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Abstract

We study two subposets of the partition lattice obtained by restricting block sizes. The first
consists of set partitions of {1,...,n} with block size at most k, for k < n — 2. We show that
the order complex has the homotopy type of a wedge of spheres, in the cases 2k + 2 > n and
n =3k + 2. For 2k 4+ 2 > n, the posets in fact have the same S,_;-homotopy type as the order
complex of II,—;, and the S,-homology representation is the “tree representation” of Robinson
and Whitehouse. We present similar results for the subposet of II, in which a unique block
size k > 3 is forbidden. For 2k > n, the order complex has the homotopy type of a wedge
of (n — 4)-spheres. The homology representation of S, can be simply described in terms of the
Whitehouse lifting of the homology representation of IT,—;. (©) 2001 Elsevier Science B.V. All
rights reserved.

MSC: Primary 05E25; 06A08; 06A09; secondary 20C30

0. Introduction

In this paper we investigate the homology of two subposets of partitions of an
n-element set with restricted block sizes, the subposet I, <, of the partition lattice 11,
whose block sizes are bounded above by a fixed integer £ < n — 2, and the subposet
II, 4 of II, where the block size k < n — 1 is forbidden. (The (reduced) homology
is taken over the rationals for the representation-theoretic results, and over the integers
otherwise.) Some of our results were announced in [22]. This work is motivated by
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a formula in [19] for the representation of the symmetric group S, on the Lefschetz
module of any subposet of IT, obtained by restricting block sizes.

For the posets considered in this paper, these formulas show that the symmetric
group acts on the Lefschetz module in a surprisingly nice way. For k =2 the order
complex A(I1, <x) is the “matching complex™ of [5]. The rational homology in this case
was completely determined in earlier work of Bouc [9]. The poset I, < is also the
intersection lattice of a relative arrangement, a concept recently introduced by Welker
[29]. For 2k +2 > n, the Lefschetz module Alt(/1, <), turns out to be plus or minus
a true representation of S,, and for 2k +2 > n, it is in fact (plus or minus) a lifting of
the representation of S,_; on the homology of the partition lattice II,,—;. This lifting
first occurs in work of Whitehouse [16,17,30], and has also appeared in [21], and in
other contexts apparently unrelated to the partition lattice [1,11,13].

A similar phenomenon occurs for the poset II, . Let QF be the subposet of IT,
consisting of all partitions except those consisting of (n — k) blocks of size 1 and
one block of size k. The results of [19] show that the posets II,_4 and QOF have
S,-isomorphic Lefschetz modules for 2k > n. Further, it was shown in [21] that 4(QF)
has the homotopy type of a wedge of (n—4)-spheres, and that the S,-homology module
can be described as a simple generalisation of the Whitehouse module.

Tables 1 and 2 summarise our main results on the topology of II, < and II, 4. We
indicate whether or not the Lefschetz module is plus or minus a true S,,-module, based
on data for k < 6. Here 7, and m,; denote respectively the Whitehouse module and
its generalisation (see Section 1). The torsion data in Table 1 is from Bouc’s work on
the case k£ = 2. The reader will note the similarity in the topological behaviour of the
two order complexes.

The paper is organised as follows. Some background material is collected in Section 1.
In Section 2 we analyse the homotopy and homology of the poset I1, <;, and arrive at
the somewhat surprising result (Theorem 2.8) that for at least half the possible values
of k, the homotopy type of the order complex is independent of k, coinciding with

Table 1
Homotopy and homology of II, <, k > 2

n Homotopy Homology Lefschetz Torsion? Homotopy
type in degree module equivalent posets
<241 Ny, S n—4 Yes : 7, No m,-. N5 0
2k +2 \/(2k)!k/(k+l)S2k73 n—>3 Yes: lifting  No % ﬂj{:zl Qs>
of Toki1, k41 Iy 4041
2k +3 ? n—6,n—>5 Yes Yes, for k =2
2k +r, ? n—o, Yes ?
4<r<k n—>5
3k+1 ? n—6,n—75 No Yes, for k =2
3k +2 \/ s3k=4 n—=6 Yes No
3k+3 ? n—7,n—6 No Yes, for k=2

3k+4 ? [n—8, n—6] No Yes, for k=2
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Table 2
Homotopy and homology of Il 4, k >3

n Homotopy Homology Lefschetz Torsion?  Homotopy

type in degree module equivalent posets
<%U—1 VoSt n—4 Yes : m, 4 No ok N, 0
2k \/(Zk_l)l(k_])/k S%H=4  p—4 Yes : lifting of No

(k = Dy 151

2k +1 ? n—5n—4 Yes ?
2k +r, ? n—5n—4 Yes ?
2<r<k
3k+r, ? [n—6,n—4] No ?
1<r<k

that of the partition lattice I1,,_;. The S,-homology module is given by the Whitehouse
lifting of the action of S,_; on the homology of II,_;. We also show that when #» is
not congruent to 1 modulo &, A(I1, <) is homotopy equivalent to a simplicial complex
of dimension one less. Our most definitive result is that for n < 2k+2 or n=3k+2, the
homotopy type of A(Il,<;) is that of a wedge of spheres all of the same dimension.

