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1. Introduction

In this paper, we are concerned with the existence and uniqueness of solutions for the fractional differential equation

DG u(t) +r°Dy; 'u(t) = f(t, u(®), te(0,1) (1.1)
with the boundary value conditions

u@ =u(®), u@ =n §&e(01), (1.2)
where “DZ, and “Djj; ' are the standard Caputo derivative with 1 < & < 2,and r # 0.

Recently, differential equations of fractional order have proved to be valuable tools in the modeling of many phenomena
in various fields of science and engineering. Indeed, we can find numerous applications in viscoelasticity, electrochemistry,
control, porous media, electromagnetism, etc. (see [ 1-5]). There has been a significant development in the study of fractional
differential equations and inclusions in recent years; see the monographs of Kilbas et al. [6], Lakshmikantham et al. [7],
Podlubny [4], Samko, et al. [8], and the survey by Agarwal et al. [9]. For some recent contributions on fractional differential
equations, see [9-22] and the references therein.

However, no contributions exist, as far as we know, concerning the existence of solutions for problem (1.1)-(1.2). Since
the boundary value condition u(0) = u(1) in (1.2) involves the periodicity, we cannot expect to transform problem
(1.1)-(1.2) into integral equations directly as in the literature mentioned above. So we shall introduce a suitable substitution
of the variable to overcome the difficulty. By using the contraction mapping principle and the Schauder fixed point theorem,
the existence and uniqueness of solution (1.1)-(1.2) are obtained.
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Another important contribution of the present paper is Lemma 2.6 in this paper, which can be employed conveniently
in seeking the solvability of fractional differential equations in order to transform fractional differential equations into
integral equations. Therefore, Lemma 2.6 in this paper is a valuable tool. Previously, Shugin Zhang obtained a result similar to
Lemma 2.6 (see Lemma 2.3 in [17]). In recent years, Zhang’s Lemma 2.3 has been used in a great deal of literature. However,
the conditions in Zhang’s Lemma 2.3 are not clear, in other words, Zhang has not definitely given any condition in his Lemma
2.3. In addition, Zhang has not given a clear proof for Lemma 2.3 in [17]. In fact, in order to guarantee that the conclusions
in Zhang's Lemma 2.3 are true, certain extra conditions are necessary. In the present paper, we definitely put forward the
conditions to ensure that the conclusion in Lemma 2.6 (or in Zhang’s Lemma 2.3) is true, and give a clear proof.

The organization of the paper is as follows. In Section 2, we present some necessary definitions and preliminary results
that will be used to prove our main results. The proofs of our main results are given in Section 3. Finally, we will give two
examples to demonstrate our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper.
Let N be the set of positive integers, and R be the set of real numbers.

Definition 2.1 (/6]). The Riemann-Liouville fractional integral of order @ > 0 of a functiony : (a, b] — R is given by

1 t
I, y(t) = @ / (t —s)* y(s)ds, t e (a,b].

Definition 2.2 ([6]). The Riemann-Liouville fractional derivative of order « > 0 of a functiony : (a, b] — R is given by

o ooy d\" [* ¥y
Da+J’(t) = m (a) j md& t € (a, b],

where n = [«@] + 1, [«] denote the integer part of «.

Definition 2.3 (/6]). The Caputo fractional of order « > 0 of function y on (a, b] is defined via the above Riemann-Liouville
derivatives by

n—1 _ (k)
DLy = (D‘;+ [y(t) - Z V@ (t— a)"D (x), xe€(a,bl,

|
k=0 k!

wheren = [a] + 1fora € N;n =« fora € N.

Lemma 2.1 ([6]). Let n be a positive integer, « € (n — 1, n]. If y € C"[a, b], then

n—1 _ (k)
02D =y — 3 P 0
k=0 :

holds on [a, b].
Lemma 2.2 ([6]).Let m e N, € (m— 1, m).If y € C™[a, b], then

crg o 1 R ARG)
Pad® = T =) / (= oo

holds on [a, b].

