds, as., fort<T.
(3.15)

The following result is a slight modification of Theorem 3.2 from BrzeZniak (1997).

Theorem 3.6. Assume that a Banach space X satisfies the condition (H1) and a linear
operator A satisfies condition (H2b) and, for some v=0, the operator A+ vI satisfies
the condition (H2a). Assume that ¢=2, T € (0,00) and o,0 € [0, %) satisfy

r+0o <3 (3.16)
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Assume also that the stochastic process n is such that
A"y e M0, T, M(H,X)). (3.17)

Let the process v(t) be given by Theorem 3.3, then, there exists a stochastic process
o(t), t € [0,T], such that

t
i(t) = / e U= My(s)dW (s), a.s., for eacht € [0,T], (3.18)

0

and which satisfies the following conditions:
(-, ) € [LI(0,T; X ); H9(0,T; X,4)],, as.in o € Q, (3.19)
T
B2 < T ME [0 0 (3.20)
0

for some constant C independent of n and T but (possibly) depending on o, p,
X and A. Here || - ||o,r denotes the norm in the interpolation space [L1(0,T;X);
H"(0,T; X, A)],

The idea of the proof is taken from Da Prato et al. (1987) and Da Prato and Zabczyk
(1992a) (where only the Hilbert space case is considered) and is an extension of the
modification used by the author in Brzezniak (1996). An important ingredient of the
proof of the above result is the following lemma. It is of particular interest (as it will
be used in the sequel independently of Theorem 3.6) and so it is stated and proven
below.

Lemma 3.7. Assume that a Banach space X satisfies the conditions (H1) and a linear
operator A satisfies condition (H2b) and, for some v=0, the operator A+ vl satisfies
the condition (H2a). Assume that ¢=2, T € (0,00), o,0,6 =0 satisfy o+ 0+ 0 < %
Assume that the stochastic process n satisfies (3.17).

Then there exists a constant C > 0 such that if the process y(t) is defined by

1 ! (s
0= [=syemawe. e o (3.21)
- 0
then
|19l zoc@xo. 13000y S C TYP 7724~ oo, 13 maar: x))- (3.22)
In particular, y € L1(0,T; D(A°%)) a.s.

Proof of Lemma 3.7. Assume without loss of generality that v=0. Then the Burkholder
inequality, see Brzezniak (1996), gives, for ¢ € [0, T]

t q/2
ELA y(1)]7 <c E { /0 (= ) A Hn5)] By ds} . (3.23)

Hence,

T T t ‘ q/2
E /O [0 p(0)|7 dt <c /0 { /0 (r—s)2“||A%<”>An<s>||§4<H,X)ds} dt.
(3.24)
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In view of Baxendale (1976) the condition (3.36) implies that

4%~ ()| |mqx) = [|[A°A°e A7 n(s)| lmcax)
< ClAY ™™ ooy | |4~ n(s)| [ x

~
< Ct D147 0()| |mrcaxy

for some constant C > 0. Therefore,

q/2

T T t
[E/ |A5y(t)|fIdz<[E/ {/(t—s)_z(‘”‘s*”)|A_”n(s)|§,[(H)X)ds} dr. (3.25)
0 0 0

Since the RHS of (3.25) equals to ||A; * h2||z{,22(0 Ty where hy(s) = 1¢,r)(s)s 20,

hy(s) = 1(0,T](s)||A*“n(s)||ﬁ,,(H’X), by applying pathwise Young’s inequality we get

T t q/2
/ {/ (t —s)_z(“+5+")||A_"i7(S)||M(H,X)ds} dt
0 0

T
<cpo(1 = 2(00+ 8 + a)) P72~ F050) / A= n()| [0, s (3.26)
0
Indeed, we have

T
|hl |L1(0,T) :/ S*Z(o(+()+o')|AﬂefsA|2 ds = (1 _ 2(0{ + 5 4 0))71T172(a+0+a),
0

T 2/q
_ 2q/2 _
|h2|u/2(0,T) = (/0 HA 077(5)|A}(/H,X)ds> = ||A J”]H%{M(O,T;M(H,X))'

Taking expectation of (3.26) in view of (3.25) yields

T
E / A2 y(1)]7 dt <cgo(1 — 2(0 + S + ) 4TI (ot
0

T
xE /0 A= 0 a1, A5 (3.27)
which proves (3.22). [J
Corollary 3.8. Under the assumptions of Theorem 3.6 the following holds:
1 t
v(t) = — / (t —s) te =M y(s)ds, as., for each t € [0,T], (3.28)
I'(e) Jo
where y(t) is defined by (3.21).

Remark 3.9. A special case of Theorem 3.6 is when the operator 4 is positive and
the semigroup e~ is exponentially bounded.

Then with 7= oo one can show that the process y(¢) defined by (3.21) satisfies

[E/ |42 p(1)|7 dt <cyo(1 —2(0t + 6 + a))*q/z/ A= ()N ) ds. (3.29)
0 0
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The only modification of the proof of Theorem 3.6 lies in choosing the auxiliary func-
tion /; of the form /;(s) =52~ 5 € [0,00). Since obviously |A[11(g o0y < 0O
one may infer that there exists a modification #(¢) of the process v(¢) satisfying

(-, ) € [LI(0,00; X ); H(0,00; X,4)],, as.inw € Q,

~ N (3.30)
[E||v\|q<C[E/ A7 n() 3z, ) ds-
0

In particular, under the assumptions of Corollary 3.10 below, using Lemma 2.4 and
still in the case T = oo, one can see that ¢ satisfies (3.34) and the following version
of (3.35). If f < a — 1/q then

ey < CE | 14706 0 (331)

In the very special but important case of =0, if 0 + o + 1/g < 1/2 one gets
Esup 00 <C [ 14706y, 05 (3:32)
Lemma 2.4 in conjunction with Theorem 3.6 (applied for y=0) yields the following.

Corollary 3.10. Suppose that not only the assumptions of Theorem 3.6 are satisfied
but also that the positive numbers f3,0 satisfy

ﬁ+5+0<%—%]. (3.33)

Then there exists a stochastic process 0(t), t € [0,T], a modification of fot n(s)dw(s),
such that

(-, w) € €0, T;D(4%)), as.inwe Q, (3.34)

T
E1 07,000 S CTE | 1471 005 (3.35)

Proof. 1t is sufficient to choose o > f+ 1/g satisfying o+ 0+ < % and then to apply
the previous results. [

Remark 3.11. If for some ¢ € [0, %) satisfying (3.16),
A7 e M(H,X), (3.36)

i.e. A7° extends to a bounded linear map from H to X that is radonifying, then all
the previous results hold true with the condition (3.17) being replaced by

n e .NN0,T; L(H)) (3.37)

and with replacing ||4~7n(s)||mx) in formulae (3.20) and (3.29)-(3.32) by
[1(s)] #(x). Indeed, in view of Baxendale (1976), ||4~n(s)||mcw.x) < |n(s)| #x) as long
as (3.36) holds.
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3.2. Examples

Assume that ¢ is an open and bounded interval in R and that » € [0, %) and p €
[2,00). Let H =L*(0), X =H"?(0) and A=A, = —A with D(4,,,) = H*™"P(0)N
H(} TP(©). Note that —4 is the Laplace operator with Dirichlet boundary conditions.
It is well known that the Banach space /"?(() and the operator 4, , satisfy all the
assumptions (H1)—(H3) from Section 2, see Triebel (1978). The operator 4, will be
also denoted by 4,,.

As a preliminary step we will prove the following simple but crucial Lemma.

Lemma 3.12. In the framework described above, if the number ¢ satisfies

1 r
-+ = 3.38
0>4+2, ( )

then A=° € M(H,X), i.e. the condition (3.36) is satisfied. In particular, there exists
o € (0, %)for which the condition (3.36) holds true.

