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1. Introduction

The theory of function spaces is one of the most extensively studied areas of general topology, containing as a special
part of it, the problem of finding closure type properties of the function spaces and various covering properties of the initial
space dual to each other (see e.g. [1,4,6,9,12,14-17]). More recently, a discipline called Selection principles was developed
and at the beginning it dealt primarily with different sorts of open covers and selection hypothesis concerning them (see
[5,8,18]). Combining the two disciplines we find ourselves interested in trying to find closure type properties of function
spaces dual to those described by these selection principles when applied to certain open covers (see e.g. [11,12,14,13]). Of
course we could look at the problem the other way round. In this paper we are concerned with a selective variant of the
property of Reznichenko in function spaces, but unlike papers [12,13], we will examine its behavior when it is considered
as a bitopological property of function spaces endowed with the topology of pointwise convergence and the compact-open
topology. This was already done in [11] but only in the special case when the compact-open topology was with countable
tightness so Theorem 1.1 of this paper actually generalizes Theorem 4.3 of [11].

Before we proceed, a few words about the notation and the terminology which is mostly, up to some slight variations,
taken from [3]. a € b means that a is a subset of b whereas a C b means that a is a proper subset of b. N is the set of
positive integers. If T is a topology on X and x € X then £2,(X, t):={A C X\ {x}: x € Cl;(A)}. All spaces are assumed to be
infinite Tychonoff.

The Reznichenko property of a space X was introduced in 1996 (at a seminar at the Moscow State University) as follows:
X has the Reznichenko property if for all A C X and x € CI(A) \ A there is a sequence (B,: n € N) of pairwise disjoint finite
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subsets of A such that for every open U > x the set {n € N: B, NU =0} is finite. It has been considered in the general case
in [10], in function spaces in [9,15,16], and in the context of hyperspaces in [7].
The definition of what could be called a selective bitopological version of the Reznichenko property was given in [11]:

we say that X is a selectively (11, T2)-Reznichenko space at x € X if t1, 7o are two topologies on X, with 7; 2 13 and if for
each sequence (An: n € N) of elements of £24(X, 1) there is a sequence (B,: n € N) of pairwise disjoint sets such that
for each n € N, B, is a finite subset of A, and such that for each 7,-neighborhood U of x, for all but finitely many n € N
we have that U N B, #0. If X is a selectively (71, 72)-Reznichenko space at every x € X then we just call it a selectively
(11, T2)-Reznichenko space.

Now, we are interested (as it is very often practise) to characterize the selectively (71, 72)-Reznichenko C(X) spaces, for
71 being the compact-open and 1, the topology of pointwise convergence, using a suitable covering property of the space X.
To find the corresponding dual property we first modify the definition of the notion of an w-shrinkable open cover which
was introduced it [15] for similar reasons:

we call a family U of open sets of X a k-shrinkable cover of X if there is a function f with dom(f) = such that for each
Uel, f(U) is a closed set with f(U) C U and such that {f(U): U e U} is a k-cover of X. It is nontrivial if X ¢ . As
already pointed out, this definition originates from [15] and combines the notion of an w-shrinkable cover with the notion
of a k-cover (a family A of subsets of a space is a k-cover if each compact subset of the space in question is contained in a
member of A, see [2]).

It is convenient at this point to introduce one new sort of covers similar to the ones above (recall that functionally closed
subsets of a space X are inverse images of the set {0} under continuous real-valued functions defined on the space X):

we shall call a family ¢/ of open sets of X a functionally k-shrinkable cover of X if there is a function f with dom(f) =U
such that for each U e U, f(U) is a functionally closed set with f(U) C U and such that {f(U): U € U} is a k-cover of X. It
is nontrivial if X ¢ . The collection of all nontrivial functionally k-shrinkable covers of X will be denoted by Ky, = Kgpr (X).
It is pretty much obvious that for normal spaces, k-shrinkable and functionally k-shrinkable covers are the same thing.

For a space X by 7, (7p) we will denote the compact-open (pointwise convergence) topology on C(X). o € C(X) is
the constantly zero function. If we put 0(S,¢€) :={f € C(X): f[S]C (—¢,¢)}, for SC X and ¢ > 0 a real number, then a
standard local base at o for the compact-open (pointwise convergence) topology is exactly the family of sets O (S, €) where
S ranges over the compact (finite) subsets of X and & over the positive real numbers. .Q’; stands for 2¢(C(X), ti).

Now our result can be stated as follows:

Theorem 1.1. For a space X the following are equivalent:

(1) C(X) is a selectively (i, Tp)-Reznichenko space;

(2) for each sequence (Uy: n € N) of nontrivial k-shrinkable covers of the space X there is a sequence (V,,: n € N), such that for each
n €N, V, is a finite subset of Un, n # m = V,, N Vy, = 0, and such that for each finite F C X, for all but finitely many n € N there
isaU eV, with FCU.

We should prove this now, but before that we will reformulate the statement of the theorem in order to make it easier
to prove.

Let us say that X has the property P if for each sequence (U4;: n € N) of elements of K, there is a sequence (V;:
n € N), such that for each n € N, V), is a finite subset of U, n #m = V,; NV, =0, and such that for each finite F C X, for
all but finitely many n € N there is a U € V,; with F C U.

If a space X has the property P then it is clear that for each functionally k-shrinkable cover A there is a countable
B C A that is an w-cover of X. In [11] it was shown that for each k-cover there is a functionally k-shrinkable cover refining
it. Thus for spaces with the property P for each k-cover A there is a countable w-cover B C A. Using this fact it is not
difficult to verify that spaces with the property P are Lindel6f and therefore normal (recall that we assume all our spaces
to be Tychonoff). So for such spaces the classes of k-shrinkable and functionally k-shrinkable covers coincide. Also, the
property given by (2) of Theorem 1.1 is (formally) stronger than P. That is why the statement of our theorem is actually:

Theorem 1.2. For a space X the following are equivalent:

(1) C(X) is a selectively (i, Tp)-Reznichenko space,
(2) X has the covering property P,

which is the formulation that we shall use when proving the result.
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2. The proof

Let us now establish some terminology and notation that will be needed for the proof.

We write x L y if neither x C y nor y C x holds. If a, b are finite sequences then len(a) is the length of a and a™b is the
finite sequence obtained by concatenation, that is, by adding b to a to the right.