In Section 3 we apply these results to the cohomology of the corresponding relative
arrangement.

In Section 4 we consider the poset II, . When k =2, this is the “3-equal” lattice
join-generated by elements of type (3,1773). It was shown in [8] that the order com-
plex of this nonpure lattice has the homotopy type of a wedge of spheres of varying
dimensions, and in [6] that the lattice is shellable. The homology representation was de-
termined in [23]. Henceforth, we assume & > 3. We show that for 2k > n the complexes
A(IT,, 4 ) have the homotopy type of a wedge of spheres of dimension (n—4), with Betti
number (n—1)/(n — k)/k if 2k > n, and (2k — 1)!(k — 1)/k if n=2k. The S,-homology
module is determined in terms of the generalised Whitehouse module of [21].

Finally, we list below the simplicial complexes known to us whose homotopy type
coincides with that of the partition lattice I1,,_;, (up to a shift in dimension) and whose
S,-homology representation is the Whitehouse module (up to sign).

(1) Robinson’s space of fully grown trees [16,17,30]. Its barycentric subdivision is the
order complex of Hanlon’s poset 7, of homeomorphically irreducible trees with
(n + 2) labelled leaves [12]. The elements of 7, (corresponding to the faces of
Robinson’s complex) are trees in which every internal vertex has degree at least
3, and the order relation corresponds to contracting internal edges.

(2) The order complex of the poset of non-modular partitions in I1,, i.e., the partitions
with at least two blocks of size greater than 1 [21].

(3) The order complex of the poset II, <; of partitions with block size at most k, for
(n—1)/2 <k <n-—2 (Theorem 2.8, this paper).

(4) The complex of “not 2-connected” graphs on n labelled vertices [1,24,25]. Here
the homotopy type is a wedge of (n — 2)! spheres of dimension (2n — 5).
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1. Preliminaries

Let P be a bounded poset, with greatest element 1 and least element 0. We denote
by A(P) the order complex (whose simplices are the chains of P\{0,1}) of the poset
P. Recall also that a simplicial complex is called pure if all its facets have the same
dimension. The order complex A(P) is pure if and only if the poset P is ranked or
pure, i.., if and only if all maximal chains in P from 0 to 1 have the same length.

For 2 < k < n—1, let O denote the subposet of II, obtained by removing
the partitions of type (k, 1"7%), i.e., those partitions with (n — k) blocks of size one
(singletons) and one nontrivial block of size k. In particular, ﬂl.";; ’ is the subposet

of II,, obtained by excluding the modular elements, in the lattice-theoretic sense. The
main results of [21], which we shall need here, may be stated as follows.

Theorem 1.1 (Sundaram [21, Theorem 3.4]). The (n—3)-dimensional order complexes
of O/~ and ﬂl”:_zl Q! are S,_1-homotopy equivalent to the (n— 4)-dimensional order
complex of the partition lattice I1,_, and hence have the homotopy type of a wedge
of (n — 2)! spheres of dimension (n — 4).

Theorem 1.2 (Sundaram [21, Theorem 3.12]). Let 2 < k <n—1. The (n— 3)-dimen-
sional order complexes of QF and ﬂikzz Q! are homotopy equivalent to a wedge of
(n — D)(n — k)/k spheres of dimension (n — 4).

In contrast to the posets QF, the posets ﬂik:z Q) are in fact Cohen-Macaulay [21,
Theorem 3.11]. These results were obtained by using Quillen’s fibre lemma. We state
below the group-equivariant version. Write P for the proper part P\ {0, 1}) of the poset P.

Theorem 1.3 (Quillen [15]; Benson [2, Chapter 6]). Let P and Q be bounded posets,
let G be a finite group of automorphisms of P and Q, and let f : P — O be
an order-preserving G-map of posets. For a € Q let G, denote the stabiliser of a.
Assume that for all a € Q, the fibre F,={z € P: f(z) > a} is G,-contractible, (i.e.,
the fixed-point subposet FY« of points in F, fixed by G,, is contractible). Then f
induces a G-homotopy equivalence of the order complexes A(P) and A(Q). (The
same conclusion holds if the fibre F* = {z € P: f(z) < a} is G,-contractible for all

ae Q)
We record the main representation theoretic computation of [20]:

Theorem 1.4 (Sundaram [21, Theorem 4.6]). Let m, denote the S,-module structure
of the top homology of the partition lattice I1,. Let 2 < k <n—1. As an S,-module
the unique nonvanishing homology of QF (and ﬂlk:z Q! is given by
Sn
Ton,k = Tk TSkx(SlelxmxS])/nn' (1.1)

In particular when k =n — 1, this reduces to

- S,
T,n—1 = Ty = Tp—1 TS"?]XS]/TEn- (12)
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Note that 7, is the Whitehouse lifting (see [16,17,30]) of the representation of S,_1 on
the homology of I1,—_,. In particular the restriction of &, to S,—, is the representation
Ty—1.