Lemma 2.3 ([6]). Let k € N, o > 0.If (DJy)(x) and (D‘;jf"y) (x) exist, then

(DD, y)(x) = (D2} *y) ().

Lemma24 ([6]).f« > 0,8 >0, + S > 1, then
U129 00 = (U5 Py (0

satisfies at any point on [a, b] for y € Ly(a,b), 1 < p < oo.

Lemma 2.5 ([6]). Let « > 0 andy € Cla, b]. Then
(CDg+Ig+J/) (X) = y(x)

holds on [a, b].
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The following lemma not only is fundamental in this paper, but also can be applied in other fractional differential
equations.

Lemma2.6. Letn € Nwithn > 2, o € (n—1,n],If y € C""![a, b] and CDg+y € C(a, b), then

n—1 (k)
0. D0 =y — Y

k=0

(x —a)

holds on (a, b).

Proof. If o = n, then noting that *D% Ly = y™ in this case, it is easy to verify that Lemma 2.6 is true. So, we need only give
the proofinthecasen — 1 < o < n.
By Definition 2.3, we have

n—=2 . (k)
D5y = (D‘;‘f [y(r)—zy k,(a)(r—a)"})(x), x € (a,b]

k=0

and

k=0

n=2 (k) (n—1)
=D§‘+[y(r) Zy ”(t— )}(x)—y()w (t—a)" 1K)

k=0 (n—1)!

y®(a) " y™(a) R
( [(t)—z t—af|) - (n_a)< —a) (2.1)
forany x € (a, b).

On the other hand, in view of Lemma 2.3, we have

n—=2 (k)
o o y(a)
DD 'y (x) = (DlDa ! |:y(t) — § i (t —a)"D *)

n—1 _ (k)
(DL y)(x) = (Df{+ [y(t) Zy (@ )(t —a) D )

k=0
n—=2 _ (k)
" y ( )
- (Da+ [y(t) D -9 D ®, xe€(ab). (22)
=0
From Lemma 2.2 and the fact thaty € C"~1[0, 1], we know that °DZ"'y € C[0, 1] and
y" ()
li D! li =0.
Jim (D5 = lim, F(n P / & —penrdt =0
Since “D%,y € C(a, b), itis easy to see that D% [y(t) — Yo y(k)(") (t —a) ] € C(a, b) from (2.1),and so, D'DZ" € C(a, b)

from (2.2). Consequently, it follows that

(1. DDy (x) = / (D y) (tydt
= (‘DY) — hm (CD“ y)(t)
= (‘D& '), xe€(ab).

From the above equality, keeping in mind that CDO‘ ly e ([0, 1], we can easily deduce that DlCDaJr y € L(a, c) for any
¢ € (a, b). Thus, by Lemma 2.4, it follows that

1¢.D'DI 'y (x) = (271, DD Ty (%) = (141D Ty (%), x € (a, b). (2.3)

Thus, by Lemma 2.1 and (2.3), we have

n—=2 _ (k)
(Ia chDa 1y)(x) y(x) — Z)’ (@)

k=0

x—a, xe(ab). (24)
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Note that the condition (CD‘; V) (%) € C(a, b) guarantees that (Dg, y)(x) and (Dfﬁfl) y)(x) exist on (a, b). So, by formula (2.1),
Lemma 2.3 and Definition 2.3, taking into account thaty € C"~![a, b], we have

n=2 (k) (n—1)
(CDZl+y)(x) — Dng_:l |:y(t) _ Z y (a) (t _ a)k:| (X) _ M(X _ a)n—a—l

— Kk I'(n—a)
(n—1)
_ y" () e
= [D'°DE yl(x) — m(x —a)" ' xe(ab). (2.5)
Thus, (2.5) together with (2.4) implies
y" V(@

(I2.°DLy)(x) = (12, D' D* 'y)(x) — I (6 — @) ()

(n—a)

2 (k) (n—1)
Z y¥(a) y (@) e
= y(X) — 2 k' (X — a)k — 7(,1 — 1)’ (X - a) 1

|
k=0 :

n=1 Gk
y¥(a) k
=ykx) — x—a), xe(ab).
yx) E P ( ) (a, b)
Then the proof is completed. O

Remark 2.1. Lemma 2.6 is not only an improvement of Lemma 2.1, but also a more convenient tool than Lemma 2.1 in
application (this is very important).