For a set A and an a € N we denote Ay(a) :={n e N: (a,n) € A}. For a real-valued function f and a real number x > 0,
f*x and fxx denote, respectively, the inverse image under f of the subsets (—x,x) and [—x, x] of the real line. If f is a
function then f|A will denote its restriction to A. A family (a;: i € I) is inscribed in a family (bs: s€ S) if I =S and a; C b;
for each i eI; (a;: i el) is a disjoint family if i # j=a;Na;j =0.

(aj: i€l is:

- a cov-family if each g; is a finite set of subsets of X and for each finite F C X there is a finite T withi e I\T = 3U € q;
(FCU);

- a Rez-family if each a; is a finite subset of C(X) and for each finite F C X and each ¢ > 0 there is a finite T such that
iel\T=aNO(F,¢e)+#0.

Notice that, formally, finite families are both cov- and Rez-families.

Aset A is badifAe.Qﬁ and for each ¢ > 0 there is an f € A with X C f x €.

If Ae Q.’; is not bad then there must be a real number §(A) with 1> §(A) > 0 such that X ¢ {f *x3(A): f € A}. This
way, for a fixed space X a function § =& is defined and we shall refer to it in further text as a witnessing function on X.
Note that if BC A and B € .Q!; then B is also not bad.

Obviously, a space X has the property P iff for each family (I4;: i € I) of elements of K, with card(I) < w, there is a
disjoint cov-family inscribed in it.

Similarly, C(X) is selectively (z, Tp)-Reznichenko iff for each family (A;: i € I) of elements of Qﬁ with card(l) < w,
there is a disjoint Rez-family inscribed in it.

For clearer understanding of the proof of Theorem 1.2 (i.e. Theorem 1.1) we will extract one part of it and present it in
form of a few preliminary lemmas.

The next lemma is a generalization of Lemma 3.3 of [11].

Lemma2l1.IfA e .QLf and ¢ is a positive real number then there is a B C A and a function s : B — (0, €) such that {f *s(f): f € B}
is a functionally k-shrinkable cover of X.

Proof. Throughout the proof if Y € C(X) then Y will denote the closure of Y with respect to the compact-open topology.
Let 0 € A\ A C Cr(X) and let & be a positive real number. Suppose there is no pair (B, s) such that BC A, s: B — (0, €)
and such that {f *s(f): f € B} is a functionally k-shrinkable cover of X.

Let A1 :={f € A: Ir;,rp e (e/2,¢) (r1 #ry and fxr; = fx*ry)}. Then for each f € A; there is an s(f) € (¢/2, €) such that
fxs(f) is closed. Put U :={f *s(f): f e Aq}. If o€ A; then U k-covers X (because &/2 < s(f)). Letting g(U):=U, U eld
we produce a function confirming that U/ is functionally k-shrinkable, which is impossible. Thus, if we put A; := A\ A1,
then o € A,. Note that if f € Ay and £/2<rj <ry <& then fxr; C fxry.

Call ((fn,&n,€)): n € w) an r-sequence if f, € C(X), &y, &, are reals with £/2 < e, <&, <&, fn* &) C fur1%xEny1 and
n#Em= fo# fm.

If M € C(X) we will call a family of triples ((fi, &i,¢}): i €) a shr-family on M if: f; € M, &;, & are reals with 0 <
si<éej<e i j=(fi#fjand fixe #f; *e;.) and {fixe;: i €I} k-covers X. Note that for each such family, if L := {f:
i el} C M, the function t: L — (0, &), t(f;) := ei’ is correctly defined, as well as the function g such that dom(g) = {f;j * slf:
iel}, g(fi+€) = fixei. Then g witnesses that dom(g) = {f *t(f): f €L} is a functionally k-shrinkable cover. Thus, by the
assumption we made at the beginning of the proof of this lemma, there are no shr-families on A.

Claim 1. For each B € A, with o € B and each compact K C X there is an r-sequence ((fn, €n, &)): n € w) such that f, € B and
K C foxeo.

Proof of Claim 1. Put: B3 :={f € B: for all r € (¢/2, ¢) and for each finite set T there are ro € (r,¢), 11 € (¢/2,¢), g€ B\T
such that fxrg=gx*r};

B1:={f e€B\B3: drge(0,¢&) Vre (ro,&) Vr1 € (¢/2,€) Vg € B3 (f xr #g=r1)}. Bo:= B\ (B1 UB3).

Then B=B; UByUB3 and B;NBj =0<i# j. Note that:

(a) if f € By U By then there is a finite T(f) and an €V(f) € (¢/2, &) such that Vrg € (¢V(f),e) Vr1 € (¢/2,¢) Vg € B
(fxro=gxri=geT(f))
(b) if f € By there is an €@ (f) € (0, &) such that Vr € (€D (f), &) Vr1 € (¢/2,€) Vg € B3 (f *1# g*r1).
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List injectively By as (fo: « < k). We define inductively ((eq, &,,): & <«) so that for each o < «:
(Do) max{e/2,e@ (fo)} <eq <&l <€ and foxel ¢ {fy xe),1 y <a)

holds.

Let &g := max{e/2,&®(fo)} and choose an £y € (£0,€). Let B <« and suppose we have constructed (g, &) for all
o < f so that the conditions (Dy) hold for each o < . We define g, 8;3.

Let Sg:={a < B: fu € T(fg)} and ep := max{e/2, e® (fz), e (fp)}. Then R := {r is a real number: g <7 < ¢ and fg*
r= fo x &, for an a € Sg} is finite (because Sg is finite and fg € Az) so there is an s}j € (e,8) \ R. We verify (Dg):

suppose there is an o < g with fy x &}, = fg *8};. As 8//3 € (8(1)(f,3), ¢) and g, € (¢/2, ¢) it follows from (a) that fy € T(fp)
SO o € Sp. Since &g < €5 < &, it must be that ¢ € R, a contradiction.

If {fax€q: @ <k} were to k-cover X the conditions (Dy), @ < k would imply that ((fq, . &,): & <k) is a shr-family
on A, which cannot be true as previously noted. Also, as &, > ¢/2 for all @ < x we have that {fy *x&/2: a <k} does not
k-cover X, so o ¢ B1. Therefore 0 € By U B3. Choose any compact K’ € X with K’ C fux&, for no o < k.

We now define an r-sequence ((hy, 8y, 8;,): n € w) so that h, € B UB3 and K’ UK C hgxdy.

As 0 € B U B3 there is a g € B UB3 with K" UK C g#¢&/2. Let hg := g, 80 := &/2 and choose a & € (5o, &).

