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ForewoRD

The impulse to this article originates from some ideas in R. Bellman’s
article, “A note on an inverse problem in mathematical physics,” in which he
uses continued fractions to solve a set of second order difference equations,
and points out that one can determine the coefficients of the equations from
spectral data and the representation of continued fractions.

The approach in the present paper was suggested to me by Professor
G. Borg, to whom I am in debt for support and advice.

To the differential equation y"(¢) 4+ (Ar(¢) — q(t)) ¥(t) = 0, there is a
corresponding difference equation of the form

il — R

7 = (i1 — M) Yirns h >0, gy and 7, are real,

i=12,..,n—1,

(1
Yiva —¥i
h - zz >

or in matrix notation

(;:i) - (1 + ;’:(qi+1 ~ M), B(Gina ‘1‘ ’\'i+1)) (;:) ,

( zm) = Cia(N) ( ;’) ,  wenote that det C; = 1 and that

Vi e = 1, —h(qi—)«r.-))
Pk 1 R g — M)

(5) = CaCoa =+ €G (%) = 500 ()
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468 ANDERSSON

By induction it is easy to show that S,(A) has the form

5= (s, 52

where S); and S, are polynomials of degree n in A and S,; and S,, are poly-
nomials of degree n — 1. Further we have det S,(A) = 1.
Now the following question arises: Starting from a given matrix

5= (52 52

where S;;(A) are polynomials in A with degrees as above, and where det
S,(A) = 1, is it possible to consider S,(A) as a solution matrix of a difference
equation of the form (1), that is can we write S,(3) = C,C,_, --* C,C, where

_ (1 + 70, hO; _
cW=_Ty"") Q=a—w
What is required to ensure that all 7, have the same sign ?

The following result will be proved. If Sy;(A) and Sy(A) have all zeroes
simple and real and if the zeroes of Sy;(A) separate the zeroes Sy, and vice
versa, that is

M <A <AL, k=12.,n
(AY denotes the k-th zero of S;;(A)) then there are uniquely defined matrices
Cy(») and

4= (gz I?a)

so that S,(A) can be written S,(A) = C,C,; -=- C;C 4.

Allr;i=1,2,..., n will have the same sign.

Nothing has to be assumed about the zeroes of Sy, and Sy, . However, the
determinant condition will be enough to ensure that all their zeroes are real
and simple and interlacing in the described sense.

We start with the following simple lemma:

Lemma 1. If in the equation (1) g;, 7; are real and all r; have the same
sign, then the polynomials of ‘S,(\) have redl zeroes.
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Proof.
Qi=¢q — My,
n—1 n-1
B — % = hQin Yi = 2 (i1 — %) Fin = Z hQin | i 1%
i=0 =0
n—1 n—1 n—-1 n-~1 )
Y ZaFin — 2 2l Fin —F) — L Pz = 3 Qi | yin |-
=0 im0 i=0 i=0
n~1 n~1 n-1
ZaFn = 2%Fo =Y N2 P=RY g Yera P =AY roalyen I )]
=0 i=0 i=0

Further, from

(%) — (S1>S1a) (20
Ay \Sy, Szz} \yo}

follows that the difference equation has a nontrivial solution with boundary
values y, = 0, 2, = 0 if and only if X is a zero of Sy;(}).
In the same way

S15(A) = 0 <> A is eigenvalue corresponding to the boundary

2, =0,

conditions g
2z, =0.

Sx(A) = 0 < A is eigenvalue corresponding to the boundary

conditions 3y =0,
=0.
Sa2(A) = 0 < A is eigenvalue corresponding to the boundary
conditions % % =0,
Yn=0.

Now if A is a zero of some of the polynomials S,(A) and if () is the corre-
sponding eigensolution then we have 2,7, — 2,5, =0, and takmg the imagin-
ary part of equation (2) we obtain

n—-1

Ima- Z i | Yin P=0=ImA =0,
i=0

Thus the zeroes of the polynomials are all real.

LeMMA 2. Let

(55, S
SO = (50, 5)
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where
(i) Det SQ) =1,
(i) Sy, and Sy, are polynomials of degree n,
(iii) Sy and S,y are polynomials of degree n — 1.
Now if

(a) the zeroes of Sy, and Sy, are all real and interlacing in the sense that
N <A <Ay fori=1,2,..,n—1, then

(b) the zeroes of S,y and Sy, are all real and interlacing,

(c) the zeroes of Sy, and Sy, are all real and interlacing,

(d) the zeroes of Sy, and Sy are all real and interlacing.

Proof. (b) Look at the interval (A%, ALy).

S118s; — S128un =1 = Slz()‘?) Szl()‘zl'l) = S12()\11'41r1) SZI(AE—I = —1

By our assumption Sy, changes sign exactly once in the interval (A}Y, Aj},),

which implies that S;4(A}") and Syy(A}L;) have different signs. It follows that
S;¢ has an odd number of zeroes on each interval (A}, A}},). But as the num-
ber of zeroes of Sy, can’t exceed n, S}, must have exactly one zero in each
interval (UL ARL)), 4 = 1, 2,0, 72 — 1. QE.D.

%

(c) and (d) are proved in a similar way.

In the same way, of course, one can prove that (b) = (a), (c) and (d) and
that (c) = (a), (b) and (d). However, (d) does not necessarily = (a), (b),
and (c).

LemMa 3. The same as Lemma 2 except that all polynomials are supposed
to have same degree. The proof is analogous.

