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a b s t r a c t

Recent works have established the critical role of flexoelectricity in a variety of size-dependent physical
phenomena related to ferroelectrics including giant piezoelectricity at the nanoscale, dead-layer effect in
nanocapacitors, dielectric properties of nanostructures among others. Flexoelectricity couples strain gra-
dients to polarization in both ordinary and piezoelectric dielectrics. Relatively few experimental works
exist that have determined flexoelectric properties and they all generally involve some sort of bending
tests on micro-specimens. In this work, we present a straightforward method based on nanoindentation
that allows the evaluation of flexoelectric properties in a facile manner. The key contribution is the devel-
opment of an analytical model that, in conjunction with indentation load–displacement data, allows an
estimate of the flexoelectric constants. In particular, we confirm the experimental results of other groups
on BaTiO3 which differ by three orders of magnitude from atomistic predictions. Our analytical model
predicts (duly confirmed by our experiments) a strong indentation size-effect due to flexoelectricity.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Piezoelectricity exists only in non-centrosymmetric crystals.
However, a somewhat under-appreciated fact is that all dielectrics
polarize when subjected to inhomogeneous strain. This phenome-
non, the coupling of strain gradients to polarization, is known as
flexoelectricity. Phenomenologically, the total polarization can be
expressed as:

Pi ¼ dijkejk|fflffl{zfflffl}
¼0; for centrosymmetric materials

þlijkl
@ejk

@xl
: ð1Þ

Recently, flexoelectricity has generated much excitement due to the
elucidation of several insights relevant at the nanoscale. For exam-
ple, Catalan et al. (2004) have studied the impact of flexoelectricity
on the dielectric properties and Curie temperature of ferroelectric
materials while Cross and coworkers (1999, 2006) have proposed
tantalizing notions such as ‘‘piezoelectric composites without using
piezoelectric materials”. Eliseev et al. (2009) have investigated the
renormalization of properties of ferroelectric nanostructures due
to the spontaneous flexoelectric effect as well as developed analyt-
ical approaches to derive size-effects in such nanostructures
(Eliseev and Morozovska, 2009). One of us has demonstrated strong
size-dependent enhancement of the apparent piezoelectric coeffi-
ll rights reserved.
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cient in materials that are intrinsically piezoelectric (Majdoub
et al., 2008a, 2009b) as well as explored ramifications for energy
harvesting (Majdoub et al., 2008b, 2009c). More recently Majdoub
et al. (2009a) have also demonstrated, through first principles and
theoretical calculations, that the so-called dead-layer effect in nan-
ocapacitors may be strongly influenced by flexoelectricity. The
reader is referred to reviews by Tagantsev (1986, 1991), Tagantsev
et al. (2009) for further details.

Relatively few experimental works exists on the determination
of flexoelectric properties of crystals. Cross and co-worker’s pio-
neering work provided some of the first data on various perovsk-
ites like PMN, PZT, BST, and BaTO3 (Ma and Cross, 2001, 2002,
2003, 2006; Fu et al., 2006, 2007). More, recently Zubko et al.
(2007) have published the experimental characterization of the
complete flexoelectric tensor for SrTiO3. The afore-mentioned
experimental approaches are predicated on bending experiments
and are decidedly non-trivial. In parallel, various groups have also
made atomistic predictions of flexoelectric properties. For exam-
ple, one of us (Maranganti and Sharma, 2009) presented results
for a number of dielectrics of technological and scientific interest.
Dumitrica et al. (2002), Kalinin and Meunier (2008) discuss graph-
ene and very recently, Hong et al. (2010) presented a first princi-
ples approach and consequent data for both SrTiO3 and BaTO3.
While the theoretical works of various groups are all in agreement,
the experimentally estimated flexoelectric constant of BaTO3 is 3
orders of magnitude higher compared to the atomistically pre-
dicted value. The reasons for this discrepancy are still an open
research issue (and beyond the scope of the present paper).
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In this paper, we present a nano-indentation based methodol-
ogy to extract flexoelectricity properties of dielectrics. The key con-
tribution is the development of an analytical model of indentation
of a ferroelectric surface duly incorporating both piezoelectricity
and flexoelectricity. This analytical model can then be used with
rather easily generated load–displacement data to extract the de-
sired properties. The outline of the paper is as follows: in Section
2, we present the mathematical problem followed by an approxi-
mate analytical solution. Experimental work is described in Section
3 and our major results are presented in Section 4. Implications of
the present work, including the identification of the indentation
size-effect due to flexoelectricity are discussed in Section 5 where
we also summarize our conclusions. Some initial results on the
indentation size-effects were communicated earlier by us in a ra-
pid communication (Gharbi et al., 2009).
2. Indentation problem for piezoelectric-flexoelectric half-
space

We consider the indentation of a transversely isotropic material
by a circular flat indenter of radius a as shown in Fig. 1. Recently,
Kalinin et al. (2004), Karapetian et al. (2005), have developed
closed form solutions for piezoelectric half-space indentation
problem for the cases of flat, spherical and conical indenters using
the correspondence principle (Karapetian et al., 2002). The objec-
tive of this section is to present the mathematical development
leading to expressions that inter-relate applied concentrated force
P, concentrated charge Q, indentation depth w and tip potential w0.

