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Abstract

We consider block thresholding wavelet-based density estimators with randomly right-censored data
and investigate their asymptotic convergence rates. Unlike for the complete data case, the empirical wavelet
coefficients are constructed through the Kaplan—Meier estimators of the distribution functions in the
censored data case. On the basis of a result of Stute [W. Stute, The central limit theorem under random
censorship, Ann. Statist. 23 (1995) 422-439] that approximates the Kaplan—Meier integrals as averages
of i.i.d. random variables with a certain rate in probability, we can show that these wavelet empirical
coefficients can be approximated by averages of i.i.d. random variables with a certain error rate in L2
Therefore we can show that these estimators, based on block thresholding of empirical wavelet coefficients,
achieve optimal convergence rates over a large range of Besov function classes B;’ ¢85 >1/p.p=2
g > 1 and nearly optimal convergence rates when 1 < p < 2. We also show that these estimators
achieve optimal convergence rates over a large class of functions that involve many irregularities of a wide
variety of types, including chirp and Doppler functions, and jump discontinuities. Therefore, in the presence
of random censoring, wavelet estimators still provide extensive adaptivity to many irregularities of large
function classes. The performance of the estimators is tested via a modest simulation study.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that in medical follow-up research, industrial life-testing and other studies,
the observation on the survival time of a patient or a testing subject is often incomplete due to
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right censoring. Classical examples of the causes of this type of censoring are that the patient
was alive at the termination of the study, that the patient withdrew alive during the study, or
that the patient died from causes other than those under study. In those cases only part of the
observations are real death times. Our goal is to estimate nonparametrically the density functions
of the survival times from censored data and investigate their asymptotic properties.

Formally, let X1, X», ..., X, be independent identically distributed (i.i.d.) survival times with
a common distribution function F and a density function f. Also let Y1, Y>,..., Y, be i.i.d.
censoring times with a common distribution function G. It is assumed that X, is independent of
Y, for every m. Rather than observing X1, X», ..., X}, the variables of interest, in the randomly
right-censored models, one observes Z,;, = min(X,,, ¥;y) = X;m A Yy and 6, = 1 (X < Vi),
m =1, 2,...,n, where I (A) denotes the indicator function of the set A. We are interested in
estimating f based on bivariate data (Z,,, §,,), m =1, 2,...,n.

There is a huge literature on how to estimate density function or hazard rate function based
on censored data; for example, nonparametric kernel estimators are typically used. However it
is usually assumed that the underlying density function is a fixed smooth function. In this paper,
we consider that the underlying density functions to be estimated belong to a large function
class. We propose block thresholding wavelet estimators with censored data and investigate their
asymptotic convergence rates over that large class of functions.

Nonparametric regression estimation by wavelets is developed in a series of works of Donoho
and Johnstone [7-9] and Donoho et al. [10]. The recent monograph by Hirdle et al. [15]
and the book by Vidakovic [23] provide excellent systematic discussions on wavelets and
their applications in statistics. Because wavelets are localized in both time and frequency and
have remarkable approximation properties, wavelet estimators automatically adapt to these
varying degrees of regularity (discontinuities, cusps, sharp spikes, etc.) of the underlying curves.
Therefore, wavelet estimators typically achieve optimal convergence rates over a large class of
functions with unknown degree of smoothness.

Most of nonlinear wavelet estimators are constructed through term-by-term thresholding of
the empirical wavelet coefficients. These estimators usually achieve nearly optimal convergence
rates within a logarithmic term. Hall et al. [13,14] introduce block thresholding wavelet
estimators for density and regression respectively by shrinking wavelet coefficients in groups
rather than individually. They show that block thresholded estimators achieve optimal global
convergence rates without a logarithm term. Cai [2,3] study block thresholding via the approach
of ideal adaptation with an oracle. On the basis of an oracle inequality, he investigates the
asymptotic global and local rates of convergence and numerical properties of a class of block
thresholding estimators for regression functions. It is shown that these estimators have excellent
performance over a large range of Besov classes. However, all above estimators are constructed
for the complete data case.

For randomly right-censored data, Antoniadis, Grégoire and Nason [1] describe a wavelet
method for estimation of a single density and a single hazard rate function. They obtain the
estimator’s asymptotic normality and asymptotic mean integrated squared error (MISE). Li [16]
considers a nonlinear wavelet estimator of a single density function with randomly censored data
and derives its mean integrated squared error.

The objective of this paper is to propose block thresholding wavelet estimators with censored
data for the density functions which belong to a large function class and investigate their
asymptotic convergence rates. We show that these estimators attain optimal and nearly optimal
rates of convergence over a wide range of Besov function classes. These results are analogous to
those in [13] and [4] for density estimation in the complete data case.
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In the next section, we give the elements of Besov spaces and wavelet transform, and provide
block thresholding wavelet density estimators. The main results are described in Section 3.
Section 4 contains a modest simulation study. The proofs of main results appear in Section 5
and Appendix.

2. Block thresholding wavelet estimators

This section contains some facts about wavelets that will be used in the sequel. Let ¢ (x) and
¥ (x) be father and mother wavelets, having the properties: ¢ and ¢ are bounded and compactly
supported, and [¢ = 1. We call a wavelet yr-regular if Y has r vanishing moments and r
continuous derivatives. Let

bigj (x) =202 20x — j),  Yij(x) =2y Q2 x— ),  xeR, g i €

then, the collection {¢;,;, ¥ij, i > io, j € Z} is an orthonormal basis (ONB) of L3(R).
Therefore, for all f € Lz(R),

FO) = atigjdioj )+ D> Bijij (x),

jez i>ig jeZ

where
Qi j =/f(x)¢ioj(x)dx, Bij =/f(x)1/fij(x)dx~

The orthogonality properties of ¢ and ¥ imply

/ Gigj1Piojn = Sjija> / Viij1 Vinjo = 8i1ix0 1 jo> / Gipj Vijy =0, Vip <1,

where §;; denotes the Kronecker delta, i.e., §;; = 1,if i = j; and §;; = 0, otherwise. For more
on the wavelets see [6].

As is done in the wavelet literature, we investigate wavelet-based estimators’ asymptotic
convergence rates over a large range of Besov function classes B;’ ¢S > 0,1 <p, g <oo.
Parameter s is an index of regularity or smoothness and parameters p and g are used to specify
the type of norm. Besov spaces contain many traditional function spaces, in particular, the
well-known Sobolev and Hélder spaces of smooth functions H™ and C* (Bj', and B,
respectively). Besov spaces also include significant spatial inhomogeneity function classes, such
as the bump algebra and bounded variations classes. For a more detailed study we refer the reader
to [22].