Consider the following boundary value problem of a fractional differential equation
Dy u(®) + Dy 'u(t) = h(t), te(0,1),
u@ =u(, u@=n §&e(1. (2.7)

We have the following lemma which plays an important role in the proof of our main results.

Lemma2.7. let 1 <a <2, heC[0,1],r #0.If u e C'[0, 1] is a solution of BVP (2.6) and (2.7), then v = ue' satisfies

. 1— er(t—é) 1 s , er(t—s) & s ,
i) =npe" + ——m—— ersds/ (s—1)* *h(t)dt — ———— e“ds/ (s —)* *h(r)dr
T e = nre—-n 0 r—1Jo 0
1 t S
+7/ ersds/ (s — )% 2h(v)dr, telo,1]. (2.8)
'a—-1) Jg 0

Conversely, If v is given by (2.8), thenu = ve™™ e C'[0, 1] and u is a solution of BVP (2.6) and (2.7).

Proof. Let u € C'[0, 1] be a solution of BVP (2.6) and (2.7). Then by Lemma 2.2, it is easy to see that CDgllu e C[0, 1]

because u' € C[0, 1], and so °DF, u € C(0, 1) from the relations “DZ, u = h(t) — r’D§;'uand h € C[0, 1]. Thus, by
Lemma 2.6, we have

I§,°Dg u(t) = u(t) — bo — byt, t € (0, 1) (2.9)
and

151Dy u(®) = u(t) — dq € (0, 1),
respectively.

Hence, in view of Lemma 2.4, it follows that
I§,°D5 () = Ig, 151D u(t) = /t u(s)ds —do — dit, t e (0,1). (2.10)
0
So, formulas (2.6), (2.9) and (2.10) imply
u(t) + r/ot u(s)ds = co+cit +Ig, h(t), te(0,1), (2.11)

where ¢y, ¢; € R,and I§, h(t) = ﬁ fO[(t —5)* h(s)ds, t € (0, 1).
Let p(t) = fot(t — 5)*2h(s)ds. Now we show that ¢ € C[0, 1].
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Indeed, for any given t € (0, 1), taking § > 0 witht + § € (0, 1), it follows from h € C[0, 1]and 1 < « < 2 that

t t+At
lp(t + At) — ¢(0)] < / ((t =) = (t + At — 5)* %) |h(s)|ds +/ (t + At —5)*7?|h(s)|ds
0 t

IA

m
71[%1 —(t+ ADYT 4+ 2(ADYT] (2.12)
holds for any At € (0, §), where m = maxs¢[o,1] |h(s)|. From (2.12), we conclude that lima;—, o4 ¢ (t + At) = ¢(t). Similarly,
we can obtain that lima;—o— ¢(t + At) = ¢(t). Thus ¢ € C(0, 1). In addition, it is easy to know that ¢ is continuous at
t =0, 1.S0 ¢ € C[0, 1]. Therefore, keeping in mind that v’ € C[0, 1], it follows from (2.11) that

d
u' () +ru(t) = cq + d—100‘+h(t)

— 22
=0+ —=—- F(a - / (t —s)* “h(s)ds, te][0,1]. (2.13)

Thus, setting v = ue™, from (2.13), we immediately have
V' (t) = cret + D / (t —s)*2h(s)ds, t € [0,1]. (2.14)
By integrating both 51des of(2.14) on [0, t], we have
€1 i 1 ‘ rs : a—2
v(t) =v0)+ —(€" - 1)+ — e®ds | (s—1t)* “h(r)dr, te]0,1]. (2.15)
r F(a — ]) 0 0
Since v(1) = e"v(0) by condition u(0) = u(1) (cf. (2.7)), formula (2.15) gives