Proof. It is known, see for example Brzezniak (1996), that the imbedding map i,:
Hy*(0) — Hy?(0) is radonifying if ¢ < 1. Since by (3.38) r +1—20 < 1,

A0 =AY pedy
and the maps A;I/z :H — Hy* and Ai,/,ZfJ:Hgﬂfza’q((C) — H"? = X are bounded,
the result follows by using Baxendale (1976).

The second part of the lemma follows as well since r < % O

Remark 3.13. One can consider even more spatially irregular Wiener processes by
considering the Hilbert space H = H%2(() instead of H = L*(¢’). The smaller the 0
the more spatially irregular the Wiener process is. The condition (3.38) takes the form
0+ 0/2 > r/2 4 1. In particular, if ¢ + 0/2 > 1 then 4,7 € M(H%*(0); LP(0)) and,
by the Sobolev imbedding theorem, 4,7 € M(H"*(0); €(0)).

In the multidimensional case the situation is similar but details are different. Suppose
that @ is a bounded domain in R? with smooth boundary and 4 = 4, = —4 with
Dirichlet boundary conditions in X = LP(0), i.e. D(4,) = H>P(0) N Hy?(©). Then
4,7 € M(H"(0);LP(0)) if o + 0/2 > d/4. Hence one can find o <} for which
4,7 is y-radonifying iff 6 > d/2 — 1.

The main result of this subsection is given below. To prove it, to apply Theorem
3.6 and Corollary 3.10 in the framework as outlined above.

Theorem 3.14. Assume that the stochastic process n belongs to #*(0,T; £(H)) for
some T € (0, 00].

G If r+ % < %, then, for almost all t € (0,T), the Ité integral

o(t) = /Ot e Mn(s)d (s) (3.39)
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exists and, with some positive constant C independent of 1, the following inequal-
ity holds:

e | o)

where B', , are the Besov spaces, see Triebel (1978).
(i1) Assume in addition that the numbers q=2 and [,0 satisfy the following
condition:
1 1

f+o+-<-. (3.41)
q 4

Then, if the process n belongs to #9(0,T; L(H)), there exists a modification i(t),
t € [0,T] of the stochastic process v(t), such that, for some constant Cr,

T
b0 dr<C [ I ds (3.40)

(-, w) € BP0, T; H*P(0,1)), as.inw e Q, (3.42)
T
E61 7 SCTE [ MOy (43)
(iii) If the numbers q=2 and x, =0 satisfy the following inequality:
Kk 1 1
L 3.44
B+ 5+ p <3 (3.44)

and the process n belongs to M#9(0,T; L(H)), then there exists a modification
o(t) of the stochastic process v(t) such that

3, ) € G0, T; 650, 1)), as.inw e Q, (3.45)
T
E0 iy SCTE [ Ol s (3.46)

Proof. Part (i) follows from Theorem 3.6 by taking X =H"?((). For, firstly in view of
the Reiteration Theorem, see (Triebel, 1978, Remark 4, Section 2.4.2), the real interpo-
lation space V' := (H"P(0), H**"*P(0) N Hy ™""(0))1 2,2 equals to B ()0 B3 (0).
Secondly, by Baxendale (1976), ||4~'n(s)||marvy < ClA™" s vy|n(s)| ¢y Finally,
as D(A) = D(4z,) = H**(0) N Hol’z(@), A~! belongs to M(H,V) iff the imbedding
i:H**(0) N Hy*(0) — V is y-radonifying. The latter holds iff the imbedding i:
H"“2(O0) — B, ,(0) is y-radonifying, which holds, see Brzezniak (1995), if r < %— 1/p.

To prove part (ii) we take X =L7(0,1) and A=4, with p>2. Note that now r=0.
Then D(4°) = HOZ‘XP(O, 1). Since r = 0 because of (3.41) we can choose a positive
number ¢ such that both conditions (3.33) and (3.38) are satisfied. Finally, we apply
Theorem 3.6.

To prove part (iii) we begin with choosing positive numbers p and ¢ such that
0>k/2+12p and f+0+ 1/g < % Then we take X = L?(0,1) and 4 =4,. We
observe that by the Sobolev imbedding theorem Hé(s’p (0,1)C%;(0,1) continuously,
and hence (iii) follows from (ii). [J

Remark 3.15. Taking any f§ < % and k =0 one can find ¢ such that the assumptions
of Theorem 3.14(iii) are satisfied. Therefore, there exists a modification #(¢) of the
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process v(¢) which is Holder continuous in ¢ € [0, 7] with exponent f, uniformly in
x € [0,1] a.s. Analogously, taking f =0 and any k < % one can find ¢ such that the
assumptions of Theorem 3.14(iii) are satisfied. Therefore, there exists a modification
0(t) of the process v(t) which is Holder continuous in x € [0,1] with exponent «,
uniformly in ¢ € [0, 7] a.s.

In particular, there exists a modification #(¢) of the process v(z) which is Holder
continuous in ¢ € [0, 7] with exponent 5 and in x € [0, 1] with exponent x, uniformly
inte[0,7T] as.

Remark 3.16. The results described in Theorem 3.14 hold true in the multidimensional
framework as described in Remark 3.13 and with Laplace operator 4 being replaced
by any uniformly elliptic second-order differential operator .o/ =", ; 0/0xi(ai;(x)0/0x;)+
ap(x) with @? coefficients and boundary conditions of the form bo(x)u(x) +
> ; bi(x)0u/ox; = 0 for x € 0. Moreover, this holds for systems of such equations
acting on vector valued functions. See also Section 6.

4. Martingale solutions
4.1. Definitions and assumptions

Consider the following stochastic equation:

du(t) + Au(t) dt = F(t,u(t)) dt + G(t,u(t)) dW (1),

u(0) = uy. @.1)

Suppose that X is a separable Banach space and —A4 is a generator of an analytic semi-
group {e"“},50 on X. More precise conditions on X and 4 are listed in assumptions
(H1)—(H4). Moreover, we will need another Banach space B. Assumptions A.1-A.3
below are standing assumptions for the rest of the paper.

Assumption A.1. B is a Banach space (with norm denoted by |- |p) such that
D(A%) — B — X, (4.2)

for some ¢ € (0,% — ). The semigroup {e~"},>¢ restricts to a strongly continuous
semigroup of bounded linear operators on B. Unless we find ourselves in danger of
ambiguity, the semigroup itself and its generator will be denoted without any change.
Moreover, the imbedding D(A°) — B is compact.

Assumption A.2. The mapping A=°G:[0,00) x B — M(H,X) is bounded, continu-
ous with respect to the second variable and strongly measurable with respect to the
first one.

The next condition uses a notion of a subdifferential of the norm, see Da Prato
(1976). Given x,y € B the map ¢:R 2 s — |x + sy| € B is convex and therefore is
right and left differentiable. Define D4 |x|y to be the right/left derivative of ¢ at 0.
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Then the subdifferential d|x| of |x|, x € B, is defined by
x| :={x" € B": D_|x[y <(»,.x") < D4 |x[y, Vy € B},

where B* is the dual space to B. One can show that not only J|x| is a nonempty,
closed and convex set, but also

Olx| = {x* € B*: (x,x*) = |x] and |x*|<1}.

In particular, 0|0| is the unit ball in B*.

Assumption A.3. The mapping F :[0,00) x B — B is strongly measurable with respect
to the first variable and continuous with respect to the second variable. Moreover,
there exist k € R and an increasing function a: Rt — R with lim,_ . a(t) =00 such
that for all x € D(A), y € B and t=0

(—Ax + F(t,x + y),z) <a(|y|p) — klx|s, (4.3)

or any z € x* = 0|x]|.
y

Remark 4.1. The condition (H4) is the basic one from the previous sections. The
last part of Assumption A.l implies the assumptions of Theorem 2.6, i.e. that 4 has
a compact resolvent. The only new ones (essential for our nonlinear problem (4.1))
are Assumptions A.2 and A.3. Note that the part (i) of the Assumption A.5 below
coincides with the condition (2.22) from Remark 3.9.