Remark. We have the following general theorem of algebra. If P, and
P,, are polynomials of degree n and m, respectively, and with no common
factor then there are uniquely defined polynomials Q,,_; and Q,,_,, respec-
tively, such that P,,Q, ; — P,0,,; = 1. One also has

Pr(Qnr + AQ) Py) — PO + AQ) Pr) = 1
for all polynomials A(}).

Lemma 2 and the above remark then tell us that if S}; and S;, are given
with 7 real interlacing zeroes then Sy, and S, are uniquely determined by
the conditions: (i) det S =1 and (ii) the degree of Sy, and Sy, is n — 1.
Furthermore it follows that the zeroes of S;, and S, are all real and inter-
lacing (Lemma 2).



ON THE EFFECTIVE DETERMINATION OF THE WAVE OPERATOR 471

THeOREM 1. If there is given a matrix

0= (55 52)

with det S, = 1 and whose elements S;; are polynomials with interlacing zeroes
as described earlier, we can write in a unique way S, = C,C,_, ,..., C,C1 4
where

_ (1 + #0Q;, hQ; _({a b
€= h, T A_(O,I/a)’
O, =¢; — Ar;, and a and b are certain constants.

Proof. Suppose that the theorem is true for n <{p. Forn =p 41 we
introduce the following notations:

Spa() = (“1:+1)")Jrl + aA? - o, by AT - B ) _ (Su ) Sm)
P+l CA? + € AP e AP d AP ] TS, Sy,

If the theorem is true, then S, = C;},S,,; with

C—11 — ( 1, —Mgp1 — Mpin) \) )
o — bk, 1+ B gy — Npyy)

We now multiply S,,,;(A) from the left with a matrix

) 1, —h(g —X):
¢ :(—h,l—i—hg?q—g))

and try to decide ¢ and r so that the new matrix C-1S,,,; has the same pro-
perties as S,,; but with polynomials of lower degree than those of S, .

( 1, —h(q—?w))s

— h, 1 4- hz(q — )\r) p+1

- ((a,H + hrey) AP (a, — hge,, -+ hre, ) AP - e, o )
(— hayyy — Bore) Ao+t 4 (— hay, + (1 + kPq) ¢, — Bre, ) AP + -+, » )

We see that we can choose 7 so that a,,,, + hrc, =0, — ha,., — h?rc, = 0.
Then we can choose ¢ so that — ha, + (1 + h%)) ¢, — h?rc,_; = 0. Then
a, = a, — hgc, + hrc, ; = c,/h 7%= 0. We thus het

S, = C18,,, = (Sil > Siz)

’
21 » S22
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where we know that Sj; has degree p and .S, has degree less than or equal to
p—1. Now det Sy, =1=a,4d, —b,4c, =0, ie., a,,/c, =b,,,/d,,
which implies that b,.; + hrd, = 0. Thus Sy, is of degree less than or equal
to p. Further, det S, = 1, which implies that the degree of S,, cannot exceed
p—1
This gives
—hb, + (1 + H3q)d, — h¥rd, =0

or

d, — h(b, — hgd, + hrd,_,) = 0.

But b, = b, — hqd, + hrd,_, so that b, =d [h£0, i.e., the degree of
S1s is exactly p.

So far the “separation properties” of the zeroes have not been used.
Those properties imply that the degrees of Sy, and S;, are exactly p— 1
as will be seen.

We have
s=(_x)o s
(o, 10) (G gy = (B~ g S RO — (G2 )

The zeroes of Sy and Sy, are real and interlacing. Lemma 3 then implies
that the same is true for S;; and Sj, . (S;,Sz — S125s = 1.) Now

S, — ( 1, 0) (Sil ; Siz) - (Sh Sia ) _ (s;1 , s;z)

—h,0/\Sy, S/ \Syy — hSpy, Sp — hS1y)  \Spy, Spp/

If A; and A, are two consecutive zeroes of S, then it follows from Lemma 2
that Sj; changes sign exactly once on the interval (\; , A;,;). But as there are
p — 1 such intervals, Sy, is of degree not less than p — 1. The previous result
‘then implies that degree of Sj; is exactly p — 1. The same conclusion is
valid for Sy, .
Lemma 2 = that .S, has the same separation properties of the zeroes as
S,.1 has.
Theorem I now follows by induction after we have checked the case
p = 1. We have
S, = (alz\ +ao,b1)\+bo)’

Co > do

con=(hy T Y

((al—i—hrco))\—}—ao——hqcn, )
(—hay — Breg) A + (1 + h%g) ¢y — hay, =/~
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We have supposed that 4, and &, are not equal to zero. This and det S; = |
implies that ¢, and d, are not equal to zero. In the same way as
before we can choose first r = — a;/hcy, = — by/hd, and then ¢ so that
Q1 + A%q) ¢y — hay = 0. Then

1o _ (% — haco , by — hqd, _ (% b —
¢ Sl—(O,—hbo—i-(l—l—hzq)do) (o, lla) 4

for det C-1S, =detC-ldetA=1. Thus S, =CA4 and the proof of
Theorem I is complete.