0= ! / " / - 0" h(yd (2.16)
0)=—+ —-———— e’ds S—1T 7)dT. .

r (e’ — 1)F((X — 1) 0 0
Substituting (2.16) into (2.15), it follows that

() = Lt 4 1 /1 e“ds/s(s — 1)*2h(r)dt
r e —Dr'a—-1)Jo 0

t s
+ﬁ/o e“ds/o (s — 1) 2h(r)dr, te]o,1]. (2.17)

Furthermore, the condition u(E) = nin (2.7) implies that v(£) = ne’®. Thus, it follows from (2.17) that

— rs a—2
€1 =nr— @ — l)F(a — 1)/ dS/ (s —1)* “h(t)dt

re~Té
CERY
Now, substituting (2.18) into (2.17), we have the relation (2.8).

Conversely, assume that v is given by (2.8). By the previous proof, we know that ¢ = fot (t — s)*~2h(s)ds is continuous
on [0, 1] from the fact that h € C[0, 1]. Thus, by differentiating both sides of (2.8), we get

e“ds[ (s — 7)*2h(t)dr. (2.18)
0

t
V(t) = cre + (1 e /(t—s)"‘_zh(s)ds, t [0, 1], (2.19)
- 0

where c; is described as in (2.18), and so v € C'[0, 1]. Furthermore, formula (2.19) together with (2.8) and (2.18) ensure
that (2.17) holds on [0, 1], and

vE) =ne®,  u() = v(0)e". (2.20)
Letu = ve™™.Thenu’ € C[0, 1] from the fact that v € C'[0, 1]. Moreover it follows from (2.19) that
u+ru=c +I§;h(t), telo,1]. (2.21)
Thus, in view of Lemma 2.5, we have
DgT ' () + r°Dg Mu(t) = DTS Th(t) = h(t), t e (0, 1). (2.22)

Now, we show that CDg;lu’(t) = D%, u(t), t € (0, 1).
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In fact, owing to the fact that v’ € C[0, 1], 1 < o < 2, we have
“Dg, u(t) = [Df, (u(x) — u(0) — u'(0)x)](t)

u@© u'(0)

_ tl—ot
1—-—w) re-—ow

= [Dg ul(t) — T , te(,1) (2.23)

from Definition 2.3, and

D%, u](t) = ! AN tt =y (x)d
[Do, ul(t) = m <a) /0 (t —x) “ux)dx

1 d 2 ! 2—«a
@-2r2—a) <E> /o Hedit =

_ 1 d\? o2 tt g
= ot w i) [0+ [

;i (O)t]_a—l—/[(t )l—o( /( )d
F(Z—Ol)dt u A — X u (x)ax

1—

o
r2—aw)
11—« —a a—1,./
= mu(O)t + D3V ®1(0), te(0,1) (2.24)

from Definition 2.2.
Now, formulas (2.23) and (2.24) imply

—a 1 d ‘ 1-a,/
U(O)t + maw/o‘ (t —X) u (X)dx

1—a

[DZ, ux)1(t) = DL 'u/ (01(t) — _uo
o o r2-—a)

= [Dg " (' (x) — u'(0))](t)
= [Di "W 1), te ).
Thus, it follows from (2.22) that
Dy u(®) + DY 'u(®) = h(t), te(0,1).

On the other hand, formula (2.20) with u = ve™™ implies that u(0) = u(1) and u(§) = 7.
To summarize, u € C'[0, 1] is a solution of BVP (2.6) and (2.7). O

Finally, for the remainder of this section, we give some hypotheses which will be used in the paper.
(Hy) f € C([0, 1] x R, R), and there exists a constant L > 0 such that
If e, x) = f(t, )] < Lix -y

foreacht € [0,1] and all x,y € R, where L satisfies the condition: if r > 0, then L < Z(TEO;),',); ifr < 0, then
I(a)]r]
L < 2@r—1)"
(Hy) f € C([0, 1] x R, R), and there exists two nonnegative constants A, B such that

If(t, x)| < A+ Blx|

foreach t € [0, 1] and all x € R, where B satisfies the condition: if r > 0,then0 < B <

C(@)|r]
0<B< @1

Ir_.

ey ifr < 0, then

3. Main results
We are now in a position to state our main theorems.

Theorem 3.1. Assume (H;) holds. Then BVP (1.1)-(1.2) has a unique solution u withu € C'[0, 1].