According to Majdoub et al. (2008a), the governing equations of
a continuum with simultaneous presence of piezoelectricity and
flexoelectricity valid for a dielectric occupying a volume V bounded
by a surface S in a vacuum V0 are:

r � rþ f ¼ q€u where r ¼ c : Sþ d � P þ ðe� f Þ : rP in V ;

Eþr � eE �ruþ E0 ¼ 0 in V ;

� e0Duþr � P ¼ 0 in V

Du ¼ 0 in V 0;

ð2Þ

where

� E ¼ a � P þ g : rP þ f : rruþ d : S;eE ¼ b : rP þ e : Sþ g � P:

The second order tensor a is the reciprocal dielectric susceptibility
and the fourth order tensor c is the elastic tensor. d and f are the
third order piezoelectric tensor and the fourth order flexoelectric
tensor respectively. The fourth order tensor b is the polarization
gradient–polarization gradient coupling tensor. The fourth order
tensor e corresponds to polarization gradient and strain coupling
and g is the polarization-polarization gradient coupling tensor. For
Fig. 1. Schematic of a transversely isotropic medium indented by circular flat
indenter.
sake of simplicity, we note the term (f � e) by f in the rest of our the-
oretical development.

The corresponding boundary conditions are:

r:n ¼ t;eE:n ¼ 0;
ð�e0kuk þ PÞ � n ¼ 0:

ð3Þ

In anticipation of eventually applying perturbation theory to solve
the rather complicated boundary value problem stated above, we de-

fine that for any i; j ¼ 1;2;3; q ¼ q1
a ¼

fij
ad�, where d� ¼ jd15 jþjd31 jþjd33 j

3

� �
.

Then, constitutive equations for the case of transversely isotropic
material may be explicitly written as follows:

rij

ad�
¼ Cijkl

ad�
Skl þ e�1

0
dkij

ad�
Pk � qe�1

0 Pl;k; ð4Þ

Di

ad�
¼ dikl

ad�
Skl � e�1

0
aik

ad�
Pk þ qSkl;j:

We re-write equilibrium equations @rij/@xi = 0 and equation of
electrostatics @Di/@xi = 0 to obtain a system of four equations for
displacements ux,uy,uz and polarizations Px, Py andPz.

Cijkl

ad�
Skl;i þ e�1

0
dkij

ad�
Pk;i � qe�1

0 Pl;ki ¼ 0; ð5Þ

dikl

ad�
Skl;i � e�1

0
aik

ad�
Pk;i þ qSkl;ji ¼ 0:

The remaining equation is:

Pi;i � e0w;ii ¼ 0: ð6Þ
2.1. Solution of the problem for the case of circular flat indenter

The complexity of the above equations precludes an exact solu-
tion. We employ the perturbation approach, as (for example) used
quite successfully by Holmes in a different context Holmes
(1995).The present boundary value problem is a singular perturba-
tion problem and accordingly, we separately present both ‘‘inner”
and ‘‘outer” solutions.

2.1.1. Outer solution
The perturbation expansion is carried out in terms of the small

parameter q.:

uouter
x ¼ u0

x þ oðqÞ; uouter
y ¼ u0

y þ oðqÞ;
uouter

z ¼ u0
z þ oðqÞ; Pouter

x ¼ P0
x þ oðqÞ;

Pouter
y ¼ P0

y þ oðqÞ; Pouter
z ¼ P0

z þ oðqÞ: ð7Þ

For purely mechanical problem (zero electrical conditions, w = 0 for
(0 6 q �1) the boundary conditions are:

uouter
z ¼ w for 0 6 q < a;

router
zz ¼ 0 for q > a;

souter
z ¼ 0 for 0 6 q <1:

ð8Þ

For purely electrical problem (zero mechanical conditions, uz = 0 for
(0 6 q �1):

wouter ¼ w0 for 0 6 q < a;

Douter
z ¼ 0 for q � a:

ð9Þ

Inserting (7) into (5) and considering the leading order terms only,
we obtain the outer system of equations. This corresponds to q = 0
(absence of flexoelectricity)—i.e., the case of a purely piezoelectric
material solved exactly by Karapetian et al. (2005). For the sake of
completeness, Karapetian et. al.’s solution is summarized in



M. Gharbi et al. / International Journal of Solids and Structures 48 (2011) 249–256 251
Appendix A. Therefore, the displacements and potential have the
expressions given in (A.10) and (A.12). In addition, analogies be-
tween the outer system and (A.1.2) lead to the following relation-
ships between the electric potential and polarizations:

Pouter
x ¼ e0

@wouter

@x
; Pouter

y ¼ e0
@wouter

@y
; Pouter

z ¼ e0
@wouter

@z
: ð10Þ
2.1.2. Inner solution
In this section, we derive the solution for the inner problem. As

a first step, we transform system (5) into cylindrical coordinates
and consider the transition-layer coordinates:

n �
q
a � 1

q
¼ q� a

q1
; z � z

After performing the previous transformations, the leading order for
the new system yields the following set of equations:

