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It is proved that every regular matroid may be constructed by piecing together
graphic and cographic matroids and copies of a certain 10-element matroid.

1. INTRODUCTION

We shall assume familiarity with matroid theory; for an introduction, see
Welsh [16].

Let M,, M, be binary matroids with element sets S,, §,, respectively,
where S, S, may intersect. We define a new binary matroid M, 4 M, to be
the matroid with element set S, 4 S, and with cycles all subsets of S, 4 S, of
the form C,4 C,, where C, is a cycle of M, (i=1,2). (For sets S,, S,,
S,4 S, denotes (S, — S,)U (S, —5,). A cycle of a binary matroid is a sub-
set of the elements expressible as a disjoint union of circuits. It is easy to see
that if C, C’ are cycles then C 4 C' is a cycle.)

We are only concerned with three special cases of this operation, as
follows.

(i) When S, NS, =@ and | S,|,|S,|<|S,48,| (that is, S|, S, # Q)
M, AM, is a 1-sum of M, and M,.

(ii) When | S, N S, |=1, and §,N S, = {z}, say, and z is not a loop or
coloop of M, or M,, and | S,|, | S,|<|S,;48,]| (that is, | S, |, | S,|>3),
M,AM, is a 2-sum of M, and M,.

(iii) When | S, S,|=3,and S, NS, =Z, say, and Z is a circuit of M,
and M,, and Z includes no cocircuit of either M, or M, , and |S,|,
|S,]<|S8,48,]| (that is, | S|, | S,|>7), M,4M, is a 3-sum of M, and
M,.

In each case ‘M, and M, are called the parts of the sum.

It is helpful to visualize these in terms of graphs. Let G be a connected
graph, and let Y < V(G) be a minimal cut-set (that is, the deletion of Y from
G produces a disconnected graph, but no proper subset of Y has this
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property). Choose non-empty subsets 7', T, of V(G), such that (T,, Y, T,)
is a partition of V(G), and no edge joins a vertex of T, to a vertex of T,.
Add a set Z of new edges, one joining every pair of distinct vertices in Y.
Let G,, G, be subgraphs so that V(G,)=YUT, (i=1,2),
E(G,)UE(G,)=E(G)UZ, and E(G,)NE(G,)=Z. Then if | Y|=k and
1 <k <3, the polygon matroid .#(G) of G is the k-sum of .#(G,) and
.#(G,), provided that these both have fewer elements than #(G).

A matroid is regular if it is binary and has no minor isomorphic to the
Fano matroid F, or its dual F¥. (M* will always denote the dual of M.)
Tutte proved that a matroid is regular if and only if it can be represented by
the columns of a totally unimodular matrix [11], but we do not assume this
result. The object of this paper is to show that every regular matroid may be
obtained by means of 1-, 2-, and 3-sums, starting from graphic and
cographic matroids and copies of a certain 10-element matroid which we call
R,;- (A matroid is graphic if it is the polygon matroid of some graph.)
Brylawski [4] proved the converse, that taking the 1-, 2-, or 3-sum of two
regular matroids produces a regular matroid.

This theorem has several applications in combinatorics. Edmonds used it
in an algorithm to recognize totally unimodular matrices (combining it with
the work of Bixby and Cunningham, and Cunningham and Edmonds); com-
bined with a theorem of Wagner it reduces Tutte’s “tangential 2-block” con-
jecture to a conjecture about graphs; combined with Brylawski’s theorem
above it implies Tutte’s characterization of regular matroids; combined with
the Kuratowski-Wagner theorem it implies Tutte’s characterization of
graphic matroids (however, the proof of our result uses this theorem); the
method of proof may be adapted to give a “short” proof of Tutte’s charac-
terization of graphic matroids, and a very short proof of a matroid max-flow
min-cut theorem of the author; and there are some applications to
“multicommodity flows” in matroids. Some of these will appéar in subse-
quent papers [8—-10].

The operations of taking 1-, 2-, and 3-sums, even in the extended sense of
the next section, are not new. A 1-sum is simply a “direct sum” or *‘disjoint
union”, and 2-sums have also been investigated (for example, |2, 3]); 3-sums
are rather less well-known, but are a special case of Brylawski’s “modular
flat” construction [4], and also occur in [5]. Our theorem too is not the first
of its kind. There is a famous decomposition theorem in graph theory, due to
Wagner [15], which is closely analogous to ours. Put into matroid language,
it asserts that all (and only) graphic matroids without minors isomorphic to
#(K;) may be obtained by means of 1-, 2-, and 3-sums, starting from
polygon matroids of planar graphs and copies of two special graphic
matroids. (Actually, in Wagner’s paper, it is only necessary to use one
“special” graph, because he uses a different definition of 3-sum. But the
adaptation is straightforward.) The close resemblance between Wagner's
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theorem and ours may help to make least the form of ours more plausible.
The proof of the theorem is in three steps.

(A) We define the (10-element, regular) matroid R ,,, and show that every
regular matroid may be obtained by 1- and 2-sums from regular matroids
without R, minors and copies of R,,. To do this we show that every regular
matroid with an R, minor is 2-separable, in Tutte’s sense, except R, itself.
This step of the proof is essentially easy. (However, some of the lemmas are
stated in greater generality than is needed here, because they have other ap-
plications.)

(B) We define the (12-element, regular) matroid R,,, and show that every
regular matroid may be obtained by 1-, 2-, and 3-sums from regular
matroids without R, minors. To do this we partition the elements of R,
into two sets 4, B of size 6, and show that every regular matroid with an R,
minor has a 3-separation (X,Y) with 4 <X, B< Y. This requires an
analysis of the minimal matroids with an R,, minor, in which the connec-
tivity between A and B is larger than it is in R,.

(C) We show that every 3-connected regular matroid which is neither
graphic nor cographic has an R,, or R,, minor. This is lengthy, but the
matroid theory involved is simple——the difficulties are purely graph-theoretic.

Let us fix some notation and terminology. E(M) is the set of elements of a
matroid M, and if E(M)= S, M is said to be on S. For Z< E(M), M X Z is
the restriction of M to Z, that is, the matroid on Z with circuits those cir-
cuits of M included in Z. For convenience, M\Z denotes M X (E(M) — Z),
and M/Z denotes (M*\Z)*. M\Z and M/Z are the results of deleting and
contracting Z, respectively. We abbreviate M\{x} by M\x, etc. r,, is the rank
function of M, and r,(E(M)) is abbreviated r(M). We shall also omit the
subscript M when there is no risk of confusion. A loop is an element x such
that {x} is a circuit. Distinct x, y are parallel if {x, y} is a circuit, and x and
y are then both said to be parallel elements. The prefix “co-” dualizes a term:
thus, coloop, cocircuit. Distinct x, y are in series if they are coparallel. A
parallel class of M is a maximal subset X < E(M) which contains no loops,
so that every two distinct members of X are parallel. The parallel classes of
M therefore form a partition of the non-loops of M. A series class is defined
similarly. X < E(M) is said to span Y < E(M) if Y is a subset of the closure
of X. M =~ N denotes that M is isomorphic to N.

2. SUMS AND SEPARABILITY

There is obviously a connection of some sort between being a k-sum (for
k=1, 2, or 3) and being k-separable in Tutte’s sense. In this section we
make the connection precise.
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Before we do so, however, we shall extend the definition of 1- and 2-sums
to non-binary matroids. Let M,, M, be matroids on sets S, S,, respectively.
If $,;NS,=@, and yet S,, S, # &, we define the 1-sum M, 4 M, of M, and
M, to be the matroid on §,U S, which has as circuits those sets which are
circuits of M, or circuits of M,. Clearly this extends the definition of a 1-
sum for binary matroids.

Secondly, suppose that M,, M, are matroids on S,, S,, and that
S, N S,={z}. Suppose also that z is not a loop or coloop of M, or M,, and
S|, | S;]>3. Then the 2-sum M, AM, of M,, M, is the matroid on
S, 4 8, with circuits the following sets:

(i) all sets X, © S, — {z} which are circuits of M,,
1
(ii) all sets X, =S, — {z} which are circuits of M,,
(iii) all sets X, U X,, where X; € §; — {z} and X; U {z} is a circuit of M,
(i=1,2)

It is easy to see that this extends the definition of a 2-sum for binary
matroids.

However, there appears to be no simple way to extend the definition of -a
3-sum to non-binary matroids. There would, in any case, be no use for such
a definition in this paper. (Brylawski’s method [4] seems the least com-
plicated.)

If (X,, X,) is a partition of S, we say that (X,, X,) is a k-separation of M
if | X,], | X;|{>k and

rX)+rX,)<rM) + k- 1.

It is easy to see that no matroid has a k-separation for k£ < 1. A k-separation
is exact if equality holds in the displayed inequality. (Thus every I-
separation is exact.) M is k-separable if it has a k-separation. M is k-
connected if it has no k’-separation for any k' < k.

The connection between 1-sums and 1-separation is particularly simple, as
follows.

2.1) If (X,,X,) is a 1-separation of M then M is the 1-sum of M X X,
and M X X,; and conversely, if M is the 1-sum of M, and M, then (E(M,),
E(M,)) is a 1-separation of M, and M, M, are isomorphic to (indeed, are)
minors of M.

The proof is trivial. A similar result holds for 2-sums, but the proof takes
several steps.

(2.2) Suppose that M is the 2-sum of M, and M,. Then
(EM,)— E(M,), E(M,)— E(M,)) is an exact 2-separation of M.
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Proof. Put EMM,)NEM,)={z}, and X;=EM))— {z} (i=1,2). z is
not a coloop of M,, and so there is a set B, X, independent in M, with
| B,| = r(M,)=r(X,). Also, z is not a loop of M,, and so there is a set
B,c X,V {z} with z € B,, independent in M,, and with | B, |=r,(X,).
From the definition of the circuits of M, 4 M,, we see that (B, U B,) — {z}
includes no circuits of M, and so

r(M) 2 ry(X,) + ry(X;) — L.

Moreover, | X, |, | X, | > 2, since | E(M,)| >3 (i=1,2) and so (X, X,) is a 2-
separation. It is not a 1-separation of M, because (since z is neither a loop
nor coloop of M, or M,) M has a circuit intersecting both X, and X,. Thus
it is an exact 2-separation, as required.

(2.3) Let (X,,X,) be a 2-separation of M. If C,, C, are circuits of M
and both intersect both X, and X,, then C,NX, £C,NX,.

Proof. Suppose that C,NX,cC,NX,. Choose x,€C NAX,,
x, €(C,—C;)NX,. Now C,N X, is independent in M, and so there is an
independent set. B, < X, with C, X, < B,, and with | B, | =r(X,). Choose
an independent set B, < X, with | B, | = r(X,). Then B, spans X, in M, and
so (B,UB,)—{x,,x,} spans x;, x, and hence E(M). Thus
r(M)<|B,|+|B,| —2=r(X,) + r(X,) — 2, contrary to the hypothesis that
(X,, X,) is a 2-separation.

(24) Let (X,,X,) be a 2-separation of M, and let Y;< X; (i=1,2) be
non-empty. Suppose that for i = 1,2, there is a circuit C; with C;N X, + @,
CNX,+@, C,NX,=Y,. Then Y, VY, is a circuit of M.

Proof. Choose C,, C, with these properties so that C, U C, is minimal.
We prove that C, = C,. First, suppose that (C, U C,) N X, is not indepen-
dent, and let C be a circuit with C< (C, U C,)NX,. Now CZ C,, and so
there exists x € (C,—C,)NC. Choose y&€ C, N X,. There is a circuit
C,c(C,UC)—{x} with yeC5 Then C;NX, C,NX, and so
CoNX,#@;, but yeC, and so C;NX,#@. By (23), C;NX,=
C,NX,=Y,, and yet C,UC,<(C,UC,)— {x}. This contradicts the
minimality of C; U C,. Thus (C,U C,) N X, is independent, and similarly
so is (C,UC,)NX,. For i=1,2, choose B,< X;, independent, with
(C, U C,)N X, S B, and with | B;| = r(X,). Now if C, "X, =Y, the result
is true. We assume therefore that C,NX,#Y,, and so by (2.3),
C,NX,zY,. Choose x,€(C,NX,)—Y,, and, similarly, choose
x,€(C,NX,)—Y,. Then x;€B; (i=1,2), and B, UB, — {x,,x,} spans
X, X, and hence E(M). Thus

r(M)<|B,|+[B;| —2=r(X,)+r(X;) -2,
contrary to the hypothesis that (X, X,) is a 2-separation.
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(2.5) Let (X,,X,) be an exact 2-separation of M. Then there are
matroids M,, M, on X, U {z}, X, U |z}, respectively (where z is a new ele-
ment), so that M is the 2-sum of M, and M,.

Proof. Define the matroid M, on X, U {z} to have as circuits those cir-
cuits of M which do not intersect X,, together with all sets YU {z}, where
@+ Y<c X, is such that there is a circuit C of M with CNX, =Y,
CN X, # @. The result follows easily from (2.4).

We summarize the results in the following.

(2.6) If (X,,X,) is an exact 2-separation of M then there are matroids
M,, M, on X, U {z}, X, U {z}, respectively (where z is a new element), such
that M is the 2-sum of M, and M,. Conversely, if M is the 2-sum of M, and
M, then (E(M,)— E(M,), E(M,)— E(M,)) is an exact 2-separation of M,
and M,, M, are isomorphic to minors of M.

Proof. Because of (2.2) and (2.5), it only remains to show that if M is
the 2-sum of M, and M, then M,, M, are isomorphic to minors of M. Sup-
pose then that E(M,) NVE(M,)= {z}, and put X;,=EM,)—{z} (i=1,2).
Then (X, X,) is an exact 2-separation of M by (2.2) and so there is a circuit
C with CNX,#@, CNX,#@ Choose yeCNX,, and put
M, =MX (X,U C)/((CNX,)—{y}) Then M' is isomorphic to M, by
(2.4). Similarly M, is isomorphic to a minor of M, as required.

For k = 3 the situation is a little more complicated. First, we are confined
to binary matroids. Even there, being expressible as a 3-sum is not the same
as having an exact 3-separation; indeed, we shall see that it is equivalent to
having an exact 3-separation (X,, X,) such that | X,|, | X,|>4. This is a
technicality, but there is a second and more awkward difference—the parts
of a 3-sum are not always isomorphic to minors of the whole. The most we
can say is that the parts are isomorphic to minors of the whole, provided
that the whole is 3-connected, and even this is non-trivial to prove; we defer
the proof to Section 4.

We begin with a lemma.

(2.7) Suppose that M,, M, are binary matroids on S,, S,, respectively,
and M is the 3-sum of M, and M,. If Y, UY, is a circuit of M, where
@#Y, =8, —(S,NS,) (i=1,2), then there exists z€ S, NS, such that
for i=1, 2, Y, U {z} is a circuit of M;. '

Proof. Put Z=S,NS,. Choose cycles C,, C, of M,, M,, respectively,
sothat Y, UY,=C,4C,. Then C,NZ=C,NZ, and moreover Z is a cir-
cuit of both M, and M,; and so by replacing C,, C, by C,4 Z, C,4Z if
necessary, we may assume that |C,NZ|< 1. Now C,ZY,, because
Y,#@ and Y, UY, is a circuit of M. Thus C,NZ #@. Put C,NZ = {z};
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then C,NZ = {z}. Now every circuit of M; included in C; contains z,
because Y, U Y, is a circuit of M; yet C; is a cycle of M;, and so
C,=Y,U |z} is a circuit of M; (i=1,2), as required.