For the sake of clarity we rewrite the equations which determine the
coefficients »; and ¢, . If

S-,' == Clc,-_l A Cgcqu

— ( @ N 8y N o a0, by N by T e bs‘.o)
CiiaaA T A €4 AT o €y, dig N1+ o dy !

then
a;+ hric; ;1 =0,

—ha; iy + (1 + ) ¢ 50 — BPrici o5 = 0.

ai.i=f%ir bu=1t;l£-

If starting with a matrix S, = C,C,_, -+ C14, the computation of 7,
and ¢, is quite simple, but as, of course, the coefficients a; ; and ¢, ; depend
ON @155 Cipris Cistgo1s Tiya and g,y the numerical difficulties will be
considerable already after a few steps if we try to consecutively determine
the coefficients r; and ¢; fori =n,n — 1,..., 1.

Returning to our matrices we have

=) = (0" )

Sus S} 41 _ (Su/a — bSy + aSy) _
(Sz1 ’ Szz) A7 = (S21/a, — bS,, + aSn) = CpChy -+ C1.

If we now inspect the proof of Theorem I we notice that for the computation
of the coefficients 7; and ¢; only knowledge of the polynomials S;; and S;,
is needed. We thus conclude that if the zeroes of S;; and S,, are given
(interlacing) and if the ratio a,,,/c, between the highest degree coefficients
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of these polynomials is fixed (27 given parameters) then there is a unique
defined constant a and two uniquely defined polynomials S, and S, so th

Su/a, Sy _
(Sm/ a, Szz) = Coloy - GO

There are 2n parameters ¢; and 7; .

The next theorem shows how to compute r; and ¢, if the zeroes of S
and S;, are given.

Taeorem II. If

so=(ss)

is given as in Theorem 1 and if S;; — hS,, is of degree not higher than n —
(i.e., if a* = hb") then S, can be written

a, 0

Su= (g, 1/a) CxCoa * CiCi

and the factorization is unique.

Proof. Suppose that the proposition is true for n << p. For n =p -+
we have

(Su > Slz); ( 1, — h(q - M) ) — Sp+1C_1

S,
? So1, S/ \— b, 1 + k¥q — Ar)

Il

(Sn — hSyq, S12 — hQ(Su — hSm)) - (Sﬁ ’ iz) )

Sy — hSss , See — hQ(S — hSy) 215 ez

One easily realises that S;; = S;; — AS;, is exactly of degree p (see Figure
and that the zeroes of Sy, separates the zeroes both S;, and S, .
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With the same notations as before we get
Stz = S1p — hQ(Sy — hSyp)
— bm_l)\pﬂ -+ bp)\p 4o — h(q — )\,)
X {(@p1 — hbpyy) AP - (a, — Bbp) AP + -}
N —— o

=0 #0
= {bprs + br(a, — hb,)} A1
N —
X

p+l

+ {b, — hg(a, — hb,) -+ hr(a,_y — hb, )} A? + -

by

= (ay — Bby) N4
N

ay'#0
First we can choose » = — b,,,/h(a, — hb,) so that b, ; =0 and then ¢
so that @, — hb,’ = 0:
det S, ,=1=¢,—hd,=0 and that S; =S,, —hS,, is exactly of
degree p — 1 (for the zeroes of S, and S,, are real and interlacing).

det S, =1 = S,, is of degree p — 1.

We also have to prove that, for example, S;; and S;, have interlacing

zeroes. Suppose that A; and A,; are two consecutive zeroes of

S}y = Sy — hSy, . The fact that the zeroes of S;; separates those of S;, =
that S;,(A;) and S;5(A;,;) have different signs. But that means that

S1a(d) = S1() — AO) (Sud) — AS1y(A:)) = Sio(Ay)

=0
and

Siz()‘iﬂ) =S 120‘i+1)

have different signs, which implies that S;; and Sj, have interlacing zeroes.
(And so Sy, , Sy, and Sy, , Sy, and Sy , S, by Lemma 2.)

The proof will be completed by checking the case p = 1.
(al)t + ay, 54 + bo) ( 1, —h(g —7A) )
o d, —h, 1+ kg —7A)
=a, — hb,
=0 = ¢y — hd,
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(ay — hby) X + ag — hby , (ahr — bykr) X2
\’;\6-\/ \_’—=\6-‘/

= + (aphr — hgay + (1 + h%q) by — h2rby) A — hgay + (1 + hq) b,
co — hdy , (hrey — hPrdy) A + (— hgc, + (1 + R2q) dy)
A e Yt g

=0 =0
=0
_ (ao — hby , [— hglay, — hby) + by + hr(ay — hbe)] A + by — hg(ay — hbo))
0, dy — hq(co — hd,)
: =0

_ (ao — hbq , [by + hr(ay — Bbo)] A + by — hg(ay — hbo))
0, d, '

Now det Sy =1 = ay — hby % 0 for a, — hby, = 0 would give
aIA + ao = h(bIA + bo) or

1
det S; = (@A + ap) dy — 7 (@A + ap) ¢y = (do - _;‘q‘) (@A +a) =1,
\’;6-‘/

which is impossible.
Thus we can choose r so that b, + hr(a, — hb,) = 0, and then ¢ so that
by — hg(a, — hby) = 0:

sica = (v ed) - (9),

and Theorem II is proved.

(3252 = (5 u) €:Cos - 1.
(torO) (S« S) _ (Vo S UaSu) ., e

In the proof of Theorem II we needed only Sy, and S;, to compute r; and ¢; .
Thus we see that the matrices C; are uniquely defined by the 27 zeroes of
Sy and Sy, .

We have

— b, 1
T = = .
! h(ap_y — hby) B2 i (A — 22
't

=1
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TueoreM III.