C11 cos2ð/Þ þ C66 sin2ð/Þ
� � @2ðuinner

x Þ
@n2

þ C11 � C66Þ cosð/Þ sinð/ð Þ
@2 uinner

y

� �
@n2

� d� cosð/Þ @
3winner

@n3 ¼ 0;

C11 � C66Þ cosð/Þ sinð/ð Þ
@2 uinner

x

� �
@n2

þ C11 sin2ð/Þ þ C66 cos2ð/Þ
� � @2ðuinner

y Þ
@n2

� d� sinð/Þ @
3winner

@n3 ¼ 0;

C44
@2ðuinner

z Þ
@n2 þ d15

@2winner

@n2 ¼ 0;

d� cosð/Þ @
3ðuinner

x Þ
@n3 þ d� sinð/Þ

@3ðuinner
y Þ

@n3 þ d15
@2ðuinner

z Þ
@n2

� a11
@2winner

@n2 ¼ 0:

ð11Þ

The boundary conditions used to solve the inner problem on plane
z = 0 are:

For the purely mechanical problem:

uinner
z ðn;0Þ ¼ w for �1 < n < 0;

sinner
z ðn;0Þ ¼ 0 for �1 < n <1;

rinner
zz ðn;0Þ ¼ 0 for 0 < n <1;

winnerðn;0Þ ¼ 0 for �1 < n < 0:

ð12Þ

For the purely electrical problem:

winnerðn;0Þ ¼ w0 for �1 < n < 0;

uinner
z ðn;0Þ ¼ 0 for �1 < n < 0;

Dinner
z ðn;0Þ ¼ 0 for 0 < n <1:

ð13Þ

The matching conditions interrelating outer and inner problems
and necessary to obtain the inner solution are:

lim
jnj!1

uinner
x

� �
¼ lim

q!a
uouter

x

� �
;

lim
jnj!1

uinner
y

� �
¼ lim

q!a
uouter

y

� �
;

lim
jnj!1

uinner
z

� �
¼ lim

q!a
uouter

z

� �
;

lim
jnj!1
ðwinnerÞ ¼ lim

q!a
ðwouterÞ:

ð14Þ
Solving these set of equations for �1 < n <1 and verifying both
boundary conditions and matching conditions for ux, uy, uz and w,
we obtain expressions (B.1) and (B.2) for the inner potential and
displacements (see Appendix B).
2.1.3. The entire solution
Now, according to perturbation approach outlined by Holmes

(1995), we determine the entire solution for displacements ux, uy,
uz and potential w as follows:

For the purely mechanical problem:
ux ¼ � cosð/Þ2wH�

p
X3

j¼1

N�j C�1 þ L�j C�2
h i a

q
1�
ða2 � l2

1jÞ
1=2

a

" #

þ signða� qÞ w
p2a

F1ðzÞ cosð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e
�Ai q�a

q1

��� ���
;

uy ¼ � sinð/Þ2wH�

p
X3

j¼1

N�j C�1 þ L�j C�2
h i a

q
1�
ða2 � l2

1jÞ
1=2

a

" #

þ signða� qÞ w
p2a

F1ðzÞ sinð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e
�Ai q�a

q1

��� ���
;

ð15Þ

uz ¼ �
2wH�

p
X3

j¼1

m�j
c�j

N�j C�1 þ L�j C�2
h i

arcsin
a
l2j

	 


� w
p2a

d15

C44
F1ðzÞe

�Ai q�a
q1

��� ���
;

w ¼ �2wH�

p
X3

j¼1

k�j
c�j

N�j C�1 þ L�j C�2
h i

arcsin
a
l2j

	 

þ w

p2a
F1ðzÞe

�Ai q�a
q1

��� ���
:

For the purely electrical problem:
ux ¼ � cosð/Þ2w0H�

p
X3

j¼1

N�j C�3 þ L�j C�4
h i a

q
1�

a2 � l2
1j

� �1=2

a

264
375

þ signða� qÞ cosð/Þ w0

p2a
F6ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e
�Ai q�a

q1

��� ���
;

uy ¼ � sinð/Þ2w0H�

p
X3

j¼1

N�j C�3 þ L�j C�4
h i a

q
1�

a2 � l2
1j

� �1=2

a

264
375

þ signða� qÞ sinð/Þ w0

p2a
F6ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e
�Ai q�a

q1

��� ���
;

ð16Þ

uz ¼ �
2w0H�

p
X3

j¼1

m�j
c�j

N�j C�3 þ L�j C�4
h i

arcsin
a
l2j

	 


� w0

p2a
d15

C44
F6ðzÞe

�Ai q�a
q1

��� ���
;

w ¼ �2w0H�

p
X3

j¼1

k�j
c�j

N�j C�3 þ L�j C�4
h i

arcsin
a
l2j

	 