Given (hy, 8. 8;), ken+1, so that

(Ly) foreach k, jen+1: /2 <8 <8, <¢&, hy € ByUB3 and k# j= hy #hj, and for each k e n: hy * 8, C hyy1%8k41,

!/
n+1°

we define hp41, 8p4+19

Case 1: hy € B3. If so there are r € (§;,,¢),l€ (¢/2,¢) and a q € B\ {h;: i en+ 1} such that hy xr=q 1.

We first show that q ¢ Bq. Suppose to the contrary that g € By. Then Ja <« (q = fo). K’ C hox8g C hpx8y, Chy 1 =
qxl= fyxland ~(K' C fyx8q) imply &q <. Also, & > 1> g4 > @ (fy) 50, by (b), fo*I#t+x whenever t € B3, x € (£/2, €).
But fo xl=h, *r, hy € B3 and r € (¢/2, €), a contradiction.

Therefore q € By U Bs. We put hp41 :=¢, dp+1 :=1 and pick a 51/1+1 € (6n+1,€). We have hyy 1 =q ¢ {h;: ien+1}, by
construction, and hy * 8, € hy x 1 =g %I =hpq1 * Sp1 S hpyp1%8p41. Thus, (L) is satisfied.

Case 2: h, € B;. Now there are c € (8, ¢€), d € (¢/2,¢) and a w € B3 such that h, xc =w xd. As w € B3 there are
ce(d,e),de(e/2,e)and a peB\{hj: i en+1} such that wx*c = px*d'. As before: K’ C hox8g C hpx8y, Chpxc=wx*d C
wxc =pxd and p = f, for an o < k imply &€ >d’ > @ (f,), thus pxd #t*x for any t € B3, x € (¢/2, &), contradicting
the fact that pxd' = wxc/, w € B3, ¢’ € (¢/2, €). Therefore p € By U B3, so we let hy11 := p, 8p41 :=d’ and we take arbitrary
841 € (Bnt1, €). Again, hnp1 =p ¢ {hi: ien+1} and hy xS, Chy*xc C p*d =hpi1 %81 S hnp1xnr1. (Lnt) is satisfied.

Clearly ((hn, én,é;): n € w) is the required r-sequence. O

We now get back to proving the lemma. Enumerate all compact subsets of X as (Ky: @ < ). We shall define inductively
r-sequences ((fu.n, €a.n» 8&,,1): n € w) for a < u, so that for each g < u:

(Cp) Yar,aa < B Vn,mew ((a1,n) # (02, M) = (foy.n # fay.m and foy n * €, n 7 fay.m * €4, m)) and Kg € fpox€p.0.

Let, in accordance with Claim 1, ((fo,n,go,n,%_n)I n € w) be an r-sequence with Ko € fo0x€0,0, fon € A2. n#m=
fon # fom by the very definition of r-sequences, and fon * &), S fon+1%€0,n+1 C font1 * &) 41 (because fon+1 € Az and
£/2< 80nt1 <€y pyq <€) Thus fon x €y, C fon+1 %80 nq S fom * &y, for m>n, so (Co) is satisfied.

Let B < p and suppose ((fo.n,E€wn,€qy): N € ) have been constructed for all @ < B so that the conditions
(Cq), a < B, are satisfied. {fy nxéqn: (a,n) € B x w} cannot k-cover X since otherwise, as (Cy) holds for all o < g,
{(fa.ns €ans 5&,;1)5 (o, n) € B x w} would be a shr-family on A, which is impossible. Thus there is a compact I(//3 C X with
K//g C fan*€an for no (a,n) € B x . Since fon * &y S fu.nt1*€x.nr1, We must also have that K; C fan * &y, for no
(a,n) € B x w. As €/2 < gy p this also means that {fy n: (¢,n) € B x w}N O (K}, e/2) =0. Letting B = 0(K}, &/2) N A, and
K =Kg in Claim 1 we get an r-sequence ((fgn, £g,n, ‘9/,.‘3,n): new) with fg, € 0(Kj,e/2) N Az, Kg C fp.oxep,0. We check
(Cp):

By the definition of r-sequence we have that n #m = fg, # fgm. If & < B then fon ¢ 0(Kj,/2) and fgm €
0(Kj,&/2) so again fon # fgm.

Now, fgn * '9;/3,;1 C fan+1%€p.n+1 C fant1 * 8/’3,“1 C fpm * 8;/3,111 for m > n (because fgny1 € A2 and €/2 < ggpy1 <
8}5,n+1 <€), 50 fgnx* sk,n # fp.m* sk,m when n#m. If @ < 8 then _'(Ki,? C fon * &y ). But K//B C fem*€/2C fagm=* s’ﬂ,m,
s0 again, fo.n* &y # fom * 5};,m~

This, along with (Cy), o < B, guarantees (Cg).

Having finished the construction, we see that, by virtue of (Ca), & < i, {(fa.n, Eans €g )i (@, 1) € L X w} is a shr-family
on A, a contradiction. O
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It is easy to see that we could actually have B = A in the lemma above since by adding functionally open sets to a
functionally k-shrinkable cover of a Tychonoff space we end up also with a functionally k-shrinkable cover.

Also, let us note that if A € .QLf is not bad and ¢ < §(A) then, using the notation of the previous lemma, {f *s(f): f € B}
is a nontrivial functionally k-shrinkable cover of X.

Lemma 2.2. Let X have the property P, E € N and let (Yn: n € E) be a family of not bad elements of .Q’g If there exists a bijection
f:E—LxN,foran L CN, such that:

(i) if (k,n), (m,s) € L x Nand k # m then Cx , N Cpy s = 0;
(ii) ifk € Land n,m € N then Ci jy = Cy

where Cpm = Yi-1,m foreach (n,m) € L x N, then there is a disjoint Rez-family inscribed in (Ap: n € E).

Proof. If a family (B,m: (n,m) € L x N) of not bad elements of Q’; satisfies (i) and (ii) of this lemma we shall call it an
L-matrix. Thus, we actually need to show that in each L-matrix we can inscribe a disjoint Rez-family.

Claim 1. For each L-matrix (Ap m: (n,m) € L x N) and each ¢ > 0 there is an L-matrix (B m: (n,m) € L x N) inscribed in it and a
family (Dp m: (n,m) € L x N) such that:

Dnm € Anm \ Bnm foreach (n,m) e L x N;

Dy,m N Dy s = 0 whenever (n,m), (k,s) € L x Nand (n,m) # (k, s);

for each finite F C X there is a finite T such that if (n,m) € (L x N)\ T then D, m N O (F, &) #0.

Proof of Claim 1. We can of course suppose that 0 < ¢ < 1.