When 4 ,,..., A, are subsets of S and Z < § is expressible as 4(4;:i € I)
for some I < {1,..., k}, we say that 4,..., 4, surround Z. When M is a binary
matroid on S and Z< S, p(Z) denotes the maximum number of circuits of
M included in Z, with the property that no one of them is surrounded by the
others. p*(Z) denotes the same quantity for M*. (It is easy to see that p(Z)
is also the maximum number of cycles of M included in Z with the property
that no one is surrounded by the others.)

It is well known that

(2.8) If M is binary and Z< S, ry(Z)+p(Z)=|Z|.

(2.9) If (X,,X,) is an exact 3-separation of a binary matroid M, with
| X, |, | X,| >4, then there are binary matroids M,, M, on X, U Z, X, U Z,
respectively (where Z contains three new elements), such that M is the 3-sum
of M, and M,. Conversely if M is the 3-sum of M, and M, then
(E(M,)— E(M,), E(M,)—E(M,)) is an exact 3-separation of M, and
| E(M,) — E(M,)|, | E(M,) — E(M,)| > 4.

Proof. Suppose that (X,,X,) is an exact 3-separation of the binary
matroid M, and | X, |, | X, | > 4. Let &, be the set of circuits of M included in
X; (i=1,2). Now

pX,) +p(Xy) =pX, U X,)—2,

and so there are two circuits C,, C, of M so that &, %, and C,, C, together
surround all cycles of M. Take three new elements z,, z,, z; and put
Z=1{z,,2,,2;}. For i=1, 2, let M, be the binary matroid on X; U Z with
cycles the sets surrounded by %, together with (C,NX,)U {z,},
(C,NX;)U {z,} and Z. We claim that M is the 3-sum of M, and M,. For
certainly M=M,4M,, and for i=1, 2, (C,NX,) U {z,}, (C,NX,)U {z,}
and Z are cycles of M, and so Z includes no cocircuits of M;. It remains to
check that Z is a circuit of M;, and that M, has fewer elements than M
(i=1,2). The second assertion is true because | X, |, | X,| >4 and | Z|=3.
If the first is false, then one of {z,}, {z,}, {z,,2,} is a cycle of M, or M,
(M,, say), and so one of C,NX,, C,NX,, (C,4C,)N X, is surrounded
by #,. But if Y is a cycle of M and YN X, is surrounded by %, then
YNX, is surrounded by %, because YMNX,SX, and
YNX,=YA4(YNX,); and so Y is surrounded by &, U &,. Thus one of C,,
C,, C,4C, is surrounded by %, U%,, contrary to

p(X)) +p(Xy)=p(X,UX,)—2.
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Conversely, suppose that M is the 3-sum of M, and M,. Put
EM)YNEWM,) =Z={z,,2,,2;}, and E(M,)— Z= X, (i=1,2). Certainly
| X,|, | X;| >4, because | E(M})| <|E(M)| (i=1,2). We must prove that

X)) + p(Xy) =p(X, U X,) - 2.

Let &, be the set of circuits of M included in X; (i=1,2). Now Z includes
no cocircuits of M;, and so for each z; € Z there is a circuit C; of M; with
CiNZ=|z;}. Put C;= Cj A4 C}so that C; is a cycle of M (j= 1,2, 3). Now
by (2.7), if C is any circuit of M such that CNX,, CNX,+# @, then
(CNX;)U{z;} is a circuit of M; (i=1, 2), for some j; and then C 4 C; is
surrounded by &, U%,. Thus &, U %, together with C,, C, and C, surround
all circuits of M. Moreover, (C,4C,4C;)NX,=C}4CiAC}4 Z and so
it is surrounded by #;; and similarly (C, 4 C,4 C,) N X, is surrounded by
#%,. Thus C,4 C, 4 C, is surrounded by %, U%,. It follows that

X)) +p(Xy) 2 p(X, U X,) - 2.

Suppose that strict inequality holds here; then %, U %, surrounds one of C,,
C,, C,4C,. Thus %, surround one of C,NX,, C,NX,, (C,4C,)NX,,
and so one of these sets is a cycle of M,. But (C,NX,)U |z}
(C,NX U {z,}, ((C,4C,)N X)) {z,,z,} are cycles of M,, and so one
of {z,}, {z;}, {z,, z,} is a cycle of M. This is contrary to the hypothesis that
M is the 3-sum of M, and M,, and completes the proof.

(2.10) Let M be a matroid. Then
(a) the following are equivalent:
(i) M is l-separable.
(iil) M is expressible as a 1-sum.
(b) The following are equivalent:
(i) M is 1- or 2-separable.
(ii) M is expressible as a 1- or 2-sum.
(c) If M is binary, the following are equivalent:
(i) M is 1- or 2-separable, or has a 3-separation (X,, X,) with | X,|,
| X, | 2> 4.
(il) M is expressible as a 1-, 2-, or 3-sum.
Progf. That (ii) implies (i) follows from the previous results. To see that

(1) implies (ii), observe that if M has a k-separation then it has an exact k’-
separation for some k' <k.
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3. ARCS AND FUNDAMENTALS

If M is a matroid on S and Z < S, a Z-arc is a minimal non-empty subset
A © § — Z such that there is a circuit Cwith C—Z=4 andCNZ+#@. A
Z-fundamental (for A) is a circuit C such that C — Z =4, where 4 is a Z-
arc.

We observe that all Z-arcs are non-empty and independent in M; and that
no Z-arc is a proper subset of another.

(3.1) If Cis a circuit with C N Z + @, then C — Z is expressible as a un-
ion of Z-arcs.

Proof. We proceed by induction on |C—~Z|. If CSZ the result is
trivial. We assume that C —Z # @. But CNZ # @, and so C — Z includes a
Z-arc A. Choose a Z-fundamental F for A. Choose x € A. Now for each
yeC— (AU Z) there is a circuit C, = (CUF)— {x} with y€ C,, and
C,NZ # @, because C, Z C — {x}. By induction C,— Z is a union of Z-
arcs; but

C—-Z=4UlJ(C,—Z:yEC- (AU 2))

and the result follows.

(3.2) If M is a matroid on § and x, y € S are distinct but are contained
in the same circuits of M, then either x, y are in series or they are both
coloops.

The proof is elementary.

(3.3) IfAisa Z-arc and x, y €A are distinct, then x, y are in series in
MXx(AV2Z)

Proof. Because A is a Z-arc, there is no circuit of M X (Z U 4) contain-
ing just one of x, y. The result follows from (3.2). (x, y cannot be coloops
because they are contained in a circuit.)

When A4 is a Z-arc and P< Z, we say A — P if there is a Z-fundamental
for A included in 4 U P. For its negation we write 4 » P.

(3.4) Suppose that A is a Z-arc, P Z, A -» P, and x, €A. If C is a cir-
cuit with x,€C and CNZ < P, then there is a Z-arc A' such that
A’ c (AU C)— {x,} and such that A’ -» P.

Progf. If possible, choose a counterexample in which C— (AU Z) is
minimal. Certainly CZ& A U Z, because A is a Z-arc and 4 » P. Choose
YEC—(AUZ). Let F be a Z-fundamental for 4, and choose a circuit C,

582b/28/3-5
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with y € C, and C, € (CUF) — {x,}. If there is'a Z-arc 4’ < C, —Z with
y €A’ then A’ - P, for otherwise the theorem is true; and if there is no such
Z-arc, then by (3.1) C,NZ=g. Thus in either. case there is a circuit
C,cCUAUP with x,&C, and ye€C,. Choose a circuit
C,=(CUC,)—{y} with x,€ C;. Then C;NZ <P, and C;— (AU Z) <
(C— (4 Z))— {y}. This contradicts the minimality of C — (4 U Z), as re-
quired.

(3.5) IfP=ZandA,, A, are Z-arcs with A, N A, + S and A, » P, then
Jor every x E A, there is a Z-arc A with x€ A< A, U A, such that A-» P.

Proof. Keeping A, fixed, choose the Z-arc 4, with A,NA,+ @ and
A, P, such that 4, U A4, is minimal. By setting 4 =4, and x,€4,—4,,
we see from (3.4) that every circuit included in 4, k_)A2 U P is included in
A, UP.

Now if x€A4,MNA, the result is true, and we assume that X EA —A4,.
Choose y € A, A,. Let F,, F, be Zfundamentals for 4,, 4,, respectively.
Choose a circuit C with x € C and C< (F, U F,)— {y}. Then by (3.1) we
can choose a circuit C; with x€ C,—Z < C — Z so that either C, is a Z-
fundamental or C,NZ =@. But y &€ C, andso C, —Z £ 4, because 4, is a
Z-arc; thus (C;,—Z)MN(4,—A,)#* @. From the result of the previous
paragraph, C, —Z is not a circuit, and so is a Z-arc and C, is a Z-
fundamental; and moreover, C, —Z » P, for the same reason. The result
follows.

(3.6) If A,, A, are Z-arcs with A,NA,+ @, and P,, P, < Z are such
that A, » P,, A, P,, then there is a Z-arc A A, J A, such that A » P,,
P,.

Proof. If possible, choose a counterexample with 4, U 4, minimal. Then
certainly we have 4, - P,, A, - P,. Let F, be a Z-fundamental for 4, with
F,c4,UP,. Choose x,€4,MNA,. Then by (3.4), taking C =F,, we see
that there is a. Z-arc A} with 47<(4,U4,)— {x,} such that 4| » P,.
Similarly, there is a Z-arc A} with 45 < (4, U 4,) — {x,} such that 4, » P,.
Now A; £ A,; choose y € A\ N (4, —A,). In particular, 4\ N4, # @, and
similarly Aj;NA,#@. By minimality of 4,Ud, we have
A, VA=A, UA,, and hence y € 4,. Thus A} N A} # J; but

ATV A, S (4, YU 4,) = (X0},

contrary to the minimality of 4, U A4,.

(3.7) Let M be a connected matroid on S, and let Z< S be non-empty.
Let (X,,X,) be a partition of S, so that no Z-arc intersects both X, and X,
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and such that for i=1, 2, if ACX, is a Z-arc then X, includes a Z-
fundamental for A. Then

r(X,) + r(X;) = 1(8) = r(X, N Z) + r(X, N Z) — 1(Z).

Proof. We proceed by induction on | S — Z|. If this is zero the result is
trivial, and we assume not. Choose X = S with Z < X and X # S, maximal
such that Z intersects every component of M X X. Then X # @ and so there
is a circuit C intersecting both X and S — X, and so by maximality of X,
S — X< C. Thus S — X is independent. Moreover, if x, y&€ § — X are dis-
tinct, then a circuit of M containing x must intersect X and so must contain
y; and'so by (3.2), x and y are in series in M. There is a circuit intersecting
S —X and Z, and so by (3.1) there is a Z-arc 4 including S — X. Now
AC X, or X, (X,,say), and so S—X S X,. Let F be a Z-fundamental for 4
with FE€ X,. Then S — XCF. '

By induction, applied to the components of M X X,

rX,NX)+rX,NX)—rX)=rX,NZ)+rX,NZ)—r(Z).

But r(X;)=r(X;NX)+|S—X|—1 since the elements of S —X are in
series in M and F < X,, and ’

r§)=rX)+|S-Xx|-1

for the same reason. The result follows.

(3.8) Let M be a matroidon S, let Z< S, and let (P,, P,) be a partition
of Z. Then either there is a Z-arc A such that A » P, A»P,, or there is a
partition (X,, X,) of S such that X, NZ =P; (i=1,2) and

r(Xy) + r(X;) — r(S) =r(P,) + r(P,) — r(2).

Proof. If Z =@ we may take X, =S, X, =. Assume then that Z # @.
If M is not connected we may treat its components separately, for if the
theorem is true for each component it is true for M. Assume then that M is
connected. Define

X,=P,UlJ(A<SS—X: 4is aZ-arc and 4 » P,).

Put X, =§ — X,. We claim that no Z-arc intersects both X, and X,. For if
A is a Z-arc and AN X, # @, then by (3.5), A € X,. Moreover, if 4 is a Z-
arc and 4 € X, then 4> P, by definition of X,. There are now two
possibilities:

(i) there is a Z-arc 4, € X, such that 4, » P,. Pick a Z-arc 4, with
A, NA,# @ and 4, » P,; and. then from (3.6) there is a Z-arc 4 such that
A»P,,A»P,.
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(it) there is no such Z-arc 4, < X,. Then 4, - P, for every Z-arc A4,
included in X,, and so the hypotheses of (3.7) are satisfied. The result
follows.

4. PARTS OF A 3-SuMm

Our first application of the results of the previous section is to prove the
following theorem, postponed from Section 2.

(4.1) If M is binary and is the 3-sum of M, and M,, and M is 3-
connected, then M,, M, are isomorphic to minors of M.

The main step in its proof is the following lemma.

(4.2) Let Z be an independent cocircuit of a binary matroid M, with
| Z| = 3. Then either there is a partition (R, R,, R;) of E(M) — Z such that
Sfor each i,

r(R) +r(E(M)—R,)<r(M)+ 1
or M has a minor M’ such that:

(i) |EM) =6, :
(i) Z<EM') and Z is a cocircuit of M,
(iii) each z € Z is in a 2-element cocircuit of M'.

Proof. We may assume that M is connected, for if the theorem is true for
the component of M containing Z then it is true for M. Let Z = {z,, z,, z,}
and put P,=Z — {z,} (i=1,2,3). For every circuit C of M, CNZ =g or
=P, for some i, because Z is a cocircuit and M is binary. In particular, for
every Z-arc A, A - P, for some i. In fact A - P, for a unique i, for if 4 - P,,
A - P,, say, then AU P;, A U P, are circuits, and so P, 4 P, = P, is a cycle
of M (since M is binary), which is impossible since Z is independent. Define
v(A) =i, where A - P,.

Suppose first that there are two Z-arcs 4,, A, with v(4,)# v(4,) and
A,MN A, #@. Choose such a pair 4,, 4, with 4, U 4, minimal. Let 4, - P,
A, - P,, say. Put

C =0, A, UP, A, UP,, (A, 44,) U P,}.

Then every member of # is a cycle of M. We claim that these are the only
cycles included in Z U A, UA4,. For suppose that C, is another. Then for
some C'E€¥, C,4C' SA4,UA,; and C,AC' €%, because C,AC'+ @
(since C,# C'). C,4 ' includes a circuit C, say; and then CS 4, UA,,
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and so C&€%. Now C<ZA4,, and so CN(4,—A4,)#D; choose
X, € CN (A, —A,). By (3.4) there is a Z-arc 4 = (4, U 4,) — {x,} such that
A»P, (sinced,»P,). BuANA,+ @, since A ZA, — A4,, and yet

AUA, S (4,U4,)— {x,).

This contradicts the minimality of 4, 4,. Thus the only cycles of M
included in 4, U4, UZ are the members of #. Choose x, €4, —4,,
x,EA,—A,, x;€A,NA4,, and put X = {x,, x,, x;}. Put

M =MX(A,U4,U2Z)/(4d,U4,) - X).

Then M’ satisfies the theorem.
We may therefore assume that for any two Z-arcs 4,, 4,, if v(4,) # v(4,)
then 4, N4, =@. Put

Ri=(J(A<EM)—Z:AisaZarcand 4-P) (i=1,2,3).

By (3.1), every element in E(M) — Z is in a Z-arc, since M is connected, and
so (R, R,, R,) is a partition of E(M) — Z.