þ w0

p2a
F6ðzÞe

�Ai q�a
q1

��� ���
:
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2.2. Stiffness relations

Stiffness relations describe relationships between applied force,
P, and concentrated charge, Q, (required to maintain prescribed w
and w0) to w and w0 � rzz and Dz may be written as:

rzz ¼ r0
zz þ qr1

zz and Dz ¼ D0
z þ qD1

z : ð17Þ

We assume that for small values of q:

rzz � r0
zz and Dz � D0

z :

Then we obtain expressions of normal stresses and normal electric
displacements for q � a (contact zone) as follows:

For purely mechanical problem we find that rm
zz and Dm

z are:

rm
zz ¼ �

C�1w

p2ða2 � q2Þ1=2 þ
f �1 w
p2a

e
Ai q�a

q1

� �
and

Dm
z ¼

C�2w

p2ða2 � q2Þ1=2 �
f �2 w
p2a

e
Ai q�a

q1

� �
; ð18Þ

where f �1 and f �2 are defined in Appendix C.
For purely mechanical problem we find that re

zz and De
z are:

re
zz ¼ �

C�3w0

p2ða2 � q2Þ1=2 þ
f �3 w0

p2a
e

Ai q�a
q1

� �
and

De
z ¼

C�4w0

p2ða2 � q2Þ1=2 �
f �4 w
p2a

e
Ai q�a

q1

� �
; ð19Þ

where f �3 and f �4 are defined in Appendix C.
Using (A.14), we obtain the new stiffness relations duly incor-

porating flexoelectricity:

P ¼ 2a
p

C�1wþ C�3w0

� �
� 2

pa
f �1 wþ f �3 w0

� �
fq1
ðaÞ; ð20:1Þ

Q ¼ 2a
p

C�1wþ C�3w0

� �
� 2

pa
f �2 wþ f �4 w0

� �
fq1
ðaÞ; ð20:2Þ

where fq1
ðaÞ is defined as:

fq1
ðaÞ ¼ q1

ðAiÞ2
q1e�

Ai
q1

a � q1 þ Aia
	 


: ð21Þ
Fig. 2. Variation of the contact stiffness with respect to the contact radius a for
BaTiO3 and quartz (in logarithmic scale).
3. Indentation experiments

We set the potential w0 = 0 in Eq. (20.1). In classical piezoelec-
tricicty, the stiffness relation, for mechanical load, is then reduced
to:

P
a
¼ 2

p
C�1w

Utilization of the Eq. (20.1) to determine the flexoelectric coeffi-
cient requires load–displacement data as a function of contact ra-
dius. We performed nanoindentation experiments on two
materials. The first one is (001) oriented BaTiO3 single crystal
(5 	 5 	 1 mm) (Sun and White (2008)), and the second one is
quartz single crystal (z-cut, 10 	 10 	 0.5 mm)—both obtained
from MTI Corporation, Richmond, CA. Quartz is expected to have
negligible flexoelectricity (at least compared to BaTiO3) and thus
was chosen to provide a benchmark. A series of nanoindentations
with a Berkovich indenter were performed on each sample using
a commercial nanoindentation system with the continuous stiff-
ness measurement (CSM) option (Nanoindenter XP, MTS Nano
Instruments, Oak Ridge, TN). The indentation load was applied
at a constant strain rate of 0.05 s�1 until the maximum displace-
ment into surface was reached. By superimposing a small sinusoi-
dal oscillation on the quasistatic primary loading force and
analyzing the dynamic response of the indentation system, the
CSM option allows a continuous measurement of contact stiffness
during the entire loading, not just at the point of initial unloading
as in the traditional measurement (Oliver and Pharr (1992), Hay
and Pharr (2000)).

In the case of purely mechanical loading, it is shown in
Karapetian et al. (2002) paper that for axisymmetric indenters
(i.e., circular contacts) on transversely isotropic piezoelectric
materials, the contact stiffness is independent of the indenter
geometry and is given by,

s ¼ 2
C�1
p

a

where C�1 is the indentation elastic stiffness for the piezoelectric
indentation problem, and a is contact radius. The linear relation
between contact stiffness and contact radius is identical to the
case of indentation on elastically isotropic half spaces shown by
Oliver and Pharr (1992) if we replace C�1 by pEr, where Er is the
reduced elastic modulus. This stiffness relation was derived for
an axisymmetric indenter (circular contacts), however, it has
been shown that it works well even for the non-axisymmetric
indenters (Oliver and Pharr (1992), Hay and Pharr (2000)). To ob-
tain contact stiffness versus contact radius curve (s-a curve) for a
circular flat indenter, various indenter radii should be used. How-
ever, considering the geometry-independent stiffness relation in
the case of purely mechanical loading and with the CSM option
of our nanoindentation system, the s-a curve for circular flat in-
denter can be experimentally obtained in one sample experiment
with a conical or a pyramidal indenter. Since it is difficult to
manufacture and maintain a conical indenter with a sharp tip,
the reliable data in the small-scale cannot be readily obtained.
Therefore, we adopted a sharp Berkovich indenter (three-sided
pyramid, the tip radius 
50 nm) at the expense of well-defined
contact radius. The area function of the indenter tip, A = f(hc)
was carefully calibrated using the standard procedure, (Oliver
and Pharr (1992), Hay and Pharr (2000)), where hc is the contact
depth. Although the projected contact area is not circular for the
Berkovich indenter, the effective contact radius is calculated from
the contact area by pa2 = f(hc).