By Lemma 2.1, for each A € .Q’(; and each ¢ > 0 there is a function g(A, €), with dom(g(A, ¢)) C A, ran(g(A, ¢)) € (0, &),
such that (A, €) :={f xg(A, e)(f): f edom(g(A,e))} is a functionally k-shrinkable cover. Choose any witnessing function
6 on X.

Apply P to the family (U(Anm, €§(An.m)): (n,m) € L xN) so as to obtain a cov-family (Hnm: (n,m) € L xN) inscribed in
it. Find finite Py m € Apm such that Hy i, = {h* g(Anm, €6(An,m))(h): h € Py m}. It is not difficult to see that if (n,m) # (k, s)
then Py N Py s =0. For each ne L put Qn:=An 1\ Upen Prm.

Fix an n € L. o is in the ti-closure of at least one of the sets Ry 1 := QnU (Umen Pn,2m=1) and Ry 2 := Qu U (Upen Pn,2m)
because Ap1 =Rp1URp2. If Rp1 € .Q,’j then let By, := Rp,1 and Dy := Py om for each m € N. If this is not the case then
Rno € .Q’g so let By m :=Rp2 and Dy := Py om—1 for each m € N. It is an easy task to see that the families (Bp,: (n,m) €
L x N) and (Dyp.m: (n,m) € L x N) are as required. O

Given an L-matrix (Bym: (n,m) € L x N), put Bz11,m := By.m and use Claim 1 to obtain an L-matrix (B,%,m: (n,m)eL xN)
inscribed in it and a family (D ,,: (n,m) € L x N) such that: D}, ,, € By 1, \ B3 13 Dj p N Dy =0 whenever (n,m) # (k, 5);
for each finite F C X there is a finite T(F, 1) such that if (n,m) € (L x N) \ T(F, 1) then D;’m NO(F,1)#0.

Suppose L-matrices (Bﬁ’m: (n,m) e L x N), for 1 <1<y, and families (Dﬁ,m: (n,m) e L x N), for 1 <s < Iy, have been
constructed so that the inductive hypothesis:

D} m S Bhm\ Bﬁ,fn}; Bffn} C B}, for each 1< s <lp; for each finite F C X and each 1< s <o there is a finite T(F,s) with

¥Y(n,m) e (L x N)\T(F,s) (D; , NO(F,1/s) #0)
holds. We apply Claim 1, with 1/ly playing the role of &, to (Bﬁ,‘{m: (n,m) € L x N) so as to produce Bf%l, Di.f{m and finite
sets T(F,lp), F € [N]=%, in such a way that the inductive hypothesis is satisfied.

Having finished the construction we have that:
Y(n,m) e (L xN)\ T(F,s) (D; ;N O(F,1/s) #0) for each finite F C X and each s e N; if (s,n,m) # (s',n’,m’) then D; ;,, N
D;/,’m, =0; D,y S Bam, for each s e N.

Define finite sets Hpm := (s, Dy U (U{D,];.i: i,jeN, j>nand (j—n)+i=m}). As D,];’l. C Bn,i = Bnm, each Hy
is a finite subset of Bp . We show that (Hpm: (n,m) €L x N) is the required disjoint Rez-family.

First for disjointness. Let ny,ny € L, m;,my € N. For k=1, 2 put

ap:={(, D eENXLxN: (j=n)A((=mA1<s<m) V(s>nAs+i=mg+mp))}.

Then Hp,m, = U{DS ;2 (5, J, 1) € ax), k= 1,2.If (n1,my) # (n2,my) then a; Naz =0 so Hp, m, N Hpy.my, = 0, too.



V. Pavlovi¢ / Topology and its Applications 156 (2009) 1636-1645 1641

To show that (Hym: (n,m) € L x N) is a Rez-family consider a finite F € X and an ¢ > 0. Take an sp > 1/¢. We have
(n,m) e (L x N)\ T(F,s0) = D;%n N O(F,1/s0) #0.

There is an ng € N, ng > sg, such that if m € N and n > ng then (n,m) ¢ T(F, so). For each k € N with 1 <k <ng there is an
Pk € N such that (k,m) ¢ T(F, sp), for all m > py. Put mg := maxU1<k<n0{pk, Pk + So — k}. Obviously T(F,so) N (N x N) C
ng x mp. Let (n,m) € (L x N) \ (ng x mop).

Case 1: sop < n. As obviously (n,m) ¢ T(F,so) we have 0 Dy’ N O(F, 1/s0). But Dy, U=t Dﬂym C Hpm SO Hypm N
O(F, ) #£0.

Case 2: n < Sp. As now n < ng, we have m > mg > pn, pn + So — n. Thus, for i :=m — (so —n), i > py so (n,i) ¢ T(F, Sp)
and D;‘fiﬂO(F, 1/s0) #0. As sp —n+i=m and sp > n we have D;‘fi - U{D;’j: s>nand s —n+ j=m} € Hp . Thus, once
again Hy, m N O(F,&)#0. O

A particular trivial consequence of the previous lemma that we will need at some point on is formulated as follows.

Lemma 2.3. Let X have the property P, E € N and let (Ay: n € E) be a family of not bad elements of .(2(’§ If there exists a bijection
f:E— L foran L €N x N, such that:

(i) for eachn € N the set Ly (n) is finite;
(ii) if (k,n), (m,s) € L and k # m then By, N\ By s = 0;
(iii) if (k,n), (k,m) € L then By ;y = By,

where Bnm = A -1, m for each (n,m) € L, then there is a disjoint Rez-family inscribed in (An: n € E).

Proof. If m,n € N such that Ly (n) # 0, then choose a k € Ly(n) and put By := By . Denoting Lo := {n € N: Ly(n) # 0},
we have just defined an Lp-matrix, in terms of Lemma 2.2, so by that the same lemma there is a disjoint Rez-family
(Jnm: (n,m) € Lo x N) inscribed in (Bpm: (n,m) € Lo x N). Then (Jfm): n € E) is the desired disjoint Rez-family. O

Lemma 2.4. Let X have the property P, E € N and let (Ap: n € E) be a family of elements of .Q’é If there exists a bijection f : E —
L x N, foran L C N, such that:

(i) ifneLandk,leNthenk <l= Bpx 2 Bpn;
(i) ifn € L then (yey Buk =0,

where Bnm = A -1, my for each (n,m) € L x N, then there is a disjoint Rez-family inscribed in (An: n € E).

Proof. We prove there is a disjoint Rez-family inscribed in (B m: (n,m) € L x N).