We shall make frequent use of the following basic principle.

Proposition 1.5 (Sundaram [21, Theorem 2.1]). Let P be a poset and let A be an
antichain in P such that the integral homology of at least one of the intervals (0,a)
and (a,1) is free for every a € A. Then
(1) the relative integral homology of the pair (A(P), A(P\A)) is free and is given
by
H(AP), AP\A) = P H(0.a)p ® H(a,1)p. (1.3)

acA
s+t=i—2

(i1) Assume the relative homology is nonzero only in degree d, and that P has
nonzero homology only in degrees d and d — 1. Then P\A can have nonzero
homology only in degrees d and d — 1. If the homology of P vanishes in degree
d, then so does the homology of P\A. Furthermore, if the homology of P is
free in degree d, then the homology of P\A is also free in degree d.

Proof. Part (i) follows easily from the description of the relative chain complex (see,
e.g., the proof of [21, Theorem 2.1]). Part (ii) now follows from the long exact ho-

mology sequence of the pair (4(P), 4(P\A)),
0 — H(P\A) — Hy(P) — Ha(A(P), A(P\A)) — Hy_1(P\A) — Hq1(P) — 0,
(1.4)

and, for j <d —1, j >d,

0 — H;(P\A) — H;(P) — 0. (1.5)
Next we recall the Homotopy Complementation Formula of Bjorner and Walker

and some other related facts. The homology version of Part (ii) below is precisely
Proposition 1.5(i). [J

Theorem 1.6 (Bjorner and Walker [7]). (i) Let P be a bounded poset, P, a subposet
whose order complex is contractible. Then A(P) is homotopy equivalent to the quo-
tient complex A(P)/A(Py).

(ii) Let P be a bounded poset, A an antichain in P. Then the quotient complex

A(P)/A(P\A)
is homotopy equivalent to

\/ susp(4(0,a) = A(a, 1)).

acA

(Here * denotes topological join and susp denotes suspension.)
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(iii) Let P, Q be bounded posets. Then the order complex of the poset PxQ\{(1,0)}
is contractible.

Proof. Part (i) is [7, Lemma 2.2]. For Part (ii) see [3] and also [28]. Part (iii) follows
from [7, Theorem 4.2]. [

Note that all these homotopy equivalences can be made group-equivariant. We shall
also make use of a technical lemma and a result from homotopy theory.

Proposition 1.7 (Bjorner [3, 9.18]). Let A be a simplicial complex whose reduced
integral homology coincides with that of a wedge of k d-spheres, d > 1. If A is
simply connected, then A has the homotopy type of a wedge of k d-spheres.

Lemma 1.8 (Bouc [9, Section 2.2.2, Lemme 6]). Let f: X —Y be an order-preserving
map of (bounded) posets X and Y, and assume that the order complex of X is con-
nected. If for every maximal element y in Y, the fibre ¥ := {x € X:x < y} is
nonempty, and for every maximal element y in Y, the order complex of fibre f?
is connected, then the order complex of Y is connected and the induced homomor-
phism of fundamental groups m(f) : my(X) — m(Y) is surjective.

(This lemma is incorrectly stated in [9, Section 2.2.2, Lemme 6]; I am grateful to
S. Bouc for informing me of this error. In [21, Theorem 3.13], I used this lemma to
show that the posets Q% of Theorem 1.3 were simply connected; in view of the error in
[9], the proof of [21, Theorem 3.13] should be corrected by replacing all occurrences
of the poset Q% in the proof with the poset PX = (., P!).

We conclude this section by using the preceding result to determine the fundamental
groups of the two classes of order complexes considered in this paper.

Proposition 1.9. Let 2 < k < n—2. Let II, < denote the subposet of 11, consisting of
partitions with block sizes restricted to the set {1,...,k}, together with the greatest
element 1.

(1) [9] A(I1,,<2) is connected for n > 5, and simply connected for n > 8. The
Sundamental group of A(Il,<») is a nontrivial free group for n = 5,6, and
cyclic of order 3 for n="1,.

(ii) Let k > 3. Then A(Il,<x) is connected for all n > 5, and simply connected
for all n > 6.

Proof. Part (i) is due to Bouc [9, Section 2]. For n=35,6, A(Il, <>) has the homotopy
type of a wedge of circles. See also Theorem 2.5 below.

For part (ii), we first assume n > 8. Consider the inclusion 1 : 17,,52 — ﬁn,gk- Let
a be a maximal element of I1, <, of type 4, say. Then the sum of any two parts of A
must exceed k, and hence if some part equals 1, all others must be at least £ > 3. The
fibre 1 is clearly isomorphic to (the proper part of) the product of posets I1;, <, and
this is nonempty by the preceding remarks, and connected. (The order complex of a
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product of two posets being the suspension of the join of its factors, it is disconnected
only when the two order complexes are both empty.) It is also easy to see that the
fibres 1“ are nonempty for all a.

