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Abstract

An elementary proof is given, to show that the quartic form X+ X + X+ X cannot be
written as a sum of three squares of real quadratic forms.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Reznick [3] conjectured that in the polynomial ring 4 := R[X|,Xs,...,X5] in 2¥
indeterminates, the length of the form
ok ok 2ok
Sk .:Xl +X2 +"‘+X2[¢
is 2%, i.e., the form S :Zizil Xizk cannot be written as a sum of fewer than 2% squares

of homogeneous polynomials over R. This conjecture is evidently true for £ = 1. Yiu
[5] establish its validity for k& = 2:

Theorem 0 (cf. Yiu [5]). The quartic form X} + X3 + X5} + X} cannot be written as
a sum of three squares of real quadratic forms.

The proof of the above theorem in [5] is a geometric argument. The purpose of this
note is to give an elementary proof.
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2. The length of forms in R[ X}, X5, ..., X,]

Let 4,, := R[X},X>,...,X,] be the polynomial ring over R in m indeterminates. The
forms in A,, mean homogeneous polynomials in A4,,.

Given that a non-zero form f in 4,, is a sum of squares of forms in 4,,, the length
I(f) of f in A, is defined as the smallest n€ N such that f = >, f?, where

f1, f25---, fn are forms in A4,,; if =0, we define I(f):= 0 and if f is not a sum of
squares of forms in 4,, then we define /(f) := cc.

Remark (cf. Scharlau [4, Theorem 4.3.4]). Let f be a quadratic form in 4,, and f=
f+X2.,. Then the length of f in A,y is I(f) + 1.

It is a motivation for us to consider the length of f + X} 11 in Ay = Ap[Xni1],
where f is a quartic form in A4,,.
Clearly, I(f) < I(f + X ) < I(f)+ 1.

Example. Let [ := (X} + X)X} + X7 + X?) € R[X1,X2,X3] = 45. Then I(f +X})=
3=1(f).

Proof. It follows from f = (X7 + X7)* + (X1.X3)* + (X2X;3)? that I(f) < 3. Suppose
that /(f) < 3. Then f = g*> + h* for some forms g,k € A3. Since in R(X}, X5, X3)

/

X+ X7+ X7 = =
Xt + X3

1 2
[(gXy + hX>)? X> — hX1)*],
<X12+X22> [(gX1 + hX>)”™ 4 (9X> 1)1

then X? + X7 + X7 is a sum of two squares in the quotient field R(X},X5,X3) of
R[X1,X2,X3]. By [1], Corollary to Theorem A, X7 + X3 + X7 is a sum of two squares
in R[X), X3, X3], but this is impossible. Therefore, /( f) = 3.

From

X = (V22X X+ X0X ) + (V2XoXs — XiX5)? + (XE + X7 — X7)?
it follows that I(f +X;)=3=1I(f). O

In the above example, f = (X7 + X7 )(X? + X7 + X7) is reducible in R[X}, X5, X3].
Our main result is:

Theorem 1. Let [ be a quartic form in A, = R[Xy,....Xu]. If I(f)=3 and f is
irreducible in A, then the length of f —Q—X,;‘Hl in Apyr is 4=1(f)+ 1.

To prove the above theorem, we need the following lemma.

Lemma 2. Let f be a quartic form in A,, with length I(f)=n > 1. Then the length
oferX,ﬁ+1 in Apy1 is n if and only if there exist U = (ay,...,a,—1) and V :=
(b1y....,b,—1) in A", where a; are quadratic forms and b; are linear forms,
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such that
f=WU-U)+iv vy and U-V=0.
where U -V := a\by +axby + -+ + a,_1b,—1.