Li:={neL: for each m €N the set By, is bad}; Ly :=L\ Ly. If n € L, then there is an s; € N such that Vme N (m >
Sp = Bn,m is not bad). For n € Ly, me N put Fp i := Bp s,+m € Bn,m. Then none of the sets F m, (n,m) € Ly x N, is bad.

(A) Fix functions g,U/ and § as in Lemma 2.2. For each n € N apply the property P to the family (U (Fpk, 8(Fmx)/n) X
(m, k) € L, x N) so as to get a disjoint cov-family (an’k: (m, k) € Ly x N) inscribed in it. Find finite H,’}Lk C Fink € Bk with

mk = 1 * &(Fm i, 8(Fm)/m)(f): f € Hy ).

Let Cppei= UT:J;" H;'n’k C By for each (m,k) e Ly x N.

We show that (Cj, x(m, k) € L, x N) is a Rez-family. For a finite M € X and an ¢ > 0 fix an ng > 1/¢ and a finite set T
such that if (m,k) € (L, x N)\ T then 3U € H"m‘f,( (M C U), ie. H;‘{k NOM,e)#0.Set Ty:={nely: ImeN ((n,m) eT)},
Ty:={meN: Inely (n,m)eT)}. As Ty and T are clearly finite, there is an mg € N, mg > ngp such that Ty U Ty, Cmq. Let
(m, k) € (L x N) \ (mg x mp).

If k < mg then m >mg so m ¢ Ty and (m, k) ¢ T. Thus H”m‘{kﬂ 0(M, €) #0. But m >mg > ng so H:;O’k c U?":‘;k Hin,k =Cmk
and Cpp kN O(M, ) #0.

If m <mg then k > mg > np so, again, H;"’k c U;”:Jq" H;'n’k
CmxkNO(M,e)+#0.

(B) If (n,m) € Ly x N choose a hym € Bym with X C hy % (1/(n+m)) and set Cy m := {hnm}-

We show that (Cy;m: (n,m) € L1 x N) is a Rez-family. If (n,m) € (L1 x N) \ (k x k), for a ke N, then m >k or n > k, so
ham[X1< (—=1/(m+n),1/(m+n)) < (—1/k, 1/k), i.e. hym € O(M, 1/k) for arbitrary finite M C X.

(C) Obviously, by what we have shown, (Cp;,: (n,m) € L x N) is a Rez-family inscribed in (B, m: (n,m) € L x N). We
now proceed towards a disjoint Rez-family inscribed in it.

Fix a bijection v:N — L x N. Let D1 := Cy(1) € Byq1) and my,k; € N such that (mq, k1) = v(1). Suppose finite sets
D1,..., D; have been constructed along with (m;, ki) €L x N, i =1,1 so that D; = Cim; k; © By and so that i # j = D; N

=Cpk (m,k) ¢ T and consequently H;O,k NOM,e)#0, ie.

D;j=0.Let v(I+1)=(a,b)e L xN. D} := U2=1 D; is a finite set, (s Ba,s =0, Bas 2 Bas+1 so there must be a ki > b
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with Dy N Bg,, =0. Put myyq :=a and Diyq :=Cpy,, &y S Baky: S Bap = Byas1y (because ki > b). Clearly D;N D =
O«i#jfori,j<I+1.

Having finished this construction we let Gpm := Dy-1(q m) € Byy-1(n.m)) = Bn.m. The Gp m-s obviously form a disjoint
family of finite sets because the sets D, do. Fix a finite M C X and an ¢ > 0. There is a finite set T such that if (n,m) e
(L xN)\T then Cpm N O(M, &) #0. As i # j = (m;, k;) # (mj, k;j) (because D; # D;) there is an ip € N such that if i > ip
then (mj, k;) ¢ T. Put P:={v(i): 1<i<ip}. P is a finite set.

Let (n,l) e (L x N)\ P. For i := v~1(n,]) we have i > ig (since (n,1) ¢ P), thus (m;, k;) ¢ T. Therefore Cm; k; NO(M, &) #0.
But Gp)=Dj = Cpk; SO GnyNO(M,e)#0. Thus, (Gpm: (n,m) € L x N) is the required disjoint Rez-family inscribed in
(Bpm: nym)elLxN). O

Now we are able to prove our result.

Proof of Theorem 1.2. (or Theorem 1.1) Let F be a family of subsets of an infinite set Z such that 0¢ Z, Z e F,xUy e F =
(xe FvyelF), and let (Ap: n € N) be a sequence of elements of F. Put Ag:=Z, p(0):=0, B(0) :=Z and if B(i) € F,
p(i) e N=“, ien+1 have been defined define p(n+ 1), B(n+ 1) as follows (in the sequel (x) denotes the finite sequence
f:1— {x} of length 1):

There is a (and for definiteness we could choose the greatest such) ip+q € n + 1 such that Ap4q \U'}:in+1 1B €
F, An+1 \U'}:in+1 B(j) ¢ F. Let Spy1:={k e N: p(int1)” (k) € {p(J): j=1in+1,n}}, kny1 := maxSy1 + 1 (where we take
max0=0) and set p(n+ 1) := p(in+1)" (kn+1), Bn+ 1) := B(in+1) N (An+1 \U'}:in B(j))(e F). When n,me N, m >n
then by “(J_,,(---)” we mean the empty set.

We show that:

(1.n) if se N<® and s C p(n) then there is a m <n with s = p(m);
2.n) if k,m <n then p(k) € p(m) = B(k) 2 B(m);

3.n) if k <m < n then p(k) # p(m);

(4.n) if m,k <n then p(m) L p(k) = B(m) N B(k) =0.

hold for each n € w.

Obviously (i.0) are satisfied. Suppose that (i, j) holds for all j <n and i=1, 4.

sCpn+1)=sC p(int+1), by construction. ip11 <n so (1.ip+1) holds. Therefore: either s = p(ip4+1) or s C p(ip+1) and
s=p(@m) for an m < ip4+1. Thus, (1.n + 1) holds.

To check 3.n+1) fix av<n If v=0 then p(v) =0# p(n+ 1) by construction. Let v > 1. Suppose p(v) = p(n + 1).
Then p(v) = p(in+1)" (kn+1), p(v) = p(iv) " (ky) so p(iy) = p(int+1). But inpq <n+1,1i, < v so iy, ip+1 <n and we have that
(3.n) holds. Hence iy =ipy1. Now, int1 <v <nand p(in+1)” (knt1) = p(v) €{p(j): iny1 < j<n}, S0 kny1 € Spy1, which is
impossible because k1 = max Sp4+1 + 1. This means that p(v) # p(n+ 1) in the first place, so, having in mind (3.i), i <n,
we are done.