0= (55 52)

is assumed to have the same properties as in the previous theorems. Then all 7, ,
i=1,2,..., n will have the same sign.
Proof. We have

Sy s S
S, = (> 12
(S21 ’ S22

e~ (300

J=Goeid A=(pyg).

_ Sll * 1/(1, - bSll + aS12

= (321 -1/a, — bSy + aSzz) = (Si1 ’ Sh) = Su’

S;l » S ;2

Lemma 2 implies that the polynomials of S,,’ fulfill the requirement of having
interlacing sets of zeroes. Also naturally det S,’ = 1. Further we have seen
in the proofs of Theorems I and II that those properties are conserved when
we multiply from the left or from the right with C;;* and Ci’, respectively.
Repeating this procedure we deduce that the matrix Cy,, - C; has the same
properties. Now

CinCi = (1 +#Qua s hQiH) (1 + R20;, hQ'.)

h, 1 h, 1
- ((1 + 120:0)1 + B0y + Q41 MQusa + Qs + thi+1Qi})
k(2 + R2Qy), 1 + #Q; '

We now know that the zero of the first degree polynomial 1 + A%Q; lies
between the zeroes of the second degree polynomial A(Q;,; + Q; + #2Q;,,0,)-

1+ B20,A) = 0 = h{Q.y + Qi + B20:n Q) = H{Qsa[1 + FQ,] + 04}

—hQQ) =~ <0 for  A=DX. (SecFigure2)

\w/
-

FIiGure 2
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Now this obviously means that A{h2Q0,0,,, + O; + O, 1} > + o© when
A— o0, or, in other words, the coefficient of A? must be positive. The coef-
ficient of A2 in the polynomial A[Q,,, + O; + Q;,,0:/4%] is

B (— 1 )(— 1) = Brogr >0,
ie., 7,47 >0 for i =1, 2,...,# — 1. But this means that all r, must have
the same sign. Q.E.D.

REMARK,
1

B0 —

i=1

r, =

gives that 7; > 0 if X' > X% and r; < 0 if A < A1,
The next theorem is a converse of Theorem III.

Taeorem IV, If S, = C,C,_, --- C,C, where all r; have the same sign
then det S* = 1, and

the zeroes of Sy, and Sy, are all real and interlacing,
the zeroes of Sy, and Sy, are all real and interlacing,
the zeroes of Sy and Sy, are all real and interlacing,

the zeroes of Sy, and Sy, are all real and interlacing.

Proof. By induction it is easy to prove that

PRy l‘l (—r)+ -, Ahen-1 H (—r)+

i=1 i=1
Sp =
n—1 n—1
An—1. pen—1., 1‘[ (—7) 4 v, An1 . pn-2. l‘[ (—r)+
i=1 =1

By the latter part of the proof of Theorem III we see that Theorem IV is true
for n = 2.
Suppose it is true for n = p:
Sy, S
Sy = C,Cpy  CoCy = (' 1" 1),
D P~ p—-1 2-1 (S21,S22)

S = (" 50PN (5252

— (Sn + hQ(Suk + Sz), 12 + AQ(AS;, + Szz)) _ { 11 iz)
Suh + Sy, hSys + Spe )

’ ’
21 s S22
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(@) Allr, <0,7=1,2,.,p, p + L. The highest degree coeflicients are
positive, S;; and S;; — + o when A — 4 oo (Figure 3).

Ficure 3

It is enough to show that the zeroes of S;; and S;, separate each other
(Lemma 2).
Let A, and A;,, be two consecutive zeroes of Sy, = hS;; + S,; . Then

Sh) = Su(n) + I’\Q("S'l_l\hj\szﬁ and S1i1(A1) = Su(Aia)
=0

have different signs (for S;; + S,; and Sy; have interlacing zeroes), which
again means that the interval (\;, A,,;) contains an odd number of zeroes of
S -

Suppose now that some interval (A, , A;,,) contains three or more zeroes of
Sy1 - Then if A, is the greatest zero of S;; we can have no zero of S, for
A>2,. But A =2, = S;(A,) = Sy(A,) < O (see Figure 3).

Si; — + 00 when A — - o0 = there actually is a zero of S}, for A > A, .
Thus each interval (};, A;,,) contains exactly one zero of S, . Q.E.D.

(b) All r, > 0 (see Figure 4, S;; and S;;— + c0 when A > — o).

hS11

X

1
i
t
1
I

>\=)\1

FiGure 4
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Let A, be the smallest zero of S,; . Then Sj;(\,) = Sy (A) <0.8; — + ©
when A — — o0 = that Sj; has a zero for A < A, = in the same way as in (a)
that every interval (A;, A;,,) contains exactly one zero of S}, , which com-
pletes Theorem IV.

As is to be expected it is also easy to prove Theorem IV by a method
analogous to that used in the classical proof of Sturm’s oscillation theorem
for a differential equation.

Alternative proof of Theorem IV. We start with the difference equations

Vi1 — Y

7 = (1 — Taaha) Uir, g, Tpgiven,
@
Eiil’;:ﬁ = (i1 — MTi41) Vi1 » Yo » % given,
1D
J’£+1h Yi _ 2.