Proof. If /(f + X, ,)=n, then there is an equation

f+X m+1 = pl+---+ p?, for some quadratic forms p; € A, .
We may write p; = a; + biXur1 + c,Xm +1» Where a; are quadratic forms in 4, b; are
linear forms in A4,, and ¢; € R.
Set Uy := (ay,...,a,), Uy :=(by,...,b,) and U, := (cy,...,c,). Comparing coefficients
of the above equation we get the following system of equations in A4,,:

f=Uo-Uy, 2U-Up=0, 20, -Uy+ U U =0,

2U2-U1:0, U2'U2:1. (*)

Since U, - U, =1, there is an orthogonal transformation which maps the vector U, to
(0,...,0,—1) (cf. [2]). Therefore, we may assume that U, = (0,...,0,—1).
Set U :=(ay,...,an—1) and V := (by,...,b,—1). Then (*) reduces to

f=U-U+da, U-V=0, 2a,=V-V, b,=0.
Therefore,
f=U-U)+i( vy

Conversely, assume there exist U = (ay,...,d,—1), V = (b1,...,by,—1) in A"mfl,
where a; are quadratic forms and b; are linear forms, such that

f=U-U+LV-Vy and U-V=0.

4) =

Hence n=I(f) < I(f+ X, )=nand I(f+X,. )=n O

Then we may write

n—1 2

f+ m+1_Z(al+me+l) +
i=1

Theorem 3. Let [ be a quartic form in R[Xy,...,X,]. If the length I(f) =2, then
I(f+Xp)=3=1/)+1.

Proof. Suppose that /(f + X, +1) < 3. By Lemma 2 there exist a quadratic form a;
and a linear form b; in 4,,, such that f = al —|— b4 and a;b; =0, which implies a; =0
or by =0, a contradiction. Therefore, /(f + X 1)_ I(H+1. O

Proof of Theorem 1. Suppose that /(f + X, .,) <4. Then I(f + X, ) =I(f)=3
because of /(f)=3 < I(f+X,,,) <I(f)+1=4. By Lemma 2, there exist quadratic
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forms a;,a, and linear forms by, b, in A4,,, such that
f=a+a+ 30+ ) (1
and

arby + ayby = 0. (2)
Claim. There is no (0,0) # (w1, 12) € R? such that wby + uyby # 0.

Proof. Suppose that there exists some (0,0) # (u1, i) € R* with by + by =0. We
may assume that y; # 0. From (2) it follows that a)(—pa/ui1b2) + axb, = 0, which
implies that b, =0 or a, = wp/pa;.
If b, =0, then a;b; =0 by (2), which yields that /() < 2, a contradiction.
If a; = wp/pyay, then
M% LT 242
f= (1+2)a, + —(by + by)".
I 4
Thus /() < 2, this is a contradiction. Hence, our claim has been proved. [J

Proof of Theorem 1 (Conclusion). Multiplying both sides of (1) by 5?7, we obtain
Sbi = aibi + @bt + 3(b + b3)°b7.

From (2) it follows that:
4fbt = 4(—arby)* + 4azbi + (b1 + b3)*bt = (bt + b3)(4a3 + b} + bib3).  (3)

Since f is irreducible then f|(b? + b3) or f|(4a3 + bt + b3b3). But deg(b? + b3) =
2 < deg(f)=4 then f|(4a3 + b} + b3b3), i.e., there exists some 0 # /€ R such that

f=A4a3 + b + bib3). (4)
From (3) and (4) it follows that 4b2) = (b} + b3), ie., (41 — 1)b? = b3. Thus
4)A—1 > 0 and by=v/4/ — 1b;=0. This is a contradiction to the above claim. Therefore,
I(f+Xp)=4 O

3. Proof of Theorem 0
Lemma 4. If m > 3 then the form p,, 2=X14+- <+ X4 is irreducible in C[X,...,X,].

Proof. We proceed by induction on m.

m=3: Since X}! + X;' =[].cc (X1 — EX2), the form p; is irreducible by Eisen-
stein’s criterion.

m — m+ 1: AS pui1 = pn + X, and p, is irreducible, i.c., prime, then by
Eisenstein’s criterion again, p,. is irreducible. [J

Proof of Theorem 0. It is easily seen that the length of X{*+X;' is 2. From Theorem 3 it
follows that the length of X}'+X5'+X; is 3. By Lemma 4, we get that X{+X' + X3 + X}
is irreducible. Hence, the length of X' + X5} + X3’ + X} is 4 by Theorem 1. [
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