By part (i) and Lemma 1.8, the result follows for n > 8. For n =5,6,7, Theo-
rem 2.8 shows that (for £ > 3) the order complex is a wedge of spheres of dimension
1, 2 and 3 respectively. [

Proposition 1.10. Let 2 <k <n—1. Let Il,_4 denote the subposet of 11, consisting
of partitions in which no block has size k. The order complex of Il, 4 is connected
for all n > 5, and, if k > 3, it is simply connected for all n > 6.

Proof. When k£ =2 this is the “3-equal” lattice, which was shown to be homotopy
equivalent to a wedge of spheres of varying dimensions in [8]. In particular ITs
has the homotopy type of a wedge of 10 2-spheres and 10 I-spheres, and hence its
fundamental group is the free group of rank 10. Otherwise II, . is simply connected
for n > 7.

Assume k > 3. Thus, we may consider again the inclusion 1 : ﬁn,gz — ﬁn,#. Let a
be a maximal element of II, . Then either a has exactly two blocks of sizes n—r and
r, or, if k is even and n=3k/2, then a can have three blocks of size k/2. The fibre 1* is
clearly isomorphic to the proper part of the product IT,_,. <> X Il <>, or the three-fold
product of Iy <;. If n > 5, this is nonempty and connected as in the preceding proof.
(For the second case we note that a product of at least three posets is always nonempty
and connected.) Again, it is easily seen that the fibres 1 are nonempty for all a.

By Lemma 1.8, the result follows for n > 8. For n =15 and k& > 3, Theorem 4.3
shows that the order complex is a wedge of circles, hence is connected.

For n = 6,7, Theorem 4.3 settles all cases except the case £k =3. When n = 6, the
result follows from Theorem 4.8. For n =7, by Lemma 1.8, the fundamental group of
II7 5 is a quotient of the fundamental group of I17<;. Using Proposition 1.9(i), we
conclude that 7;(II73) is abelian and thus isomorphic to H 1(I17.43), which vanishes
by Proposition 4.10. [

2. Partitions with block size at most &

Let 2 < k < n—2. Denote by II, <; the subposet of II, consisting of partitions with
block sizes restricted to the set {1,..., k}, together with the greatest element 1.

Observe that when k=n—2, the poset II, <,—, coincides with the poset Q,:'*l; hence
by Theorem 1.1, its order complex has the homotopy type of a wedge of (n — 2)!
spheres of dimension (n — 4), and by Theorem 1.4, the S,-homology representation is
the Whitehouse lifting of the action of S,_; on the homology of II,_;.

For k > 3, the posets II, < are in general not ranked. The smallest nonpure example
is ITs <3, which has maximal unrefinable chains of lengths 5 and 4. We record these
easily deduced facts about the order complex of II, <; below.
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Proposition 2.0. Let n=kq+r, 0 <r < k—1. Then A(l, <y ) has dimension n—q—2
ifr>1,and n—q—1if r=0. It is pure for n =2k + 2 when k is even, and for
n=2k + 1. In general for k > 3, it is not pure.

Proof. These facts are seen by examining the element covered by 1 in a maximal
unrefinable chain. If x is such an element, then the sum of any two block sizes of x
must be > k + 1. It follows for instance that when n < 2k + 1, the number of blocks
of x is at most 3.

For k +2 < n < 2k, the maximal unrefinable chains (from 0 to i) are of lengths
(n—1) and (n—2). If =2k + 1, then a maximal unrefinable chain must be of length
n—2. If n=2k + 2 then there is always a maximal unrefinable chain of length n — 2
(e.g., the chain going through an element of type (k, k,2)). If k is even, these are the
only such chains. If £ is odd, then there are also maximal unrefinable chains of length
n — 3, namely, those going through elements of type ((k + 1)/2,(k + 1)/2,(k + 1)/2,
(k 4+ 1)/2), and these account for all of them. [J

Let Alt(P) denote the Lefschetz module of (the order complex of) P, i.e., the
alternating sum » .. (—1)H(P) of the homology modules of A(P). In [19] unified
plethystic formulas were derived for the Lefschetz module of subposets of partitions
with restricted block size (see [19, Theorems 3.5, 4.2]). We defer a discussion of
these formulas for the poset II, < to the end of this section (Theorem 2.11) and the
appendix. For the present we record the following interesting consequence of Theo-
rem 3.5 of [19] when applied to IT, <4:

Theorem 2.1. Assume 2k + 2 > n. Recall that ©t, denotes the Whitehouse lifting of
T,—1 given by (1.2).
For 2k + 2 > n, there is an isomorphism of S,-modules

(— )" A, <4) = 7y (2.1)

Let sgnér denote the ith tensor power of the sign representation of S,, and let S,[S,]
denote wreath product group of S, acting on r copies of S,. If 2k + 2 = n, there is
an isomorphism of (possibly virtual) S,-modules

(— DX Ao 0, <) ~ sgnb! [men ] 1958, ) —Foaksa- (2.2)

The fact that the Lefschetz module in some of the above cases is plus or minus a
true S,-module suggests that the poset might have good homological behaviour, in the
sense of unique nonvanishing homology.