For a given r-regular mother wavelet ¥ with r > s, define the sequence norm of the wavelet
coefficients of a function f € B}i, q by

1/p . 1/p 4 1/q
| flss, = (Z |a,-0,-|"> +1Y |27 (Zm,-,-v’) , 2.1)
J i=ig J

where 0 = s + 1/2 — 1/p. [19] shows that the Besov function norm ||f||3§_q is equivalent to
the sequence norm | f| B, of the wavelet coefficients of f. Therefore we will use the sequence
norm to calculate the Besov norm || f| B, in the sequel. We consider a subset of Besov space



L. Li / Journal of Multivariate Analysis 99 (2008) 1518-1543 1521

B, ,suchthats > 1/p, p, g € [1, oc]. The spaces of densities that we consider in this paper
are defined by

F (ML) = {f : ff =1, 20, feB,. Ifls, <M suppf Cl-L, L]} ,

ie., F ;,’ ¢(M, L) is a subset of densities with fixed compact support and bounded in the norm
of one of the Besov spaces B‘;,‘ 4~ Moreover, s > 1/p implies that F ;) ¢(M, L) is a subset of
the space of bounded continuous functions. Hence, we shall consider the intersection of this set
F;;’q(M, L) with Bs(A), where By (A) is the space of all functions f such that || f|loc < A.

In order to demonstrate the optimality of block thresholding wavelet estimators, following
the notation of [13], let’s consider another function space \7s| (F2S’ oM, L)). This function space
basically includes functions which may be written as a sum of a regular function in FZS oM, L)
and an irregular function in F;'oo (M, L) with T = (s + 1/2)~!. From embedding properties of
Besov spaces ([15], p.124), we have F;!s, € B;' . But whenever s; < s + % (e, s1—s < 3),
space F;'s, can be a very large function space which can include discontinues functions. For
more discussion on this function space, see Remark 3.4 in the next section.

In our random censorship model, we observe Z,, = min(X,,, ¥;,), and §,, = [ (X;, < Vi),
m=1,2,...,n. Let T < ty be a fixed constant, where ty = inf{x : H(x) = 1} < 00 is
the least upper bound for the support of H, the distribution function of Z;. We estimate f7(x),
i.e., the density function f(x) for x € [—L, T] (for the reason, see the following Remark 3.4).
We can select wavelets ¢ and i as those in [5] such that they form an orthonormal basis of
L?[—L, T]. Hence, in the following, we also assume that ¢io;j and v;; are compactly supported
in [—L, T] and form a complete orthonormal basis of L2[-L, T).

The wavelet expansion of fr(x) is

Jrx) = Zdi0j¢ioj(x) + ZZﬂiﬂﬁi/(x),

jez i>ig jeZ

where
Qi j =/fT(x)¢ioj(x)dx, Bij =/fT(x)1/fij(x)dx-

We will use the same notation as in [13], consider iy = 0 and write ¢; for ¢o;,  for ag, etc.,
we have

fro) =) ajgi)+ Y Y Bijij(x).
J i=0 j

Let K(x,y) = > j ¢(x — j)o(y — j) be the wavelet projection kernel. Then there exists a

compactly supported.Q € Lz'such that |[K(x, y)| < Q(x — y) for all x and y. Similarly,
define K;(x, y) = 2'K(2'x,2'y), i = 0,1,2,..., and K; f(x) = [ K;(x,y)f(y)dy. Then

D;f(x) = [ Dj(x,y)f(y)dy, where D;(x, y) = 2 Vi)Y (3) = Kipa(x, y) — Ki(x, y).
These D;(x, y) are called innovation kernels. In terms of the above notation, we have

fr(x) =Kof(x)+ ) Dif(x). 22)
i=0
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Without loss of generality, we can assume that there is a common compactly supported Q, such
that

IK(x, )| = Q0 —y) and [Do(x, y)| < Q(x —y) forall xandy. 2.3)

[6] shows that above conditions are met for certain compactly supported wavelets.
The above representation suggests the following estimators for K; f (x) and D; f (x):

n 1 n n 1 n
Ri) =3 Ki(x,Xn),  Dix)=~3  Di(x, Xn). (2.4)
m=1

m=1

The term-by-term hard thresholded wavelet estimator of fr (see [16, p.37]) is

~ q A A
fre) =) 8,00+ )Y Bil(1Bij] > i (x), (2.5)
J

i=0 j

where ¢ is a smoothing parameter, A is a threshold and the empirical wavelet coefficients are

A~ 1 n Sml Zm < T . Zm
aj = /(ﬁj(x)l(x <T)dF,(x) = - Z (Zn < T)oj( )’

= 1= Gu(Zno)

1 N8l (Z < THVij(Zm) =
/\__ J— P a = - l — lj -
Bij = / Yij)I(x < T)dFy(x) = n "; 1— én(zm_) '

Here I:"n and Gn denote the Kaplan—Meier estimators of distribution functions F and G,
respectively, i.e.,

A n S I(Z ) <x)
Fn(x)zl—r[[l—&} ,

el n—m+1
N n 1 — 8 I(Zmy=x)
G,(x)=1- l— —— ,
n(0) m]"[:l[ n—m+1:|

where Z,,) is the m-th ordered Z-value and 6, is the concomitant of the m-th-order Z statistic,
i.e., 8gn) = 8 if Z(yyy = Zi. Note that §,,/n(1 — Gn (Z,—)) is the jump of the Kaplan—-Meier
estimator 15,, at Z,,.

The above term-by-term thresholded estimators (2.5) which are also considered in [17] don’t
attain the optimal convergence rates of n~2/(1%2%) but do attain the rate (n~! log, n)>/1+25),
which involves a logarithmic penalty. The reason is that a coefficient is more likely to contain a
signal if neighboring coefficients do also. Therefore, incorporating information on neighboring
coefficients will improve the estimation accuracy. But for a term-by-term thresholded estimator,
other coefficients have no influence on the treatment of a particular coefficient.

A block thresholding estimator is to threshold empirical wavelet coefficients in groups rather
than individually. It is constructed as follows. At each resolution level i, the integers j are
divided among consecutive, nonoverlapping blocks of length /, say Ijx = {j : (k — DI +
1 < j < kl},—o00 < k < oo. Within this block I}k, the average estimated squared bias
-1 > jeBK) ﬁlzj (= I§,- x) will be compared to the threshold. Here, B (k) refers to the set of indices
j inblock I7i. If the average squared bias is larger than the threshold, all coefficients in the block
will be kept. Otherwise, all coefficients will be discarded. For additional details, see [2—4].
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Let By = [} 2 jeBk) ﬂizj and estimating this with By (= [~! > ieBk) Bizj), the block
thresholding wavelet estimator of fr becomes

frx) = Za,¢,<x)+zz D" Bijvij () I(Bix > Con™")

k jeB(k)

= Ko(x) + ZZbik(x)I(x € Jix) (B > Con™Y), 2.7
i=0 k

where the last line defines Ieo(x) and ﬁ,-k(x). The smoothing parameter R corresponds to the
highest detail resolution level, parameter / is the block length and Co is a threshold constant.
Notice that Djj(x) is an estimate of D f (x) = ZjeB(k) Bij¥ij(x), and

Jiw= U {x: vy #0}= [J {suppvi}.

JjEeBk) JjeBk)

Note that if the support of ¥ is of length v, then the length of Ji; is (I + v — 1)/2i < 21/2i,
and these intervals overlap each other at either end by (v — 1)27/. Therefore, without loss of
generality, we assume that the length of the support of ¢ is 1; then these intervals Jj; are
nonoverlapping.