If a=0 and F =0 the condition (4.3) means that the operator 4 + kI is dissipative
on B. The latter is then equivalent to the fact that the semigroup generated by —A
satisfies |e | »(p)<e¥, for >0, by the Lumer Phillips Theorem, see Pazy (1983).

Later on we shall also need some of the following conditions.
Assumption A.4. There exist nonnegative numbers ky=0 and N>=0 such that

Assumption (A.3) is satisfied with a function
a(r)y=ko(1+rV), r=0.

Assumption A.5. (i) There exists constants M,a > 0 such that
|e_’A\g(X)<Me_‘”, t=0.

(ii) The constant k from Assumption A.3 is positive, i.e. k > 0.

Before we proceed any further let us now state (and prove) the following important
consequence of Assumption A.3.

Lemma 4.2. Assume that B is a Banach space, —A a generator of a strongly con-
tinuous semigroup of bounded linear operators on B and a mapping F :[0,00) X B —
B satisfies Assumption A.3. Assume that for some © >0 two continuous functions
z,0:[0,7) — B satisfy

2(t) = /0 t e UME(s,2(s) + v(s))ds, <.
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Then

t
|l2(1)|5 < / e M q(|u(s)|p)ds, 0<r<t. (4.4)
0

Proof of Lemma 4.2. For . > w, where wy is large enough, let R(A) = (Al +4)~! €
Z(B) be the resolvent of the operator 4. Set z,(t) = AR(1)z(t) and F; = AR(1) o F.
Then

t
z;(1) :/ e UTME (5,2(s) + v(s))ds, £=0.
0

Since the function [0,7] 2 s — F;(s,z(s) + v(s)) € D(A4) is continuous it follows from
Theorem 2.4, Section 4 in Pazy (1983) that the function z; :[0,7] — B is differentiable
and

0 A = Flz,(0) + () + 5,0, 130,
where

0,(8) = Fy(s,2(s) + v(s)) — F(s,2,(s) + v(s)).
By Gronwall Lemma and Assumption A.3 it follows that

t
EAQIFES / e M a(|vy(s)]p) + |6:(s)]p)ds  0<i<r.
0

Since ||[AR(1)||<M for large 1 and AR(1)z — z as A — oo for any z € B, the
Lebesgue-dominated convergence theorem implies that 6, — 0 in L'(0,7; B). Hence
(4.4) follows. [J

We shall define now the mild and, later on, the martingale solution to Eq. (4.1).

Definition 4.3. Assume that the conditions (H1)—(H2) and (H4) as well as the As-
sumptions A.l and A.2 are satisfied. Suppose that F is a map from [0,7) x B into B.
Let x € B be fixed. Let u(¢), 0<t < T, be a B-valued admissible process. Then u(¢)
is called a mild solution to the problem (4.1) iff for r < T

t t
u(t) =e “x + / e G u(r)) AW (r) + / e B u(r))dr,  as.
0 0

Definition 4.4. Assume that H is a separable Hilbert space and that the conditions and
(H1), (H2) and (H4) as well as Assumptions A.1 and A.2 are satisfied. Let F be a
map from [0,00) X B into B and let x € B be fixed.

A martingale solution to Eq. (4.1) is a system

(Qa ‘0/7’P:{%}t?Oa{W(I)}tZOa{u(t)}t>0) (45)

such that (Q,%,P) is a complete probability space, {%};>0 a filtration on it,
{W(t)};>0 is an H-cylindrical Wiener process (with respect to the filtration %) and
u(t) is a B-valued admissible process such that for any ¢ € [0, T']

u(t) =e “x + /0 [e*”ﬂ)AF(s,u(s))dH /0 te*“ﬂ)“G(s,u(s))dW(s), as.
(4.6)
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We say that the martingale solution (4.5)—(4.1) is unique iff given another martingale
solution to (4.1)

(Q,’ ‘gﬂ’ Pl, {'?;}fZ()a {W/(t)}tZOa {ul(t)}t>0)7
the laws of the processes u(¢) and u/(¢) on the space C(0,7T;B) coincide.

We shall also need (sometimes) the following:
Assumption A.6. For any x € B the martingale solution of (4.1) is unique.

Assumption A.6 results from uniqueness of strong solutions of stochastic evolution
equations as in Neidhardt (1978), Bally et al. (1994), Dettweiler (1988), Brzezniak
(1995) and Brzezniak and Elworthy (1999) by the well-known scheme of Yamada—
Watanabe, see Dettweiler (1988) for details. A more sophisticated way of proving
(A.6) via the Girsanov transformation is given in Gatarek and Goldys (1997) (but with
more stringent conditions on the coefficients). Let us also emphasize that uniqueness
of strong solutions of stochastic evolution equations in a framework similar to the one
considered in the present paper is studied in detail in Brzezniak (1997).

In this section we show existence of martingale solution to Eq. (4.1). Let us notice
at first that Assumption A.3 implies that

\F(t, y)lz<a(|y|s), t=0, y€B. (4.7)
4.2. Existence

We begin with the following.

Theorem 4.5. Suppose that for a Banach space X, a Hilbert space H, a complete
probability space (Q, % ,P) and an operator A + vl (with some v=0), Assumptions
A.1,A.2 and (H1)—(H4) are satisfied. Suppose also that for some f <1 the function
APF 1 [0,00) x B — X is strongly measurable with respect to the first variable and
with respect to the second variable and bounded. Then for any x € B there exists a
martingale solution of (4.1).

Proof of Theorem 4.5. Without loss of generality we may assume that v = 0. Our
proof is an infinite-dimensional modification of the original Skorohod proof, see also
Gihman and Skorohod (1972) and Gatarek and Goildys (1994). Let T > 0 and x € B
be fixed. Take o > 0 such that o+ 0 < % and next choose ¢ > 2 such that 1/g < a—9
and 1/¢ <1 — f. Finally choose y such that 6 <y < J + 1/g. Consider a sequence
{x,} € D(4%) such that x,, — x in B as n — oo. Let s, = (k/2")T if (k/2")T <s < ((k+
1)/2")T. Define a sequence of admissible D(4%)-valued processes by

t t
in(t)=e""x, + / e~ UTME (s, ,(s,)) ds + / e~ UTMG(s, itp(s,)) AW (s).
0 0
(4.8)

It follows from Assumption A.1 and Theorems 4.1 and A.l from Brzezniak (1997)
that the definition of i, is correct. We need to find some estimates on i, independent
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of n. Set

1 t
_ oL (t—5)4 -
0= i L 6= G5, )
and £,(s)=F(s,ii,(s,)) and §,(s)=G(s,1,(s,)), s € [0, T]. Since A~G : [0,00) x B —
M(H,X) is bounded, Lemma 3.7 yields that

sup E \yn|zq(0’T;X) < 0. (4.9)

n=1

Therefore the family of processes y,, n € N, is uniformly bounded in probability
on L9(0,T;X). The same holds for the family 4=#f, n € N. Indeed, since the map
A=PF : [0,00) x B — X is bounded, [4~Ff, (¢)|x <C for some C >0 and all ¢>0.
Let us recall that in view of Corollary 2.8 the operators A;* and A;(Fp ) are compact
from L4(0,T;X) to C(0,T;D(A?)). Therefore, as also the map y/TA;l is bounded on
L9(0,T;X), the families of laws of A%y, and A;lfn = A;(lfﬂ)(Jz/TA;l)/‘A_ﬁf,; are
tight on C(0,7;D(4%)). This in conjunction with (4.2) yields tightness on C(0,T;B)
of the families of laws of A;'f, and A;"y,. Define

w,(t) = e e, + [A7 £1(0) + [A7° (@), ¢ €[0,T]. (4.10)

In view of Corollary 3.8 u,(t)=1,, a.s., t € [0, T]. Moreover, the argument preceding
(4.10) yields that the family of laws of u, is tight on C(0,7T;B) = Q7. Hence, there
exists a measure u on Q7 and a subsequence of the sequence u,, still denoted by u,,
such that u, — u weakly. By the Skorohod imbedding theorem, see Williams (1979) or
Da Prato and Zabczyk (1992a), there exists a probability space (Q, 7, P) with filtration
Z, and a sequence of B-valued admissible processes ii,(¢), ¢ € [0,T], on Q, such that
the laws of 7, and u, are the same, and there exists a process (), ¢ € [0,T], on Q
with law u such that @, — @ in C(0,T;B), a.s. on Q.