We shall make repeated use of the following homotopy equivalence, whose essential
underlying principle, first stated for lattices, is a result of Walker [27, Theorem 6.1;
26, Theorem 8.1]. The group-equivariant version is due to Welker [28]. In this section,
Lemma 2.2 will be needed only for the lattice case.
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Lemma 2.2. For i = 1,2, let L; be a bounded poset with finite automorphism group
G;. Let B be any G,-invariant subset of L,. Then the complex

ALy x L\({(11,,0,,)} U{(iL,,b): b € B})

is (Gy x Gy)-contractible.

Proof. First consider the case when B is empty. Note that {(1;,,0;,)} is the set of
complements of the (G| X G,)-invariant element (GL] R i 1,) in the product poset L; X L;.
Now the result follows by Theorem 1.6(iii) and [28, Corollary 2.4].

By repeated application of the case B = (), one sees via Quillen’s fibre lemma that
removing elements of the form a 1,»b), b € B does not alter the homotopy type of
A(Ly x Lz\{(i L],éLZ)}). It is not hard to see that when the elements are removed in the
correct order, at each step, the fibre F(11?) is isomorphic to (L x (0.,,5)\{(iz,,0.,)},
and is thus contractible. [J

We shall show next that in a large number of cases, the order complex of IT, < is
homotopy equivalent to a complex of dimension one less, and hence that the homology
vanishes in the top dimension. In order to explain better the technicalities in the proof,
we first establish a lemma and a proposition having to do with special cases.

Lemma 2.3. Let 3 <k <n-2,andlet n=kq+r, 2 <r<k—1. For 1 <i<v, let 4;
be the antichain of I, < consisting of elements of type (k9,u), where i is an integer
partition of r with i parts. (Thus A, is the antichain of II, < consisting of elements
of type (k4,r), and A, consists of elements of type (k9,1").) Then the inclusions

m<k\<g A,~> - n<k\<g Al«> .

— ﬁn,gk\Ar—l uAr — ﬁn,gk\Ar — ﬁn,gk

induce S,-homotopy equivalences of order complexes.

Proof. Consider the right-most inclusion. The fibres to be checked are those of ele-
ments a € 4,. Let a be of type (k%,17). The fibre F, = {z € I1,<;\A4,: z > a} contains
a unique greatest element, namely the unique element @ in 4; which is greater than
a (here we need the fact that » > 1). Hence it is G,-contractible, where G, is the
stabiliser of a (for every subgroup H of G, the fixed point subposet FZ is clearly
contractible because of the unique top element 4, which is fixed by H).

For r — 1 > j > 2, consider an inclusion of the form

ﬁngk\<UAi> — ﬁnflx U A;
i=j i=j+1

We need to check the fibres of elements a € 4;. Let a be of type (k%, ) for an integer
partition y of  with j nonzero parts. Then the fibre F,={z € IT, <, \(U; Ai)z>ab=
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{z € ﬁn,gkl z > a} is G,-contractible exactly as in the preceding paragraph. The es-
sential observation here is that only the blocks whose sizes correspond to the partition
u can be merged together in the fibre.

Finally we consider the left-most inclusion

(09 A(0r)

Here we need to examine fibres of elements a € 4;. For such an element a, consider the
fibre F*={z € I, <,\(U/_, 4;): z < a}. This is isomorphic to L, x Ly\{(I,x): x > 0}
where the lattice L; is the g-fold product of II;, and L, is the lattice II,. Hence F* is
G,-contractible by Lemma 2.2. [

Proposition 2.4. The integral homology of II, <\ vanishes in the highest dimension if
(i) 3<k<n—2andn=(k—1)modk, or
(i) 2<k<n—2 and n =0mod k.

Proof. (i) Assume n=qgk+(k—1). In this case the set 4| of Lemma 2.3, of elements of
type (k?, k—1), accounts for all the partitions in I, < with g+1 blocks, and this is the
smallest number of blocks possible. Hence, removing 4; from I1,, < results in removing
all the unrefinable chains of maximum length (n—g). In particular, A(I1, <x\(4oUA4,))
has dimension at most n — g — 3, while A(Il, <) itself has dimension n — g — 2. Now
the result follows from Lemma 2.3.

(i) Now let ¢ > 2, 2 <k < n—2, and let n=gk. The order complex of IT, <, now
has dimension n — g — 1. Let A; be the set of partitions in I, <, whose rank in II,
is maximal. Every chain in I, <; of maximum length must go through an element of
A;. Clearly when n = kg, A, consists of all partitions whose block sizes are all equal
to k.

Just as in case (i), we shall show that homotopy type is preserved by deleting from
I, <; a subset containing the set 4;. Since the order complex of the resulting subposet
of II, <, necessarily has dimension one less than that of IT, <4, this will establish the
result.