4. Results and discussions

The contact stiffness versus contact radius curves for BaTiO3

and quartz are shown in Figs. 2 and 3, respectively. Fig. 2 illustrates
experimental data s = f(a) for both BaTiO3 and quartz as well as
what theoretical results based on pure piezoelectricity would pre-
dict (i.e., without flexoelectricity).



Fig. 3. Variation of the contact stiffness as a function of contact radius (in
logarithmic scale). Experimental results for both BaTiO3 and quartz are plotted
along with the results from the fitted flexoelectric model and classical piezoelec-
tricity based models.
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According to Fig. 2, the contact stiffness vs. the indenter con-
tact radius experimental curve exhibits a linear variation for the
case of quartz. Consequently, we can conclude that quartz exhib-
its no size-effect and that classical piezoelectricity describes its
behavior adequately. In other words, the order of magnitude of
the flexoelectric coefficients for quartz is very low that no size
effects can be observable (at least in the contact sizes investi-
gated). On the other hand, it is clear that BaTiO3 exhibits a
marked size effect. The experimental results described by the
blue dots shows a deviation with respect to the red line repre-
senting the classical piezoelectric model. Therefore the size-ef-
fect, in conjunction with Eq. (20.1) allows a determination of
the flexoelectric constant. The parameter qBaTiO3

1 represents the
ratio of the flexoelectric order of magnitude and the average pie-
zoelectric coefficients. It is worthwhile to note that, the amount
of deviation between flexoelectric and purely piezoelectric model
essentially depends on qBaTiO3

1 .
Fig. 3 shows that, for Barium Titanate, qBaTiO3

1 � 2	 10�7 m. It is
important to note that our flexoelectric model exhibits the same
variation as the piezoelectric model for contact radius bigger than
5 lm. Also, we note that for contact radius a smaller than 10�7 m
ignoring higher order terms in Eq. (7) might affect our results (at
that point, the assumptions of our perturbation theory may be-
come questionable). However, since our results still correspond
well with experimental data even for contact radii smaller
than10�7 m, we tentatively conclude that even for q slightly larger
than 1, our model remains valid—Further details about this issue
are discussed by Holmes (1995, pp. 91–94) where in certain per-
turbation problems (despite expectations to the contrary) the
approximate results emerge to be surprisingly correct. Our final
estimate is f BaTiO3

12 � 4	 10�6 C=m which is in good agreement with
experimental results, found by other groups using bending exper-
iments (Cross, 2006).

The present work highlights two important aspects: (i) Flexo-
electricity is the cause of a significant indentation size-effect in
BaTiO3, (ii) indentation experiments may be used to provide
estimates for flexoelectric behavior. Our approach may be fur-
ther refined to provide information on multiple components of
the flexoelectric tensor. A reasonable question to ask is whether
dislocations (or perhaps domain nucleation or domain wall mo-
tion) are the cause of observed size-effect rather than flexoelec-
tricity? We do not believe that dislocations play a major role in
the observed size-effect. Both quartz and BaTiO3 are expected to
exhibit ‘‘similar” dislocation behavior however the latter (simply
based on its high dielectric constant) is expected to have a much
larger flexoelectric response). As evident, quartz showed negligi-
ble size-effect in the contact sizes investigated. The role of do-
main walls is trickier to unravel. The contact size is wholly
located within a single domain however this does preclude
new domains being nucleated. Therefore, it may be very well
possible that the flexoelectric constant that we estimate contains
both an intrinsic part as well an extrinsic part due to domain
wall behavior (e.g. see, Damjanovic, 2005 and references therein
for piezoelectric behavior). If that is the case, given the good
agreement with bending experiments, the same must hold for
the latter. Finally, having independently confirmed experimental
results of other groups using a completely different approach,
the discrepancy between experimental results and those of
atomistic predictions can be considered to be definite—in other
words, the discrepancy is not a peculiarity of experimental
method or simulation approach and is intrinsic and remains a
puzzle to this date.
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Appendix A

This Appendix summarizes the results of Karapetian et al.
(2005) and their notation is retained. We consider transversely
isotropic material property variation (for elastic constants (N/
m2), piezoelectric coupling (C/m2) and dielectric permeabilities
(F/m)). The linear constitutive equations have the following
forms:

rxx ¼ C11
@ux

@x
þ ðC11 � 2C66Þ

@uy

@y
þ C13

@uz

@z
þ d31

@w
@z

;

ryy ¼ ðC11 � 2C66Þ
@ux

@x
þ C11

@uy

@y
þ C13

@uz

@z
þ d31

@w
@z

;

rzz ¼ C13
@ux

@x
þ C13

@uy

@y
þ C33

@uz

@z
þ d33

@w
@z

;

rxy ¼ C66
@ux

@y
þ @uy

@x

	 