Set f,(s)=F(s, u,(s,)) and g,(s)=G(s,u,(s,)), s € [0,T]. Since 1 —g > %, the range
of A7'G=4""947°G is contained in M(H,D(A~"=9)) C M(H,(X,D(A)1/,>). Thus
Lemma 3.5 implies that, for ¢t <7,

t t ot
A*lun(t)+/ un(s)ds:A*Ixﬁ/ A’lg,,(s)dW(s)Jr/ A7 f(s)ds, as.
0 0 0
Therefore,

Mn(t)::AlzZ,,(t)—l—/[ u(s)ds—Alxn—/t A7 f(s)ds, te0,T]
0 0

is an X-valued martingale and its cylindrical quadratic variation [M,] is of the form

[M,1() = /0 0,(s)ds,

with Q,(1)=A47"g,(s)o[47 " g.(s)]', see Dettweiler (1988) for explanation of necessary
concepts (for L € M(H,X)C L(H,X), L' € L(X*,H) is its transpose).

The argument from the proof of Theorem 8.1 in Da Prato and Zabczyk (1992a)
yields (verbatim-verbatim) that

M,(t):=A" i, (1) — A7 %, + /t [t,(s) — A7 F(s,i,(sn))]ds
0
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is an X-valued square integrable martingale with respect to the filtration .%,(¢):=
a{ii,(s): s<t} and its cylindrical quadratic variation [M,] is of the form

(1) = /0 0,(s) ds,

where 0,(s) = 47'G,(s) 0 [A713,(5)]' and §,(s):= G(i,(s)). s € [0,T].

Set also f,(s):=F(s,i,(s)), s € [0,T]. Then, a.s. on @, P), i, — i, A Pf, — A=Ff
and 471§, — A7 in respectively, C(0,T;B), C(0,T;X) and .#9(0,T;M(H,X)).
Here f(s):=F(s,i(s)) and §(s):=A4"'G(s,ii(s)). Therefore, M, — M in C(0,T;B)
a.s. on (Q,P) and M(¢) is a square integrable X -valued martingale with respect to the
filtration # (1) := o {i(s): s <t}. Moreover, if O(s)=A4~"G(s)o[A~'§(s)]', the cylindrical
quadratic variation [M] of M(¢) is of the following form:

AT1(1) = /0 O(s) ds.

The next step is to employ the martingale representation Theorem, see Theorem 2.4
in Dettweiler (1988). Taking into account separability of both X and its dual X*,
the Just cited result of Dettweiler yields existence of an enlarged probability space

(Q F,P) and existence of an H-cylindrical Wiener process W(t), >0, on it, such that
M(t) = fo A~ g(s)dW(s), a.s., t =0. Therefore, for ¢t € [0, T],

—la(z)+/0t u(s)dS:A_lx—i—/Ot A_lg(s)dVI:/(s)+/Ot A7 (s)ds, as.

Since 47'G(x) = A=1"947°G(x) € M(H,DA1=9))CM(H,(X,D(4))122) as
1—0> %, Lemma 3.5 implies that

t ~
A () =e 47 x + / e ML= G(s) AW (s)
0

t
o[ e as, e
0

Since 7i(¢) is an admissible B-valued process the definitions of 7 and § imply that the
system

(D, 7P AT Ym0, (O }em0, {i(t) }120)

is a martingale solution to the problem (4.6). This concludes the proof of Theorem 4.5.
L

In the main result of this section we replace the boundedness assumption of F' by
the dissipativity of the drift —4 + F.

Theorem 4.6. Suppose that a Banach space X, a Hilbert space H, a complete prob-
ability space (Q,%,P), the operator A + vI (with some v=0) and the function
F:[0,00) X B — B satisfy all Assumptions A.1-A.3 and (H1)—-(H4). Then there
exists a martingale solution of 4.1.
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Proof of Theorem 4.6. Without loss of generality we may assume that v=0. As in
the previous proof we take o > J such that o+ o < % and then choose ¢ > 2 such that
5 <a—6. WefixxeBand T > 0. Let F,, : [0,00) x B — B be defined by

F(s,x) if |x|p<n,

F (s, Lx) otherwise.
|x[5

By (4.7) |Fu(s, )| <a(n), for all s=0, y € B. In view of Theorem 4.5 there exists a
martingale solution

(Qn7 9711) Pna {%1,t}t>07 {Wl’l(t)}t>07 {lzn(t)}tZO)'

of the following equation:

Fu(s,x)=

dit, (1) =[ — Atin(t) + Fu(s,u,(2))] dt + G(s,1,(2)) dW (1),
ii,(0) =x. (4.11)

Denote, for ¢ € [0, 7],

V(1) = ﬁ /0, (t — 5) % UTMG(s, 11 ,(5)) AW, (s), (4.12)
Un = A7* V0, (4.13)
z(t) = /0 t e U=E (s,1,(5))) ds. (4.14)

Notice that the process v,(¢) is an admissible modification of the process given by the
stochastic Ito integral fot e =91G(i1,(s)) dW,(s). Furthermore, z,(¢) = it ,(t) — v,(¢) —
e “x, t €[0,T]. Let

T, =inf{¢>0: |i,(t)|p=n}.

As in the proof of Theorem 4.5, because 47°G : [0,00) X B — M(H,X) is bounded,
we have

T
sup [E,,/ |va(0)|? dt < 0.
0

n=1

Therefore, by Lemma 2.4 and (4.14)

sup E, sup |v,(2)|% < oo (4.15)

n=1 0<t<T

Moreover, by Corollary 2.8 and Assumption A.1, the family of laws of v, is tight on
C(0,T;B). Since i1 ,(t) = z,(t) + v,(¢) + e “x and

t
z,(t) :/ e UTME(s,i,(s))ds, <1y, (4.16)
0
from Lemma 4.2 we infer that

t
|z,(1)| < / e M=9g(|v,(s) + e ¥x|)ds, 0<r<1,. (4.17)
0
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Set Cy :=supy<,<r|e x|p.sy < co. Then (4.17) yields
- 1+elr —u
sup |#,(D)p<Cr+——— sup a(jv,()+e “x|p)+ sup |v.(?)|p. (4.18)
0

0<1<1, |k| 0<1<T <t<T

Since the function a is increasing, the RHS of (4.18) is less than or equal to

sup [C1 + Cra(|va(2)[z + C1) + |va(2)|5].