Now for (2.n+1). Let v <n.

Case 1: p(v) Sp(n+1). By G.n+1), p(v) Cp(n+1), so p(v) € p(int1). Then by (2.n), B(v) 2 B(int1). But B(int1) 2
B(n+ 1), by construction, so finally B(v) 2 B(n+ 1).

Case 2: p(n+1) € p(v). By (1.v) there is an m < v with p(n + 1) = p(m), which contradicts (3.n +1).
Finally, we show (4.n 4+ 1). First note that if 0 <m <mo, im =im, then B(m) N B(mg) =0: as m > iy, this follows from

B(mg) € Amg \ UT:OI‘;.:,-H B(j) and B(m) C UT:OiTan B(j). Now let p(r1) L p(r2) for some ri,r; <n+ 1. There are s € N<%

and Iy # 1 such that s™(;) S p(rj), j= 1,2. By (1.r1) and (1.ry) there are mj<rj, j= 1,2 such that p(mj) =s"(;). Then,
as clearly my,my > 0, s = p(im;) = p(im,), s0 by 3.n+1), im; =im,. p(m1) # p(my) implies m1 # my. Hence, by our earlier
observation, B(m1) N B(my) =0. By (2.n+1) B(rj) € B(m;) so, finally, B(r{) N B(r2) =0.

Put Tr:={p(i): i e N} and Br:={l € ®N: Vke N (l|k € Tr)}. Choose a well-order <o of Tr U Br. Fix an n € N.

If there is an s € Tr with p(n) C s, such that s C p(m) for no m € N then let b(n) be the <g-least such s. In this case we
shall say that n is of type 1 and define tp(n) := 1. Set C(n) :=N{B(k): p(k) Cbm)}(=B(p~1(b(n)))).

If n is not of type 1 but there is an | € Br with p(n) €[ such that N{B(k): p(k) Cl} € F then let b(n) be the <g-least
such . In this case we shall say that n is of type 2 and define tp(n) := 2. Set C(n) :=N{B(k): p(k) € b(n)}.

If n is neither of type 1 nor 2 then for all I € Br such that p(n) €1 we have N{B(k): pk) C I} ¢ F. Let b(n) be the
<o-least such I. In this case we shall say that n is of type 3 and define tp(n) := 3. Set C(n) := B(n) \ [{B(k): p(k)  b(n)}.

Note that C(n) € F, C(n) € B(n) for all n € N.

We show:

(1) if p(n) € p(m) C b(n) then tp(n) =tp(m) and b(n) = b(m).

Indeed, as clearly p(ki) € b(ka) = tp(k1) < tp(ka), if p(n) € p(m) C b(n) then both p(n) C b(m) (because p(m) C b(m))
and p(m) C b(n) hold, so tp(n) =tp(m) and then trivially, b(n) = b(m).



V. Pavlovi¢ / Topology and its Applications 156 (2009) 1636-1645 1643

Put P:={n e N: len(p(n)) = min{len(p(m)): me N and b(m) =b(n)}}. Fixanne N, ne {s € N: b(s) =b(n)} #0, so there
exists a positive integer e, = min{len(p(s)) : b(s) = b(n)}. If b(m) = b(l) = b(n) and len(p(m)) = len(p(l)), then p(m) = p(l)
(because p(m) and p(l) are C-comparable), thus, by the conditions (3.i), m =[. Hence, there is exactly one q(n) € N such
that b(q(n)) = b(n) and len(p(q(n))) = ey. Clearly q(n) € P. This way a function q: N — P is defined so that:

(2) b(g(n)) =b(n), tp(q(n)) =tp(m), p(q(n)) S p(n) and n€ P = q(n) =n.
which is not difficult to see.
Claim 1. The following hold:

(3) b(n) =b(m) = q(m) =qn);

(4) ifn,k € P and not both n and k are of type 3 thenn #k = C(n) N C(k) =0;
(5) iftp(n) € {1,2} and q(a) = q(d) =n then C(a) = C(d);

(6) ifb(n) = b(m) and p(n) C p(m) then C(m) C C(n);

(7) tp(m) € {1,2} = C(qn)) = C(n).

Proof of Claim 1.

(3) We have that len(p(q(m))) = min{len(p(k)) : b(k) = b(m)} = len(p(q(n))), because b(m) = b(n). But p(q(m)) and p(q(n))
are C-comparable as they both are subsets of b(q(m)) = b(m) = b(n) = b(q(n)) (here we bear in mind (2)), so p(q(m)) =
p(g(n)) and finally, q(m) = q(n) since p is a one-to-one function.

(4) For definiteness, let tp(n) € {1, 2}. If p(n) L p(k) then, by (4.i), B(n) N B(k) =0 so also C(n) N C(m) = 0. Thus it remains
to consider the following two cases:

Case 1: p(n) C p(k). If p(n) < p(k) C b(n) then, by (1), b(n) =b(k), so q(n) =q(k) by (3). But n,k € P and consequently
qmn) =n #k = q(k), a contradiction. Thus there must be an s € N such that p(n) C p(s) € b(n), p(s) L p(k). Then
C(s) N C(k) = 0. But tp(n) € {1,2}, so C(n) =B : p() € b(n)} = {BWD) : pd) C b(s)} = C(s) (note that, by (1),
b(n) =b(s) and tp(s) =tp(n) € {1, 2}).

Case 2: p(k) € p(n). Then tp(k) < tp(n), so tp(k) € {1,2} and this is in fact Case 1.

(5) By (2) we have b(a) = b(n) =b(d) and tp(a) =tp(d) =tp(n) € {1, 2}. Hence C(a) =({B() : p() Sb@} =B : p) <
b(d)} = C(d).

(6) By (3) we have q(n) = q(m) =k so, by (2) tp(n) = tp(m) = tp(k), thus by (5), we only need to consider the case
tp(n) = tp(m) = 3. But then:

Cm =Bm\(){BO: pd) Sbm},

C(m)=Bm)\ [ {BW): p() Sb(m)}=Bm)\ (|{BO : p) Sbm)}.
B(m) € B(n) (by (2.i) because p(n) C p(m)),

so C(m) C C(n).