;

ryz ¼ C44
@uy

@z
þ @uz

@y

	 

þ d15

@w
@y

;

rzx ¼ C44
@ux

@z
þ @uz

@x

	 

þ d15

@w
@x

:

ðA:1:1Þ

For electric displacements:

Dx ¼ d15
@ux

@z
þ @uz

@x

	 

� a11

@w
@x

;

Dy ¼ d15
@uy

@z
þ @uz

@y

	 

� a11

@w
@y

;

Dz ¼ d31
@ux

@x
þ @uy

@y

	 

þ d33

@uz

@z
� a33

@w
@z

:

We write equilibrium equations @rij/@xi = 0 and the equation of
electrostatics @Di/@xi = 0 for transversely isotropic material as
follows:

C11
@2ux

@x2 þ C66
@2ux

@y2 þ C44
@2ux

@z2 þ ðC11 � C66Þ
@2uy

@x@y

þ ðC13 þ C44Þ
@2uz

@x@z
þ d31 þ d15ð Þ @

2w
@x@z

¼ 0;
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C66
@2uy

@x2 þ C11
@2uy

@y2 þ C44
@2uy

@z2 þ ðC11 � C66Þ
@2ux

@x@y

þ ðC13 þ C44Þ
@2uz

@y@z
þ ðd31 þ d15Þ

@2w
@y@z

¼ 0; ðA:1:2Þ

C44
@2uz

@x2 þ
@2uz

@y2

 !
þ C33

@2uz

@z2 þ ðC44 þ C13Þ
@2ux

@x@z
þ @2uy

@y@z

 !

þ d15
@2w
@x2 þ

@2w
@y2

 !
þ d33

@2w
@z2 ¼ 0;

d15
@2uz

@x2 þ
@2uz

@y2

 !
þ d33

@2uz

@z2 þ ðd15 þ d31Þ
@2ux

@x@z
þ @

2uy

@y@z

 !

� a11
@2w
@x2 þ

@2w
@y2

 !
� a33

@2w
@z2 ¼ 0:

To solve the previous equilibrium equations, we introduce the fol-
lowing complex notations for displacements, ui, stresses, rij, electric
potential w and electric displacements Di

u � ux þ iuy; uz; w; D � Dx þ iDy; Dz;

r1 � rxx þ ryy; r2 � rxx � ryy þ 2irxy; rzz; sz � rzx þ iryz:

ðA:2Þ
To simplify the understanding of the derivations we also introduce
the following expressions:

a�j ¼ C44 1þm�j
� �

þ d15k�j ; b�j ¼ d15 1þm�j
� �

� a11k�j ðj ¼ 1;2;3Þ:

ðA:3Þ
Constants m�j and k�j are defined by the following relations (j = 1, 2, 3):

m�j ¼
C11c�

2

j � C44

� �
a33 � c�2

j a11

� �
þ c�2

j ðd15 þ d31Þ2

d33 � c�2

j d15

� �
d15 þ d31ð Þ þ C13 þ C44ð Þ a33 � c�2

j a11

� � ;
k�j ¼

C11c�
2

j � C44

� �
d33 � c�2

j d15

� �
� c�2

j d15 þ d31ð ÞðC13 þ C44Þ

d33 � c�2

j d15

� �
d15 þ d31ð Þ þ C13 þ C44ð Þ a33 � c�2

j a11

� � ;

ðA:4Þ

where c�2

j ¼ kj are roots of the following cubic equation:

Ak3
j � Bk2

j þ Ckj � D ¼ 0; ðA:5Þ

where A, B, C and D are defined as follows:

A ¼ C11 C44a11 þ d2
15

� �
;

B ¼ C44 C11a33 þ d15 þ d31ð Þ2
h i

þ a11 C11C33 þ C2
44 � C13 þ C44ð Þ2

h i
þ 2d15 C11d33 � ðC13 þ C44Þðd15 þ d31Þ½ � þ C44d2

15;

C ¼ C33½C44a11 þ ðd15 þ d31Þ2� þ a33½C11C33 þ C2
44 � ðC13 þ C44Þ2�

þ 2d33 C44d15 � ðC13 þ C44Þðd15 þ d31Þ½ � þ C11d2
33;

D ¼ C44 C33a33 þ d2
33

� �
:

ðA:6Þ

The results for (A.5) are:

C44 þm�j ðC13 þ C44Þ þ k�j ðd15 þ d31Þ
C11

¼
m�j C33 þ k�j d33

m�j C44 þ ðC13 þ C44Þ þ k�j d15

¼
m�j d33 � k�j a33

m�j d15 þ ðd15 þ d31Þ � k�j a11
¼ c�2

j � kj; c�4 ¼

ffiffiffiffiffiffiffi
C44

C66

s
: ðA:7Þ
The following clusters of the piezoelectric constants are defined:

H� ¼ 1

2p d2
15 þ c44a11

� �P3
j¼1

a�j a�j =c�
2

j

� � ¼ � 1

2p
P3
j¼1

a�j N�j

;

N�1 ¼
a�3b

�
2

c�3
� a�2b

�
3

c�2
; L�1 ¼

a�3a�2
c�3
� a�2a�3

c�2
;

a�1 ¼ c�1 ð1þm�2Þk
�
3 � 1þm�3

� �
k�2

� �
; 1! 2! 3! 1

and

C�1 ¼ �
1
B�
X3

j¼1

k�j
c�j

L�j ; C�2 ¼
1
B�
X3

j¼1

k�j
c�j

N�j ;

C�3 ¼
1
B�
X3

j¼1

m�j
c�j

L�j ; C�4 ¼ �
1
B�
X3

j¼1

m�j
c�j

N�j ;

B� ¼ H�
X3

j¼1

m�j
c�j

N�j
X3

i¼1

k�i
c�i

L�i �
X3

j¼1

m�j
c�j

L�j
X3

i¼1

k�i
c�i

N�i

" #
:

ðA:8Þ
Also, we define the following geometric relations (j = 1,2,3):
2l1jðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ qÞ2 þ z2

j

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� qÞ2 þ z2

j

q
;

2l2jðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ qÞ2 þ z2

j

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� qÞ2 þ z2

j

q
;

zj ¼ z=c�j :

ðA:9Þ

The solution of the system (A.1.2) is presented as a superposition of
the fields in two sub-problems. The first problem is solved under
purely mechanical boundary conditions and the second problem
is solved under purely electrical boundary conditions.

For the purely mechanical problem:
u ¼ �2wH�

p
X3

j¼1

N�j C�1 þ L�j C�2
h i aei/

q
1�
ða2 � l2

1jÞ
1=2

a

" #
;

uz ¼ �
2wH�

p
X3

j¼1

m�j
c�j

N�j C�1 þ L�j C�2
h i

arcsin
a
l2j

	 

;

w ¼ �2wH�

p
X3

j¼1

k�j
c�j

N�j C�1 þ L�j C�2
h i

arcsin
a
l2j

	 

ðA:10Þ
For z = 0 and q � a the following holds:
rzzðq;0Þ ¼ �
C�1w

p2ða2 � q2Þ1=2 ;

Dzðq;0Þ ¼
C�2w

p2ða2 � q2Þ1=2

ðA:11Þ
For the purely electrical problem:
u ¼ �2w0H�

p
X3

j¼1

N�j C�3 þ L�j C�4
h i aei/

q
1�

a2 � l2
1j

� �1=2

a

264
375;

uz ¼ �
2w0H�

p
X3

j¼1

m�j
c�j

N�j C�3 þ L�j C�4
h i

arcsin
a
l2j

	 

;

w ¼ �2w0H�

p
X3

j¼1

k�j
c�j

N�j C�3 þ L�j C�4
h i

arcsin
a
l2j

	 

ðA:12Þ
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For z = 0 and q � a it can be shown that:

rzzðq;0Þ ¼ �
C�3w0

p2ða2 � q2Þ1=2 ;

Dzðq;0Þ ¼
C�4w0

p2ða2 � q2Þ1=2 :

ðA:13Þ

We integrate the previous normal stress and electric displacement
(Eqs. (A.11) and (A.13)), at z = 0 over the contact area:

P ¼ �2p
Z a

0
rzzðq;0Þqdq;

Q ¼ 2p
Z a

0
Dzðq;0Þqdq:

ðA:14Þ

We finally obtain:

P ¼ 2aC�1w
p

þ 2aC�3w0

p
;

Q ¼ 2aC�2w
p

þ 2aC�4w0

p
:

ðA:15Þ

The previous expressions inter-relate applied concentrated force P,
concentrated charge Q, indentation depth w and tip potential w0.

Appendix B

The solutions for the inner system under the inner boundary
conditions are:

For purely mechanical problem:

uinner
x ¼ �signðnÞ w

p2a
F1ðzÞ cosð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e�Ai jnj þ F2ðz;/Þ;

uinner
y ¼ �signðnÞ w

p2a
F1ðzÞ sinð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e�Ai jnj þ F3ðz;/Þ;

uinner
z ¼ � w

p2a
d15

C44
F1ðzÞe�Ai jnj þ F4ðzÞ;

winner ¼ w
p2a

F1ðzÞe�Ai jnj þ F5ðzÞ

ðB:1Þ

For purely electrical problem:

uinner
x ¼ �signðnÞ w0

p2a
F6ðzÞ cosð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC44a11 þ d2

15Þ
C11C44

s
e�Ai jnj þ F7ðz;/Þ;

uinner
y ¼ �signðnÞ w0

p2a
F6ðzÞ sinð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44a11 þ d2

15

� �
C11C44

vuut
e�Ai jnj þ F8ðz;/Þ;

uinner
z ¼ � w0

p2a
d15

C44
F6ðzÞe�Ai jnj þ F9ðz;/Þ;

winner ¼ w0

p2a
F6ðzÞe�Ai jnj þ F10ðz;/Þ;