0<t<T

Let R : m — R(m) be the inverse function of r — C; + Cra(r + C1) + r. Since R is
also increasing (and continuous). Therefore, by the Chebyshev inequality we get

P, ( sup |, (8)|p >m> <P, ( sup |va(?)| >R(m)>
0<I<T, AT 0<i<T
1
< ——FE, [ sup |va(D)|%]).
o (2 001
Recall that
{ sup |i,(2)|s >n} ={r, <T}.
0<I<T
Thus, for any n=>m,
{ sup |in(2)|p >m} = { sup |&,(2)|p Zm}.
0<t <t AT 0<I<T
Hence, by taking into account (4.15) we infer that
sup P, ( sup |it,(?)|s >m> —0 asm—0. (4.19)
n=m 0<t<T

Since a(r) /oo as r / oo by Assumption A.3, by taking into account (4.7) and(4.19)
it follows that the laws of the family of processes i,(¢), ¢ € [0,T], are uniformly
bounded on C(0,T; B). It follows, in view of (4.16) and Corollary 2.8, that the family
of laws of z, is tight on C(0,T; B). On the other hand, by Corollary 3.8,

() =e “x +2,(t) + A" yu(t), as., t €[0,T].
Setting

un(t) = e~ "x 4 2,(t) + A7 yu(1), 1 €[0,T],
we infer that the family of laws of u,(¢), ¢ € [0,T], is tight on C(0,7;B). Now we
can complete the proof as we have done at the end of the proof of Theorem 4.5. [

4.3. Uniqueness

In this subsection we are working within the framework of conditions (H1)—(H4)
and Assumption A.l. We begin with

Theorem 4.7. Assume that a Banach space X satisfying the conditions (H1), a Hilbert
space H, a probability space (Q, 7 ,P) and an operator A+ vI, for some v=0, satisfy
Assumption A.1 and condition (H1)—(H4).
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Assume that A=°G(t,-) is a locally Lipschitz map from D(4°) to M(H,X ) uniformly
in t=0 and that F is a locally Lipschitz map from D(A%) to X uniformly in t>0.
This means that for each R > 0 there exists a constant K such that for all t =0 and
all u,v € D(A°) satisfying |u|p ey, [v]ps) <R

||A_0G(t, u) — A_GG(I, U)HM(H,X) <KR|M — U|D(A‘5)’ (420)

|F(t, u) — F(t,U)|X <KR|U — UlD(A‘;)' (421)
Then, for any T >0, there exists at most one mild solution u(t), t <T, to the

problem (4.1).

Remark. The above result is similar to the uniqueness part of Theorem 4.9 from
Brzezniak (1997). However some technical details make them incomparable and we
have to provide a complete proof of our Theorem 4.7. Nevertheless, our proof follows
the lines of the corresponding proof of Brzezniak (1997).

Proof of Theorem 4.7. It is sufficient to prove the lemma below.

Lemma 4.8. Under the assumptions of Theorem 4.7, let U be an open subset of
D(A°%) on which functions F and A=°G are uniformly Lipschitz continuous in the
sense of (4.20) and (4.21), respectively. Let Qy € F be such P(2y) > 0 and

M1(0)|QO = u2(0)|90 eU as.

Let ui(t), t=0 and uy(t), t=0 be two mild solutions to problem (4.1). Let t; be the
first exit time of u;(t) from U. Then

TI=1p a.s.
and the processes

urljo,eyx 2 U2l[0,02)x 2 (4.22)
are equivalent.
Proof of Lemma 4.8. We may assume that Q, = Q since we can normalize P on
such that P(Q2y)=1. In the same way we can assume that 1;(0) € U, i=1, 2, a.s. Let

T=11; ATy. Denote u(t)=u(t) —uy(t), t=0. Then, with f(¢)=F(t,u1(t)) — F(t,uy(t))
and g(t) = G(t,u1(t)) — G(t,uz(t)), u(t), t=0 is a mild solution to the problem

du(t) + Au(t) = f(t)dt + g(¢) dW (¢),

4.23
u(0)=0. ( )
Since u(t),uy(t) € U for t < 7, we have
||A70g(t)||M(H,X)<K|u(t)|D(A0)7 <z a.s., (424)
||f(t)||)( <K‘u(t)|D(A5), t<Ttas. (425)

Now we encounter a delicate (but a simple) problem. Take first J,0 as in Assumption
A.1. Then, in particular, § + ¢ < % and A% € M(H,X). Then there exist g=2 and
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>0 such that 0<d <y <d+1/g < %fa. With this choice applying a stopping time
modification of Theorem 4.1 from Brzezniak (1997) yields existence of a constant
C > 0 such that for any ¢ € [0,7] and any stopping time ¢ such that & < 7 a.s., the
following holds:

INE INE
E / ()| ds + B sup  [u(s)|h s, < CE / 1472 g(5) 3y ) ds
0 0

0<s<tNE

INE
+C[E/ |7 (s)|% ds.
0
Thus, by taking into account (4.2), (4.25) and (4.24) we infer that

IAE
E sup |u(s)|qD(Ao-)<CK[E/O |u(s)[ 15, ds.

0<s<INE
Set
1 ift<¢
- { 0 if r>c

Then the following sequence of inequalities holds a.s.:

sup |u(S)|%(A(,~)= sup ‘OC(S)M(S)|%(A5),
0<s<INE 0<s<t

tNE t
/0 |u(s)|‘{)(A5)ds</O ||oc(s)u(s)\|‘£(A5)ds,

Therefore
t
E sup |a(s)u(s)\Z(Ao-)<C/ [E|oc(s)u(s)|g(A5)ds,
0<s<t 0

and hence the Gronwall Lemma yields that
Ela(u(t)[ 0, = 0, 10,

which implies that u(¢) =0 a.s. on {¢ < ¢}. Taking a sequence &, of stopping times
such that £, /' t a.s. we infer that u(¢) =0 a.s. on {r < t} = €, which proves (4.22).

The proof that 1) =1, can be then performed in the same way as the corresponding
part of the proof of Theorem 5 from Section VI of Elworthy (1982). [

Remark 4.9. For a different approach to the uniqueness question, more analogous to
the finite-dimensional one as described in Kunita (1990); see Carroll’s (1999) thesis.

Following the scheme of Yamada—Watanabe uniqueness theorem, see the proof of
Theorem 1.1 in Chapter 4 of Ikeda and Watanabe (1981), and using the just proven
uniqueness of mild solutions, we get the following result on uniqueness of martingale
solutions.

Theorem 4.10. Assume that a Banach space X satisfying the conditions (H1), a
Hilbert space H, a probability space (2,7 ,P) and an operator A + vI, for some
v=0, satisfy Assumptions A.1-A.3 and conditions (H1)—(H4). Assume that the maps
A7°G and F are locally Lipschitz maps uniformly in t >0 in the sense of (4.20) and
(4.21). Then for any x € B there exists a unique martingale solution of (4.1).
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4.4. Feller property

If the martingale solution is unique, i.e. when Assumption A.6 is satisfied, u(t) is
a Markov process, see Da Prato and Zabczyk (1992a, Theorem 9.14). For x € B let
(Q,7,P {F:},u(t),{W(t)}) be the unique martingale solution to (4.1) with uy = x.
Note that although all the objects depend on x we use the subscript x only in denoting
the probability measure [P, and the expectation E,.

Define the transition operator P, by a standard formula: let ¢ € %,(B), then

Prop(x) = Ex[o(u(t))]. (4.26)

Theorem 4.11. Assume that a Banach space X satisfying the conditions (H1), a
Hilbert space H, a probability space (2,7 ,P) and an operator A+vl, for some v=0,
satisfy Assumptions A.1-A.3 and A.6 and conditions (H1)—(H4). Let for t=0, P, be
the transition operator of the process u(t). Then P, is a family of Feller operators,
i.e. P,:Cp(B) — Cy(B) and, for any ¢ € €»(B) and x € B,

Pio(x) — o(x) ast— 0. 4.27)

Proof of Theorem 4.11. Let x € B and ¢ € Cy(B). Let (2, 7, P, {Z:},u(t), {W()})
be the martingale solution to (4.1). Since u(¢) is a B-valued admissible process, u(t) —
x as ¢\, 0 P;-a.s. Thus, since ¢ is bounded and continuous, (4.27) follows by applying
Lebesgue-dominated convergence theorem.