Remark 2.1. We can define the wavelet estimator of f(x) (i.e., on the whole support [—L, L]of
f without truncation at T'), say f (x), instead of fr(x), 51m11arly to (2.5) and (2.6) in this paper.
However, in this case, the finiteness of the MISE, i.e. E f ( f f)? < oo, cannot be ensured,
because of the endpoint effect. This treatment is analogous to that of the MISE with kernel
estimation, which includes a nonnegative bounded and compactly supported weight function
w. Its role for w is to eliminate the endpoint effect [18, p.1523]. Thus we typically consider
J( fr — fr)? to eliminate the endpoint effect. See also [16, p.38].

Remark 2.2. Although here we consider survival time setting, the random variables X and Y
need not necessarily be positive. Suppose that there is no censoring, i.e., G = 0 on (—00, 00).
Then §,, = 1, forallm = 1,2, ..., n, and upon taking T = 7y = tF, we see that fr = f and
the above estimator fr is analogous to those of [13].

3. Main results

The following theorems show that the wavelet-based estimators, based on block thresholding
of the empirical wavelet coefficients, attain optimal and nearly optimal convergence rates over a
large range of Besov function classes and behave themselves as if they know in advance in which
class the functions lie.

Theorem 3.1. Let fT be the block thresholding wavelet density estimator (2.7) with the block
length | =logn, R = |log,(nl =2)| and the threshold constant Cy given as

Co=1125A[1 = H(D)I[1 = G(D] (G2l Qlla + V2l @ ¢t )2,

where C1 and C; are the universal constants from Talagrand (1994) given in the Appendix.
Suppose that the wavelets ¢ and r are r-regular. Then, there exists a constant C such that for
allM, L € (0,00), 1/p<s <r, q€ll,o0]
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1' I_fp € [21 OO],
N 2
sup Ef (fr - fr) < Cp~3/0+29),

FEF} 4 (M, L)NBoo(A)

2.0f pell, 2),

; 2 _2-p
sup E/ (fT - fT) < C (logy n) 70+ p=28/(1425).
fEFS ,(M.L)NBoo(A)

Remark 3.1. The above block thresholding wavelet estimators defined as in (2.7) are adaptive
in the sense that they don’t depend on unknown parameters s, p and ¢g. When p > 2, minimax
theory indicates that the best convergence rates over F [ﬁ ¢(M, L) are at n~2/(+25) Thus, the
above estimators achieve exact optimal convergence rates, without one knowing the smoothness
parameters. This result is analogous to that for the complete data case. In the case 1 < p < 2, the
above convergence rates are the same as those of the BlockJS estimators given in [2]. From [8,9],
the traditional linear estimators (including the kernel estimator with a fixed bandwidth) cannot
achieve the rates stated in Theorem 3.1. Hence using our above block thresholding estimators
has advantages over the traditional linear method.

Remark 3.2. Our block length [ = logn is different from that, / = (log n)z, in [13]. From [2,3],
this block length [ = logn is optimal both for the global error measure and estimating functions
at a point simultaneously. Our threshold constant Cy with censored data is analogous to that in
the complete data case, but it depends on the censoring distribution G also.

Theorem 3.2. Let fT be the block thresholding wavelet density estimator (2.7) with the block
length | =logn, R = |log, (nl=2) | and the threshold constant Co given as

Co=1125A[1 — H(T)]"*[1 — G 2(C211 Q12 + V2 @lh ;2

)2
where C| and Cy are the universal constants from [24] given in the Appendix. Suppose that the
wavelet  is r-regular withr > s and s /(1 4+ 2s) < s1 —s. Then, there exists a constant C such

that forall M, L € (0, 00), 1/2 < s,

N 2
sup E / (fr—fr) = cnm2/42),

[V (F5 o (M,L)NBoo(A)

Remark 3.3. The above result, in Theorem 3.2, is analogous to those in [13.,4] for the complete
data case.

Remark 3.4. From the characterization of Besov spaces, it can be verified that a function which
has a finite number of jumps and the “regularity” v elsewhere belongs to class F;,l o~ (see
[15, p. 114]). Now from embedding properties of Besov spaces [15, p. 124], it can be shown

that Ff.5/% (= F*., _ with v = s + 1/2) is included in F{ls from s + 1/2 > s;. Therefore

F;'s can be a much larger space than the regular space sz o> SiNCE it can contain discontinuous
functions whenever s; < s + 1/2 ors; < t~!, where T = (s + 1/2)!. In Theorem 3.2, we
only require s/(1 4+ 2s) < s; — s, which may include the case s/(1 +2s) < s1 —s < 1/2 or

s1 < s+ 1/2. Therefore, function space F; '+, can contain discontinuous functions. For the kernel
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estimators with fixed bandwidth, the convergence rates could not achieve rates at n=28/(+25) gyer
Vi, (Fy (M, L)) if the underlying functions to be estimated are discontinuous. Minimax theory

indicates that the best convergence rates over FZS oo are at n=28/(+25) Thys, Theorem 3.2 shows
that wavelet estimators attain optimal convergence rates over a large class of functions which
include discontinuous functions.

4. Simulation results

To investigate the performance of the proposed wavelet estimator, we present a modest
simulation study. However, the proposed estimators in Theorems 3.1 and 3.2 are of purely
theoretical interest; they reduce the mean integrated squared error based on variance-bias
tradeoff. They are not practical for implementation, since the threshold constant Cy depends on
unknown constants A, C1, C; and unknown distributions F and G. In this simulation study, we
determine the threshold Cq by cross-validation, which minimizes the prediction error generated
by comparing a prediction, based on half of the data, to the other half of the data. For details on
cross-validation, see [20]. In order to compare our wavelet estimators to the existing competitors,
we choose the [12] local linear regression smoother for comparison. Although the estimators are
devised for nonparametric regression settings, one can use a proper definition of binned values to
convert a density problem into a standard regression problem (we are aware that there is a certain
approximating error from the effect of binning). Therefore, for convenience of comparison, we
consider the regression settings in the simulation study and use the same function as in [12], i.e.,

Y; =4.5—64X2(1 — X;)? — 16(X; — 0.5)% +0.25¢;, ¢ ~iid. N(O, 1).

For convenience of the discrete wavelet transform, we let X; = i/n,i = 1,2,...,n, where
n is the sample size. We consider three different sample sizes: n = 256, 512 and 1024. The
censoring time 7; is conditionally independent of the survival time Y; given X; and is distributed
as (T;1X; = x) ~ exp(t(x)), where 7(x) is the mean conditional censoring time given by

(o = [3025 =4 =1, if 0<x <05,
YV =1301.25 - [4x —3]), if 05<x<1.