Proof. We first introduce some notations. Let X = C[0, 1] be a Banach space with the usual norm ||ul|¢ = maxepo,17 {|u(t)|}.

We also equip the space X with the norm ||u||, = maXe[o,1] {|u(t)|e‘“}, where r is described as in (1.1)-(1.2). It is well
known that the norm ||u||, is equivalent to the norm ||u]|c.
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Denote the operator on X by

A rt 1—et8 e d a—2 —7yd
v = ne +( 1)F(a—l)/ s/(s )*“f(r,ve "M)drt

e't=%)

— m A erst/O (S — T)a_zf(f, ve_")dt

t s
+ ﬁfo e“ds/o (s — 1) 2f(r,ve )dr, tel0,1]. (3.1)

From (H;), the function f (t, v(t)e™™) is continuous on [0, 1] for any v € X. Clearly, the operator A maps X into X. In view of
Lemma 2.7, the operator A has a fixed point v € X if and only if u = ve™" is a solution of BVP (1.1)-(1.2) with u € C'[0, 1].
Therefore, we only need to seek a fixed point of operator A in X.

For any vy, vy € X, by (Hy), we have

If (s, v2()e™™) — f(s, vi(s)e™™)|

Llivy(s)e™ — vy(s)e™ "
Lilva = vill,, se<[0,1].

Thus, it follows from (3.1) that

L |1 et E)| rs a=2
L e e vlur[f ds/(s—r) d

+ er(t_@/' e“ds/ (s — )% 2dr —|—/ e“ds/ (s — r)"“zdr:|
0 0 0 0

Lijva — vl

< (01— O]+ e e — 1] + " —1]] (3.2)
r@)r|

forall t € [0, 1].
Hence, if r > 0, then from (3.2) and 0 < £ < 1, the following inequality

[(Avz — Avy) (D] < vy — villre"(1—e™), tel0,1]

T (or
holds. So, ||Av, — Avq ||y < ZL(Fl(;e):r) v — v1]l;. Moreover, ZL(Fl(;e):r) < 1 from hypothesis (H;).

- . 2Ll —1) 2Ll —1)
Similarly, if r < 0, then ||Avy — Avq||; < @ [Jlv — vq||; and @ 1

Hence, whether r > 0 orr < 0, we always conclude that the operator A has a unique fixed point v in X by the Banach
contraction principle. Then u = e~"v is a unique solution of BVP (1.1)-(1.2) with u € C'[0, 1] from Lemma 2.7. O

Theorem 3.2. Let (H,) holds. Then BVP (1.1)-(1.2) has at least one solution u withu € C'[0, 1].

—_ plt 2A(1—e" ") . 2A(" —1)
Proof. Letvo—ne .Take R > mlf!‘>00rR> Wlf!‘<0put9R {XGX ”U_UOHTSR}

Define the operator A as (3.1). We first show that Af2x C $2z.
In fact, by (H,), for any v € §2g, we have
[f (s, v(s)e™™)| < A+Blv(s)e™"| <A+ B|lv[l, <A+ BR, se€l0,1].