Let x € A4, and assume x has blocks B;, i = 1,...,q, ordered, say, in decreasing
order of the least element in the block. Define m(x) to be the partition in I, <, whose
nontrivial blocks are By,...,B,_1. Thus 1 is a singleton in n(x). Let 49 be the set of
elements {7(x):x € 4;}.

Observe that while 4, is clearly S,-invariant, 4y is not.

We claim that the inclusions

I,<i\(Ao U Ay) = I, <t \Ao = II, <

induce homotopy equivalences of order complexes.

For the right-hand inclusion we consider fibres of the form (m(x), i) in I, <. For
each x € A4;, x is the greatest element of this interval, and hence this fibre is con-
tractible, thereby establishing the homotopy equivalence.
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For the left-hand inclusion we consider, for each x € A4;, fibres of the form F* =
{z € M,<;\do:z <x}. Here we make two key observations. First, all blocks of
x are nontrivial. Second, for any x # y € 4, n(y) <x < y =x. Hence F* =
(0,x)r1, . \{m(x)}. Now the fact that F** is (G;-)contractible follows from Lemma 2.2.
By Quil_len’s fibre lemma we are done. [

Remark 2.4.1. Fix k > 3. Let I1, ;) denote the subposet of II, where only block
sizes 1 and k are allowed. The order complex of II,, 1y 4} is the barycentric subdivision
of the k-hypergraph matching complex M(K¥) of [5]. It is easy to see, by a proof
identical to Proposition 2.4(ii), that when & divides n, the order complex is homotopy
equivalent to a complex of dimension one less, and hence that homology vanishes in
the top dimension n/k — 1, and is free in dimension n/k — 2.

More generally, we have

Theorem 2.5. (i) Assume n is NOT congruent to 1 modulo k. Then the (n—[n/k]—1)-
dimensional order complex of I1, <y is homotopy equivalent to a complex of dimension
one less. Hence the integral homology of Il, <y vanishes in the highest dimension,
and is free in degree (n — [nfk| —2).

(ii) Let n=gqk + 1. Let A be the set of partitions of type (k9,1) in I, <i. Then
the order complex of II,<i\A is homotopy equivalent to a complex of dimension
n—q — 3, one less than the dimension of A(Il,<i).

Proof. (i) The proof is along the same lines as in the preceding proposition. Our
strategy is again to show that II, <, is homotopy equivalent to a subposet in which
the elements of maximal rank have been removed.

We may assume that n =gk +r, 2 <r < k — 1. Let 4; be the set of partitions in
I1, < whose rank in II, is maximal, so that every chain in II, <; of maximum length
n — g contains an element of 4. If n=qgk +r, 2 <r < k — 1, then elements in 4,
have (¢ + 1) blocks. By Proposition 2.4 we may assume r < k — 2.

As before, we shall show that homotopy type is preserved by deleting from I1, <4
a subset containing the set 4;. The set 4; now contains elements of different types,
which may be listed according to their type v, in increasing order of the size of
the least part v ;. Thus, elements of type (k% r) come first, then elements of type
(k% ', k—1,r+1) and so on. The case when the type v has its last two parts equal will
require a modified argument in the style of Proposition 2.4(ii); we will examine these
last.

Thus, we consider first the subset A} in 4; consisting of elements of type v where v,
is strictly greater than v, . Let ¥ +¢ < k— 1 be the maximum value of v,;; among all
such elements. Thus » < v, <7+t Set P_y = II, <, and define a nested sequence
of posets

PoyCPry1C--CPiCPyCP_,
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as follows: For each s =0,1,...,¢, P, is the subposet of P;_; obtained by remov-
ing the set Cs of all elements of type (4,4) where u is an integer partition of r + s
and A= (4 > .-+ > Ay) is an integer partition (of n —r — s) with g parts, such
that A, > r + s. Hence, ISH_t is the result of removing from II, <4, all partitions of
type (4,u), where u is an integer partition of total size |u|, » < |u| < r + ¢, and
/. is a partition with exactly ¢ parts such that /, is strictly greater than the total
size of .

We claim that the above inclusions all induce S,-homotopy equivalences.

Lemma 2.3 shows that this is true for the right-most inclusion. Now consider the
inclusion }SS — ﬁs,l. Let A; be the set of elements of type (4, ) where u is an integer
partition of » 4 s with exactly i parts, and A= (4 > --- > ;) is an integer partition
(of n —r —s) with ¢ parts, such that A, > r 4. Then Py is obtained from P;_; by
removing the set C;, which can be written as a disjoint union of the (r + s) subsets
A;. We have the inclusions

r+s r+s
Pg=P_ \UAi ‘HPs—l\UAi e
i=1 i=2

— Psfl\(ArJrsfl UAr+S) — psfl\ArJrs — Ps71~

Consider first any of the inclusions other than the first one, i.e., for j > 2,

r+s r+s
P \UJ4i= P\ U 4
i=j i=j+1

Consider the fibre F, = {z € P, |\ Ulr;s A;:z > a} of a partition a € 4;. Note that we
have F, ={z € P,_1:z > a}.