For the above censoring variable, approximately 40% of the data are censored. We also consider
another censoring variable (7;|X; = x) ~ exp(2.2 *x ¢(x)) which results in approximately 20%
of data are censored. Fan and Gijbels [12] use the explicit local average transformation to replace
the censored observation Z; with Y;*, which is a weighted average of all uncensored responses
which are larger than Z; within a small neighborhood of X;, i.e.,

Xi—X;
2 Zjk (‘(X,-+k—x,-fk>/2> 8j
% ./.Zj>Z,'
Yi = Z K( Xi—X )5 '
X, . Jj
j:Zj>Zl‘ (Xitk Xi—k)/2

where K is a nonnegative kernel function and k plays the role of the bandwidth. The value of
k can be determined by cross-validation. For numerical comparisons we consider the average
norm (ANorm) of the estimators at the sample points

N /[ n 172
ANorm = %Z <Z (fz(xi) - f(xi))2> ,
=1

i=1
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Table 1
Average norm from N = 100 replications

20% censored 40% censored

n =256 n=>5I12 n = 1024 n =256 n=>512 n = 1024
Local linear 3.844 5.549 7.886 3.869 5.497 7.860
Wavelet 3.867 5.519 7.774 3.850 5.463 7.780

Table 2
Average norm from N = 100 replications

20% censored 40% censored

n =256 n=>512 n =256 n=>512
Local linear 7.691 9.199 8.540 10.721
Wavelet 7.332 8.941 9.421 11.851

where fl is the estimate of f in the [-th replication and N is the total number of replications.
Since different wavelets yield very similar results, we only use Daubechies’ compactly supported
wavelet Symmlet 8. We find that our wavelet estimators based on cross-validation are very close to
the Stein unbiased risk estimator [8] in terms of the mean integrated squared error. The simulation
results for different sample sizes and different censoring proportion are summarized in Table 1.
On the basis of these results, we see that our wavelet estimator has a very similar average norm
which is usually slightly smaller than that of the local linear regression smoother.

The second example that we considered is the following model: ¥; = g(X;) + ¢;, where
€ ~ iid. NO,1),i = 1,...,n (n = 256 and 512), and g(x) is a piecewise HeaviSine
function:

4sin(4rx) +20, if 0<x <0.3;
gx) ={4sin(dnx)+ 18, if 03 <x <0.7;
4sin(4mx) +20, if 0.7<x<1.

We also consider the censoring time 7; to be conditionally independent of the survival time
Y; given X; and to be distributed as (7;|X; = x) ~ exp(¢(x)), where #(x) = 4g(x) results
in approximately 40% censoring and #(x) = 2g(x) results in approximately 20% censoring.
The average norms for two estimators for different sample sizes and censorings are summarized
in Table 2. On the basis of the above simulation results, we found that for light censoring
(approximately 20%) and moderate sample sizes, our wavelet estimator does slightly better than
Fan and Gijbels’ local linear estimator. However, for heavier censoring, this advantage is lost.

Remark 4.1. It is well known that wavelet methods are very effective in estimating functions
which have locally varying (heterogeneous) degree of smoothing (inhomogeneity), i.e., these
functions are quite smooth on one part of the domain but much less regular on another part,
whereas kernel estimators with fixed bandwidth are an appropriate tool for estimating functions
with homogeneous degree of smoothness (regular functions). Typically, kernel methods ask for
a certain degree of smoothness for the underlying functions, while wavelet methods can deal
with functions which belong to a quite general function space. Therefore, wavelet methods do
very well in estimating the peaks and valleys of the underlying curves, but they are not very well
satisfied over the smooth portion. Wavelet methods are also very suitable in estimating the sudden
changes, such as discontinuities. It is evident that, because of the adaptability of the wavelet
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estimators to many different types of nonsmoothness, a price will be paid on the estimation of
a truly smooth curve. Of course, wavelet methods can’t replace the other smoothing methods,
but they do complement each other. From this small simulation study, we see that wavelet
estimators are very comparable to the [12] local linear regression smoother, which involves a
variable bandwidth.

5. Proofs

The overall proofs for the above theorems follow along the lines of [13] and [11] for density
estimation in the complete data case. But moving from complete data to censored data involves
a significant change in complexity. For complete data, the empirical wavelet coefficients would
be defined as averages of i.i.d. random variables. In this case, it is relatively easy to investigate
the large deviation behavior of the empirical wavelet coefficients. For the censored data case,
the empirical wavelet coefficients are constructed through the Kaplan—Meier estimators of the
distribution functions as in (2.6). Hence they are no longer sums of i.i.d. random variables. Li [17]
considers term-by-term thresholded estimators with censored data which don’t attain the optimal
convergence rates as in this paper. The proof for the block thresholding estimators is significantly
different from that for the term-by-term thresholded estimator in [17]. For the block thresholding
estimators, we will use a result from Talagrand (1994) to deal with large deviation behavior of
the empirical wavelet coefficients, instead of the standard Bernstein inequality.

The key part of the proof is approximating the empirical wavelet coefficients with averages
of i.i.d. random variables with a sufficiently small error rate. In the complete data case, we may
write empirical wavelet coefficients as integrals with respect to an empirical distribution function.
Naturally, in the random censored data case, we may write empirical wavelet coefficients as
integrals with respect to the Kaplan—Meier estimator. In this case, they are no longer sums of
i.i.d. random variables. Stute [21] approximates the Kaplan—Meier integrals as averages of i.i.d.
random variables with a certain rate in probability. Nevertheless we are able to show that these
empirical wavelet coefficients can be approximated by averages of i.i.d. random variables with
a certain error rate in L2 also, since the MISE considers L2 error (for details see the following
Lemma 5.1).

The proof of the above theorems can be broken into several parts. In view of (2.2) and (2.7),
we have

Elfr — frl3 < 401 + L+ I + L),

where
. 2
n=E|k-Kof|.
is 2
L=E|> |:Z DI (Ju)I (Bix > Con™") — Dif:| ,
i=0 k 2
R R R 2 (5.1
I3 =E Z |:Z DixI (Ji) I (Bix > Con™ ") — Dif:| ,
i=i+1 L & 2
~ 2
Iy = Z Dif| ,
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where i, be the integer such that 2/s ~ n!/Zs+D (e, 2is < pl/@s+D < 2i+1) for p > 2 and

2is ~ (log, n)%nl/ 2s+D for 1 < p < 2. In order to prove the above theorems, it suffices to
bound each term Iy, I, I3 and I separately, which is done in the following Lemmas 5.4-5.7
respectively.

In order to prove Lemmas 5.4-5.7, we need some preparations. We begin with some lemmas.
The following first lemma is completely analogous to Lemma 4.1 of [16] with different notation
(@;, aj, ﬂ,j and B;; here play the roles of b], b, b,] and b;; there with p = 1, and similarly
for U, V and W). The second and third lemmas concern inequalities which will be used in the
sequel. All proofs of these lemmas are omitted. For proofs, see [16,13,2].

Lemma 5.1. Let &j and ﬁij be defined as in Eq. (2.6). Also, let
pjx)=¢;jx)I(x <T), j=0,%x1,%£2,...,
0ij(x) =v;;)I(x<T), i=0,1,...,R; j=0,%1,%£2,...,

1 &y S0 (Z
&jZ_ZM, j=0,£1,£2,...,
n = 1= G(Zn)

1 d m(pij(Zm)

=0,1,....,R; j=0,%£1,£2,....

b= LT =6z !

Then the followmg equations hold:
N - = 1
&j=a;+W;+Ru;, ER;)=0 (n_2) ¢?dF,
Bij = Bij + Wij + Ruij. E(R,HJ ) </),~2de,

where

Wi(Zpn) =Uj(Zn) — Vi(Zn), Wii(Zy) = Uij(Zw) — Vij(Zwm),

o 1 n _ 1 n
Wi=—2 WiZw,  Wi=—3 WijZn),
m=1 m=1

and
1—6n, TH
Uij(Zm) = T(Zm) /;m @j(w) F(dw),
1—36, TH
Uij(Zm) = T(Zm)/ goij(u)) F(dw),

e LTH ()T (v < Zy A w)
= [, [, Hm e e,

H LT g () (v < Zy A w)
e = [ [ e~ o F.