Take a new element e and let M, be the binary matroid on E(M)U {e}
such that M \e=M and such that {e, z,,z,} is a circuit of M,. Put
Z,=7Z\U{e}, and put X, =R, U {e}, X,=R,UR;UZ Then (X,,X,)isa
partition of E(M,). Now let 4 be a Z,-arc of M,. Let F be a Z,-
fundamental for A (of M). Then either F or F 4 {e, z,, z,} is a circuit of M,
and so 4 is a Z-arc of M. Hence 4 < R, for some i, and so 4 does not inter-
sect both X, and X,. If ACR,UR; then AUP, or AUP, is a Z,-
fundamental for 4 (of M,), and if 4 S R, then 4 U {e} is a Z,-fundamental.

Thus by (3.7),

ru (X)) + 1y, (X)) — r(M) = 1y, ({e}) + 1y (Z2) — 14 (Z))
=14+3-3
=1

But ry (X)) 2 ry(R,), ry,(X;)=r EM)—R,), and r(M,)=r(M); thus
r(R)+r(E(MM)—R)<r(M)+ 1.
Inequalities for R,, R, are proved similarly. This completes the proof.

(4.3) Suppose that M is the 3-sum of binary matroids M, and M,, and
that M is 3-connected. If (Y,,Y,) is a 2-separation of M, then for some i,
Y,={x, z}, where x€ E(M,)— EM,), z€ E(M,)NE(M,), and x, z are
parallel in M, .

Proof. Put Z=EM,)NEM,) and X;,=EM,)—Z (i=1,2), as usual.
Now Zc Y,UVY,and|Z|=3; weassume that | Y, NZ|>2. IfZ<CY,itis
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easy to see that ((Y;,— Z)UJX,,Y,) is a 2-separation of M, which is im-
possible. We deduce that Y,NZ=Z — {z}, say, and that z€ Y,; and
furthermore that (Y, U {z}, Y5 — {z}) is not a 2-separation of M,, for the
same reason. But r,, (Y, U {z}) =r,,(Y,) since Z is a circuit of M,, and so
| Y, — {z}] < 1. Equality holds, since | ¥, |>2; put ¥, — {z} = {x}. Now Y,
includes a circuit or cocircuit of M|, because if not then r,,(Y;)=|Y,| =2,
and r,,,(Y,) = ry,(Y, U Yy), contrary to r,, (Y,) + ry,(Y,) < r(M,) + 1. Thus
{x, z} includes a circuit or cocircuit of M,. Now Z is a circuit of M, and so
z is not a loop or coloop of M,. And x is not a loop or coloop of M,
because M is 3-connected and so x is not a loop or coloop of M. Thus {x, z}
is a circuit or cocircuit of M. It is not a cocircuit because |{x,z}NZ|=1
and Z is a circuit. Hence x, z are parallel in M, , as required.

(4.4) If M, and M, are binary matroids on S, S,, respectively, and Z ,
Z, are disjoint subsets of S, — S,, then

M, 4 MZ)\Zl/ZZ = (Ml\Zl/Z2)A M,.

Proof. C is a cycle of M\Z,/Z, if and only if C'U X is a cycle of M for
some X € Z,. The result follows.

Proof of (4.1). Suppose then that M is the 3-sum of M, and M,, and M
is 3-connected. Put E(M;)= S, (i=1,2),and S, S,=Z. Then Z is an in-
dependent cocircuit of M¥, and so we may apply (4.2) to it. Suppose that
(R, R,, R,) is a partition of E(M})— Z such that for each i,

(R + "M}(Sl —R)<r(M¥) + 1.

Now |E(M})|>7 and so |R;|>2 for some i; |R,|>2, say. Then (R,,
S, —R,) is a 2-separation of M¥ and hence of M, but it does not satisfy
(4.3), a contradiction.

We deduce from (4.2) that M, has a six-element minor M/, in which Z is
a circuit and each z € Z is parallel to some other element of M. Choose F,
F, so that M'\F,/F,. Then

M\Fl/F2=(M1AM2)\Fl/F2
=(M\F,/F,) A M, by (4.4)
=M 4AM,
~M,,

and so M has a minor isomorphic to M,, and similarly for M,, as required.

The reader may be puzzled by the fact that although M is regular if and
only if M* is, the decomposition of M provided by our main theorem is not
invariant under duality; for if M is the 3-sum of M, and M, then M* need
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not (indeed, cannot) be the 3-sum of M} and M7. It can be shown that if
M=M,AM, then M* = M} A M¥, and one may wonder why we do not
define a 3-sum to be M, 4 M, when | S; N S,|=2, for then it would be in-
variant under duality. Indeed, if M is the 3-sum of M, and M,, and
z € E(M,) N E(M,), then M = (M,\z) 4 (M,\z), and the third common ele-
ment of the matroids M,, M, would appear to be irrelevant. The reason is
that although our theorem could still be true (a fortiori) with this broader
sense of 3-sum, the converse would become false; under this new definition
one could produce the Fano matroid by a 3-sum, starting with, say, the
polygon matroids of K, and the graph obtained from K, by replacing two
edges by parallel pairs of edges.

There is an alternative definition of 3-sum which is invariant under duality
and which would make our theorem and its converse both true. When M is a
binary matroid, we say that distinct e, e, € E(M) are adjacent in M if M
has no minor M’ isomorphic to .#(K,) in which e, e, both appear and in
which they correspond to non-adjacent edges of K,. Clearly e,, e, are adja-
cent in M if and only if they are adjacent in M*. Then when M, M, have
element sets S,, S, and S, S, = {e,, e,}, we could say that M, 4 M, is a
3-sum of M, and M, if e, e, are adjacent in both M, and M,. This defini-
tion has all the desirable qualities we mentioned, and some more; however, it
is rather complicated, and we prefer the version given. In passing, it can be
shown that if M is regular and e,, e, € E(M) are distinct, then e,, e, are ad-
jacent if and only if the matroid M’ is regular, where M’ has one extra ele-
ment e,, M'\e; =M, and {e,, e,, e;} is a cycle of M'.

5. KELMANS’ THEOREM

Kelmans [7] recently proved a result concerning the structure of 3-
connected graphs. We need a matroid generalization of it, which we shall
prove in this section.

We say that M is a subdivision of N if E(M) can be partitioned into non-
empty sets P,,..., P,, where k =] E(N)|, so that every pair of elements in the
same P; are in series, and so that if y; € P; (1 <i< k) then

M/(E(M) = {¥ 5 yi}) = N.

We say that M is cyclically 3-connected if it is a subdivision of a 3-connected
matroid. It is an easy exercise to prove the following.

(5.1) If M is connected, the following are equivalent:
(i) M is cyclically 3-connected,
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(i) for every partition X,,4X,) of EM) with
r(X,) + r(X,) <r(M) + 1, one of X,, X, is independent,

(iii) for every such partition (X,, X,) either all the members of X, or
all the members of X, are pairwise in series.

When Z S E(M) and A € E(M) — Z is a Z-arc such that for every series
class Pof M X Z, A -» P, we say A is an adjoinable Z-arc. The reason for the
name is the following théorem.

(5.2) Let Z < E(M) be such that M X Z is cyclically 3-connected, and let
A be an adjoinable Z-arc. Then M X (Z'\U A) is cyclically 3-connected.

Proof. Let (X,,X,) be a partition of Z\U A4 such that
riX,)+rX,)<r(ZUA4)+ 1.

Suppose that both X, and X, include circuits of M X (Z\UA4). Now it is easy
to see that

rX,NZ)+rX,NZ)—r(Z)<r(X,)+r(X,)—r(X,VUX,)
(this also follows from (8.1)), and so
rX,NZ)+rX,NZ)<r(Z)+ 1.

Since M X Z is cyclically 3-connected, the elements in one of X, N Z,
X,NZ (X,NZ, say) are in series in M X Z by (5.1). Thus X, 'Z < P for
some series class P of M X Z. Let C be a circuit of M included in X,. Then
C<AUP. Cis not a Z-fundamental, because 4 » P, and so C< P. But P is
a series class of M X Z, and M X Z is connected, and so P=C=Z. This
contradicts 4 » P.

Thus for every such partition (X, X,), one of X, X, is independent, and
so by (5.1), M is cyclically 3-connected, as required.

It follows from (5.2) that if Z, € Z,<---<Z, =EWM), and M X Z, is
cyclically 3-connected, and for each i (1<ig<r—1) Z,,, —Z, is an ad-
joinable Z-arc, then M is cyclically 3-connected. We would like a converse
to this. The most appealing one would be that @+ Z< E(M)and M, M X Z
are both cyclically 3-connected then we can find such a sequence Z,.,..., Z,
with Z = Z, and Z, = E(M). But this unfortunately is not true. For example,
take M = #(K;), and let Z be the set of edges in a K, subgraph; then there
is no adjoinable Z-arc. For graphs, there are at least two ways to avoid this
difficulty, both at the cost of some extra complication. Tutte [12] proved
that a sequence Z,,..., Z, with prescribed Z,, Z, could always be found with
the property that each Z;,, — Z; is either an adjoinable Z;-arc or a slightly
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less simple structure. This theorem of Tutte can be generalized to all
cyclically 3-connected matroids (indeed, an earlier version of this paper
proved and used such a generalization) but it becomes cumbersome. The
following generalization of Kelmans’ theorem is both easier to prove and for
our purposes easier to apply.

(5.3) Let @+Z<E(M), and let M and M X Z both be cyclically 3-
connected. Suppose that M X Z has at least two series classes. Then for some
r>1 there is a sequence Z,< .- Z,=E(M) such that for each i
(1gigr—1), Z;,,— Z,; is an adjoinable Z -arc, and such that M X Z and
M X Z, are both subdivisions of the same 3-connected matroid.

To prove this we use the following.

(5.4) Let M be 3-connected, and let Z — E(M) be such that M X Z is
connected and M X Z has at least two series classes. Choose Z, < E(M) with
| Z, | maximum such that M X Z, is a subdivision of M X Z. Then there is an
adjoinable Z,-arc.

Proof. Let M X Z have k series classes. Then k > 2. But no connected
matroid has exactly two series classes, and so k > 3. M has at least k + 1
series classes, since Z # E(M). But M X Z, is a subdivision of M X Z, and
so has k series classes; thus Z, # E(M). Let the series classes of M X Z, be
P,,.., P,. Let A, be any Z -arc (this must exist since M is connected and
Z, + E(M)). We may assume that 4, is not adjoinable, and so 4, - P, say.
Suppose for a contradiction that | P, | =1, and P, = {p}, say. Then 4, U {p}
is a circuit of M. Choose a€ 4,; and then a, p are parallel in
(M X (Z,VA))/(A— {a})=M,, say, and

M\a= (M X (Z,U A)\{a}/(4 — {a})
=M X (Z,VA)\{a}\(4 — {a})
since all elements in 4 — {a} are coloops of (M X (Z, U 4))\{a}. Thus
M\a=MX2Z,,

and so M\p=M X Z,. Hence M X ((Z, — {p}) U A) is" a subdivision of
M X Z,. From the maximality of | Z, | we have |4|=1 and 4 = {a}; but
then {a, p} is a circuit of M, which is impossible since M is 3-connected and
[EM)| 2 k+12>4.

It follows that | P, | > 2. Now P, is a series class of M X Z,, and so

r(P)+r(Z,—P)<r(Z)+ 1.
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However, M is 3-connected, and so there is no partition (X,, X;) of E(M)
such that X; N Z; =P, and such that

r(X,) + r(X,) < r(M) + 1,

for if so then | X, |>|P,|>2 and |X,|>k—12>2 and so (X, X,) is a 2-
separation.

From (3.8) there is a Z,-arc 4 such that 4 » P, A+ (Z, — P,). Then 4 is
adjoinable, as required. '

Proof of (5.3). By contracting all elements except one from every series
class of M, we see that it suffices to prove (5.3) when M is 3-connected. The
proof in that case is by induction on | E(M) — Z |. The result is trivial if this
number is zero; assume then that Z = E(M). By (5.4) there exists Z' € E(M)
such that M X Z' is a subdivision of M X Z, and such that there is an -ad-
joinable Z’-arc A, say. By (5.2), M X (Z' UA) is cyclically 3-connected,
and |Z'UA|>|Z|, and so by induction there is a sequence
Z,c .- < Z,=E(M) such that for 2<igr—1each Z,,,—Z, is an ad-
joinable Z-arc, and such that M X Z, and M X (Z' U A) are subdivisions of
the same 3-connected matroid N, say. The series classes of M X Z, and of
M X (Z' UA) are in 1-1 correspondence with the elements of N and so with
each other in an obvious way. Let A’ be the series class of M X Z,
corresponding to 4. Put Z,=Z, — 4’; and then A4’ is an adjoinable Z,-arc,
and M X Z,, M X Z are both subdivisions of the same 3-connected matroid,
and so the sequence Z, < --- C Z, satisfies the theorem.

Actually, in our applications (5.4) is more convenient to use than
(5.3)—we have proved (5.3) merely to show the connection with Kelmans’
theorem, which is (5.3) restricted to graphic matroids.

6. A “WHEELS AND WHIRLS” THEOREM

For n > 2, the wheel W, is the binary matroid on {l,..., 2n} which has cy-
cles all sets surrounded by {2n—1,2n,1} and the sets {i,i+ 1,i+ 2}
(1<i<2n—3,iodd). It is the polygon matroid of the graph consisting of a
circuit with n vertices and one extra vertex joined (by one edge) to every ver-
tex of the circuit.

We observe that {2, 4, 6,..., 2n} is a circuit of W,. The whirl 7%, is the
matroid on the same set, in which the same sets are independent, except that
{2, 4, 6,..., 2n} is independent in %,,.

These matroids may be familiar to the reader, because Tutte [13] proved
that if M is a matroid which is not 2-separable and M is not isomorphic to a
wheel or whirl, then for some x € E(M), one of M\x, M/x is not 2-separable.
However, there is no connection between that theorem and the result we are
concerned with here, as far as I can see.
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-First we prove the following lemma.

(6.1) Let M be a connected matroid on S, and let z,,..,2,,E S be
distinct, where n>2. Let Z,={z;, z;,,, 2;,,} (1 <i<2n), reading sub-
scripts modulo 2n. Suppose that for i odd, Z, is a circuit, and for i even, Z, is
a cocircuit. Then S = {z,,..., z,,} and M is isomorphic to W, or %,.

Proof. Put P={z;:ieven} and Q= {z,:iodd}. For i odd, Z, is a circuit
and Z;,— Q = {z;,,}; thus Q spans P, and r(PU Q) = r(Q) < n. Similarly, if
r* denotes r,., r*(PUQ@)<n But for any subset X of a matroid,
r(X) 4+ r*(X) >| X |, with equality only if X is a separator; yet M is assumed
to be connected. It follows that S = PU Q, and that r(M)=n.

Let # contain all sets X< § such that | XN Q|=2 (XN Q= {z;,z,},
say, where j, >j,;) and such that XM P is either PN {z;:j, <i<j,} or
P—{z;: j, <i<j,}. It is easy to see that if some nonempty X < § is such
that | XM Z;|# 1 for 1 i< 2n, i even, then X includes either P or a mem-
ber of #; and so in particular, every circuit of M includes either P or a mem-
ber of Z.

On the other hand, every member of & is a circuit. To show this, it suf-
fices (by symmetry) to show that

{Z1s 221} Y {225 Zgseees 7o}

is a circuit (r = 1,..., n — 1), and we prove this by induction on r. It is true by
hypothesis if = 1. If r > 1, then by induction,

{Z1s 201} D {20y 240y 2350}

is a circuit, and so is {z,,_,, z,,, 2,,,,}; and so

{215 2o 1} I {205 2450y 230}

includes a circuit. But this circuit must include P or a member of #, and so
the inclusion is an equality, as required. Thus all members of & are circuits
of M, and every other circuit includes P. If P is a circuit then M= W,. If
not, then P spans S, because r(M)=n, and every set PU {z} (z€E Q) is a
circuit. Then M =~ 77, as required.