Let x, —» x € Band ¢t > 0. Fix T > ¢. Let (2,, 7", Py, {7}, u(t,x,), {W.(t)}) be
the martingale solution to (4.1) with the initial condition x replaced by x,. Let p,, be
the law of u(-,x,) on C(0,T;B).

We will show that the family of measures p,, is tight (on C(0,7;B) of course). Set
(see also (4.14), for t € [0,T1],

1 t

W(t,x,) = a_» /O (t =) " TMG(s,u(s,x,)) dW,(s), (4.28)

V(e x0) = A7 y(x0), (4.29)
t

2(t,x,) = / e M (u(s,x,))) ds. (4.30)
0

Note that it follows from Corollary 3.8 that P, a.s.
u(,x,) = e~ x + A7 F(s,ux,)) + A7 y(x,). (4.31)

As in the proof of Theorem 4.5 there is an M > 0 such that for all n € N
[E|y('7xn)|z‘i(0,T;X)<M5

[E|F(”('>xn))|zq(0,T;X) M.

Thus, as e~ “x, — e “x in C(0,T;B), and A7* and A;l are compact operators from

L90,T;X) to C(0,T;B), our claim follows.
Let u be any cluster point of p,,. By using the Skorohod imbedding theorem, com-
pare with the end of the proof of Theorem 4.5, we may show that there is a martingale
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solution (Q, 7, P,,{%,},i(t),{W,}) to the problem (4.1) with initial condition x such
that the law on C(0, T; B) of this solution is equal to u. By uniqueness of martingale
solutions (i.e. by Assumption A.6), 1= p,. Hence p, is a weak limit of some subse-
quence of the measures p,,. A standard subsequence—subsubsequence argument shows
that in fact (u,,,®) — (i, @). In other words, P,;¢(x,) — P,¢(x). Hence P; is a Feller
semigroup. [

5. Invariant measures

Let us point out that it is exactly this section where we make use of Assumption
A.4. Furthermore, in this section, contrary to the previous one, we assume that the
operator 4 itself, not simply 4 + v/ for some v>0, satisfies conditions (H2) and (H3)
and Assumptions A.1-A.3.

Definition 5.1. Suppose that (P;),>¢ is a Feller semigroup on a Polish space B. A
Borel probability measure ¢ on B is called an invariant measure for (P;),>¢ iff
Piu=p, t=0,

where (P/up)(I") = fB P,(x,Iu(dx) for I' € #(B) and the P,(x,-) is the transition
probability, P,(x,I") = P,(1r)(x), x € B.

Theorem 5.2. Assume that a Banach space X satisfying the conditions (H1), a Hilbert
space H, a probability space (2,7 ,P) and an operator A satisfy Assumptions A.1—
A.6 and conditions (H1)—(H4). Then there exists an invariant measure u for the
semigroup Py, i.e. a probability measure pu on B such that uP, = p.

Proof of Theorem 5.2. Let x € B be a fixed point. Let (2, 7, P, {Z},u(t), {W()})
be the martingale solution to (4.1). We need

Proposition 5.3. There exists x € B such that the family of laws of u(t), t =1 is tight
on B.

Since the process is Feller on B, invoking the above Proposition 5.3 by standard
Krylov—Bogoliubov technique there exists an invariant measure y on B for the semi-
group P,. For details we refer to Da Prato and Zabczyk (1992a), Proposition 11.2.

Proof of Proposition 5.3. Take x =0 and define

u(t) = / t e UG5, u(s)) dW (s), (5.1)
0
()= / t(t — ) e U TMG(s,u(s)) AW (s), (5.2)
0
zZ()=u(t) —v(t) = /t e UME (s, u(s)) ds. (5.3)
0

Our first tool will be the following obvious lemma.
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Lemma 5.4. Assume that B is a complete topological vector space and (Q,7,P) a
probability space. Let I be any nonempty index set. Given are two families n;, i € I
and {;, i € I of B-valued random variables such that the laws of each family are
tight on B (separately), i.e. for any ¢ > there exist compact sets K and L in B such
that

P{n; €K} <e, i€l (5.4)

P{( €L} <e i€l (5.5)
Set &:=n; +{;, i€l Then the family of laws of &;,i € I, is tight on B.

In order to prove Proposition 5.3 it suffices to show the following two lemmata.
Lemma 5.5. The family of laws of v(t), t=1 is tight on B.
Lemma 5.6. The family of laws of z(t), t=1 is tight on B.

Proof of Lemma 5.5. Let us first put together some basic facts about tightness of laws
of families of random variables. Assume that B and Y are complete topological vector
spaces and (Q, #,P) is a probability space. Let / be any nonempty index set. Given is
a compact (not necessarily linear) map @ : B — Y, i.e. for any bounded set G C B the
image @(G) is relatively compact in Y. Given is a uniformly bounded in probability
family &;, i € I, of B-valued random variables, i.e. for any ¢ > 0 there exist a bounded
set G C B such that

P{& &G} <e i€l (5.6)

Then the family of laws of #;:= ®(¢&;), i € [ is tight on Y.

Secondly, if B is a Banach space and for some ¢>1 sup,c,;E|&]? < oo, then the
family &;, i € 1, is uniformly bounded in probability. This follows from the Chebyshev
inequality P(|&;| > R)<RIE|&|1.

Let 6 € (0, %) be as in Assumption A.1. Take o > ¢ such that x4+ < % and finally
choose ¢ such that 1/¢ < o — J. Note that necessarily ¢ > 2. Set, for >0,

w,(s):=u(t+s), se€l0,1], (5.7)
yi(s) = ﬁ /0 é(s — ) %SG u(r))dW (r), s €[0,1]. (5.8)
Then, for t>=0, a.s.
u(t + 1) =eu(t) + K, (), (5.9)
where
K.(f):=A7 ), f € LU0, 1;X). (5.10)
A

Since, due to Assumption A.1, ¢e™ is a compact operator from X into B and, due to
Corollary 2.8 and the fact that 0 4+ 1/g < o, K, is a compact operator from L7(0,1;X)
into B, by virtue of Lemma 5.4 and the discussion above it suffices to show that

sup E[v(1)|} < oo, (5.11)

t=0
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1
sup[E/ [ye()]% ds < oo (5.12)
t=0 0

Proof of (5.11). This proof is similar to the proof of Lemma 3.7. Fix ¢ > 0. From
Burkholder inequality

t q/2
el <G ([ 1l 606 i 05
0
Using condition (3.36) in view of Assumptions A.5 and A.2 we get

le ™ G(s, u(s) mx) < ||[A7€™ | 201477 G(s, u())| |
< Cr %e™ @

for some generic (independent of t > 0) constant C > 0. Thus

! q/2
Elo(n)|f < C </ (t — 5) 20— 2a0=9) ds)
0

59 q/2
<C (/ 202 ds) . O
0

Proof of (5.12). This inequality follows from Lemma 3.7 by noting that due to
Assumption A.2

1
sup[E/0 ||A7UG(t:ut)||Z/[(H,X) < 0.

t=0

The proof of Lemma 5.5 is therefore complete. [

Proof of Lemma 5.6. From Lemma 4.2

t
|l2(1)|p < / e M =9g(|v(s)[p)ds, t=0.
0

Hence
t
Elz(t)|p < / e M) Ea(|u(s)[p)ds, =0, (5.13)
0
and so
1
[E|z(t)|3<zsup Ea(|v(s)|g), ¢=0. (5.14)
s=0
On the other hand, from (5.11), in view of Assumptions A.4 and A.5, we infer that
sup Ea(Jv(2)|p) < oo, (5.15)
120
from which and (5.14) it follows that
sup E|z(1)[z < oc. (5.16)
>0

Analogously as in Da Prato and Zabczyk (1992) we represent
2(t+ 1) = e 2(t) + Ky (F(ur)),

where K, and y; were defined in (5.10) and (5.7), respectively. Since e~ is a compact
operator in B it follows from (5.16) that the family of laws of {e~z(¢)}, t>1 is

A
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tight on B. In virtue of Lemma 5.4, Assumption A.1 and Corollary 2.8, the proof of
Lemma 5.6 will be completed as soon as we show the following.