ðB:2Þ

where Fi(z,/), (i = 2,3,7,8) and Fi(z), (i = 4,5,9,10) are functions
determined by satisfying (14). F1(z) and F6(z) are functions that
we are not able to express explicitly but satisfy the normal displace-
ment and potential boundary conditions in (12) and (13): F1(0) = 0
and F6(0) = 0. Remaining boundary conditions related to stress sinner

z

and rinner
zz and electric displacement Dinner

z are satisfied to the first
leading order.
Fiðz;/Þ ; ði ¼ 2;3;7;8Þ and FiðzÞ; ði ¼ 4;5;9;10Þ
are defined as follow :

F2ðz;/Þ ¼ �
2wH�

p
cosð/Þ

X3

j¼1

N�j C�1 þ L�j C�2
h i

	 1�
4a2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ z2

j

q
� zj

� �2
	 
1=2

2a

26664
37775;

F3ðz;/Þ ¼ �
2wH�

p
sinð/Þ

X3

j¼1

N�j C�1 þ L�j C�2
h i

	 1�
4a2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ z2

j

q
� zj

� �2
	 
1=2

2a

26664
37775;

F4ðzÞ ¼ �
2wH�

p
X3

j¼1

m�j
c�j

N�j C�1 þ L�j C�2
� �

arcsin
2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4a2 þ z2
j

q
þ zj

0B@
1CA;

F5ðzÞ ¼ �
2wH�

p
X3

j¼1

k�j
c�j

N�j C�1 þ L�j C�2
� �

arcsin
2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4a2 þ z2
j

q
þ zj

0B@
1CA;

F7ðz;/Þ ¼ �
2w0H�

p
cosð/Þ

X3

j¼1

N�j C�3 þ L�j C�4
h i

	 1�
4a2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ z2

j

q
� zj

� �2
	 
1=2

2a

26664
37775;

F8ðz;/Þ ¼ �
2w0H�

p
sinð/Þ

X3

j¼1

N�j C�3 þ L�j C�4
h i

	 1�
4a2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ z2

j

q
� zj

� �2
	 
1=2

2a

26664
37775;

F9ðzÞ ¼ �
2w0H�

p
X3

j¼1

m�j
c�j

N�j C�3 þ L�j C�4
� �

arcsin
2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4a2 þ z2
j

q
þ zj

0B@
1CA;

F10ðzÞ ¼ �
2w0H�

p
X3

j¼1

k�j
c�j

N�j C�3 þ L�j C�4
� �

arcsin
2affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4a2 þ z2
j

q
þ zj

0B@
1CA
ðB:3Þ

and

Ai ¼ 1
d�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11ðd2

15 þ C44a11Þ
C44

s
: ðB:4Þ
Appendix C

We denote F 01ð0Þ ¼ aflex; F 06ð0Þ ¼ bflex. Both aflex and bflex are
essentially integration constants and their determination is not
something that appears to be possible within the scope of pertur-
bation approach. Their estimation is discussed in Appendix D.

Then, constants f �1 ; f
�
2 ; f

�
3 and f �4 introduced in (18) and (19) have

the following expressions:

f �1 ¼ aflex ðC44d33 � C33d15Þ
C44

; f �2 ¼ aflex ðd15d33 þ C44a33Þ
C44

;

f �3 ¼ bflex ðC44d33 � C33d15Þ
C44

; f �4 ¼ bflex ðd15d33 þ C44a33Þ
C44

ðC:1Þ



Fig. 4. Variation of the normal polarization for variable radial parameter q for
BaTiO3.
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For our calculations, we use the following elastic stiffness coeffi-
cients, piezoelectric coefficients and dielectric permeabilities for Ba-
TiO3 (Giannakopoulos and Suresh, 1999):
Parameter C
11 C
33
 C44 C
12 C
13 d
31
 d33
 d15 a
11 a
33
BaTiO3 1
66.0 1
62.0
 42.9 7
6.6 7
7.5 �
4.4
 18.6
 11.6 1
1.1 1
2.5
where Cij in (GPa), dij in (C/m2) and aij in 10�9 (F/m). Then, we
obtain

d� ¼ 11:5333 C=m2 and Ai
BT ¼ 4:2226: ðC:2Þ
Appendix D

In order to estimate aflex and consequently f �1 for the case of
Barium Titanate, a numerical calculation was performed using
FEMLAB software. A 2D punch problem is solved taking into ac-
count flexoelectricity. For this particular simulation, we set the pie-
zoelectric constants to zero since estimation of aflex should be
unaffected by this. Plotting normal polarization obtained via the
FEM model and via theoretical work, we obtain Fig. 4.

It is shown from Fig. 4 that our theoretical results are in a very
good agreement with those found based on the numerical FEM
model when taking aflex � 4 	 109 N/C. Now based on (C.1) rela-
tions, we find that f �1BT � �9	 1011 N=m2.
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