The main result of this section is the following.

(6.2) Let M be a matroid on S, and let x, y € S be distinct, and let N be
another matroid. Suppose that M\x/y = N, and that N is connected, and has
no loops, coloops, or series or parallel elements. Then one of the following is
true:

(i) x is a loop, coloop, or parallel element of M,
(ii) y is a loop, coloop, or series element of M;
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(iii) for some x', y' €S, M\x'/y' = N but x' is not a loop, coloop, or
parallel element of M/y';

(iv) Jfor some x', y' € S, M\x'/y' = N but y' is not a loop, coloop, or
series element of M\x';

(v) there exists z € S — {x, y} so that {x, y, z} is both a circuit and a
cocircuit of M,

(vi) for somen>2, N=W,or #,and M= W, or #,,,, respec-
tively.

Proof. We assume that (i)—(iv) are all false. It follows that M has no
loops, coloops, or series or parallel elements. For suppose that C is a circuit
of M with | C|< 2. C does not include a circuit of M\x/y because N has no
circuits of size <2, and so x € C. Thus x is a loop or parallel element of M
and (i) is true, contrary to our assumption. Similarly, M has no coloops or
series elements. It follows that M is connected (because M\x/y is connected,
and {x, y} includes no circuits or cocircuits).

We define inductively a sequence x,, y,, x,, »,,.. of elements of M with
the following properties:

(i) for all i> 1, M\x;/y,= N and M/y\x;,, =N,
(ii) for i> 1, {x;, y;, x;,,} is a circuit, and {y;, x;, ,, ;,,} is a cocircuit.

To do so, we define x, =x and y,=y. Inductively, having defined x,,
Vises Xis ¥i We have that M\x;/y; = N and so by the falsity of (iii), x; is a
loop, coloop, or parallel element of M/y,. M has no loops, coloops, or
parallel elements, and so for some element x; | #x;, y;, {X; y;,X;,,} is a
circuit of M. We see that M\x;/y, =~ M/y)\x,, ,, because x;, x;, , are parallel
in M/y;; and so M/y)\x;,, = N. Now by the falsity of (iv), y, is a series ele-
ment of M\x;,,, and there is an element y,, ,#y;,, x;,, so that
{¥isXi115 Vis1} is a cocircuit of M. And again, M\x,_,/y;, , = M/y\x;, ,,
because y;, y;,, are in series in M\x; , ,, and so M\x,,,/»;,, = N. This com-
pletes the inductive definition.

For i > 1, define z,; , =x;, z,;=y,. Define Z, = {z;, z;, |, z;, ,}. Then for
i odd, Z; is a circuit, and for i even it is a cocircuit. Since M is finite, there is
repetition in the sequence z,, z,,... Choose i <j with j minimum so that
z;=1z;. Then j > i+ 3, since z;, z;,,, z,,, are distinct by the construction.

Suppose first that j=i+ 3. If i=1 then {z,, z,, z;} = Z, is both a circuit
and a cocircuit of M, and so (v) is true.

Secondly, suppose that j=i+ 3 and i = 2. By the falsity of (iv), y, is a
series element of M\x,, and so there is a cocircuit {z,,z,,z} for some
z€S—{z,,z,}. But Z; is a circuit and Z,;={z;,z,,z,}, and so
z € {z;,2,}. Thus if Y denotes {z,, z,, z;, z,}, we have r(Y)=2 and
r¥*(Y)=2, and so Y is a separator. Hence Y =S, which is impossible
because | S|=|E(N)|+2 > 6 (since N has no loops, coloops, or series or
parallel elements).



DECOMPOSITION OF REGULAR MATROIDS 325

Thirdly, suppose that j=i+3 and i>3. One of Z; ,, Z;_, is a circuit
and one is a cocircuit, and yet they have intersection {z;}, by the minimality
of j. This is impossible, and so we may assume that j > i+ 4.

Suppose that j—i is odd. Then one of Z;, Z;_, is a circuit and one is a
cocircuit, but their intersection is {z,}, a contradiction. Thus j — i is even.

Suppose that i > 2. Then one of Z; _,, Z;_, is a circuit and one is a cocir-
cuit, and we obtain a contradiction as before.

Hence i=1, and for some n>2, x, =x,,, and x,, y,,..., X,, J, are all
distinct. To apply Lemma (6.1), it suffices to prove that {y,,x,, y,} is a
cocircuit.

Suppose now that n=2. Then {x,, y,, x,} and {x,, y,,x,} are circuits,
and {y,,x,, y,} is a cocircuit, and {y,, x,, ¥;} is a cocircuit. Therefore
Hy, Xy {x, v, x| #1, and so y,=y, or x,. In either case,
r*({x,, 1, %,, ¥,}) =2 and as before Y = S, a contradiction.

Thus n>3. Then {y,,x,,y,,,} is a cocircuit, but {x,,y,,x,} and
{Xy5 ¥2, X3} are circuits, and so y,,, =y, and {y,,x,,y,} is a cocircuit.
Thus the hypotheses of (6.1) are satisfied, and we conclude that M (and
hence N) is isomorphic to a wheel or a whirl. Then (vi) holds.

7. SPLITTERS

Let & be a class of matroids, closed under minors and under
isomorphism. N € # is said to be a splitter for # if every M € # with a
minor isomorphic to N is 1- or 2-separable unless M = N,

Such objects occur in graph theory, but only in relatively out-of-the-way
places. The class of graphic matroids, for example, has no splitters. In a non-
graphic context, however, they appear to be more central. We shall see that
the class of regular matroids does have a splitter, the matroid we call R ,.

(7.1) Suppose that N € #, and that for every M € #, if M/x = N then
x is a loop, coloop, or series element of M. Then for every M € #, if M has
a minor isomorphic to N, then there exists Z < E(M) such that M X Z is a
subdivision of N.

Proof. M has a minor isomorphic to N. Choose disjoint subsets X,
Y < E(M) such that M\X/Y =N, with Y minimal. For y €Y, let M, be
(M\X)/(Y —{y}). Then M, /y = N, and so by hypothesis y is a loop, coloop
or series element of M. If y is a loop or coloop then M,/y = M,\y, and so
MN\X U {y})/(Y — {y}) =N, contrary to the minimality of Y. Thus each
Yy € Y is a series element of M. Let the elements of M\X/Y be z,,..., z,. Let
L; be the subset of {z,,...,z,} U Y containing z; and those y € Y for which in
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M,, y is in series with.z; but with no z; for j < i. Then (L,,..., L) is a parti-
tion of E(M\X) and M\X is a subd1v1sxon of N, as required.
For example, we have the folowing, which will be used later in the paper.

(7.2) If M is regular and has an #(K,.,) minor, then there exists
Z < E(M) such that M X Z is a subdivision of #(K, ;).

Proof. We merely verify the hypotheses of (7.1), taking # to be the
class of regular matroids. A mechanical way to do so is to take a representa-
tion of #*(K, ;) over GF(2), and examine the matroids obtained from this
by adding one new vector in all possible ways. Such a matroid M will have
an element e so that M\e=~.#*(K,,), and all such matroids which  are
binary will be constructed (except the one in which e is a coloop). Their
duals are the matroids which need to be checked. For details, see the Appen-
dix.

(7.3) Suppose that N € #, and is non-null and connected, and that the
Jfollowing statements are true:

(i) all circuits and cocircuits of N have at least three elements;

(i) for every M € F, if M\x = N then x is a loop, coloop, or parallel
element of M,

(iii) for every M € F, if M/x= N then x is a loop, coloop, or series
element of M,

(iv) if N=W,or %, for some n>?2, then W, &% or %, &7,
respectively. :

Then N is a splitter for #.
The proof is in two steps.

Step 1. If M€ .# and Z < E(M), and M X Z is a subdivision of N, then
for every Z-arc A there is a series class P of M X Z such that A - P.

Proof. If possible, take a counterexample M, Z, A with |E(M)|
minimum. Then obviously E(M)=Z U A4, and | 4 | = 1. (For all the elements
in A are in series, and so if | 4 | > 1 we may produce a smaller counterexam-
ple by contracting.) Let A4 = {a}, say. Let the series classes of M\a be
P,,..., P,, where k =| E(N)|, so that (P,,.., P,) is a partition of Z.

‘Now if | P;| = 1 for all i, then M\a = N, and yet a is not a loop, coloop, or
parallel element of M, contrary to hypothesis. Thus for some i, | P;| > 1. We
assume |P;| > 1. Choose x,, x; € P,. Now (M/x,) X (Z — {x,}) is a subdivi-
sion of N, and 4 is a (Z — {x,})-arc of M/x, (since A U {x,} includes no cir-
cuits of M); and so by induction there is a circuit of M/x, containing a and

included in {a} U P, for some j,. This is therefore not a circuit of M, and
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so' there is a-circuit C, of M-with x,, a€ C,.and C, — {x,,a} < P;, for
some j,# 1. Similarly there is a circuit C; with x}, a€ | and
C, — {x}, a} < Py, for some ji # 1. But (C, U C}) — {a} includes a circuit C,
and C S Z and so is a union of at least three P;’s (because N has no circuits
with <2 elements). Thus | P, | =2, and P; < C,. Suppose now that for some
i>1, |P;|>2, |Py|>2, say. Then we have similarly | P,|=2. Choose
X, € P,; then there is a circuit C, with x,, a€ C; and C, — {x,,a} < P;, for
some j, # 2. Certainly C, # C, (because even if j,=2 and j,=1, C,#C,
since P, < C,), and so there is a circuit C < (C; U C,) — {a}. But then Cis a
union of at least three P/s, and yet C, U C, only includes two P;’s, a con-
tradiction.

This proves that | P,|=2, | P;| =1 (2 <i< k). Thus M\a/x, = N, and we
may apply (6.2). We discover from (6.2) that one of the following holds.

(i) a is a loop, coloop, or parallel element of M. This is impossible since
{a} is a Z-arc of M and {a} » P for any series class P of M X Z.

(i) x, is a loop, coloop, or series element of M. But x, € C,, and so it is
not a loop or coloop, and if it is in series with y, say, then y € C,. But y # g,
and so y € Z, and so y € P, since P, is a series class of M\a. This is im-
possible since C, NP, = {x,}.

(iti) For some x', y' € E(M), M\x'/y’ =~ N but x’ is not a loop, coloop, or
parallel element of M/y’. This is impossible by hypothesis (ii) of (7.3).

(iv) For some x', y' € E(M), M\x'/y' = N but y' is not a loop, coloop, or
series element of M\x'. This is impossible by hypothesis (iii) of (7.3).

(v) There exists z+#a, x, such that {a,x,,z} is both a circuit and a
cocircuit of M. Thus z € Z, and z, x, are in series in M\a; and so z € P,.
This is impossible because {a} » P,.

(vi) For some n>2, N=W, or #,, and M=W, , or %, ,, 1espec-
tively. This contradicts hypothesis (iv) of (7.3), and completes the proof of
Step 1.

Step 2. If M € F is 3-connected and has a minor isomorphic to N, then
M =N, that is, N is a splitter for #.

Proof. M € has a minor isomorphic to N, and so by (7.1) there exists
Z < E(M) such that M X Z is a subdivision of N. Suppose for a contradic-
tion that we can choose Z thus with Z # E(M). Then by (5.4) we can choose
Z thus so that in addition there is an adjoinable Z-arc 4. But this contradicts
Step 1. So Z = E(M), and M is a subdivision of N. But M is 3-connected,
and | E(M)| >| E(N)| >4, and so M has no pairs of elements in series. It
follows that M = N, as required.

For the result of this paper we need only two applications of (7.3) (more
will appear in subsequent papers, however).
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The matroid R, was, as far as I know, first introduced by Bixby [1]. (He
calls matroids isomorphic to it matroids of Type R.) We define R, to be the
linear independence matroid of the ten S-tuples over GF(2) with three 1’s and
two 0’s. It may be verified that another, less symmetric but more convenient,
representation of R, is the following: take the nine 6-tuples over GF(2) with
two 1’s and four 0’s which represent .#(K, ,), and add the 6-tuple of all Is.

It may be verified that R,, is regular, and is isomorphic to its dual
(although not self-dual). Its automorphism group is doubly transitive.
Ry\e= #(K,;) and R /ex~.#*(K,,) for any element e. A totally
unimodular representation of R, is given in Fig. 1.

1 00 0 0 -1 1 0 o 1
010 00 1 -1 1 0 0
00100 O I -1 1 0
00 01 0 O 0 1 -1 1
00 0 0 1 1 0 0 1 -1
Ry,
FIGURE 1

(7.4) R,, is a splitter for the class of regular matroids.

Proof. 1t is necessary only to check that R, satisfies the hypotheses of
(7.3). To verify this, take a S-dimensional representation of R, over GF(2),
and examine the result of adding any other vector to this representation. It
will be found that either the vector added is the zero vector, or is one already
in the representation, or the enlarged binary matroid produced will not be
regular. For details, see the Appendix. This verifies (7.3)(ii), and (7.3)(iii)
follows from this, because R,, is isomorphic to its dual.

(1.5) A#(K) is a splitter for the class of regular matroids without minors
isomorphic to A (K, ;).

Proof. Again, we verify that the hypotheses of (7.3) hold; with the dif-
ference that we must check (7.3)(ii) and (7.2)(iii) separately. (See the Appen-
dix.)

There is another application of (7.3) which is not needed for this paper,
but which we state here for convenient reference in subsequent papers.

(1.6) F,is a splitter for the class of binary matroids without F* minors.

The proof is again case-checking. (See the Appendix.)
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8. CONNECTIVITY

If A, B < S are disjoint and M is a matroid on S, we define k,,(4, B) to be
the minimum over all partitions (X, Y) of S with 4 < X, BC Y, of

r(X) + r(Y) — r(M).

k,/(A4, B) should be thought of as the “‘connectivity” between 4 and B in M.
It is easy to see that

and that k,,(4, B) = k,,.(4, B).

(8.1) If (X,Y) is a partition of E(M), and M' =M\Z,/Z,, where
ZNZ,=xand Z,JZ,=Z, say, then

Ky (X — Z, ¥ = Z) < ky(X, Y
that is,

X = Z) + ry (Y = Z) — r(M") < 1p(X) + 1y (Y) — r(M).

Proof. Using duality, it suffices to prove the result when Z, = {z}, say
and Z, = @. By symmetry we may assume that z € X. We must prove that

ru(X = {z}) + ryg(Y) — r(M") < ry(X) + ryy(Y) — r(M).

But r,,(X — {z}) < r,,(X), and if equality occurs, then z is not a coloop of M
and so r(M') = r(M).

(8.2) If A, B< E(M) are disjoint, and M' is obtained from M by deleting
and contracting elements from E(M)— (A U B), then

k,.(4, B) < k,,(4, B).

Proof. Choose a partition (X, Y) of E(M) with A £ X, BC Y, so that
ky(X, Y)= k,(4,B). If Z=EM)—E(M'), we have from (8.1) that
ky(X—Z,Y—Z)< ky(X, Y), and so k,,.(4, B) < k,, (4, B), as required.

For the remainder of this section, we shall assume that M is a matroid on a
set S, and that N is a minor of M; that (4, B) is a partition of E(N), and
k,(A, B) = k; that k,,(4, B) > k; and that for every x € § — (4 U B), and for
M' = M\x, M/x, either N is not a minor of M’ or k,.(4, B)= k. We shall
analyse the structure of M with respect to N. (We should perhaps stress that
N is a minor of M; no isomorphism is involved.)