If we multiply equations (I) and (II) by y,,, and u,,, , respectively, and if we
subtract we obtain

By — &% Vg —
%i T %‘“ Yin = A2 — A) 7i1 Yiralhesa »
1 n—1
Z [Fiattonn — 2l — ;) — ;3]
i=0
1 n-1 n—1
% Z [Veadinr — v(Vinn —¥) — vy = (A — X)) ‘z;’ Yiv1Yiva¥iv1 s
i=0 -

Bplty, — 2oty — (UpYn — Up¥p) = (A2 — A4y) Z ryush,

é=1

n , A Sia(A
(o =55, (o) = Coiym L o)

(”n) _ (Su()‘z) %o + S1a(Ae) “o)
Uy Sa1(Aa) Uo + SaalAa) %o
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= (S % + Slzyo)/\-)«l *(Syvp + Szzuo)A-,\z — kg

— (Su + Sz * #o)a=a, (S21%0 + Sz2Yohr=a, T %0 Yo

= (A — Ay) Z iy,

i=1
(A2 — ) Z r;yish
=1
= (Sp%o + Slzyo)/\-/\l “{(Su(dg) — Sa(M) vo + (Saa(As) — Saa(A)) 4o}
+ (SuRe + S12Yodr=n, * (S + Saskhghimn, — oo

—{(SuA2) — Su(M) ve + (S12(le) — S1a(Ay)) #o} - (Sm2p + Szzyo))\=/\1
— (Suvo + Sishoha=a, * (S21%0 + SeeYo)a=r, + Voo »

A=A == Z T y#sh = (365 + YoS12) * (oSn + 1#yS3s)

i=1

— (voS11 + 4pSiz) (R0 + ¥0S22) + 2Ve{S1Sar — S115a}
+ 2p4{S11S2s — S1eSm — 1} + y¥{S128n — S1uSe + 1}
+ Yoto(S12S22 — S12:520),

n

Z riyah = 20(SuSy — S11Sz1) + 2p%e(S115%2 — S12521)

-1
+ ¥0%0(S12S21 — S11S22) + Yoe(S12S22 — S12S22),

or if we put #, = y,, 9 = 2,
n

Z riyizh = zoz(S1ls§1 — S118a1)

=1
+ 20 Yo{S11S% — S1182e + S1255 — S5195u}

+ J’oz(slzséz — 512520)-
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Now let us take y, = 0 and 2, = 1. Then

Z riyizh = SpSu — SuSa
=1
and we have proved that S,,S;; — 7,5y, has the same sign for all A if the
coefficients 7, ¢ = 1,..., # have the same sign for all 7.
If, for example, 7, > 0, then S;;Sy; — S1;S2 > 0 for all X:

, , Sz} .
8118 — S118n = S%l ( Sii ) if SnF#0,

2 Sll ' H
21 ( Sy ) if Sp 70
(S11Sas — S1282 = 1 = that Sy; and Sj, are never zero for the same value of
A).

We now know that S;,(1)/Sy;(A) = 2,./y, is a decreasing function of A and
hat S,;/S1; = ¥,/2, is an increasing function of A and that 2" and y* are
never zero at the same time. (The same conclusion is valid of course if 7 is
replaced by any index 7, 1 <7 <{n.)

The fact that S,,/S, is an increasing function of A on every interval where
the denominator S;; does not vanish implies that every interval (A\}!, A},
(A and A}}; are two consecutive zeroes of S);) contains at least one zero
X2 of Sy,(A). For if Syy(A) has constant sign for A € (Af, A}') then

which is impossible.

We also conclude that if A2 is the least and A% is the largest zero of S,; then
S;; has zeroes for both A < Af! and A > 2. If, namely, Sy,/S,, has constant
sign for A > X or A < A** then the monotone function Sy(A)/Sy;(A) cannot
vanish for A = 4 oo, i.e,,

. Sy
A—ligloo E—; #0,
which is a contradiction.

It now only remains to prove that S, has exactly n — 1 real zeroes.

If we plot the point (y; , #) in a Cartesian coordinate system and if we con-
nect “consecutive’ points by straight lines as in Figure 5 we obtain a con-
tinuous function y(x). The zeroes of this function have the property that if we
increase A then the zeroes, which depend continuously upon A, decrease
(r; > 0); see Figure 6.
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~
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The case sketched in Figure 7 is impossible, which implies that the zeroes
cannot appear in the interior of the interval (0, ) when changing A. The zeroes
will appear one by one at the end point x = n and then travel towards the

left end point x = 0.

409/29/3-2
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If we now take A large enough then we know that y; and y,; have different
signs for all 7, 1 <i << n — 1 (r; > 0). We have, namely,

Riy1 — Ry

5 = Qi1 Vi = Yive = (2 + 72Q41) ¥iea + s

<0

with 2 4 #2Q; ., < O for all 7 and sufficiently large A,
Yo=0=133 <0,

Yindi <0 = YoV = 2 + B0:) ¥3 + iy <O.

<0 <0

Induction gives the desired relation for all 7.
On the other hand if we take A sufficiently negative then all elements
of the matrices

=590

are positive and so all the y,, £ > 1 will be positive.

We finally conclude that as A tends from — oo to + oo then y,(d) = S,
changes sign exactly # — 1 times.

By Lemma 2, Theorem IV follows.