Thus, doing argument analogous to that of formula (3.2), we have

A R
(Ao — v (O] = 22X 11 = O] LD 14t 1], e [0, 1].
r()lr|

Therefore, if r > 0, then the following inequality

2(A+BR)(1—e™")

lAv — voll, <

- I'(a)r
_ 2A(1—e™")  2B(1— e‘r)R R
T T Trr ror

holds from (H;) and the choice of R.
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Similarly, if r < 0, then

2(A+BR)(e" — 1)
lAv — vollr <
I(a)]r|
2A(™ —1) 2B —1)
I ()]r] ()]
Thus A maps £2y into £2g.
Now, we show that A is completely continuous on £2z. In what follows, we will assume that r > 0; for the caser < 0,
the proof is similar.
Owing to the equivalence on the norms ||ul|, and ||u||c, we will give the proof in the case that X is equipped with the
norm ||uf|c.
First, from A2g C $2g, it follows that ||Av|c < ||Av||;e" < Re" forany v € £2g, and so {w|w € A§2g} is uniformly bounded.
Second, we show that A2 is equicontinuous.
Indeed, for any v € §2g, formula (3.1) implies

A ’ _ e rer(t o ed a—2 —Tyd
(A0) (O = e — nrm—n/T 5/6 D (r, ve e
rer(t v s o— 2 —rT
F(oe — 1) / ds/ (s—10) “f(r,ve "")dt
- _ oa—2 —rT
+ I / t =) “f(r,ve "")dr, tel0,1].
Thus, by (H,), it follows that
, . 3e"(A+BR)
[(Av)'(t)| < nre" + 71“(05) , telo,1].

Thus, A2 is equicontinuous. By the Arzela-Ascoli theorem, AS2; is relatively compact.

Finally, we show that A is continuous on £2;.

Let {v,} be an arbitrary sequence in 2z with ||[v, — v||c — 0(n — o0), v € 2. Then ||v, — v|; = 0(n — ©0), and
so, there exist two constants Dy, D, such that v(t)e™™ € [Dy, D;] and v,(t)e™™ € [Dy,D,],n = 1,2...foreacht € [0, 1].
Furthermore, the uniform continuity of f on [0, 1] x [Dy, D,] implies that for any ¢ > 0, there exists § > 0, when ever
|x1 — x2| < 8,%1, X2 € [D1, D,], the following inequality

If(t, x2) — f(t, x1)| < Ge (3.3)

holds for any t € [0, 1], where G = Zl(;(r“_)q)
Since v, — v, we have that there exists N > 1 such that the following inequality
(e ™ —v(t)e™| < 8
holds for all t € [0, 1] and n > N. Hence, by (3.1) together with (3.3), we have

e'(t=%)
[(Av, — Av)(t)| < F(GS 1)[ '/ “ds/(s )% %dt

+ 5 / e“ds/ (s — )% 2dr +/ e'sdsf (s — t)"“zdt:|
0 0 0 0

G
L E A AR RN A
I'(o)r
< 2% w1 teqo 1]
- I'()r ’ ’
foranyn > N.
Thus
1Ay — Avlle < =& — 1)
VUn — AV — =&
n c = 1_,( )

foranyn > N.

Summing up the above analysis, we obtain that A : 2 — £2g is completely continuous. Thus, by the Schauder fixed
point theorem, there exists a point v € £2z with v = Av. In view of Lemma 2.7, we know that u = e~ v is a solution of BVP
(1.1)-(1.2) with u € C'[0, 1]. This completes the proof. O
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Example 3.1. Consider the following boundary value problem

CD§+u(t) + rCD§+u(t) = h(t)sinu+g(t), te(0,1],
u@ =u(), u@)=n £&e(1,

wherer > 0and h, g € C[0, 1] with max¢(o,1j [h(t)| < %.

Let f(t,u) = h(t)sinu + g(t), t € [0, 1]. Then it is easy to see that the condition (H;) holds. Therefore, the boundary
value problem (1.1)-(1.2) has a unique solution by Theorem 3.1.

Example 3.2. Consider the following boundary value problem
3
2

D2, u(t) + rDZ, u(t) = h(t)%lu' Fg), te1],
u@ =u(, u@)=n £&e€(1),

wherer > 0and h, g € C[0, 1] with maX(o,1; [h(£)]| < 4(1{7?_,).

Letf(t,u) = h(t)%Iul + g(t), t € [0, 1]. Then it is easy to see that the hypothesis (H,) is satisfied, and so the boundary
value problem (1.1)-(1.2) has a solution by Theorem 3.2.
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