582b/28/3-6
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(8.3) For each x € S — (A \J B) either ky, (A, B) > k or ky;, (A4, B) > k.

Proqf.  Suppose that k. (4, B) < k. Then there exists a partition (X,, Y,)
of S —{x} with4 < X,, BSY,, and

rM(Xl)+ rM(Yl)—r(M\x)<k < rM(Xl o {x})+ rM(YI)_r(M)'

Thus r,,(X,) # ry,(X, U {x}), so x is not a loop, and r(M\x) = r(M), so x is
not a coloop. We have

rM(X1)+rM(Y1)_r(M)<k.

Now suppose that k,,, (4, B) <k Then there exist X,, Y, =S such that
X, Y, =8 X,nNY,={x},A<X,, B Y,, and

ru(Xy) = 1+ ry(Yy) = 1= (r(M)— 1)< ks
that is, r,,(X;) + r,(Y,) — r(M) < k + 1. Adding, we obtain
P X)) + 1y (X)) + 1y (Y ) 4+ 7y (Yy) — 2r(M) < 2k + 1,
and hence, using submodularity of the rank function,

(X, U X)) +ry (Y, O Y,) + ry(X, N X,)
+ry(Y,UY,)—2r(M) <2k + 1.

Now every element of S is in precisely two of X,, X,, Y,, Y,, and so
X,UX,, YNY,) and (X;NX,, Y,UY,) are both partitions of S; and
ASX,UX,,X,NX,,and BSY,NY,, Y,UY,. Thus

(X, VX)) +r (Y NY,)—r(M) >k + 1
and
X, N X) +ry (Y, UY,)—r(M) >k + 1.

Adding, we obtain a contradiction, as required.

(8.4) For each x € S — (AU B), either N is not a minor of M\x or N is
not a minor of M/x.

Proof. This follows from (8.3) and our hypothesis about M, N.

Thus N may be expressed as M\P/Q, where (P, Q) is a partition of
S — (4 U B), in a unique way.

(8.5) There is no circuit C with C PU Q, |C — Q| < 1, and there is no
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cocircuit D with D PUQ, | D—P| < 1. In particular, Q is independent,
and A\J BU Q spans P.

Proof. Suppose that C is a circuit with C € Q. Choose ¢ € C; then g is a
loop of M\P/(Q — {gq}), and so M\P/(Q — {g})\{g} = N, contrary to (8.4).
Secondly, suppose that C < P U Q is a circuit with CNP.={p}. Thenp is a
loop of M\(P — {p})/Q, and so M/p has N as a minor, contrary to (8.4). The
second assertion of the theorem follows by duality.

For z€ PUQ, let M, be M\z if zE€E P, and be M/z if z € Q. Now N is a
minor of M_, and so by hypothesis k,, (4, B) = k. Thus for each z€ PU Q
there is a partition (X,, Y.) of S —z suchthat AC X,, BC Y, and

P (X)) + ry(Y,) =r(M,) + k.

(8.6) For distinct z, 2/ € PU Q, either z € X, or z' € X, but not both. In
particular, for each z € PU Q, (X,, Y,) is uniquely defined.

Proof. The second statement follows from the first immediately. Suppose
the first is false; then by exchanging 4 and B if necessary, we may assume
that z€ X,,, z7€ X,. By duality we may assume that z& P. Now
(X.UX.,Y.NY,)is a partition of S, and so

rM(XzUX:’)+rM(YzmYz’)_r(M)>k+1 (*)

since k,/(A, B) > k.

There are now two cases, z' € P, and z’ € Q. Suppose first that z’' € P.
Then M, =M\z and M, = M\z'. By (8.5), z, z’ are not coloops of M, and
so r(M.)=r(M,)=r(M). Thus

ru(X.) + ry(Y,) — r(M) < k
and
ru(X;) +ry(Y.) —r(M) <k
Adding, and using submodularity and (*), we obtain
ry(X,NX.)+r,(Y,0Y,)—rM)< k—

Let M’ be M\{z, z’}. By (8.5), r(M') = r(M), and since M’ has N as a minor,
and since (X, N X,,, Y,UY,.) is a partition of the elements of M’, we have
a contradiction to (8 2).

Now suppose that z’ € Q. Then M, = M\z and M, = M/z'. By (8. 5), z is
not a coloop of M, and z' is not a loop, and so r(M,)=r(M),
r(M,)=r(M)— 1. Thus

ru(X;) + ry(Y,) —r(M) < k
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and
(X, VA2 ) = 1+ (Y, U {2'}) — 1 — (r(M) — 1) <k,
that is,
ru(X, U2 D)+ ndY, U{z')—rM)<k+ L
Adding, and using submodularity and (*), we obtain
ry((X,NX,)yu{z'})+r,(Y,0Y,)ul{z})—riM)< k.

Let M’ be M\z/z'. By (8.5), r(M')=r(M)—1, and since M’ has N as a
minor, since (X,NX,,, Y,UY,,) is a partition of the elements of M’, and
since ry(Z)=r,(ZV {z'})— 1 for Z< S — {z,z’}, we have a contradiction
to (8.2).

(8.7) For distinct z, 27 €PUQ, if z€E X,, then X, < X,.. In particular,
P U Q may be ordered as z,,..., z,, so that for each i,

X, =AU{z\ 0, 2;_4}
Y. ={zi 1502, UB.

Progf. The second statement follows from the first and (8.6), because we
would have z € X, if and only if | X, | <| X,.|. To prove the first, we may
assume from duality that z € P. There are two cases, z’ € P and z’' € Q.

Suppose first that z’ € P. As in (8.6), we have

ru(X,) + ry(Y,) —r(M) <k

and
rM(Xz') + rM(Yz’) - r(M) < k.

Now (X,UX,.,Y,NY,)is a partition of E(M\z'), and so
ryX, UX, )+ 1 (Y,NY,)—r(M) >k

Using these three inequalities and submodularity, we obtain
ryX,NX,)+r,(Y,UY,)—r(M)< k.

But (X,NX,, Y,UY,)is a partition of E(M\z), and so, by the uniqueness
of (X,, Y,) asserted in (8.6), we have X, N X,. = X,, that is, X, S X,., as re-
quired.

Now suppose that z’ € Q. Then as in (8.6) we have

ru(X;) + rg(Y,) —r(M) < k
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and
ryX, U2’ +r, (Y, U{z’)—r(M) <k + 1.
But (X,NX,,, Y,UY,)is a partition of the elements of M\z, and so
rX,NX,)+r(Y,0Y,)—r(M) >k
Using these three inequalities and submodularity, we obtain

rM((XzUXz’)U {Z'})-}- rM((Yzm Yz’)U {z’})—r(M)<k+ l,

that is,
er'(Xz UXz') + rM:f(Yz . Yz’) - r(Mz') < k.
Thus, by the uniqueness of (X,.,Y,), we have X,UX, =X, that is,

X, < X,., as required.

(8.8) =z,,..,z, are alternately members of P and members of Q.

Proof. Suppose this is false; then by duality, we may assume that z;,
z;., €P. By (8.7),

ruA Uz s Zi D)+ 1({Zip 150 2, UBY—r(M) < k
and
A DAz s ) + 1§25 4 290000 2, U B) —r(M) < k.
Now

FrlA U Az s 2i}) + Paf(§Zi 4 fomens 2, UB) — (M) > k

since k,,(A4, B) > k, and so
F(A U 2] s 21 }) + 1af{Zi 42000 25} U B) — (M) < k.

Let M' be M\{z;,z;,,}. Then as before, r(M')=r(M); and so
k, (4, B) < k, contrary to (8.2).

(8.9) Foralli> 1, if z; € P there is a circuit C of M with z;_,, z, € C,
and C—{z;_,,z;} S(QN{z;:j>i})UB. If z;, € Q there is a cocircuit D
with z;_,,z;€D and D — {z;_,,z;} S (PN {z;:j > i}) UB.

A similar result holds for all i < n with A and B exchanged.
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Proof. By duality we may assume that z; € P, so that z;,_, € Q, by (8.7).
Let M, be M/z;_,. By (8.7),

P AU 2y 1 <G <i—20) + 1y (2 1 <G < nf U B) = r(My) < k.
Let M’ be M\(P — {z;}), and then by (8.1)
ry(AU(Q@N{z;: 1</ < if“ 2}))
+ 1 QN {z;n i+ 1<) Uz, UB) —r(M') < k.
Let M” be M'\z,. By (8.2), since N is a minor of M”, we have
Fadd U@ N {z;: 1 <j<i—2}))
Fred(QO (24 1<j<n}) UB) = r(M") > k.

The first terms in these inequalities are equal; and by (8.5), r(M")=r(M');
thus

(@M {z; i+ 1Kj<n}) Uiz} UB)
Sryp(@NM{zii+ 1K< n})UB),

that is, there is a circuit C of M’ and hence of M, with z;€C, and
C—iz;}c (@N{z;:i+1Lj<n})UB. Now C is not a circuit of M,
because by (8.7),

rA Uz 1 <G<i— 1)+, f(z i+ 1< j<nf UB)—r(M) <k
and yet
AUz 1 G <i— 1) + ry(lz,: i <G <nb U B) — r(M) > k

since k,(A4, B) > k, and thus {z;:i+ 1 <j< n} U B does not span z;. Hence
CU {z;_,} is a circuit of M. This completes the proof.

(8.10) If z, € P, there is no circuit C with z, € CS PUQUB.
If z, € Q, there is no cocircuit D with z, € D < PU QU B. Similar results
hold for z, and A.

Proof. If z, € P, then by (8.7),
ru(d) + ry(§2; e 2, U B) — r(M) < K,

but
ra(A) + P82y poees 2, O B) — r(M) > k

since k,(4, B) > k. Thus there is no circuit C with z, € CS< PU QU B. The
other results follow by duality and symmetry.
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9. SEPARABILITY BECAUSE OF R,

Now we use the results of the previous section to prove that every regular
matroid with an R,, minor is 3-separable. In an attempt to clarify the proof,
the relevant properties of R,, have been abstracted, in the following theorem.
(R,, itself is defined later in this section.)

(9.1) Let ¥ be a class of matroids, closed under minors and under
isomorphism. Let N€E %, and let (4, B) be a partition of E(N), with
k\(4, B)= k. Suppose that N, .# have the following properties:

(i) for each x € A there is a circuit C and a cocircuit D of N contain-
ing x, with C, DS A,

(i) for each M€ F, if M\x = N gnd x is not a coloop of M, there is
a circuit C of M with x € C and C — {x} included in one of A, B,

(iii) for each ME #, if M/y=N and y is not a loop of M, there is a
cocircuit D of M with y € D and D — {y} included in one of A, B,

(iv) for each M € 7, if M\x/y = N, suppose that there is a cocircuit
D of M with {x, y} <D< BU {x, y}; then either there is a circuit C of M
with x € C < B U {x, y} or x is parallel to an element of A in M/y,

(v) for each M€ #, if M\x/y = N, suppose that there is a circuit C
of M with {x, y} = CS B\ {x, y}; then either there is a cocircuit D of M
with y € D < B U {x, y}, or y is in series with an element of A in M\x.

Then k,(A, B) = k for each M € # with N as a minor.

(Remark. Statements (ii) and (iii) form a dual pair, as do (iv) and (v),
and (i) is invariant under duality. Thus if N, # have these properties, then
so do N*, #* = [M*: M € # }. However, there is no symmetry between A
and B.)

Proof. We proceed by induction on |E(M)|. The result is clear if
| E(M)|=| E(N)|, because then M =N, and so we assume that
| E(M)| > | E(N)|. We assume for a contradiction that k,,(4, B) > k. Thus, by
induction, M and N have the properties discussed in Section 8, and so
(8.4)~(8.10) are true for them. We assume by duality that z, € P, where P,
0, z,,.. z, are defined as before.

(1) <z, is parallel in M\(P — {z,})/Q to some element a € A.

Put M, = M\(P — {z,})/Q. Then M,\z, = N, and z, is not a coloop of M,
by (8.5), and so by (ii) there is a circuit C, of M, with z, € C, and
C, — {z,} included in one of 4, B. If C, — {z,} < B, then there is a circuit C’
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of M with z,€C’ and C'—{z,} < QUB, contrary to (8.10). Thus
Co—{z,}=A, and there is a circuit C' of M with z,€C,

—{z,} = QU A. By (8.10) applied to z, and 4, we deduce n > 1. By (8.9)
with 4, B exchanged, we see that there is a circuit C of M with z,, z, € C,
C—{z,,z,} < A. By (8.9) again, there is a cocircuit D’ of M with z,,
z,€D', D' —{z,,z,) SPUB. Let M, be M\(P— {z,})/(@— {z,}). Now
D'N(Q—{z,})=@,and so D' — (P— {z,}) is a umon of cocircuits of M,.
Choose a cocircuit D of M, with z, €D < D’ — (P — {z,}). C is a circuit of
M\(P — {z,}), and D is a cocircuit of this, and so | C ﬁD | # 1; thus z, € D.
Now D ﬂ B # @, because by (8.5), PU {z,} includes no cocircuits of M, and
so D # {z,, z,}. But M,\z,/z,= N, and so by (iv), either there is a circuit C”
of M, with z, € C" < BU {z,,z,} or z, is parallel to an element of 4 in
M,/z,. The first alternative implies that there is a circuit C, of M with
z, EC,SBUQUP, contrary to (8.10); and the second is the desired
result.

We observe that N is isomorphic to N’ = M\((P — {z,}) U {a})/Q, because
z, and a are parallel in M\(P — {z,})/Q, and an 1somorphlsm is given by the
map ¢: AUB - ((4 — {a}) U {z,}) U B, defined by

d(x)=x (x+#a),
¢(a) =2Z;.

We observe that under this isomorphism, ¢(4)=(4 — {a})U {z,} and
¢(B)=B. Now N’ is a minor of M\a, and so by induction,
kya((A4 — {a}) U {z,}, B)=k; that is, there is a partition X, Y of S — {a}
with (4 — {a})U {z,} € X, BC Y, and

ru(X) + ryy(Y) — r(M\a) = k.

a is not a coloop of M, because it is not a coloop of N by (i), and so

r(M\a) = r(M). Thus
) + 1Y) — r(M) = k.

However, r, (XU {a})+r,(Y)—r(M) >k since k,(4,B)>k, and so
rdXUia})> r,(X). In particular, there is no circuit C of M with
a€ C<A. However, by (i), there is a circuit C of M with a€ C,
C—-QcA4,CNP=g. Thus CN Q+ J; choose g € CN Q. Then g = z, for
some i. Now i # 1, because z, € P by hypothesis; and so by (8.9) there is a
cocircuit D of M with z,€D, D—{z;}< PUB. But then |CND|=1,
which is impossible. This completes the proof of (9.1).

R, is defined to be the linear independence matroid of the columns of the
matrix of Fig. 2, which has entries over GF(2). It will be seen that the matrix
obtained by deleting the first six columns is symmetric, and so R,, is
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isomorphic to its dual. (However, it is not self-dual). R,, has just two cir-
cuits of cardinality 3, and they are disjoint. We define B to be the union of
these two circuits, and A to be the set of the remaining six elements. Thus
(4, B) is a partition of E(R,,).

1 00 000111000
01 00O0O0OT110100
00100O0100O0OT1O0O0
00010001 00O01
000O010O0O0OT1O0OT1'1
00 00 O0OT1TO0OO0OO0OTI1 11
RIZ
FIGURE 2

(9.2) If M is regular, and M has a minor isomorphic to R,,, then M has
an exact 3-separation (X, X,) with | X, |, | X, | > 4 (indeed, > 6).