Assume type(a) = (4, u) where p is a partition of » +s < k — 1 with j parts, and
/2 has g parts with 4, > r + 5. The essential point is that, because we are in P,_;, the
only blocks of @ which can be merged in the fibre are the blocks of smallest sizes ;.
One cannot merge a block of size 7, with a block of size u,, for the result would be
an element not in Py_,, viz., an element of type (A", u~) where p~ is now an integer
partition of a number strictly less than r + s, and A" is an integer partition with ¢
parts such that }vq* > r+s is greater than the total size of u~. But such elements have
already been discarded in P,;_;. Also blocks corresponding to the integer partition A
cannot be merged, for this would imply that there is a partition in 4; with less than g+1
blocks (since all the blocks corresponding to ¢ can be merged). Now the argument of
Lemma 2.3 goes through, i.e., the fibre has a unique top element, namely the one
in A1 .

Next we look at the first inclusion. Here we examine, for an a € Ay, the fibre
F*={z € P,_\\UZ; 4;:z < a}. The argument is now identical to the analogous part
of Lemma 2.3, and invokes Lemma 2.2.

We have thus established that 13,+, and II, <; have §,-homotopy equivalent order
complexes.
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It remains to show that one can also remove from P,.,, without changing the homo-
topy type, a superset of the set 4] of the elements in 4, of type (4,a,a) where 1 now
has (¢ — 1) parts and A,_; > a, for varying a. (Note that a > » > 2.) Let x be such an
element. We treat this case as in the proof of Proposition 2.4(ii). (As a consequence
the resulting homotopy equivalence will not be S,-equivariant.) Let By,...,B; be the
blocks of x which have size a, ordered in decreasing order of the least element. Define
n(x) to be the partition obtained from x by splitting the block By into a singletons.
Let Aj = {n(x):x € 47}.

It can be checked that the inclusions

ﬁr+t\( o udy) — pr+t\Ag - pH-t

induce homotopy equivalences, exactly as in the proof of Proposition 2.4(ii). The
essential point again is that, by definition of P,,,, elements lying above an element
n(x) of Aj can only be a consequence of merging the singletons in 7(x).

(ii) The preceding arguments in effect show that the homotopy type is unaltered by
removing a superset of all the elements of maximal rank in IT, <;\4, where 4 is the
set of partitions of type (k9,1). Hence the result. [

Remark 2.5.1. The result is false without the congruence hypothesis on n and k. We
shall show in Theorem 2.8 below that for » =2k + 1, homology is concentrated in the
top dimension.

Remark 2.5.2. It follows from Theorem 2.5 that if n =gk is not divisible by (g + 1),
and there is nonzero homology in dimension one less than the highest, then the order
complex of II, <, cannot be shellable. For it is not hard to check that there are no
partitions with (¢ + 1) blocks which are covered by 1. Hence I1, < has no unrefinable
maximal chains of length one less than the longest (n — ¢q). By [6, Corollary 4.2],
A(I, <) cannot be shellable.

Our next step is to determine the homology of I, <; (and its S,-module structure)
for values of k such that 2k + 2 > n. Define II; _, to be the subposet of II, <k
consisting of partitions with at most one block of maximal size k.

Proposition 2.6. The order complexes of Il, <y and 11, ;.| N O 1 are S,-homotopy
equivalent.

Proof. Note that the effect of intersecting with Q**! is simply to remove the modular
elements whose unique nontrivial block has size equal to (kK + 1).

Consider, for a fixed integer partition p = (uy,p,...) of n — k — 1, the subposet
of H;‘ﬁ x+1 consisting of all elements of type (k + 1,11, 12,...). For brevity, we de-
note such a type by (k + 1,u). (Note that by hypothesis all parts of u are strictly

less than & + 1.) For r =1,...,n — k — 1, write B) ;. for the subposet of II;,



284 S. Sundaram | Journal of Pure and Applied Algebra 155 (2001) 271-304

consisting of all elements of type (k + 1, ) where the integer partition u has exactly
r parts.
Clearly 11;;’<,HI\B;,{L1 I NOE =4, say. Also I« =A\U'" > B .
For notational convenience write Bgﬁ w41 for the empty set. We claim that each of

the inclusions

n—k—2 n—k—3
Mok =4 B, —A B
n<k — nk+1 nk+1

r=1

n—k—4

"
LJ Bmk+1
r=1

%A\Bn K+ 2.3)

induces an S,-homotopy equivalence of order complexes

Consider the fibres of the inclusion A\ Ur:l . %A\U nk+1,l <i<n-
k — 2. The elements in the difference of the two posets are premsely the elements in
B,’;, «+1- Let a be such an element, of type (k +1, 1), say, where u has i parts. Consider
the fibre F* ={z € A\U£:1B;,k+13 z < a}. Write II, for the product of lattices IT,;.