(7) q(n) € P so, by (2), q(g(n)) = q(n). tp(q(n)) = tp(n) € {1,2}, also by (2), so we can use (5) to conclude C(q(n)) =
Cn). O

Proof of (2) = (1). Let (A,: n € N) be a sequence of elements of 52"§ Letting F := 52(’§ Z :=C(X) \ {0} in the discussion
above we obtain functions p, B, b, C,tp,q and a set P as described there.
Set:

To:={neN: tp(n) € {1,2} and C(n) is bad};
Ti:={neN: tp(n) =i and C(n) is not bad}, i=1,2;
T3:={neN: tp(n) =3};

Pi:=PNT;, ic{l,23);

fm) :=(qn), 1+ len(p(m)) — len(p(q()))).
f:N—->PxN and fj:=f|T;, ief{l,2,3}.

Claim 2.

(8) f isinjective;
(9) ran(fj) € P x Nforie{1,2,3};
(10) ran(fj) = P; x N fori € {2, 3}.
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Proof of Claim 2.

(8) If f(n) = f(m) then q(n) = q(m) =:k and len(p(n)) —len(p(k)) + 1 = len(p(m)) — len(p(k)) + 1 so len(p(n)) = len(p(m)).
Also b(n) = b(q(n)) = b(q(m)) =b(m) = b(k) and p(n), p(m) C b(k). Thus, as C-comparable finite sequences of equal
length, p(n) = p(m), i.e. n=m.

(9) Letie{1,2,3}.

If neT; then k:=q(n) € P, tp(q(n)) =tp(n) =i. If i =3 it follows that k € T3, so k € P3 and f3(n) € P3 x N. If i € {1, 2}
then q(n) =k = q(k), tpk) € {1,2} so, by (5), C(k) = C(n) is not bad. Again k € P; and f;j(n) € P; x N. Therefore
ran(fj) € P; x N.

(10) By (9) we only need to prove P; x N Cran(f;). Let i € {2,3} and fix a (n,m) € P; x N, i € {2, 3}, implies b(n) € Br so
t:=bm)|(m — 1+ len(p(n)))) € Tr and len(t) =m — 1 + len(p(n)). Thus there is an s € N with t = p(s). As len(t) >
len(p(n)) and t, p(n) € b(n) we have p(n) € p(s) € b(n). Hence, by (1) and (3), q(s) =q(n) =n (remember that n € P).
Finally, len(p(s)) — len(p(q(s))) + 1 = len(t) — len(p(n)) + 1 = m. Therefore f;(s) = (n,m). O

Put Rym = C(f~1(n,m)), (n,m) € ran(f).
(I) Let 1 :={C(n): ne Ty}, L:=ran(fy). As, by (8), f1:T1 - L C P1 x NCN x N is bijective we check the conditions
of Lemma 2.3.

(i) Let (a,d) € L. There is an n € Ty such that q(n) =a and d = len(p(n)) — len(p(a)) + 1. tp(n) =1 so b(a) = b(q(n)) =
b(n) € Tr and, since p(n) € b(n), len(p(n)) < len(b(n)). Therefore d < len(b(a)) — len(p(a)) + 1 =:1,. Thus Ly(a) Sl + 1
so Ly(a) is finite.

(i) Let (n,m), (k,I) € L, n #k. Denote a:= f~'(n,m), d:= f~1(k,1). q(a) =n so by (2), b(a) =b(n) and p(a) 2 p(n). Thus,
by (6), C(a) € C(n). Similarly C(d) € C(k). But n,k € P1, n #k so, by (4), C(n) N C(k) = 0. Hence, finally, Ry,;m N Rk =0.

(iii) Let (n,m), m,) e L. a:= f~ ', m), d:= f~1(n,1). g(a) =q(d) =n so, by (5), C(a) = C(d), ie. Ru,m = Rn,.

Now, by Lemma 2.3 there is a disjoint Rez-family (D(n): n € Ty) inscribed in F7.

(II) Let F» :={C(n): n € T2}. By (8) and (10), f: T2 — P2 x N is bijective and the remaining conditions of Lemma 2.2
can be verified exactly as it was done for Lemma 2.3 in (I). Thus there is a disjoint Rez-family (D(n): n € T,) inscribed
in 7.

(1) Let F3:={C(n): n € T3}. As, by (8) and (10), f3: T3 — P3 x N is bijective we check the conditions of Lemma 2.4.

Fix an n € P3. For each m € N there is an apn € T3 such that f(ay) = (n,m). As Ry,,m = C(am) we need to check whether
(men C(a@m) = 0 holds. q(ay) =n for all m e N, so by (2), b(am) =b(n) and p(n) S p(am) S b(n). Also, m = len(p(am)) —
len(p(n)) + 1, so limp—  len(p(am)) = +oo. Fix an Iy with p(lg) € b(n). As p(am) € b(n) and limp— o len(p(am)) = 400,
there is an mg with p(lp) € p(am,). Therefore by (2.i), B(am,) < B(lp). But then ﬂmeN C(am) € C(am,) = Blamy) \ N{B(s) :
p(s) S b(m)} S Bllo) \ ({B(s) : p(s) S b(m)}. As lp with p(lp) € b(n) was arbitrary we have that (), Clam) S ({B(I) \
{B(s) : p(s) Sbm)}: p() S b(m)} =0.

Let now ne€ P3 and k,l e N, k <. For a:= f;l(n,k), d:= f;](n, ) we have q(a) =q(d) =n, k=Ilen(p(a)) — len(p(n)) + 1
and [ = len(p(d)) — len(p(n)) + 1. Thus, len(p(a)) < len(p(d)) and, by (2), b(a) = b(d) = b(n). This implies p(a), p(d) < b(n)
and p(a) C p(d), i.e. by the conditions (2.i), B(a) 2 B(d). But C(a) = B(a) \ ({B(s) : p(s) C b(a)}, C(d) = B(d) \ ({B(s) :
p(s) €b(d)} and b(a) =b(d), so C(d) € C(a), i.e. Ry S Ry k.

So, we can use Lemma 2.4 to find a disjoint Rez-family (D(n): n € T3) inscribed in F3.

(IV) To each pair (A, n), where A is bad and n € N assign a w(A,n) € A with w(A,n)[X] € (—1/n,1/n), in such a way
that n #m= w(A,n) # w(A,m). If n e Ty put h, := w(C(n),n) and D(n) := {h,}. Obviously D(n) € C(n).

We show that (D(n): n € Ty) is a disjoint family. Let n, m € T, n # m. If q(n) = q(m) then, by (2) tp(q(n)) =tp(n) € {1, 2},
so by (5) C(n) = C(@m) =: G. Thus h, = w(C(n),n) = w(G, n) # w(G, m) = w(C(m), m) = hy, by the definition of the function
w, so D(n) N D(m) = 0. If q(n) # q(m) then by (4) C(q(n)) N C(q(m)) = 0. But D(n) € C(n) = C(q(n)) and D(m) C C(m) =
C(g(m)), by (7), so again D(n) N D(m) =0.