Progf. We take # to be the class of regular matroids, and N to be R, ;
we take (4, B) to be the partition of E(R,,) defined as above, and k= 2. It
suffices to verify that the hypotheses of (9.1) hold. Each of these is an asser-
tion about the members of # with at most two more elements than N (that
is, at most 14 elements) and so checking each is a finite problem, which in
principal could be left to the reader. However, the following observations
may considerably reduce the amount of work the reader needs to do.

Checking hypothesis (i) is straightforward, and (iii) follows from (ii)
because R,, is isomorphic to its dual, and the isomorphism exchanges 4 and
B. It remains to check (ii), (iv), and (v). First it should be verified that there
are only two non-isomorphic matroids M in .# such that for some element e,
M\e =R, and e is not a loop, coloop, or parallel element of M. Then simply
checking these two matroids verifies (ii). To verify (iv) we observe that M/y
must be one of our two matroids (in a counterexample) and so we just check
the ways of reinserting y. To verify (v), we observe that M\x must be the
dual of one of our two matroids, and proceed similarly. For full details, see
the Appendix.

10. GRAFTS

Now we begin the third part of the proof—that every regular matroid
which is not 2-separable is either graphic or cographic, or has a minor
isomorphic to R,, or R,,. The proof of this is essentially graph theory, in the
sense that although we need a mild application of (5.4), all the difficulties
are graph-theoretic.

582b/28/3-7
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A graph is simple if it has no loops or multiple edges. V(G) and E(G)
denote the sets of vertices and edges of G, respectively. When u, v € V(G)
are distinct, u, v are said to be 3-connected if there are three paths linking u
and v, vertex-disjoint except for u and v. G is 3-connected if | V(G)| > 4 and
every pair of vertices is 3-connected; or equivalently, if | ¥(G)| > 4 and the
result of deleting any two vertices is connected.

The following is due to Tutte [13].

(10.1) If G is connected and | E(G) > 4, then #(G) is 3-connected if
and only if G is simple and 3-connected.

If e € E(G), G\e and G/e are the graphs obtained from G by deleting and
contracting e, respectively (in the sense of graph theory). Then for disjoint
subsets F,, F, of E(G), we define G\F,/F, in the natural way.

Let G be a graph, and let T< V(G). The pair (G, T) is called a graft.
With every graft (G, T) we can associate a binary matroid on the set
E(G)U {2}, where 2 is a new element. To define .#(G, T), we associate
with each e € E(G)U {2} a vector v(e) over GF(2), and then we say
XS E(G)UL {2} is a cycle of #(G, T) if and only if } .., v(e) = 0. The vec-
tors v(e) are defined as follows.

Let V be a |V(G)-dimensional vector space over GF(2), and let
{b,: v € V(G)} be a basis of V. Then for e € E(G) U {2},

v(e) =0 if e € E(G) and is a loop,
v(e)=b,+ b, if e € E(G) and has distinct ends u, v,

@)= >b

veT

v*

It is easy to see that an equivalent definition of .#(G, T) is as follows. A
T-join of G is a subset X of E(G) such that X includes no circuits of G and
such that the vertices incident with an odd number of edges in X are
precisely the vertices in 7. Then .#(G,T) is a matroid on E(G)U {2},
where 2 is a new element, in which for C < E(G)U {@2}, C is a circuit of
A (G, T) if and only if and only if either 2 & C and C is the edge-set of a
circuit of G, or 2 € C and C — {2} is a T-join.

We observe that #(G, T)\2 =.#(G); that if | T| is odd then 2 is a
coloop of .#(G, T) (because there are no 7-joins); and that if | 7| =0 or 2
then #(G, T) is graphic. It follows that if .#(G, T) is not graphic then | T|
is even and | T|> 4. (This is not a sufficient condition for .#(G, T) to be
non-graphic. For example, it may be shown that if G is outerplanar then
(G, T) is graphic for all T < V(G).)

We observe also that if M is binary and M\e is graphic, and M\e =. #(G),
say (where V(G)+# @), then M = #(G, T) for some T < V(G). To see this,
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observe that every representation of M\e over GF(2) may be extended to a
representation of M (unless e is a coloop, when the result is clear), and so in
particular the representation e - v(e) (e € E(G)) (defined as above) may be
extended, using a vector v, say, to a representation of M. Choose T < V(G)
so that v = v(2) (again, defined as above), and then M = #(G, 7).

Some important examples of grafts are given in Fig. 3. In the figure, the
circles contain the vertices in T in each case. (The last graft has been
labelled so that the element labelled i of .#(G, T) corresponds to the ith
column of the representation in Section 9.)

e M (x5 )

-
both
" .
m (xg)

FIGURE 3

When. T< V(G) and e is an edge of G with ends u, v, say, let T/e be a
subset of V(G/e) defined as follows (here w is the vertex of G/e obtained by
identifying u, v under contraction of e).
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Tle=T if w,v&Torifu=v,

Tle=(T—{u})U{w) if u€T,veT,
T/e= (T — {v})) U {w} if ugT,veT,
T/e=T— {u,v} if uyveTandu+#v.

We observe that if | 7| is even then so is | T/e|, and indeed | T/e|=|T|
unless both u, v € T. When F € E(G) and F = {e,,..., ¢,}, T/F is defined to
be

(- (T/er)ey) -+ /ey)-

This definition is seen to be independent of the ordering of the members of F.
Then it is easy to check the following.

(10.2) If (G, T)is a graft and F,, F, < E(G) are disjoint, then
/(G’ T)\Fl/FZ:‘/(G\Fl/F29 T/Fz)'

11. SOME GRAPH THEORY LEMMAS

When G is simple and e € E(G), G o e denotes the graph obtained as
follows: let the ends of e be u, v; delete e; if u is cubic in G, contract one
edge incident with it; and similarly for v.

(11.1) If G is simple and 3-connected and | V(G), > 5, and e € E(G),
then one of G/e, G o e is 3-connected.

Proof. The result is true when | ¥(G)|= 5, as may easily be verified by
checking cases. We therefore assume that | ¥(G)| > 6, so that | V(G o e)| > 4.

Let the ends of e be u, v. Assume that G o e is not 3-connected. Then G o e
has a two-vertex cut-set. There are therefore vertices x,, x, of G, so that
{x,,x,} is a cut-set of G\e (but not of G, and so every path linking u to v in
G uses one of x;, x,, except for the path using e), and such that the
neighbour set of u in G is not {x,, x,, v}, and the neighbour set of v is not
{x15 %y, u}.

Assume that G/e is not 3-connected, and so there is a vertex y and two
non-empty sets X,, X, such that (X, X;, {y}, {# v}) is a partition of V(G),
and such that no vertex in X, is adjacent to any vertex in X,.

Choose z, € X,. G is 3-connected, and so there are three paths linking z,
with u, v, y, respectively, vertex-disjoint except for z,. Thus there is a path
linking u and v within X, U {u, v}, not using e, and so one of x,, x, (x,, say)
is in X,. Similarly x, € X,, and so y # x,, x,.

Let U,, ¥, be the sets of vertices in X, U {y} adjacent to u, v, respec-
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tively. Let G, be the restriction of G to X, U {y}. Then every path of G,
linking U, to V| passes through x,; and so there is a partition (U, V, {x,}) of
X, U{y}with U, cUU {x,}, V, SV U {x,}, and with no vertex in U adja-
cent in G, to any in V. Now y € UU V; we assume y € V without loss of
generality. Then no vertex in U is adjacent in G to any vertex of G not in U
except u, x,. But G is 3-connected, and so U= . Thus U, =@ or {x,}; but
U,+# @ since {v, y} is not a cut-set of G, and so U, = {x,}. Thus x, is the
only vertex in X, adjacent to . Similarly, for one of u, v, x, is the only ver-
tex in X, adjacent to it.

Now | V(G)| > 6, and so one of | X,|, | X,|# 1. We assume | X,|>2
without loss of generality. Choose z, € X|, — {x,}, and choose three paths of
G linking z, to x,, v, y, respectively, vertex-disjoint except for z,. We deduce
that there is a path of G linking v to y avoiding x, and contained within
X, U {v, y}. Hence u is not adjacent to y (for this would give us a u—v path
avoiding x,, x,, and e). Now we recall that the neighbour set of u is not
{x,,Xx,, v}, and so some z, € X, — {x,} is adjacent to u. Thus x, is the only
neighbour of v in X, (because it is clearly not the only neighbour of u), and
| X;| > 2. But then as before there is a path linking u to y avoiding x, and
contained within X, U {u, y}; this, composed with the path within
X, U {v, y} linking v and y and avoiding x, gives us a u—v path avoiding x,,
X,, and e, a contradiction.

G is said to be a subdivision of a graph H if G may be obtained from H
by (repeatedly) picking an edge and replacing it by two adjacent edges in
series and a vertex of valency 2. It is easy to see that if G is connected, and
#(G) has at least four series classes, then .#(G) is cyclically 3-connected if
and only if G is a subdivision of a simple 3-connected graph.

A series class of .#(G) which is independent in .#(G) is called a line of a
graph G. However, when G is a subdivision of a 3-connected graph, a line is
the edge-set of a path subgraph of G, and it will be convenient to use the
word ““line” to refer to such a path as well. We shall use expressions such as
“the line L passes through vertex v” and “vertex v is an end of L” without
further explanation.

G is said to be a minor of a graph H if G = H\F,/F, for disjoint subsets
F,, F, of E(H). (We observe that this definition does not permit the removal
of isolated vertices, and so if G has at least k components then so does every
minor G. This is for technical convenience only.) It is easy to see that if G
has a K; , minor then it has a subgraph which is a subdivision of K] ;.

(11.2) Let G be a 3-connected graph with a K, ; minor, and let v,, v,, v,
be distinct vertices of G, pairwise adjacent. Then G has the graph of Fig. 4 as
a minor.

The proof is in three steps, as follows.
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FIGURE 4

(11.3) If | V(G)| =6 then (11.2) is true.
Proof. Check cases.

(11.4) If G is a subdivision of K, ; and v,, v,, v, € V(G) are distinct,
and do not all lie on the same line of G, then either G = K, ,, or there is an
edge e, not joining two of v\, v,, v,, such that G/e is a subdivision of K, ,
and v,, v,, v, do not all lie on the same line of G/e.

Proof. We assume G £K, ;, so that G has a vertex v of valency 2. Let
e,, e, be the edges incident with v, and let their respective other ends be u,,
u,. Now if v #v,, v,, v; we may take e =e, and (11.4) holds. We assume
therefore that v =v;. Now u,, u,, v all liec on the same line of G and so
{u,,uy} # {vy, v,}. We assume without loss of generality that u, #v,,v,.
We may assume that (11.4) is not satisfied taking e = e,, and so «, is an end
of the line of G through v, and u,, v,, v, are all on the same line of G. Thus
u, #v,, v,, and so similarly, u,, v,, v, are all on the same line of G. This is
impossible.

Proofof (11.2). We use induction on | E(G)|. Evidently we may assume
that G is simple. Let H be a subgraph of G which is a subdivision of K ;,
with as few edges as possible. Suppose that v, € V(H). Let ¢ be an edge of G
incident with v, but not with v, or v, (this exists since G is 3-connected).
Now G/e, G o e both have K; ; minors, and v,, v,, v, is a triangle of G/e;
thus we may assume that G/e is not 3-connected. Hence by (11.1) G o e is 3-
connected, and we may assume that v,, v,, v, is not a triangle of G o e. Thus
v, is cubic in G.

Now G/e is not 3-connected, and so there is a vertex y and there are non-
empty sets X,, X, such that (X,, X,, {u,v,}, {y}) is a partition of V(G)
(where u is the other end of e), such that no vertex in X, is adjacent to any
in X,. Now {u, y} is not a cut-set of G, and so v, is adjacent to a vertex in
X, and a vertex in X,. But this is impossible, since v, has neighbours v,, v;,
u, and u € X,, X,, and v,, v, are adjacent.

We deduce that v, € V(H), and similarly v,, v; € V(H). Now v,, v,, v,



DECOMPOSITION OF REGULAR MATROIDS 343

are not all on the same line of H because H was chosen so that | E(H)| was
minimum. By (11.4) there exists Fy < E(H) so that H/F, = K; ; and no two
of v,, v,, v; are identified under contraction of F;.

Choose F, < E(G) — E(H) maximal so that the graph G\F, is connected,
and put F,= (E(G)—F,)— (E(H)— F;). The result follows by applying
(11.3) to G\F,/F,. (This complicated choice of F,, F, is to avoid isolated
vertices in the minor.)

(11.5) Let G be a graph, and let H be a subgraph with the same vertex-
set. Suppose that H is a subdivision of K, ;, and that every vertex v of
valency 2 in H is adjacent in G to a vertex not in the line of H which passes
through v. Then G is 3-connected.

Proof. Suppose that x, y are distinct vertices of G, that X, Y < V(G) are
non-empty, and that (X, Y, {x, y}) is a partition of ¥(G), and that no vertex
in X is adjacent in G to any vertex in Y. Since X, ; is 3-connected, one of X,
Y (X, say) contains no vertex with valency 3 in H, and indeed X is a subset
of a line L of H, and contains neither of the ends of L. Thus x, y are also in
L. Choose v € X; and then v is not adjacent to any vertex not in L, contrary
to hypothesis.

12. EXTENSIONS OF 3-CONNECTED GRAPHS
In this section we prove the following theorem.

(12.1) Let M be a binary matroid, and let M\e = .#(G), where G is a 3-
connected graph with a K ; minor. Then either M is graphic or M has a
minor isomorphic to F¥, R, or Ry,.

The proof will be by means of grafts. We have M\e =~ #(G), and so there
exists T< V(G) so that M~ #(G,T). If | T|=0 or 2 or is odd then M is
graphic. The result is therefore implied by the next theorem.

(12.2) Let G be a 3-connected graph with a K, , minor, and let
T < V(G), with | T| even and | T| > 4. Then for some disjoint subsets F,, F,
of E(G), (G\F,/F,, T/F,) is one of the three grafts of Fig. 3 which corres-
pond to F¥, R,,, and R,,.

(We see that this is a purely graph-theoretic statement.)

Proof. If possible, let (G, T) be a counterexample, with | E(G)| as small
as possible. Clearly G is simple. Let H be a subgraph of G which is a sub-
division of K, ;, and choose H so that | ¥(H)| is as small as possible. We
show first that V' (H)= V(G). Let us suppose that this is not true.
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(1) Let e be an edge of G, with ends u, v and suppose that v & V(H). If
G/e is 3-connected then u, v E T and | T|=4. If G o e is 3-connected, then
one of the following holds:

(i) wuis cubic, | T|=4, and T contains u and both its neighbours dif-
ferent from v,

(ii) v is cubic, | T| =4, and T contains v and both its neighbours dif-
Sferent from u,

(iii) u, v are cubic, |T|=6, and T contains u, v and all their
neighbours.

For if G/e is 3-connected, then u, v € T and | T'| =4, because otherwise
(G/e, T/e) would be a smaller counterexample. Similarly if Goe is 3-
connected, one of (i), (ii), (iii) holds. (Recall that in the definition of G o ¢, it
was not stipulated which edge incident with u should be contracted when u is
cubic; thus we may choose this edge, if possible, so that it does not join two
vertices in T.)

(2) Eachve V(G)— V(H) is in T and is cubic.

For if v € T then by (1), | T| =4, and T contains all neighbours of v and
all their neighbours (exceptv), which is impossible from 3-connectedness.
Thus v€T. If v is not cubic, then by (1), |T|=4 and T contains all
neighbours of v, which is impossible by counting.