SoME NoTEs ON THE QUESTION OF CONVERGENCE
Consider now the inhomogenous system

i+t — 2

— 5 = (g1 — 720N Virr + fiia»
(n i=01,.,n,

yi+1h‘“ Yi _ 2,
and suppose 7; > 0. After multiplying Eq. (1) by 7,,; and summing over ¢
one obtains as in Lemma 1:

n

Znp1Fntr — %Yo — Y, | 2 |2
=0

n n n
=Y gl Y P—=AY rin | Yo P+ Y, finFinh
bar

i=0 i=0
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We choose boundary conditions so that 2,,;¥,.1 — %, = 0. If we take
the imaginary part of the equation we obtain

ImA-Y 7y |y 12h=1Im (z fi+1y—i+1h)

=0
or
HImA | =Y 7 | yin PR <\ Y fiaFinh
=0
n 1/2 n )1/-
<Y fea B 1Y (e h]

=0 =0

1.e.,

X 2) < 1 2h1/2- 2h%1/2
2) Z’i+1|yi+11 \W?Z‘fﬂ” 2 gz‘,lyiﬂl ( -

Now choose & = 1/(n + 1) and consider the sequences of functions on (0, 1)

Puua() =y,
fana(t) = 18P0 for (—Dh<t<i-h, i=12.,n+1
(n+1)

qn+1(t) =g ’

where r{"+1), ¢{"+1) are the coefficients corresponding to the sets of zeroes
MY AR i =1,2,..,n + 1, and where y{*tV, i =0, 1, 2,...,n + 1, is a solu-
tion of the system (1) with coefficients r{"+1), g{*+1) and a boundary condition
that makes 2,,,;9,.1 — 2%, = 0.

If now the number n + 1 of zeroes tends to infinity one might put the
questions: What happens with the functions y,,;(2), 7,.41(), and ¢,.,,(2) ? Is it
possible to find conditions on the sequences of zeroes that make the sequences
of functions ¥, (), 7,.1(2), and g,,() in any sense convergent? Will the
limiting functions satisfy the differential equation corresponding to difference
equation ?

If we could show a relation of the form 7{**1) > 8 >0,i = 1,2,...,n + 1,
then the inequality (2) would give

SY 19 PAY rin |y 2k

i=0 =0

1 i 2h1/2 n 2hl/z
Smgélﬂﬂ‘ 2 }Z‘yi+ll ‘

i=0
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ie.,

‘_I [2h)1/2< 1 ("1 o 2},%1/2
L Yin ; S5 ImA| Eiéa|fi+1| s

=0

—

.

or

\ "1 2 11/2 1 z 1 2 21/2
W 150 Pt < gy 10 12 ]
or in Hilbert notations

1
[ Ynia | < m”f” .

The sequence ¥, being bounded in norm will then contain a weakly conver-
gent subsequence:

Yn,— y weakly.
Or if we introduce the operator G,(\) defined by y, = G,(}) f:

1 1
16 f1 < 75 1= 16O < 1rayys

which means that the sequence G,()) contains a weakly convergent subse-
quence G, () > G(A). That is,

(G, ¥)—> (G 9, ¥)  forall ¢, ¥el¥0,1).

(We can of course choose the subsequence so that 1/r, (£) <1/ becomes
weakly convergent.)

After that of course remains to examine the operator G(A). What can be
said about the spectrum of G(A)? What about the range of G(A)? As a pre-
liminary attempt to tackle the problem of finding an estimation of the coeffi-
cients 7;, I will show various theorems that might be useful for a closer
examination of the structure of our matrices.

Tugorem V. If S,(\) = C,C,_, -+ C; we have

i AL — nil 2 + g, 1+ #%,
im1

2 2 g
& Ry h?r,

1 + k3%q,
ke,

$ 1+ #g, +"§2+h2,-
=1

2 2
hry h2r,

+

i=2
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Proof. We can write

e = (111 e (o 1) = 4, - wim

Sy = (4, — AryhB) -+ (A; — M;AB) - (A; — AryhB)

= \"h" H (—r,) - Br — An-1pn-1 I‘[ (—r) 3,}_ A,Br1
i=1 i=1 n

+ 7"1_1 - BA,_B"? 4 - %Bn_iAiBi-l 4o _rlTBn——lAl toe
Now
5= (50) = (o, o) =42
B =B, AB-— (h(l ";2}’2%)’ 1 +hh'zqi) ’
= () () - (0,
g = (00 ) () - (0 e

= h2 + I¥q) - B,

S, = Xin-1[] (= r) B — X Ih"-1H(~r) = L o~ 4B

i=]

1 n—2 y
-+ ...hn—zr(z + hg)B 4 - + fl—r-_ 'BAlg 4oy

Sy = \nhen H (_ r. ) — A1 H (__ r ) p2n—2 31_—{—’1*(1,!_

i=1 m

h?
R

¥;

n n
Sy = A1 [T (— r;) — A1 H (— r;) h2n-3 3 1 + g,
i=1 ; r

n

2 + A,

r;

1+h91

+... _|___...

-
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This implies that:

ih}l 1+h2n+7§12+hqz

b

n n-1
1 _ 1+ A, 2‘|'h9{ 1 4 kg,
LN =g =+ L B,

i=1 =2

The next theorem tells us what happens if we reverse the order of multipli-
cation in the matrix S, = C,C,_, --- C;.

THEOREM VI. If S, = CoCo_y =+ CsCy and S,' = C,Cy +++ C,_,C, then
Sz = Sz and  hSy + Sy = hSy + Su, Su = Si + Sy,
Sy = Spe + 1Sy .