We show that it is a Rez-family. Fix an ng € N. If n € Tg \ ng then w(C(n),n)[X] < (—1/n,1/n) C (—1/ng, 1/ng), i.e.
hn, € O(F, ¢) for any finite F € X and any € > 1/ny.

(V) To see that (D(n): n € N) is the required disjoint Rez-sequence inscribed in (A,: n € N) (because D(n) € C(n) C
B(n) € Ap) we only need to show that D(n) ND(m) =0 forneT;, meTj, i#j.

As clearly not both n and m are of type 3 neither are both g(n) and g(m) of that type. Using (2) and (6) we get
C(n) C C(q(n)), C(m) € C(q(m)). Thus if q(n) # q(m) the assertion follows directly from (4) and D(n) € C(n), D(m) € C(m).

If on the other hand q(n) = q(m) then tp(n) = tp(m) =: a. This implies a € {1, 2}. But then C(n) = C(m), by (7). Hence
i = j, so this case is not possible.

Proof of (1) = (2). Throughout the proof by h“~S we will denote the inverse image of a set S under a function h.
Let (Ap: n € N) be a sequence of elements of /Cgp,. If in the discussion at the beginning of the proof of this theorem we
let F :=Kgp,r and let Z be the family of all nontrivial open subsets of X, we obtain p, B, b, C, tp, P, q as described there.
Let U be any nontrivial functionally k-shrinkable open cover of X and L a function such that for each U e 4, L(U) C U,
L(U) is functionally closed and such that {L(V): V €U} is a k-cover of X. List injectively the compact subsets of X as
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(Fa: o < ). Choose a Ug € U with Fg € L(Up) and a fy € C(X) with fo[L(Ug)] < {0}, folX \ Uol  {1}. If (Ug, fg) have
been defined for all 8 < «, so that fg € C(X), Fg S L(Ug) € f;{O}, X\Ug < f;{l} and for all B1 < B <« fg1 # fp,»
Up, # Ug,, proceed the recursive definition as follows:

if {fff{O}: B < a} k-covers X then we are over; if {f;{O}: B < a} does not k-cover X take a compact T, € X with
To € f;{O} forno B <o, a Uy €U with Ty UFy CL(Uy) and a fy € C(X) such that L(Uy) € fy {0}, X\ Uy C fy {1}; it
is clear that fy # fg for all B <« and also, for each 8 < o we must have that Uy # Ug because otherwise Ty € L(Ugy) =
LUg) < f;{O} for a B < «, which is impossible. Having finished this recursive definition there is a By < p such that
{flg_{O}: B < Po} k-covers X and such that for each g1 < B2 < Bo Up, # Up,, fg1 # fp,. Therefore, the function g4 such that
VB < Bo (gu(Upg) = fp) and dom(gy) = {Upg: B < Bo} S U is correctly defined. For g4 the following hold: dom(gy) €U,
ran(gy) € C(X), {gy(U)<{0}: U € dom(gy,)} k-covers X and X \ U C g7, (U) {1} for all U € dom(gy,). Clearly o € ran(gy,)
with respect to the compact-open topology and as X ¢ U{, ran(g;/) does not contain the function o.

For each U € Kg,r choose a function gz, as described above. Apply the selectively (i, Tp)-Reznichenko property to the
family (ran(gcm)): n € N) so as to obtain a disjoint Rez-family (D,: n € N) inscribed in it. Find finite D, C C(n) with
Dn ={8cm)(U): U € Dy}. Define H(n), n € N, recursively as follows.

Let H(1) := D;.

If tp(n) € {1, 2} then H(n) := D, C C(n). Suppose now tp(n) = 3. Let m, s € N be arbitrary with p(n) C p(s) € p(m) C b(n).
Then tp(m) = tp(s) = tp(n) = 3, b(m) = b(s) = b(n) (by (1)) and B(m) S B(s). So C(m) = B(m) \ ({B(k) : p(k) S b(m)} <
B(s) \ N{B(k) : p(k) € b(s)} = C(s). Further, M{C(i) : p(n) S p(i) € b(m)} = N{B@) \ N{BK) : p(k) S b(@)}: p(n) S p(i) S
b(m)} = N{B({@) \ N{Bk) : p(n) € p(k) S b(m)}: p(n) € p(i) € bm)} ={B®): p(n) € p(i) Sbm}\ N{Bk):pm) S pk) <
b(n)} =0. To sum up, {C(i) : p(n) C p(i) € b(n)} can be viewed as a decreasing sequence of sets with an empty intersection,
S0 U’i:]l H(i) being finite (since all the sets H(i), 1 <i <n are), there must be a I, € N with p(n) € p(l;) C b(n), such that
(U?;]l H(i)) NC(l,) =0 (thus (L_J'i:l1 H(i)) N Dy, =0 also). Put H(n) := Dy, € C(I,) € C(n). Notice that in this case (tp(n) = 3)
we have that H(n) N H(i) =0, 1 <i < n, by the construction. O

We check the disjointness of (H(n): n € N). Let n,m € N, n <m. If tp(m) =3 then by the construction H(n) N H(m) = 0.
So let tp(m) € {1, 2}.

If q(n) # q(m) then, as by (2) tp(q(m)) = tp(m), we can use (4) to deduce C(q(m)) N C(q(n)) =0. But H(m) C C(m) C
C(q(m)) and H(n) € C(n) € C(q(n)), thus H(n) N H(m) =0.

Now, let g(m) = q(n). Then by (2), tp(n) = tp(q(n)) = tp(q(m)) = tp(m) € {1, 2}. Therefore C(n) = C(m) (by (5)) and
H(n) = Dy, H(m) = Dy, (by the construction of the H(i)-s as {tp(m),tp(n)} C {1,2}). Suppose now there is a U € H(n) N
H(m). Then gcm)(U) = g&cm)(U) would be in D, N Dy, which is impossible.

That (H(n): neN) is a cov-family follows from the fact that there is an injective v: N — N with H(n) = Dy(;) and the
fact that (Dn: n € N) is a cov-family which can be established in the following way:

fix a finite F C X. As (Dy: n € N) is a Rez-family there is an ng € N with Vn >ng (D, N O(F, 1) #0). Thus if n > ng there is
a U e D, with gcmy(U) € O(F, 1), which, in view of X \ U C gcu)(U) (1}, implies FCU. O
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