Remark 5.1. This lemma shows that empirical wavelet coefficients ,éij (or & j) can be
approximated by averages of i.i.d. random variables B,- j (or a;) and Wij (or Wj) with a
sufficiently small term Ry ;; (or R, ;). Through the detailed calculation in [16], we are able
to show that Wij (or Wj) is negligible compared to the main term ﬁ_ﬁ,-j (or @;). Hence,
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asymptotically, empirical wavelet coefficients Bi i (or &;) with censored data are equivalent to
empirical wavelet coefficients g;; (or &) for the complete data case.

The following lemma is very useful when one calculates the sequence norm of a function for
different values of p.

Lemma 5.2. Ler u € R", |lull, = (O_; lui|P)'/P, and 0 < py < py < oo. Then the following
inequalities hold:

11
lullp, < lullpy <nrr P2 flullp,.

Lemma 5.3. Let D; f and Di be defined as in (2.2) and (2.4). Then
I 2 J R ,1/2)?
Z(Di—Dif> S{Z[E/<D5_Dif)] } .

2 i=1

i=I
Lemma 5.4. Suppose that the assumptions of Theorem 3.1 hold. Then

E

R 2
n=E|Ro- KofH2 = o (n72/0%29),
Proof. On the basis of the orthogonality of wavelets ¢, we have
~ 2
11 = ZE(Olj —Otj) .
J
From Lemma 5.1,
= 2 w2 2
3 {ZE(aj ) +ZEWjOk +ZERM-}
J J J

=:3(In + Lz + §L3).

I

IA

Apply the same arguments as in Lemma 4.2 in [16, pp. 42, 43] and notice that when p = 1
in [16], we have

=00 'p)=0m™), In=ow™'p)=om™), Lz=0wm"2p)=0m>.
Hence, Lemma 5.4 is proved. [

In the proofs below, C represents a generic finite constant, the concrete value of which may
change from line to line in the sequel.

Lemma 5.5. Suppose that the assumptions of Theorem 3.1 hold. Then

00 2
=] 3 buf oy,
i=R+1 2

Proof. On the basis of the orthogonality of wavelets i, we have

L= ) Y B

i=R+1 j
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From the wavelet expansion of fr in (2.2), the wavelet coefficients §;; = f Sy (x)dx.
Because of supp f7 C [—L, T] and suppy C [—v, v], we have, for any level i, that there are at
most C2' nonzero coefficients f;;. '

First, let’s consider p < 2. From Lemma 5.2 and (2.1), we have [|8; [l2 < I18i.ll, < M27'7.
Thus 3 ; ,Bizj < M?27%° Since sp > 1 and 0 > 1/2, we have I < YRt M22—2i0 —
M?2~2Rop=20 (] _ p=20)=1 < pg29—2R0 Oy the basis of our choice R with 28 ~ n(log, n)~2
and20 = 1+2(s — 1/p) > 25/(2s + 1), we obtain I = o (n=2*/(172),

L1 1 .
For p > 2, from Lemma 5.2, we have ||8;. |2 < (C2")2 7 ||B;|l, < C27*°. Thus, we have

o0
Iy <CYy 272 = a2 — 277 < ¢,
R+1

Again, on the basis of our choice of R and s > 0, we have I = o (n=2%/(172),
Taken together with p < 2, this completes the proof of the lemma. [

Lemma 5.6. Suppose that the assumptions of Theorem 3.1 hold with p > 2 and 2's ~ n'/2s+D),
Then
2

L =F < Cn—Zs/(l+2s).

2 [Z DitI (Jit)I (Biy > Con™ 1) — Dif:|

i=0 k

2

Suppose that the assumptions of Theorem 3.2 hold with 1 < p < 2 and 25 =~
2—

(log, n) #1729 1/ @D Then

i: |:Z DixI (Jit)I (Bix > Con™ 1) — Difi|

i=0 k

2
< C (log, n)ﬁ =28/ (142s)
2

L =F

Proof. From Lemma 5.3, we have

1/2

i 2
L={>" E/ (Z Dix ()1 (x € Ji) (B > Con™") — Dif(x)) dx
k

i=0

Writing D; f(x) = Zj Bijvij(x) = > ZjeB(k) Bij¥ij(x) = > Dix f(x), we have for the
term in brackets

2
E / (Z Dix()I (x € Ji) [ (Bix > Con™") — Dif(x)> dx
k
2
<3\E / [Z (Do) = Duf ) 1x € Ji) (B > @n‘)} dx
k

2
+E[ [Z Dix f ()1 (Bix < Con™ )1 (By < 2c0n—‘>] dx
k

2
+Ef [Z Dix f () (Bix < Con )1 (Bix > 2Con_1)] dx
k
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N 2
<3{E [ (B - D) ax
+EY / (D f () dx 1 (Byg < 2Con™")
r J ik

+EY | (D f (0)*dxI (B < Con™ )1 (Bix > 2Con™")
r Y ik

=:3(Ip1 + Iz + I3),

where the last inequality follows from the orthogonality of ¢ and Dj(x) = > j Bij Yij(x).
As to the first term />, from Lemma 5.1, we have

Ly = ZE(BU’ — Bij)*
J

IA

= —2
: {Z Eiy = B’ + D EW; +)_ ERf»ff}
J J J
=: 3(a11 + b2 + bi3).
Through direct calculation as in term /; (see also (4.15) and (4.16) in [16, p. 43]), we can get
Ly = 012", L1y = o(n™'29), Lz = 0(n™22%).

Thus, we have 1] < C2ip—1,

As to the term I»», from the definition of B;;, we have f]ik(Dikf(x))zdx = Zjeg(k) ,Bizj =
IB;y. Since there are at most [~12! terms in > for each i, we have I, = ), 12Con~!
c2in—l.

The term I3 involves large deviation behavior and will be considered separately in the next
section. Assume that I3 < C n~! for all i for the time being; we obtain

Is . . 712 2
Z[CZ’n_ +C2n +Cn_]

A

I <
i=0
i 2
<C {Z [(zin1)1/2+n1/z]}
i=0
<C (21"‘1171 +i52n71).