Lemma 5.7. The family of laws of F(u,), t=0 is uniformly bounded in probability
on L(0,1;B).

Proof of Lemma 5.7. Since F(x)<a(|x|z) by (4.7) it is sufficient to show that the
family of laws of a(u,(-)), t=0 is uniformly bounded in probability on L%(0,1;B).
Since, in view of Assumption A4, a(|u;(s)|p)<ko(1 + |u(s)|§) for some ko, N > 0,
it suffices to show that laws of u,, >0, are uniformly bounded in probability on
L(0,1; B). The last statement follows from (5.11) and (5.16) by means of Chebyshev
inequality. Indeed, if >0 then for some C> 0 and all £>0

t+1
N N
[E|”t|ZqN(0,1;B) = [E/ lu(s + 1)[%" ds
t
+1
= [E/ o(t 4 5) + 2(t +)|%" ds
t

< 29Nl ( sup E|v(r)|,q3N+ sup [E|z(r)j§N>

t<r<+l1 t<r<t+l1
< C

This concludes the proof of Lemma 5.7 which completes the proof of Proposition 5.3
and the same the proof of Theorem 5.2 is complete. [J

6. Examples and applications
6.1. Reaction—diffusion equation

Let O be a bounded open interval in R?, d>1. Let H=H"2(0) for fixed 0 > d/2—1.
Let

N 0

&f—i; o (%‘(ﬂaj) + ap(x)
be a second-order differential uniformly elliptic operator, i.e. such that for some C > 0
and all x € 0, 1 € R?

d

> ay(x)iidy = ClAR.

ij=1
If 0=0, d=1 and ./ =4 we are in the case studied in Da Prato and Pardoux (1995).
Assume that the functions a;; and ay are of %2 class on (. Assume that f and g are
separately continuous real valued functions defined on [0,00) X ( x R. Assume that g
is a bounded function. Consider the following condition

_K(l+|u|ql{u>0})<f(tsx’u)<K(l+|u|ql{u<0})a [ZO,XG (Q,ME R» (61)

where K > 0. It is easy to prove that if f satisfies the condition (6.1) then f(¢x,
v+z) sgn v<K(1 4+ |z|7) for all v,z € R and ¢=0, x € 0.
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Let &(z,x) be a space-time white noise on D with Cameron—Martin space equal to
H. We are interested in solutions to the following initial value problem:
du(t,x) + Zu(t,x)dt = f(t,x,u(t,x))dt + g(t,x,u(t,x)) &(t,x),
u(t,-)=0 on 00, (6.2)
u(0,x) =up(x), xed.
which will be interpreted as a solution to the problem (4.1) with W(¢) being an
H-cylindrical Wiener process on some complete probability space in the following
framework.

Define B=Cy((), X=L?(0), D(A):Hoz’p(@) with Au=./u for u € D(A). Obviously,
X satisfies the conditions (H1) and the conditions (H2) and (H3) hold for Ay + A4 for
some Ag=0, see Seeley (1971). Moreover, Assumptions A.1 and A.3 are satisfied
as well. Indeed, by Lemma 3.12 and Remark 3.13 there exists ¢ € (0, %) such that
A~° € M(H,X). Moreover, D(A*) :Hoz’p((ﬁ) for d/2p < s < 1, and thus by choosing
p large enough (to be precise satisfying d/2p+o < %) we see that D(A4°) < B and so
the first part of Assumption A.l is satisfied. The second part of the latter is satisfied
due to Theorem 5 in Stewart (1974).

It follows from the maximum principle and Stewart (1974) that the operator —4 on B
is m-dissipative, if k :=infay(x)>0. Therefore, Assumption A.3 is satisfied. Moreover,
if infag(x) > 0 then also Assumptions A.4 and A.5 are satisfied.

In the framework described above the results from Sections 4 and 5 hold true. In
particular we have

Theorem 6.1. In the framework described above and under the assumptions listed
therein there exists a martingale solution to the problem (6.2). Moreover, if f and
g are locally Lipschitz continuous functions with respect to the third variable (i.e. u)
then the martingale solution is unique. Finally, if also inf ag(x) > 0, then there exists
an invariant measure for the problem (6.2).

Proof. First of all we need to verify Assumption A.2. Let G be the Nemytski map
associated with function ¢g. Since 6 > d/2 — 1 one can find ¢ < 1/2 such that A= ° is a
y-radonifying operator from H into X. Hence by involving a result of Neidhardt (see
Brzezniak, 1997, Theorem 2.1), it is sufficient to show that G is bounded, continuous
with respect to u# and strongly measurable with respect to ¢ as a map from [0,00) X B
into #(H), what is obviously satisfied. [J

Assumption A.3 is a consequence of the above and following preparatory result a
proof of which in the case when f depends only on u, the third variable can be found
in Da Prato and Zabczyk (1992b, pp. 193-194).

Proposition 6.2. In the framework described above, assume that f satisfies the con-
dition (6.1) and let F(t,-) be the Nemytski operators associated with f, i.e.

F(tu)(x)= f(t,x,u(x)), ue€B, xec0, t=0.
Then for all t=0 and any u,v € B and any z € u* = 0|u| the following holds:
(F(t,u+v),z) <K(1 + |v]%). (6.3)
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Let us also note that obviously F is a continuous map from B into itself.

Remarks. (i) The question of existence of invariant measures in the case 4 symmetric
and g(x,u) =1 with some different assumptions on f was studied in Manthey and
Maslowski (1992).

(ii) Any function f of the form f(t,u)=—u*"*! +Zflo a;(t)w with a; being contin-
uous real-valued functions satisfies the condition (6.1) and the appropriate assumptions
of Theorem 6.1. As a function g we take the following (see Tribe, 1995):

_ u(l—u) ifuel0,1],
g(u) = { 0 otherwise. (6:4)

6.2. Equations of QFT type

Assume that ¢ C R? is a bounded domain with smooth boundary and let X = L?(()
with p>2 and 4 = /—Ap + m2, where m>0 and —Ap is the Laplace operator with
Dirichlet boundary conditions. Also let B = Cy(D). The Neumann boundary conditions
can be treated without any significant difference. We have D(A4) :H(;’P (0). It follows
from Seeley (1971) that the operator A4 satisfies the conditions (H2) and (H3). As in
many examples earlier in this paper the condition (H1) is satisfied as well. Let H =
H%2(0) with 0 > %(d — 1) and let W(t) be the H-cylindrical Wiener process on some
complete probability space. It follows from Remark 3.13 that 477 is a y-radonifying
operator from H into X if ¢+ 60 > d/2. Suppose that p is chosen large enough so that

d

——0<

1 d
2 2 p

Note that under these assumptions we can find 6,6 >0 such that ¢ + 0 < %, A% €
M(H;X) and D(4°) — B. Hence Assumption A.l is satisfied.

Assume that f and g are separately continuous real functions defined on [0,00) x
O x R which are locally bounded in time, i.e. for each 7" > 0 there is C > 0 such that

lf(t,x,u)], |g(t,x,u)| <C; ifxe 0, ueR, 0<t<T.