Proof. 'The theorem is trivial for n = 1. Suppose it is true for n = p. For
n=p-+1 we get:

Sp+1 = p+1Cp Gy = p+1Sn s

S;+1 =G, - C,C,,H = Splcm+1 s

s=(ss) s=(E5). ea=(52),

Sy = (1 100 (S, 3

— ((1 + BQ) Sy + £QSy , (1 + #2Q) Sy + hQSzz)
hSy + Su ., hSi + Sap

= (Sn(P + 1), Sue(p + 1))
Sa(p + 1), Seep + 1)/

sen= (53758 (50 2"D)

— ( u(l + #°Q) + hS3,, hOS, + Siz)
Sa(l + HQ) + hS3s , hOSy + Si

_ (Sil(P + 1), Siao(p + 1))
Soa(p + 1), Spa(p + 1)/ °
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By straightforward computation we now get:

Sia(p + )= rOSH + St = hQ(Szz + hS12) + Sye
= (1 + B2Q) Sy + hOSp = S1a(p + 1),

BSu(p +1) + Sp(p + 1) = h - Sy(1 + HQ) + #*Sia + Sp(l + HQ) + S

= (1 + K0) (hSty + Siy) + h[hSis + Sia]
= (1 + #Q) (ASy + Su) + ASu

= h[(1 + th) Su +hQSu] + ASnu + Sa
= hSn(P + 1) + Szl(P + 1),

Su(p + 1) = (1 + #2Q) Sy + kOS5 = Sn + bQ(ASy; + Sy)
= 83 + hS1z + hQ(hS;; + Si)
=hQSé1 + S5 + h[hQSil + S1a]

= Sp(p + 1) + ASi(p + 1);

Si(p + 1) = Su(1 + Q) + Sy,

= (Szz + hSlz) (1 + th) + hSse
= hSlz + Szz + h[(l + th) Slz + hQ‘Szz]
= Szz(? + 1) + hSlB(P + 1),

and the proof is completed.

As in the theory of differential equations we might consider the problem of
finding stationary values of the function

n—1 n
F(Yo, Y1 500 Yn) = Z 2th + Z 4;y:%h
i=0 i=1

under the conditions

(1) ¥ riy2h=1and

i1
and

(2) 2,=0
or

(3) 3% =0

(suppose all r, > 0) (3; = (Y50 — Y/, i =0,1,..,n —1).
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By use of Lagrange’s method we obtain

a; (F =25, o)

3_]/,, i=1
Lo -(——1—)-}1+2qy,,h—-)t-2r h=0
v—lh v h v v Yo )

v=1,2,..,n—1,

ie.,
2 = -,
V—-O:—a?y—-;( —/\ériy;h) ==2zo.(___;l_)-h=(),
ie.,
2, =0,

v—n»@;(F~Aglr;y¢2) 2z,,_1h B+ 24, - yuk — X+ 21,35 =0,

9_% = (Qn - rn)‘)yn .

We thus see that the sequence y,, ¥4 ,..., ¥, makes F stationary under the
conditions (1) and (2) or (3) if and only if it satisfies our difference equation
under the conditions 2y =0 or y, =0 and 2, =0 and ¥, r;¥%h = 1.

The parameter A must then be a zero of Sy(A) or Sy, .

We also have

n-1

F= Z zzzh + Z 91y¢ =A z LEB *h + 2yYn — 3V = A

=0 =1 i=1

The existence of a greatest and a least value of F under the given boundary
conditions is obvious. Thus

n—1
<T 2+ Y aydh <A
=0 i=1

for all sequences ¥ ,..., ¥, such that

n

Yoriyth=1 and  2,=0, e, y,=2.

=1
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And

n—1

N <Y 2+ Z qy°h <X
=0 =1

for all sequences ¥, 1 ,..., ¥, such that

n

Y riy2h=1 and  y,=0.

i=1

With the aid of these inequalities we can now easily deduce a number of
estimations of the coefficients r, and ¢; .

Lemma 4. (a) Taking

yV:yv-i-l:k’ V>1:
.yi:(), i#”, V+1,

we obtain
rvkzh + rv+1k2h = 13 Ryq = 'k_ ’ Ry = 0’ By = — i s
h h
2k2
)‘1 h2 h + qvkzh + qv+lk2h A}lla
27 _ 1 u_ 2+ g + q4) 11
;e e AR
1 - 1 + #%(gna + gn) 1
NS Tt S
(b)
Yo=k=—3y.,, ¥=0 for i£vv=1v2>1,
= _i 2k __k
V—l——h > zu—_h_9 zv+1_h_—
2k

An h + (7) h + + kzh(% + ¢,11) < <N,

(rv + rv+1) k2h = 15

2
. Ail < 6 + Mg, + ¢,+1) < )\}3,

W, + 1) I<v<n—1,

1 _ 3+ (gn + gn) 11
NS T
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(c) (2) and (b)

S0P tm) 2+RG +an)
hz(rv + rv+1) hZ(r + f,,+1)

AL 1

4
7y + Ty = Z JEpT r—1=2v>21

d) yv=ky=0tfizfy, 1<v<n

2+ Wy,
»Al\—}i’;qg)\ﬂ.

© »%=y=4~ky:=01i>1

1 + A
= A2 < ";’1 i1 <A,

49] yn=k’yi=0f07i<ﬂ

- 1 +h9n 12
=n < W, < N

(d) and (e) give, for v =1,

2 + kg 11

il B

< ,\” )\12
= Iy

1 + APq = A2 !