Now, if i; satisfies 25 ~ npl/@+D then I, < Cn /042 If j, satisfies 2 =~
2—p ) _2=p ) ) A

(logy n) 72 n1/ 5+ 'then I, < C (logy n) P59 p=28/(142)  which completes the proof of

the lemma. [

Lemma 5.7. Suppose that the assumptions of Theorem 3.1 hold with p > 2 and 2 ~ n'/@s+D,
Then

2
<C n—2s/(1+2s)'

R

> |:Z DI (Ji) I (Bix > Con™") — Dif:|
x

i=ig+1

L =F

2
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Suppose that the assumptions of Theorem 3.2 hold with 1 < p < 2 and 25 =~
2—
(log, n) #1729 1/ @D Then

2
R

L=E| Y [Z Ditd (Ju)I (Big > Con™") — Dif}

i=ig+1 k 2

< C (log, n)% = 25/(1425)
Proof. From Lemma 5.3, we have

R 5 122

ne{ > |Ef (Z P ()1 (B > Con™) — Dif(x)> dx
i=ig+1 k

Applying the same argument as in />, we can write the term in brackets as
2
A A -1
e (Z Pl ()1 (B > Con™) — Dif(x>) dx
k
A 2 A
<E). / (Ditx) = Duf @) dx 1By > Con™)1 (Bix > Co2m) ™)
r Y ik
A 2 A
+EY [ (Butn) - Dus ) e 1(Bis > Con™)1 B = o™
r Y ik
+EY f (Dix f (x))* dx I (Byx < Con™)I(By < 2Con™")
7 Jik

+EZ/ (Dit f (x))*dx I (Bix < Con™)I(Bjx > 2Con™")
r J ik

=: I31 + I3 + I33 + I34.

The terms I3, and I34 involve large deviation behavior and will be considered separately in
the next section. Assume that I3 < Cn~! and I34 < Cn~! for all i for the time being.

Let’s consider the first part of the lemma with p > 2 and 2is ~ pl/@s+D For the first term
131, noticing B,-kCO_IZn > 1 and E(ﬁij — ,Bij)z < Cn~ ! foralli and J, we have

~ 2
= YE [ (But) - Dufw) dr- Bucy'on
k Jik

<CY D EB-ppT U ) Bin

k jeB(k) jeBk)
cex i Y =y s
k JEB(k) J

When p > 2, as in Lemma 5.5, we have Zj ,Bizj < C272! Hence I3 < C272si,
Similarly, when p > 2,

Iy <y /J (Di f (x))* dx - I (B <2Con™")
k ik
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<CY B =ca
j

Combine these four terms together; we have, for p > 2,

2

R 4 . 172

L < [ 3 <c2—2“ +Cnl 2 +cn—1) ]
i=ig+1

< C[ i (2~ ~|—n_1/2>j|2

i=is+1
< C (27 + R
S Cn—Zs/(H-Zs).

Now let’s consider the second part of the lemma with 1 < p < 2 and 25 =~

2-p
(log, n) P12 1/ 25+ | Since CO_IZnB,'k > 1 in I31, we have

R 2
I3 = EZ/J (Dik(X) - Dikf(x)) dx - I(Bix > Co2n)™")
k ik

p P
C Zln_1 . n%Bii
k

IA

2
< Cin7*EY (1—1 ,8%-)
k jeB(k)
e fty (3 )
JjeB(k)

k

p/2
From Lemma 5.2, when p < 2, we have ||Bi.ll < |Bi.llp, thus (ZjeB(k) ﬁlzj) <
> ek ,Bl.’;.. Hence,

p p )4 P .
Ly < Cl'™on T2 Y gl < ' i MR,
J

and the last inequality follows from Lemma 5.5 when p < 2.
As to the term /33, for p < 2, noticing that 2C0n_lBij{l > 1, we have

Iy <y / (Dirc f(x))* dx - I (Bi <2Con™")
r Y ik
—1p—1 l_g
> 1B - (2con™' BR)
k

P
=Cin™'*5Y B
k

< Cl'= Ty~ 145 ypoiop,

IA

and the last step follows from that of /3.



1534 L. Li / Journal of Multivariate Analysis 99 (2008) 1518-1543

Therefore, when 1 < p < 2, we have

R , . 12
I < { 3 [C(n—ll)l"fz—“”’ +Cn 4 cmn!Raior 4 Cn‘l] }
i=ig+1

IA

R 2
c { > [(n—lz)%‘%z—“’l’/2 + Cn—%]}

=iy 1
< C((n’]l)]”2 0P 4 R%p *‘)

<cC (log2 n)% n—zs/(1+25)’
which proves the second part of the lemma. [J
We are now in a position to give the proofs of Theorems 3.1 and 3.2.
Proof of Theorem 3.1. The proof follows from Lemmas 5.4-5.7 and the fact that
Elfr = frl5 < 4i+ b+ L+ 1. O

Proof of Theorem 3.2. The proof is similar to that of Theorem 3.1 and is simpler, since we only
need to consider the p > 2 case. Notice that the large deviation results for empirical wavelet
coefficients and the proofs for term /; in Lemma 5.4 and term /, in Lemma 5.6 still hold for
the new function space ‘751 (FZS’OO(M , L)), since these results do not depend on the smoothness
parameter s. Hence in order to prove Theorem 3.2, it suffices to prove Lemmas 5.5 and 5.7.
Let’s consider Lemma 5.5 first. In the sequel, for the sake of convenience, we write f as fr,
suppressing T'. Recall that for all f € Vsl (FQS’OO(M, L)) f may be written as f = f] + f> where

fie Fj (M,L)and f; € F;'so(M, L). Then, from Lemma 5.5, we have Iy < 2(Is.1 + I4.2),

where Lo = Y72 gy X 87 1 la2 = X2 pit X Bl Bijt = [ fivij and Bijo = [ ;.
Since fi € Fj (M,L), from Lemma 5.5 we have Iy; = = o(n™/UF29) As to Iy,

using the 1nclu510n properties of Besov spaces, we have f, € F, (M, L) C BYl Y(M L).
Applying the norm equivalence between the Besov norm of a function and the sequence norm
of wavelet coefficients of a function in (2.1), we have )~ /3” , = lIBial? < M272i6i=s),

Hence, I4o < M Zi:R+1 =2i(s1-9) = M( 1(10g2 )2)2<A1 A). From the additional condition
s/(1 +2s) < s — s stated in Theorem 3.2, we finally obtain I » = o(n~2/(1+29)) Combining
this with I4 1, we complete the proof of Lemma 5.5.

For the term I3, the proof can be derived in the same spirit as in I4. We can treat /3 and
I3 > separately. The proof of /3] is the same as that in Lemma 5.7, while the proof for /3 > can
be derived by Besov space embedding properties. Since the proof is similar to that in [13, p.
940-941] and the step by step details are long, we omit them here. [
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Appendix

In order to obtain the bounds on the terms I3, I3 and I34 in Lemmas 5.6 and 5.7, we need
the following theorem from Talagrand (1994) as stated in [13, p. 937].

Theorem A.1. Let Uy, Uy, ..., U, be independent and identically distributed random variables.
Let €, €2, ..., €, be independent Rademacher random variables that are also independent of the
U;. Let F be a class of functions uniformly bounded by M. If there exists v, H > 0 such that for
all n,

n
sup varh(U) < v, Esup Y €uh(Up) <nH,
heF heF =1
then there exist universal constants C and Cy such that for all . > 0,
)LZ

P {sup [l Xn: h(Up) — Eh(U):| > A+ CzH} < e_"C‘[TAﬁ].

heF | 1 m=1
The following lemma will also be needed in the sequel. For the proof, see [13, p. 939].

Lemma A.1. If flik(Dikf(x))2dx <27Y1con!, then

/ (D 0)2dx = 1Con~" b < L [ (P (x) = Dia F(0)2dx = 0.081Con™"
Jik Jik

If f]ik (Di f(x))?dx > 21Con~", then

(Dix(x)*dx < ICon~ '} C (Dix(x) — Dig f (x))%dx > 0.16/Con !