(3) | T|=4, provided that V(H)+ V(G).

For suppose that |T|>6. Then by (1), |T|=6, and T contains
v € V(G) — V(H), its neighbours, and all their neighbours, which is impossi-
ble by 3-connectedness.

Choose v € V(G) — V(H), and let u,, u,, u, be its neighbours.

(4) T does not contain all of u,, u,, u,.

For if it does, then by (3), T= {v, u,, u,,u;}. Choose v’ € T. Choose
three paths P, P,, P, between v and v’, vertex-disjoint except for v, v’. Then
each P; uses just one of u,, u,, u;, u;, say. Choose F, € E(G), maximal such
that F, contains no edge of any P;,, and such that the graph (V(G),
E(G)—F,) is connected. Let F, € E(G) contain those edges not in F, and
not in any P;, and also those edges in P, not incident with u;, (i=1, 2, 3).
Then (G\F,/F,, T/F,) is the graft corresponding to F*, a contradiction.

We assume that u; € T. Let e be the edge joining v and u,.
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(5) wu,,u, €T

For by applying (1) to u; and v, we see that T contains all neighbours of v
different from u;, and so u,, u, € T.

Now by (1) and (4), G/e is not 3-connected. Choose a vertex y and non-
empty subsets X,, X, of V(G) so that (X, X,, {u;,v, y}) is a partition of
V(G) and such that no vertex in X, is adjacent to any in X,. Now {u;, y} is
not a cut-set, and so v is adjacent to a vertex in X, and a vertex in X,;
u, €X,, u, € X,, say.

Now v & V(H), and so all vertices in H within one of X;U {u;, y}
(i=1,2) (X, Y {u,, y}, say) are on the same line of H.

G is 3-connected, and so there are two paths linking u, to u,, y, respec-
tively, contained within X, U {u,, y} and vertex-disjoint except for u,. Thus
there are subsets Y,, Y, of X, U {u;, y}, such that Y, NY,=@, u, €Y,,
YEY,, u, €Y UY,, and for i =1, 2, the restriction of G to Y; is connec-
ted, and u, is adjacent to a vertex in Y;. Choose Y, Y, with these properties
so that Y, U Y, is maximal. Certainly Y, U Y, < (X, — {u,}) U {4;, y}, and
we claim that equality holds. For if not, then some vertex z € X, — {u,} is
not in Y, U Y, but is adjacent to a vertex in Y, U Y, (in Y,, say); then we
may replace Y, Y, by Y, U {z}, Y,, contrary to the maximality of Y, U Y,.
Hence (Y|, Y,) is a partition of (X, — {u,}) U {u;, y}.

Let F be the set of all edges with both ends in the same Y;. Then G/F is
the graph of Fig. 5. (Here y, and y, are the vertices obtained from Y,, Y,,
respectively, after contraction of F. In the figure y, and y, may or may not
be adjacent.)

FIGURE §

(6) G/F is 3-connected.

Let w be any vertex in X,. Then there are three paths of G linking w with
u,, vertex-disjoint except for w and u,; and so there are three paths Q,, Q,,
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Q; of G/F, linking w with v, y,, y,, respectively, vertex-disjoint except for w.
Thus w is 3-connected to u, in G/F. Also v, y,, y, are 3-connected to u,
because they are adjacent to it. Suppose therefore that (Z,, Z,, Z) is a parti-
tion of V(G/F) with | Z| <2 and Z,, Z, non-empty, such that no vertex in
Z, is adjacent to any in Z,. Then we must have u, € Z, because every other
vertex is 3-connected to u,. In particular, Z — {u,} is not a cut-set, and so u,
has a neighbour in Z, and one in Z,. Therefore, to show that G/F is 3-
connected, it remains to show that the pairs v, y,; v, y,; ¥, », are all 3-
connected. v, y, are obviously 3-connected because they are adjacent. Now if
F=g we have G/F =G, and so G/F is 3-connected as required. We thus
may assume that F # @, and hence one of Y, — {u,}, Y, — {y} is non-empty.
If Y, — {u;} # @ then because G is 3-connected, some vertex of Y, — {u,} is
adjacent to a vertex not in Y, — {u,}, different from u, and u, and hence in
Y,; thus y, and y, are adjacent in G/F. Similarly, y,, y, are adjacent in G/F
if Y,—{y}# @. Thus y,, y, are 3-connected in G/F. It remains to check the
pair v, y,. Choose w € X, and choose paths Q,, Q,, Q, as before; and then
0;UQ, ,and y,, u,, v, and y,, y,, v are three paths of G/F, linking y, to v,
pairwise vertex-disjoint except for y, and ». Hence y, is 3-connected to v,
and so G/F is 3-connected, as required.

(7) F=@and X, = {u,}.

For if not we have a contradiction to the minimality of G, since G/F has a
K, ; minor and | T/F|> 4 (because v, u,, u, € T/F and | T/F| is even).

(8) yerT.

For let f be the edge of G joining u, and y. Then G o f is not 3-connected,
because in it v is only adjacent to two vertices; and so by (11.1), G/f is 3-
connected. Now G/f has a K, ; minor, and so by the minimality of G,
|T/fI<2andso yET.

) V(H)=V(G).

To complete the proof of (9), let G’ be the graph obtained from G by
deleting u, and v and adding three new edges joining the pairs (y, u,),
(7, u3), (u,,u;), respectively. Clearly G’ is 3-connected, and has a K, ,
minor, and so by (11.2) there exist F,, F, < E(G'), disjoint, so that G'\F,/F,
is the graph of Fig. 4, where v,, v,, v, are relabelled as u,, u,, y. Moreover
we can choose F,, F, so that they contain none of the new edges; and then
(G\F,/F,, T/F,) is the graft of Fig. 3 corresponding to R,,, a contradiction.

We recall that H is a subgraph of G which is a subdivision of K, ,, with
| V(H)| minimum. It follows that
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(10) Two vertices in the same line of H are adjacent in H if they are
adjacent in G.

For otherwise we could find a subdivision of K, ; with fewer vertices. We
say that distinct vertices are collinear if they are in the same line of H.

(11) For any edge e of H, in a line L of H, say, with ends u,, u,, say,
one of the following is true:

(i) wu,, u, are both ends of L,
(i) u,,u,€Tand|T|=4,
(iii) One of u,, u,, say, u,, is an end of L and there is a vertex v, not
on L which is cubic in G, adjacent to u, in G, and collinear with u,.
(We see that v, necessarily has valency 2 in H.)

For suppose that u, is not an end of L. Then H/e is a subdivision of X ;,
and so by the minimality of G, either | T/e| =2 or G/e is not 3-connected.
| T/e| =2 gives alternative (ii); and G/e not 3-connected gives alternative
(i), by (11.5) and (10).

(12) H%K,,.

For if T< V(K, ;) and | T| =4 then we can make (K, ;\F,/F,, T/F,) the
graft corresponding to F¥* if we choose F,, F, suitably. If | T| =6 we have
the graft corresponding to R,,; and by hypothesis | T'| >4 and is even.

Thus H has a vertex of valency 2. Let v be such a vertex, and let e, e, be
edges of H incident with it, and let u,, u, be their respective other ends. Let
;,..., ¢, be the other edges of G incident with v, and let u,,..., 4, be their
other ends. Let L be the line of H through v; then by (10), none of u,,..., 4,
is on L.

(13) v has valency 3 in G (that is, k = 3).

Now for each i > 3, G\e, has a K, , minor, and so by choice of G, G\ ¢, is
not 3-connected. Suppose that k >4. By (11.5) each u; has valency 3 in G
and 2 in H. Let x;, y; be the vertices adjacent to u; in H. By applying (11) to
x;, u; we see that | T|=4 and x;, 4; € T (case (iii) of (11) cannot occur,
because v is the only vertex of G adjacent to u; in G but not on the same line
of H as u;, and v is not cubic in G). Similarly, y,€ T. Thus
Uscickixis i, ¥} S T, and yet | T|=4. Let L' be the line of H containing
X3, Uy, ¥;. Then for each i>3, |{x;, u;, ¥;} YU {x3,u5, y3} <4, and so at
least two of x;, u;, y; are on L’; thus all three are. Hence u,,..., 4, are all on
L'. Now L’'# L and so one of u,, u, (u,, say) is not on L’. We know that
every vertex in T is on L’, because |T|<4 and |{x;,u;,y;}U
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{X4, Ugs Yo}l =4, and so u,, v € T. Apply (11) to u,, v; we deduce that u, is
an end of L and there is a vertex w of G, cubic in G, adjacent to v and
collinear with u,. But then w must be on L’, which is impossible.

(14) | T|=4, and T contains v and at least one of u,, u,.

For u, is the only vertex of G adjacent to v and not on L, by (13). u, is
not collinear with both u, and u,; we may therefore assume that u, is not
collinear with u,. Thus there is no vertex except u, adjacent to v and
collinear with u,. We apply (11) to v, u,, and deduce that | T|=4 and v,
u €T.

(15) wu,,u, €T

For suppose that u, € 7. By (11) applied to v, u, we deduce that u, is an
end of L, and u, is cubic in G, adjacent to v, and collinear with u,. Let x, y
be the vertices different from v, adjacent to u,, where either y=u, or y is
between u,and u, in H. Now u; has valency 2 in H, and so T contains u,
and one of x, y by (14). Suppose that y& 7. Then u;, xE€ T and
T={v,u,, u;,x}. Delete all edges except those in H and the edge e;;
contract all edges in the line through u, except the two edges incident with
uy; contract all edges in L except e, and e,; contract all edges in the third
line of H passing through u,; and contract all except one edge in every other
line of H. This produces the graft corresponding to R,,, a contradiction.

Thus y€ T, and T = {v,u,,u;, y}. (So y+ u,, since u, & T.) Delete e,
and all edges of G not in H, except e,; and contract all remaining edges ex-
cept e,, ey, the three edges of H incident with y or u;, and an edge incident
with u, on the third line of H passing through u,. This produces the graft
corresponding to F¥, a contradiction.

(16) There are at most two vertices with valency 2 in H and all such ver-
tices lie on L.

For by (15), T contains any such vertex and both its neighbours in H and
yet | T|=4.

(17) All vertices in T lie on L.

For we know that v, u,, u, € T and lie on L. Suppose that v’ € T and
does not lie on L. By (16), v is the only vertex of H of valency 2, and so G
is the graph of Fig. 6. (G has no other edges, because any other edge could
be deleted without destroying 3-connectedness.) If v’ = u; or x,, delete the
edges (u;, x,), (43, u,), (u,,x,) and contract (u;, x,), (x,, x;); this produces
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the graft corresponding to F¥, a contradiction. Similarly v'+# x,, and so
v’ = x,. But then we have the graft corresponding to R,,, a contradiction.

u1 u3 X3
v
u2 X1 X2
FIGURE 6

(18) Conclusion. Thus L contains four vertices, and H is the graph of
Fig. 7, and | T|= {p, q, r, s}.

p a b

0

(o]

Q.

FIGURE 7

If g is adjacent to ¢ in G, then adding the edge (g, ¢) to H and removing
(P, ¢) gives an alternative choice of H which does not satisfy (17), which is
impossible. Similarly g is not adjacent to d, and r is not adjacent to a or b.
Thus, relabelling if necessary, we may assume that g is adjacent to g and r to
¢. (And G has no other edges, because they could be removed without
destroying 3-connectedness.) But then deleting (r, s), (g, ¢), (a, d), (p, ¢) and
contracting (b, d), (b, c), (a, 5) gives the graft corresponding to F¥*, a con-
tradiction. This completes the proof of (12.2) and hence (12.1).

13. EXTENSIONS OF SUBDIVISIONS

We now prove the following.

(13.1) Let G be a subdivision of a simple 3-connected graph H which has
a K; , minor, and let T < V(G) be given. Then one of the following is true:
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(i) A#(G,T) is graphic,
(ii) there exists F < E(G) such that |L — F|=1 for each line L of G
(so that G/F=H) and such that .#(G/F, T/F) is non-graphic (that is,
| T/F| > 4 and is even),
(iii) there exists F,, F,< E(G), disjoint, so that (G\F,/F,, T/F,) is
one of the grafts of Fig. 8.

FIGURE 8

(13.1) may be deduced from the following lemma.

(13.2) Let G be a subdivision of a simple 3-connected graph H, and let
T < V(G) be given. Then one of the following is true:

(i) A#(G,T) is graphic,

(ii) there exists F < E(G) such that |L — F| =1 for each line L of G
and such that | T/F| > 4 and is even,

(iii) there are three lines L,, L,, L, of G forming a circuit, with
TS V(L)UV(L,)UV(L,), and there exists F<E(G) such that
|L;—F|{=2(i=1,2,3),|L—F|=1 for every other line L of G, and T/F
contains all three of the vertices of G/F of valency 2.

Proofof (13.1) from (13.2). Let G, T be as in (13.1). If (ii) of (13.2)
holds then (ii) of (13.1) holds, by (10.3). Thus by (13.2), we may assume
that alternative (iii) of (13.2) holds, and that | T'| is even. Let v,, v,, v; be
the vertices in the corresponding triangle of H. By (11.2), there exists Fj,
F, < E(H), disjoint, so that H\F'/F}, is the graph of Fig. 4. Let F}, F7 be the
corresponding subsets (in the natural way) of E(G/F). Put F,=F/,
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F,=F} UF. Then (G\F,/F,, T/F,) is one of the grafts of Fig. 8, as re-
quired.

Proof of (13.2). If possible, choose a counterexample (G, T) with | E(G)|
minimum. Then clearly |T|>4 and is even, for otherwise .#(G, T) is
graphic.

(1) No two edges of G are in series in #(G, T).

For if e,, e, are in series in .#(G, T), they are in series in G and hence are
in the same line of G. We contract ¢,. By the minimality of the counterexam-
ple we know that one of (i), (ii), (iii) holds for (G/e,, T/e,). If (ii) or (iii) is
true for (G/e,, T/e,) then it is true for (G, T) which is impossible. Thus (i)
holds and .#(G, T)/e, is graphic. But e, and e, are in series in .#(G, T), and
so A(G, T) is graphic, a contradiction.

() Ever;y vertex of valency 2 of G is in T. No two vertices of valency 2
are adjacent.

For if v has valency 2 and v € T, it is easy to see that the edges incident
with v are in series in #(G, T), contrary to (1). If v, v, both have valency 2
and are adjacent, then we know that v,, v, € 7, and again it is easy to see
that the two edges with just one end in {v,,v,} are in series in #(G, T).

If v is a vertex of G of valency 2, let e, f be the edges incident with it, and
let x, y be their other ends. Let G, be'the graph G with e, f exchanged. Thus
E(G,)=E(G) and G,=G It is easy to check that .#(G,,
TA{x, y}) =.#(G, T).

3) Ifv,,..., v, are vertices of G of valency 2, and v, is adjacent to x;, y;
(i=1,.., k), then

| TA{x,, p,} 4 - 4 {x;, yi}| > 4.

For #(G',T')=_#(G, T), where T" = TA{x,, y,} 4 --- 4 {x;, y;} and G’
is obtained from G by exchanging for each i the edges incident with v;. But
A#(G, T) is not graphic, and so | T" | > 4.

(4) There do not exist vertices v,, v,, vy of G of valency 2 and vertices
Uy, Uy, uy of valency > 3 such that the following all hold:

(a) wu, is adjacent to v, but not to v,, v,,
(b) u, is adjacent to v, but not to v,,
(c) wu, is adjacent to v,.
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For suppose that they do exist. For i=1, 2, 3, let ¢,, f; be the edges inci-
dent with v;, with e, incident with u,. Choose F’ < E(G) so that F’ contains
none of e, e,, ey, f1, [, fy and so that for every vertex v #v,, v,, v, of
valency 2, F’ contains just one edge incident with v. For i =1, 2, 3, choose
g € {e;, f;} as follows:

g=f if wET/(FU{g:1<j<i))
gi=e otherwise.