We consider the following SPDE:

du+/—Ap + m2udt = f(t,x,u)dt + g(t,x,u)dW(t), ¢>0, 65)
u(0) = uop, '

where uy € B. This equation is similar to the equation of free field found by Hida and
Streit (1977); see also Rozovskij (1983) and Brzezniak (1995).
Theorem 4.5 is applicable and so we have

Theorem 6.3. For any uy € Co(D) there exists a martingale solution of (6.5).
Moreover, if the functions [ and g are locally Lipschitz continuous with respect
to u then the solution is unique.
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6.3. Higher-order equations

This section is devoted to presentation of general applications of the results from
Sections 4 and 5. These results are generalizations of the two examples from the
previous subsections to more systems of elliptic operators with more general boundary
conditions. For the sake of completeness of the exposition, we present the precise
results below.

Let O be a bounded open domain in R? with a boundary of class ¥>°. We make
the following assumptions

(1) The differential operator —A4
A=) a,x)D" (6.6)
Jor| <2k

is properly elliptic, see Triebel (1978, 4.9.1). The coefficients a, are ¥°° functions
on the closure @ of 0.
(ii) A system {Cj}jf:] of differential operators on d¢ is given,

Ci= > ¢ulx)D, (6.7)
o <my

with the coefficients c;, being ¥ functions on 0. The orders m; of the operators
C; are ordered in the following way:

0osm <mp <--- <my.

The system {C;} is normal, i.e. m; <2k and
D et #£0, xeD, j=1,....k (6.8)
|oc|=m;
where v, is the unit outer normal vector to 00 at x € 00.
(iii)
k a(xa é)
|a(x, &)

where a(x, &) = Zm:zk ay(x)E”
@iv) If cj(x, &) = Zlalsz ¢ju(x)&* then for all x € 00,¢ € T (00),t € (—00,0] the
polynomials

(1) #—1, xe€0, £cR"\ {0}, (6.9)

{t—=cxé+w)}) j=1,..k

are linearly independent modulo polynomial {t — Hle(r— 77 (1)}. Here t;(¢) are

the roots with positive imaginary part of the polynomial C 35 7 — a(x, &+ tv,) —¢.
The differential operator 4 gives rise to a linear unbounded operator 4, in a Banach
space X = LP((0) with a domain D(4,) defined by

1
D(4,) :Hfg?;((ﬁ) = {u e H*P(0): Cjuloo = 0 for m; < 2k — p} . (6.10)
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It has been shown by Seeley in Seeley (1971), see also Triebel (1978, 4.9.1), that for
any y > 0 there is C = C, > 0 such that
4% <ceVl, teR,
and therefore the operator 4, satisfies the condition (H3) from Section 2, see also
Dore and Venni (1987).
When there is no danger of ambiguity, the operator 4, will be denoted simply as 4.
In order to be able to apply our results from Sections 4 and 5 we need to determine

the spaces of the fractional powers of the operator 4. From Triebel (1978, Theorem
4.3.3) we have

D(A*) = Hff;‘;{cl_}(@), (6.11)
where H;{‘Z{q}((ﬁ) = {u € H}3(D): Cjulop =0 for m; < 2ke — 1/p}.

Example 6.1. In this example (0 is as before but we take £k =1, i.e. the operator 4 is
of second order. We assume that it is given in the following divergence form:

== 1 (a0 )+ 3 a0 s eoncn. wee
J i=1 l

ox; Ox

ij=1

(6.12)
with all coefficients of ¥ class on the closure @ of a bounded domain %> domain ¢
and the matrix [a;;(x)] not necessarily symmetric. The boundary operator C is given by

(Cu)(x) = szu(x) + f(x)u(x), x € 00, (6.13)
A

again with > coefficients, where the first term is the “co-normal” derivative with
respect to A4,

Ju - Ou
&, 0= ij ai (e (),
where v, = (v}c, ..., V}) is the unit outer normal vector to dD at point x € 00.
We take X = LP(0),D(A4) :Hfblv}(@) and the operator 4 with domain D(A4) acting
in X via formula (6.12).

Now we present the main result of this section.

Theorem 6.4. Assume that O is a bounded domain in R¢ with boundary 00 of €
class. Let A be a differential operator satisfying the properties (i)—(iv) above. Also let
A=A, denote a linear operator in X =L?(0) with domain as in (6.10), where p=2.
Let H=H%*(0) with d/2 > 0 > d/2—k. Assume that W(t), t=0, is an H-cylindrical
Wiener process and wi(t),...,w,(t), t=0, be an independent n-dimensional Wiener
process on the same complete probability space. Suppose that o is a positive number
such that d/2k — 0/2 < 1/2 — 6. Suppose that Dy is a differential operator on O of

order dy < 2k. Finally let us assume that By,...,B, are linear differential operators
of orders <k,
Bi=Y" biu(x)D*, j=1,....n, (6.14)
lo| <k

with the coefficients b;, of € class.
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Assume that [ and g are separately continuous real functions defined on [0,00) X
O x R which are locally bounded in time, i.e. for each T > 0 there is C > 0 such that

|f(&x,u)], |gt,x,u)|<C if x€0, ueR, 0<t<T.
Suppose finally that uy € B=D(A°). Then the problem (6.15) below has a martingale

solution
d
du(t,x) + Au(tx)dt + Y Bju(t,x) dwy(t)
j=1
=Dy f(t,x,u)dt + g(t,x,u)dW(t), t>0,x€0, (6.15)
u(0,x) =up(x) forxe O,
Ciu(t,x)=0 forx € d0, t > 0.

If the functions f and g are locally Lipschitz continuous with respect to the variable
u, the solution is unique.

Proof. By the assumption we can find a positive number ¢ such that 1/2 — 6 > ¢ >
(1/k)(d/4 — 0/2). With B=D(A4%) the first of the last two inequalities implies the first
part of Assumption A.l. The second one implies that ko + 6/2 > d/4 which in view
of Remark 3.13 implies that =% € M(H,X ). The result follows from Theorem 4.5 by
standard procedure. We only have to choose ff =dy/2k. [

Remark 6.5. Note that the condition d/2 > 0 > d/2 — k implies that one can find a
positive number ¢ such that d/2k — 0/2 < 1/2 — 6.

We close this paper with a generalization of result from Funaki (1989) (but in a
bounded domain) on a stochastic Ginzburg—Landau equation.

Example 6.2. Let 0=(0,1) and A=A, =A>—yA for some y > 0 with X =LP(¢) and
D(A4) = {u € H*?(0): u(0) = u(1),u'(0) = u'(1)}. Let H = H“2(0). The norm on H
is chosen in such a way the the derivative V : L?(¢)) — H is a unitary isomorphism.
Suppose that ¥ : R — R is a ' function with a bounded derivative and that g : R — R
is a ' function. Consider the following problem, see Eq. (5.1) in Funaki (1989):

du(t,x) + (4% — yDu(t,x)dt = V(7' (u(t,x))) dt + g(u(t,x)) dW (1), (6.16)
u(t,0) = u(t, 1), W (t,0)=u'(t,1), ¢t >0, (6.17)
u(0) = uo. (6.18)

It is assumed in Funaki (1989) that V' € %3,(R) and g = /2 which implied that
his problem had all coefficients globally Lipschitz. Obviously, this is not our case.
Existence of martingale solutions to problem (6.16)—(6.18) follows from Theorem
6.4. Indeed, 6 = —1 is larger than d/2 — k = 1/2 — 2 and the order of the operator
Dy = A is less that 2k = 4. If the functions g and V' are also locally Lipschitz, then
the martingale solution is unique.



Z. BrzeZniak, D. Gatarek | Stochastic Processes and their Applications 84 (1999) 187-225 223

7. For further reading

The following references are also of interest to the reader: Agmon et al., 1959;
Agmon et al., 1964; Bergh and Lofstrom, 1976; Henry, 1981; Pisier, 1976; Stewart,
1980; Walsh, 1986
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