Ji Ji

Lemma A.2. Suppose that the assumptions of Theorem 3.1 hold. Then

= £ [ (Duf P axt (B = o)1 (B > 2607 = 0 (7).
% Y ik

Proof. From Lemma A.1, we have

m=EY [ Duswyaa ( /
r JJik

Jik

(bik(x) - Dikf(x))z dx > 0.16lC0n_1) )

From Lemma 5.1, we may write

Di(x) = > Bijij(x)

JjeB(k)
= Z (Bij-i-Wij)wij(x)-i- Z Rp,ij¥ij(x)
jeBk) jeB(k)

= Eik(x) + Ry ik (x),
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where

= I 8nl(Zn =T ) )
Dix(x) = Z[ T ]E;(k)wz,(zm)wu(x)

1 =46,

+ 1—H(Z,) Z Ir[/ll (w)lﬂz] ) I(w <T)F(dw)

Zm  jeB(k)

/ / I(v<ZpyAw) Z Yij (W)Y (x) G(dv) F (dw)
L [1=HWI-GW] G

1 Sl (Zy <T) ‘
= Z|: 1—G(Z) Dii(x, Zy)

T(Zm) fm Dix(x, w)l(w < T) F(dw)

/ / IV <Znrw) o w)G(dv)F(dw)i|
L =AU -l

= - E Tix(x, Zi).
n
m=1

The second equality defines Djr(x,y) = Y jeB®) i (x)¥;;(y) and the last equality defines
Ek (xa Zm)'
From Lemma 5.1 and applying the triangle inequality, we have

Iy< EY /J (Dix f(x))*dx - 1 ( /J (Dt (x) — D f () dx = 0.08011(7071_1)
k ik ik

+EY f (D f ()dx - 1 ( /
r Y ik

(R () dx > O.OSﬁZCOnl)

Jik

=: 31 + D3,

where « and 8 are any positive numbers such that o + 8 = 1.
Let’s consider the term I3 first. From the orthogonality of ¢ and applying the Markov
inequality, we have

by < Z/J (Dirf(x))*dx - Y E(Ry;)(0.0881Con™")~"!
— /)

jeB(k)

=Y ¥ gcamt Y /w,]dF
k jeB(k) JEB(K)

<

cn' B
j

where the second inequality follows from Lemma 5.1 and the last inequality follows from there

being / terms in the sums Zleg(k) and fl/f2 dF < || flleo for all i and j. As in Lemma 5.5,
Z] ﬂlzj < M?27%% when p < 2 and Z] /312] < C27% when p > 2. Hence I3, < Cn~! for any
value of p.
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As to the first term />31, we can apply the above Talagrand Theorem A.1. Write

{/ (Dix(x) — Dix f(x))” dx > 0.08a1c0n—1}
Jik
1/2
= [/ (Dix(x) — Dix f () dx] > \/0.0SaZCon_l}
Jik
=1 sup f (Dik(x) — Dig f (x)) g(x) dx > \/0.0SOzZCon_l}

lgll2=1Y Jix

1 n
=) sup [—Z/ Tik(x,Zm)g(X)dx—E/ Tik(x,Zm)g(X)dx}
[P PES N L Jik

> 1/0.08alCon—! }

=: !sup [ Z h(Zy) — Eh(Z)] > /0.08a/Con— }

heF
where F = {f-]ik Tix(x,)I(j € B(k))g(x)dx : |lgll2 < 1} and the third equality follows from
ETik(x, Z) = Dix f (x).

In order to apply the Talagrand Theorem, we need to compute these constants M, v, H and
A

172
M = sup / g(x)Tik(x,y)dx' < supligl3 {/ T,i(x,y)dx} .
y Jik y Jik
Recall that
Sl (Zm < T)
Tix(x, Zy) = %Dik(% Zm)
4t = /THD (e ) (w < T) F(dw)
_ e, I (w < w
1= HZm |z,
/TH/ I(v<Zyu Aw) Dir ) G (dv) F(dw)
ik(x, w v w).
L T—HOIT-Gw] *
= Ti1(x, Zp) + Tix2(x, Zip) + Tix 3(x, Zy).
Thus

1/2
M < sup{?af Tii’l(x,y)dx—l—3/ Tii’z(x,y)dx—l{’)/ Tiij(x,y)dx} :
y Jik Jik

Jik

Since

1
T2 | (x, y)dx < —/ D? (x, y)dx
/J el [n-cmpJ, ™

< / 22 022 (x — y))dx,
“hi—emrl,
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we have

21110113
supf T G, y)dy < ———2
v Jin [1—G(T)]

Similarly, we can have

2 21013
S‘;p/;ik Th2(x, y)dx < m,

2 21013
ki /, L T T TR T

Thus, we have
3 3 3 12
i/2
3 .
2210]a.

<
T =-G6MIN - H(T)]

Through similar direct calculation, we can obtain that

2
sup E { fJ Tk (x, Z>g(x>dx}
ik

v <
llgll2=<1
2 2
<3 sup E {/ Tik 1 (x, Z)g(x)dx} +3 sup E {/ Tik2(x, Z)g(x)dx}
lgll2<1 Jik llglla=<1 Jik

2
+3 sup E{/ Tik,g(x,Z)g(x)dx} .
llgll<1 Jik

As to the first term, we have

Ix<T) 2
E{ / T (. Z)g(r)dr} f f { / e ,-k(r,x>g<r)dr} dF(x)dG (y)
Jik x<y Wi 1 — (x)
/{/ Dir(t, x) (t)dt}ZMdF(x)
Jik ik\l, g 1 _ G(x)

1 2
< e J |, ueooa] s

From the exact same argument as in [13, p. 938], we can get

2

sup E / Tik1(x, Z)g(x)dx 5
llgll2<1 Jik

IA

G(T)”f”oo”Q”l

Similarly, we can obtain

£ ol Q13

sup E /J Tik2(x, Z)g(x)dx; <
ik

lgla<1 [1 - G(IT - H(T)]

S fllssllQI3.

sup E /J Tik3(x, Z)g(x)dxp <
ik

lgla<1 [1 -Gl — H(T)]
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Combining above terms together, we finally obtain

2
V< r—smpn —ame/I-lelt

At last, from [13, p. 939], we have

nH = E{ sup Z/ Tik(x,Zm)g(x)dx-sm}

llgll2=<1 =1/ Jix

1/2
n'/? {/; ETi%((x, Z)dx} .
ik

Through direct calculation, we have

ET} \(t.2) = f / [1 - G( ) D} (t, \)dF (x)dG (y)
x<)

——— £ 12" 112115,

IA

<
B G(T)

for all the values of ¢. Since the length of Jix is 127%, we have

Z)dx < ———1| flloo
/Jl_k lkl(x Jdx < G(T) I £ llscll Q13

Like in the above calculation, we obtain

2 R 2
f/ E T35, 205 < sl oo Q1B

2 1 2
/J BT} 505, 205 < gl o 01,

Thus, we obtain

H < > (
(I =G(MI - H(T)]
Now applying Theorem A.1 with the above constants M, v, H and