B, oM
k k

(g) y"=r_*’ yv+1_:|:}__s 1<l’<ﬂ—l,

v v+1

y=0, if diFvv+1,

k2
—h+ LTS T
k2 k2 1 1 \2
2 _ 2 _
By1 = rvhg ’ 2y ( /_’v+1 /—v) ’
2 k?

zv+l=m’ V<n""l,
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k2 1
h + (\/ri\/rﬂ) +hv+1

)‘11 k2h z 9y + qv+1 < /\"1

Toi1

AL R {2+ K, + 2 + hqn + 2 i <A B — 1

kr, Br., B Vi, 2°
24+ kg, 1+hyg 2 2 n
All n—1 n k h < A s
! 3 R?r,_, + her, + 2 Vrga, "

1 4 11 11
- A

2 R «/rvrm\A" '
or

> 2
hZ(All Ail) ’

\/r‘,ry+1 I<vn—1.

The estimations (c) and (g) in Lemma 4 tell us that at least every second
r; is greater than, for example,

1
n = hZ(Ail __ )ql) .
By letting

h=;l— and Al —A'<K-n?

we get 8, > 1/K = 8 > 0, i.e,, in that case r;7;,; > 48% r; 4+ r;,; > 4. This
is of course far from sufficient to obtain an inequality of the form

ﬁr%/\—l (foz")m (Z yﬁh)m > i reych > 8- Y yih.

i=1

To do that we would probably need to show that every r; > 8. To obtain
such a relation it is probably necessary to impose further conditions on the
sequences Al! and M2, especially to ensure that the difference between A}!

and A!% does not get to small. Perhaps an inequality of the form

A}Z

0<Cl W
)

< <1

would be sufficient.
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Another interesting equality for a solution of the difference equation is the
following
n
(r) Z riyizh = zoz{Su(’\) S51(A) — SH(A) - Su(A)}
i1

+ YoRo{S12821 — S12821 + S11852 — S11509)

"‘yoz{Sélez — 81282}

If we for instance let A, be the k-th zero of Sy;(A) and if we let y, = O then

, , 1
2 reyth = 2" - {— Su(M) - Su(e)} = 20° - Si(Ae) - Sah)
12\,
S
— 2. 1
R vve Siz ) .
(For 813835 — S125n = 1 = Sp5(X) Sua(A) = — 1).
This relation might give useful information about the boundedness of 3 r,y,2h
when we let the degree of the polynomials S,;; and S}, ten to infinity.

The relation above was obtained in the proof of Theorem IV (second ver-
sion).

SoME FURTHER REMARKS ON THE PROBLEM OF CONVERGENCE

We earlier proved the inequality

n

Y rlyilPh<

=1

s

fillyil h

for a solution of the difference equation. Using Cauchy’s inequality we can
write:

1 fi
) [ h : [3 i h
Xl P h <oy izl\/ra Vil
|ﬁ| ;1/2 n 1/2
< h . iy 2Rt
|Im/\|§1 i=1

ie.,

n

t=1

172 1
’c|y1|2hE <|I AI izlf' ;
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Or, if we use the previous notations,

f: o) 1 3al0) 1Pt < 5 Ini - fo 11:22)1 it

or

— 1 N ﬂ_f‘_ g

We may now consider the class F of functions f such that

|5

is bounded for every fixed function f of F. (F may of course consist of only
the function f = 0.) (Challenging problem: Determine the class F.)
Let us denote

V7adn = G, .
Then

e <| Ll <k, for ger
I
Every operator G,(A) is the resolvent of an operator T, with spectrum located
on the real axis. If now G, (}) (or some subsequence G, (A)) has a weak limit
G(?) so that (G,(A) f, ¢) = (G(A} f, ¢) for every feF and every ¢ € L¥0, 1)
and if G(A) is the resolvent of an operator T, then this operator 7 may have
both residual and continuous spectrum for Im A 52 0 if F £ LX(0, 1).
If F=1%0,1) we can have only continuous spectrum for Im A =0.
If F = L¥0, 1) one can show that there really exists a weakly convergent
subsequence G,(}) in the following manner: If F = L*0, 1), then

i\v’;“g& forall  feL0, 1)
rﬂ
and

IG.fI <K, forall feL¥0,1).

For fixed ¢ let us introduce the linear functional

L. f=(G.f. ¢) defined on L¥0, 1).
Now
LI <IGfl el <Kol
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so that | L, f | is bounded for a fixed function f € L0, 1). The uniform bound-
edness theorem then states that |L,f| < K| f| for all feL2(0,1). (K is
independent of f.) Now we can select a convergent subsequence L, f for a
fixed f. If we repeat this for every f; in some denumerable everywhere dense
set A in L0, 1) and if we in the usual way select the “diagonal sequence,”
we obtain a subsequence L, so that L, f; has a limit for every f; € A when
v — 00.

L, f;—Lf;.
|Lfy| <Hm | Ly, fi| < K| fill = | Lfi | <K | f;

so that L can be extended to the closure of 4, i.e., to all of L¥0, 1)

L. f—ILf forall feL¥0,1).

We have thus shown that for a fixed ¢ we can select a subsequence G,,v s0
that (G, f, ¢) converges for all f€ L0, 1).

If we now, starting with the sequence G, make a similar diagonalization
process letting @ be an element in a denumerable everywhere dense subset
of L¥0, 1), we can construct a subsequence G, so that (G, f, ¢) converges
for arbitrary f and g in L*0, 1). The sequence is, in other words, weakly
convergent:

(Gofr9)—(Gf,9)  forall  f,geL¥0,1).
We note that we cannot immediately deduce that G is bounded for

(G o) | < 11m|(G,,“f P hm 1Gn Sl el < K;-llell

is not enough to ensure boundedness for G.
It may thus still happen that we gave a continous spectrum for Im A £ 0.
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