Put F=F'U {g,, &;,8}; then u,, u,, u; € T/F (because of hypotheses (a),
(b), (c)), and so | T/F| > 4 (since it is even) and (ii) is satisfied, which is im-
possible.

(5) G has at least three vertices of valency 2.

Let v,,..., v, be the vertices of G of valency 2. For each i, let e;, f; be the
edges incident with v;, and let x;, y; be their other ends.

Now k > 0, since (ii) is not satisfied with F=@.

If k = 1, then x, € T, since (ii) is not satisfied with F = {e,}; and similarly
€T By (3), | T— {x,, y;}| 24, and so | T/e,| > 4; thus (ii) is satisfied
with F = {e,}, a contradiction.

Now suppose that k = 2. By relabelling if necessary we may assume that
X, #X,, ¥, and x,#x,, y,, although possibly y, =y,. If there exists
WXy, Xy, Y1y V2, Uy> U, With w € T, we define g, for i =1, 2 as follows:

if x,&T put g, =e;,
if x,€T put g;=f.

Put F= {g,,8,}. Then x, x,, w€ T/F and so (ii) is satisfied, which is im-
possible. Thus T < {x,,X;, V1, V3, U1, U,}. Now if x,, x, €T then by (3),
| TA{x,, y,} 4 {x,, ¥,}| >4, and so y,, y, &€ T, and y, # y,; but then (ii) is
satisfied with F = {f}, f,}. We assume x, € T without loss of generality. If
x, & T, put F={e,,e,}, and (ii) is satisfied. Thus x, € T. If y, € T, then
TA{x,, y,} < {v,,v,, y,} contrary to (3). Thus y, € T. But | T| >4, and so
Vi#);, and y, € T. Put F={e,, f,} and then (ii) is satisfied, a contradic-
tion.

(6) G has exactly three vertices of valency 2, and the corresponding
edges of H form a triangle.

For let L,, L,, L, be the lines of G passing through v,, v,, v;, respec-
tively. If L, UL,U L, does not include a circuit then u,, u,, u; can be
chosen to contradict (4). Thus, since H is simple, L, UL, UL, is a circuit.
This is true for every choice of v,, v,, v;, and so k= 3.
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(7) Conclusion. We may thus assume that x, =y,, x,=y;, X;=y,.
Now v,, v,, v; E T, and so, by the falsity of (iii), there exists w € T with
W# X, X5, X3, U, Uy, U;. Choose g, € {e,, f;} so that x; € T/g,. Choose
8 € {e;, f3} so that x, € T/{g,, g,}. Put g;=/;, and put F={g,, &, &}
Then x;, x,, wE T/F, and so | T/F| >4 and (ii) is satisfied, which is im-
possible. This completes the proof.

14. PROOF OF THE MAIN THEOREM

If (G, T) is one of the grafts of Fig. 8, then .#(G, T) has an R, minor, ob-
tained by contracting the element £. Thus we may combine (12.1) and
(13.1) to give the following.

(14.1) Let M be a binary matroid, and let M\e = #(G), where G is a
subdivision of a graph H which is simple and 3-connected, and has a K, ,
minor. Then either M is graphic or M has a minor isomorphic to one of F¥,
R,,, and R,,.

Proof. Choose T< V(G) so that M =~ _#(G, T). By (13.1), either M is
graphic, or it has an R,, minor, or there exists F < E(G) so that G/F is
isomorphic to H and M/F is non-graphic. In the third case we apply (12.1)
to M/F.

We use (14.1) for the third and final step in the proof of the following
main theorem.

(14.2) Let M be a 3-connected regular matroid. Then either M is graphic
or cographic or M has a minor isomorphic to one of R, R,.

Proof. Let M be regular and 3-connected, and be neither graphic nor
cographic. By Tutte’s characterization of the graphic matroids [14], M has a
minor isomorphic to one of #(K,;), .#(K;). Suppose that M has no
#(K, ;) minor. M % #(K;) since M is not graphic; but #(Kj) is a splitter
for the class of regular matroids without .#(K; ;) minors, by (7.5), and so M
is 1- or 2-separable, a contradiction. Thus M has a minor isomorphic to
A K, ,).

By (7.2), there exists Z,< E(M) such that M X Z, is a subdivision of
A (K, ;). We may therefore choose Z < E(M) with | Z | maximum such that
M X Z is graphic, is cyclically 3-connected, and has an .#(K; ;) minor. By
(5.4), there is an adjoinable Z-arc 4. By (5.2), M X (Z U 4) is cyclically 3-
connected and has an .#(K; ;) minor, and so by the maximality of Z,

582b/28/3-8
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M X (Z\U A) is not graphic. Choose e € 4, and choose a connected graph G
and T < V(G) such that M X Z =~ _#(G) and

M X(ZUA))/(A— {e}) =#(G,T)

Now M X (Z\UA) is a subdivision of #(G,T) and so .#(G, T) is not
graphic. But .#(G) is cyclically 3-connected, and so (by the remark after
(11.1)) G is a subdivision of a simple 3-connected graph; and G has a X, ,
minor. By (14.1), #(G, T), and hence M, has a minor isomorphic to one of
F* R,,, or R,,, but F¥ is impossible since M is regular. This completes the
proof.

Now we can prove the main result.

(14.3) Every regular matroid M may be constructed by means of 1-, 2-,
and 3-sums, starting with matroids each isomorphic to a minor of M and
each either graphic or cographic or isomorphic to R ,.

Progf. We use induction on | E(M)|. Let M be a regular matroid. If M is
graphic or cographic or isomorphic to R,, the result is true. Suppose not.
Then by (14.2), if M is 3-connected then it has an R, or R,, minor. By (7.4)
if M has an R,, minor, it is 2-separable; and by (9.2) if M has an R,, minor
then it has a 3-separation (X, Y) with | X|, | Y| > 4. By (2.10), M is expressi-
ble as a 1-, 2-, or 3-sum. By (2.1) and (2.6), if M is expressible as a 1- or 2-
sum then the parts of the sum are isomorphic to minors of M. If M is not ex-
pressible as a 1- or 2-sum then it is 3-connected, and so by (4.1) the parts of
the 3-sum are isomorphic to minors of M. Thus M is expressible as the 1-, 2-,
or 3-sum of two matroids M,, M,, which are both isomorphic to minors of
M. Thus M, and M, are both regular; and so, since they both have fewer ele-
ments than M, they may both be obtained in the required way, by induction.
Hence so may M.

15. APPENDIX: CASE ANALYSIS

Now we give the detailed case-checking postponed from previous sections.
The matroids concerned are all binary, and we represent them by matrices
with entries over GF(2), each element corresponding to a column, in the
usual way. In order to show that a given matroid has another as a minor, we
give matrix representations of both, list the columns of the first
corresponding to elements which are to be deleted and contracted, and give a
bijection from the remaining columns to the columns of the second matrix.
The reader is presumed to be familiar with the matrix operations which
correspond to matroid deletion and contraction, and to be able to test if a bi-



DECOMPOSITION OF REGULAR MATROIDS 355

jection between the column sets of two matrices over GF(2) gives an
isomorphism of the matroids they represent; thus the reader may verify that
the bijection given is a matroid isomorphism in each case.

In Fig. 9 we list some matrix representations. The case analysis for (7.2),
(7.4), (7.5), and (7.6) is given in the table of Fig. 10. To explain this table,
let us take, for example, the fifth line. This deals with .#*(K; ;). If we ex-
amine the matrix for .#*(K, ;) in Fig.9, we see that from symmetry there
are only two non-isomorphic ways to add a column to this matrix which is
non-zero and not the same as a column already in the matrix. These two
possible columns are (1,0, 1,0) and (1, 1, 1, 0)". (T denotes transpose.) We
deal with these two cases simultaneously, using the symbol *, which in-
dicates that the entry may be either O or 1. From the fifth line of Fig. 10 we
learn the following. Let N, be a matroid isomorphic to .#*(Kj ;), on a set
(1, 2,...,9), where element i is represented by the ith column of the matrix in
Fig. 9. Let M be a matroid on {1, 2,..., 9, e}, represented by the columns of
the same matrix together with one additional column (1,0, 1,0)" or
(1,1,1,0)%, so that M\e=N,. Let N,~F,, and be on a set {l,2,..,7},
where again element i corresponds to the ith column of the matrix for F, in

Fig. 9. Then
M\Z\/Z,=N,,

where Z, = {5, 6}, Z, = {2}, and an isomorphism ¢ from M\Z,/Z, to N, is
obtained by mapping elements 1, 3, 4, 7, 8, e, 9 of M\Z,/Z, to elements 1,
2,3,4,5,6, 7 of N,, respectively. We deduce that if M is a binary matroid
and M\e = _#*(K, ,), then either M has an F, minor, or e is a loop, coloop,
or parallel element of M. By taking duals, it follows that if N ~ _#(X, ;) and
F is the class of regular matroids, then the hypotheses of (7.1) are satisfied,
and so (7.2) is true. The table similarly lists all the 1-element extensions
necessary to verify (7.4), (7.5), and (7.6).

The table also contains information about R,,, which we use to verify that
R, satisfies the hypotheses of (9.1). However, the argument here needs more
explanation. We follow the outline given after (9.2). M, and M, denote the
matroids represented by the matrices obtained from the R, matrix of Fig. 9
by adding the columns (1,1,0,0,1,1)T and (0,0, 1, 1,0, 0)", respectively.
The “R,,” entries in the table show the following.

(15.1) If a non-zero new column is added to the R, matrix of figure 9,
and if the new matroid obtained is regular, then either the new column is the
same as an old column, or it is one of (1,1,0,0,0,0)7, (1, 1,0,0, 1, )T, (0,
0,0,0, 1, )T, 0r (0, 0, 1, 1, 0, 0)". The first three of these give isomorphic
matroids, the isomorphisms preserving the sets A, B and the new element.

Now (9.1)(i) is easily verified—recall that B is the union of the two 3-
element circuits of R,,, and so A4=1{3,4,7,8 11,12} and
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N, e A z, N, ¢

F7 none

F¥ (1,0,0,1)" — 5 F, 1,2,4,3,¢6,7
(1, 1,0,0) — 3 F, 1,2,4,56,e,7
1, 1, 1, %) — 4 F, 1,2,3,5,67,e

AXK; ) (1, % 1,0)7 56 2 F, 1,3,4,7,8,¢9

AK) (1, 1,1, %)" 7,9, 10 4 F, 1,2,3,8,6,5,¢

A*K) (11,000,070  — 4,10 A#*K,;) 1,2,6,5¢9,3,8,7
El, 1,0, (i 1l 11))T - 3,; . A*K, ) 1,25,6&5,13,99,12,8&
*, 0k k1, 1, l,, F7 s Yy Uy , 9, 0, €
© % 1,1,0,0)" 7 1,210 F, 4,5,6,3,9,8¢

Ry (1,0, 1, *)r 9,10 4,5 F, 1,2,3,8,¢6,7
(1, 1,0,0,0) , 4,8 F, 3,5,17,10,¢ 9,6
1L 11,1 " 7, 10 1,3 F, 2,4,59,6,8, ¢

R, (LO,1, % %0 69,12 4,511 F, 1,2,3,10, ¢ 8,7
(L,0,0, % %, 1)) 89,12 4,57 F, 2,3,6,11, 10, 1, e
(L*1,%x1,%)" 810,12 24,6 F, 1,3,5 11,9, 7, ¢
(L% 1,1,0,%)" 5910 2,612 F 1,3,4,11,8, 7, ¢
1, 1,0, o 1, 1) — — M, L., 12, e
(0 07 s 4y Os 0) — _ Mz l,. N 12,@
(1,1,0,0,0,0 — M, 9,10, 11, 12, 5,6, 7,

8,1,23,4,¢

M (1,1,%0,0,0,1)" 1,2,6,12 59,10 Ff
(1, 1,0,0, 1,1, 1) " 1,567 2910 Ff 8,7,11,x 3,4,y
(0,0,1,%0,0, 1) 2,3,6,9 1,510 F} 12,11, 8, x, 3,4,y

7,12, x, 8, 4, y, 11
FIGURE 10

B=1{1,2,5,6,9,10}. Both (1,1,0,0, 1, 1)T and (0, O, 1, 1, O, 0)T are span-
ned by columns corresponding to elements in 4 and so, from the table,
(9.1)(ii) is true. (9.1)(iii) is true since R,, = R¥,, and it remains to verify
(9.1)(iv) and (v).

First we verify (9.1)(v), since it is easier. By duality we must show the
following:

(15.2) If M is regular and M\y/x =R ,, and if there is a cocircuit D of
M with {x, y}c D<AV {x, y}, then either there is a circuit C of M with
yE€ C<S AU {x, y}, or y is parallel in M/x to an element of B.
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(This is equivalent to (9.1)(v) because R,, ~RY,, and under such an
isomorphism 4 and B are interchanged.) Now {x, y} < D, and so y is not a
coloop of M/x. If y is a loop in M/x then either {y} or {x, y} is a circuit of
M and (15.2) is true. If y, z are parallel in M/x (for some z # x, y) then
(15.2) is true if z € B, and if z € 4 then either {y, z} or {x, y, z} is a circuit
of M and again (15.2) is true. Thus we may assume that y is not a loop,
coloop, or parallel element of M/x. However, M/x\y=~R,,, and so
M/x =M, or M,. In either case y is spanned in M/x by A, and so (15.2) is
true. This verifies (9.1)(v).

Finally, we verify (9.1)(iv). We must show the following:

(15.3) If M is regular and M\x/y = R,,, and if there is a cocircuit D of
M with {x, y} =D < B\ {x, y}, then either there is a circuit C of M with
xE€ CS BU |{x, y}, or x is parallel in M/y to an element of A.

As before, we may assume that x is not a loop, coloop, or parallel element
of M/y, and so M/y =M, or M,. If M/y~ M,, then x is spanned in M/y
by B, and so (15.3) is true. We therefore assume that M/y = M,, so that
M*\y = M%*, and is represented by the last matrix of Fig. 9, columns 1-12
representing elements 1-12, and column 13 representing x. Add a column
¢= (¢, ¢,)" corresponding to y, to make a matrix representing M*. Now
by hypothesis there is a circuit C of M* with {x, y}c C< BU {x, y}, and
B={l,2,5,6,9, 10}; thus, c;= 1, ¢, = ¢,, and ¢; = c4; and not all ¢,,..., ¢,
are zero. Moreover, (M*/x)\y =~ R,,, and so, by (15.1), either y is a loop,
coloop, or parallel element of M*/x, or M*/x= M, or M,. Thus, either
(¢, s ¢,)T agrees with one of the columns of our matrix representing M¥ in
Fig. 9 in the first six rows, or (by (15.1)) it is one of (1,1,0,0,0,0, )", (1,
1,0,0, 1,1, 7, (0,0,0,0,1,1,1)%, (0, 0, 1, 1, 0, 0, 1)*. Using symmetry
and the results ¢, = c,, etc., we may assume that c is one of (1, 1, 0, 0, 0, 0,
H%,(1,1,0,0 1,1, 1D ©,0,1,1,0,0, D, (1,1,1,0,0,0, 1), (0,0, 1, 0,
0, 0, 1)". But for each of these choices of ¢, M* has an F¥ minor as shown
by the last lines of the table. This completes the proof.
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