=V0.08¢Coln~" = 3C3[1 — H(D]™'[1 = G/ flloo I QN3

we have

— 2 1 JEE
P (/ (Dik(x) — Dikf(x)) > 0.08a/Con ) < exp {—nCl <— A M)} .
Jik

On the basis of our choice of R such that 28 ~ n(log n)~2, we have A2v~! < AM~!. Thus we
have

12
A £l 213)

P (/ (Dir(x) — Dy f(x))° > 0.08a1c0n—1)
Jik

)\2
< —nC _
_eXp{ ' 1(9[1 — H(D)I(1 —G(T)]—annoonQu%)}
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In order to make

P (f (Dix(x) — Di f(x))* > 0.0SalCon_l) <n, (A.1)
Jik

through direct calculation we only need that the threshold constant Cy in X satisfies

Co > M Sflloo
0.08«[1 — H(T)]?[1 — G(T)
But, based on our choice Cy as in Theorem 3.1, let « be close to 1; Cy is greater than the above

constant.
Thus, I3 < n~! > j ,Bizj <Cn L. Combining another term, I3, we prove the lemma. [

(€l 0l

Lemma A.3. Suppose that the assumptions of Theorem 3.1 hold. Then

A 2 A
In=EY. f, (D) = Duf ) dx 1(Bix > Con™HI (Bix = Co2m™)
k i

=0 (n).

Proof. Applying the triangle inequality and Lemma 5.1, we have

I < 2EY f, (Dix () — Dig f0)) dx 1 (Biy. > Con™ )1 (B = Co2m)™)
% Y Jik

+2EZ/J Ry ;i (x)dx
k ik

=: 2(I321 + I322).

As to the second term I3, using Lemma 5.1, we have

1 C . _
Iy <E E E R,z,,ij = 0(;) E /IﬁizdeS ﬁzl”f”oo <cnl,
J

k jeB(k)

where the last two inequalities follow from there being at most C2/ terms in the sum y_ j and

21 < n forall i. As to the first term, write

i< EY /J (D) — Dig f () dx - 1
% ik
N 2
x (/ (Dik(x) - Dikf(x)> dx > 0.161c0n—1>
Ji

EY /J (Dix () — Dig f () dx - 1
Y ik

IA

x (/ (Dik(x) — Dikf(x))zdx > 0.081C0n1>
Jik

+E Z/J (D) — D f () dx - 1 (f
k ik

Jik

R2 (x)dx > 0.081C0n—1>

2 I + 13212
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As to the first term /3211, we need the following identity:

oo
E[Y21(Y >a)] = azP(Y > a) +/ 2yP(Y > y)dy,
a
with ¥* = [, (Dix(x) — Dix £(x))* dx and @ = +/0.081Con"". Therefore

o0
I = ZazP(Y >a) + Z/ 2yP(Y > y)dy =: L + L». (A2)
k k a

From (A.1), we have

Ly < Z(0.0S)Coln_ln_l < Zczn—2 <cn !,
k k

and the last inequality follows from there being at most C =12/ terms in the sum > and
21 < 2R <y foralli.

As to the probability P(Y > y) in the term L;, applying the Talagrand Theorem A.1 with
A=y — CoH, we have

PY >y) =P > (y—CH)+CH)
— CyH)?

< exp—nC 2(y 2H) 3 5 A
AN —HMI"[1 = G flleoll 2l

y—CH
AN - .
31— H(MDI7'1 — G(T)]‘12’/2I|QII2) }
Let yp satisfy
(y = CH)? _ y—CH
ol — H(M)I2[1 = G2 fllollQlf 301 — HMI'1 = G272 Qll2”

. . _ 3 Iflsoll QN
which results in yg = T AIT=C ] zi/qunzl

— C2H > 0. Therefore, we have
e’} Yo
/ 2yP(Y > y)dy = / 2y exp [—nC3(y — CzH)z} dy
a a

o0
+ f 2y exp {—nCa(y — CoH)} dy
Yo

=: Ly1 + Ly,
where C3 = 97'C ' [1 — H(DPP[1 = GNP fll 11l % and €y = 371 ¢ [1 = H(T)I[ -
G(T)127"/2Q|l;". Through the change of variable u = y — C2 H, we have

o0

o0
Ly < / 2ue~ Gt gy 4+ 2C2H/ ey =: L1t + Laia.
a—CyH a—CoH

Through direct calculation, we get Ly;; < (C3n)_le_c3”V“_C2H. In order to make Ly <
Cn™2, it suffices to require e ~¢3"V4=C2H < ;=1 which is equivalent to
Co> N f lloo
0.08[1 — H(T)]?[1 — G(T)]

which is satisfied from our choice of Cy as in Theorem 3.1.

1/2

)%,

5(C2A Q2+ 12 €y
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Apply inequality fxoo e "/2dr < x~'e™*"/2; through simple algebra, we have

2C,H e—C3n(a—C2H)2

L =
2= A Cn(a — CoH)

2 . . .
In order to make Ly;p < Cn~2, we only need e~ Cn@—CH)” < cp=2 which is equivalent to
asking that

91 flloo

Co> —-1/2
= 0.08[1 — H(T)12[1 — G(T)

]2(C2IIQII2+«/§IIQII1C1 )2

Thus, we have L,; < Cn~2.
Let’s turn back to the second term L>;. Through integration by parts, we have

Cyn2i/? Cyn
=: Loy + Lono.

. i/2 00 .
L22 _ 2y0 e,c4n271/2(y0702[_[) + 22! / eic4n2—z/2<y7C2H> dy
bl

0

Through direct calculation, we can obtain that Ly < C 27in~land Ly < C 2in~3. Thus

Lo < C +czi
2= 0 nd

Now, combining this with the term L»; < Cn~2 and noticing that there are at most CI~'2/ terms
in the sum 3", and 2/ < 2R < p for all i, we have L, < YiLla+Y Lo < Cn~! for all i.
Combining this with L1 < Cn—L, we prove 13711 < cnL.

In order to prove the lemma, we only need to show that 312 < Cn~! also. Let E =
1/, (Dir(x) = Dig f (x))*dx = 0.08/Con™"}; thus

k

— 2 _
Iy = EZ/ (Dik(x) = Dix f(x)) " dx - I (/ R} (x)dx > 0.08/Con 1) Ige
k Jik Ji
+E Z/ (Dik(x) — D,-kf(x))2dx A (/ R? ;,(0)dx > o.oszcon‘> Ig
k Jik Jik

D (o.oszcon*‘) P (/ R2 , (x)dx > o.oszcon‘>
Jik

k

+E2k:/;'k (Dir(x) — Dikf(x))zdx g

=Z Z ERiij+13211~

k jeB(k)

IA

However, from the same argument as for term /337, we that see Zk > B E Rﬁ ij = Cnl.

Combining this with the term 3311 < C n—1, we complete the proof. [

Lemma A.4. Suppose that the assumptions of Theorem 3.1 hold. Then

s = £ [ (0w s e i < Con™) B> 20~ = 0 (7).
% Y Jik
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Proof. Compare the term />3 in Lemma A.2 with the above term I34; we notice that the only
difference between them is the different ranges of i. Since the proof of Lemma A.2 holds for all
i <2R wehave Iy = O (n™!) also. O
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