Then the fibre F“ is isomorphic to

o~ o
17k+4 X [IH\{(]’O)}’

since the only forbidden element is the unique modular element less than a of type (k+
1,1"7%=1), By Lemma 2.2, the fibre is G,-contractible; here G, is the stabiliser of a.
This completes the proof. [

Proposition 2.7. Assume 2k + 2 > n. Then the inclusion

T~ R
<1 N O =TT, <ii1

induces an S,-homotopy equivalence of order complexes.

Proof. Again, the effect of intersecting with Q! is simply to remove the modular

elements whose unique nontrivial block has size equal to (k + 1). Hence, by Quillen’s
fibre lemma, we need only check the fibres of elements a of type (k + 1,177F=1).
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Consider the fibre F, = {z € II, <4+1: z > a}. This is clearly isomorphic to the proper
part of the partition lattice IT,_;_;, together with the 1 element provided by the unique
element 4 of type (k+1,n—k —1) in I, <441 which is greater than a. Note that this
latter element is in I, <441 precisely because n —k — 1 < k + 1. Hence the fibre F, is
G,-contractible, where G, is the stabiliser of a (for every subgroup H of G, the fixed
point subposet F is clearly contractible because of the unique top element d, which
is fixed by H). The result now follows. [

From Proposition 2.0 we know that for n < 2k the order complex of I1, < is of
dimension (n — 3), while A(I1,, <) = A(Il2+1,<k) has dimension (n — 4). The next
result determines the homology of II, <, in these cases.

Theorem 2.8. Let 2k +2 > n.

(1) The order complex of the poset I, <y is S,_i-homotopy equivalent to a wedge
of (n —2)! spheres of dimension (n — 4). Hence, its integral homology is free and
concentrated in degree n — 4.

(ii) The S,-homology module of I1, <y (over the complexes) is given by the White-
house lifting (1.2) of m,—.

Proof. Note that, because 2k +2 > n, the posets II,; ., and II, <+ coincide. Hence,
by Proposition 2.6, I, <x and II, <x41 N Q’,f“ have §,-homotopy equivalent order
complexes. By Proposition 2.7, the inclusions

n—1
Iy < — <1 — <y =0,

all induce S,-homotopy equivalences.

Part (i) now follows from Theorem 1.1, and hence part (ii) then follows from
Theorem 1.4 (or directly from Theorem 2.1, since the left-hand side of (2.1) now
reduces to I~{n_4(Hn,§k)). |

In order to continue our analysis, it will be useful to record the following easy
consequences about the homotopy type and homology of II} .

Lemma 2.9. (i) If n <2k, then IT; ., = I, <.

(i) If 2k < n <2k + 1, then Hi<k has homology concentrated in degree n — 4
and this homology is free. -

(iii) If 2k +2 <n <2k + (k — 1), then IT; _; is S,-homotopy equivalent to II, <.

(iv) Assume 2k < n < 2k + (k — 1). Let B be the set of partitions with of
type (k,1"%). Then the relative homology of the pair (T o, 1Ty 4 \B) is free and
concentrated in degree (n —4) if n =2k, and in degree (n —5) otherwise.

Proof. Part (i) is clear. Part (iii) follows from Lemma 2.3, which says that IT, < is
Sy-homotopy equivalent to II, <x\B, where B is the collection of partitions of type
(k, k, 1), where p is an integer partition of n — 2k. But clearly II, <;\B is precisely
I -
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For part (ii), note first that IT; _, is equal to I, <;\4, where 4 is the antichain of
elements a with exactly two blocks of size k.

Consider the intervals (0,a) and (a,1) in II, <i. The first coincides with the same
interval in the lattice I1,, and hence has homology only in the top degree 2k — 4. The
second has (reduced) homology only in degree (—1). Hence, by Proposition 1.5, the
relative homology is free and concentrated in degree 2k — 3.

If n=2k+1, by Theorem 2.8, 2k — 3 is also the unique degree in which IT, <; has
nonzero homology. Hence, by Proposition 1.5, IT, <;\4 has nonzero homology at most
in degrees 2k — 3 and 2k — 4. However, by Theorem 2.5(ii), the (2k — 3)-dimensional
order complex of IT, <;\A4 is homotopy equivalent to a complex of dimension 2k — 4.
Now the conclusion follows.

If n=2k, then from Theorem 2.8, II, <; has homology only in degree 2k —4, which
is free. Again by Proposition 1.5, it follows that IT, <;\4 has homology only in degree
2k —4. In this case, this is also the dimension of A(I1, <;\A4), and hence the homology
is free.

For part (iv), we again invoke Proposition 1.5. For each b € B, the lower interval
(f),b) in IT; o, is S,-isomorphic to 1y, and hence has homology only in the top degree
s =k — 3, where it is free. Since partitions in IT; -, have at most one block of size
k, and b already has such a block, the interval (b, i) is isomorphic to IT,_<x—;. If
n=2k, this is just the partition lattice I1j, and hence its homology occurs only in degree
t=n—k—3. Otherwise, note that (k—1)+2 <n—k < 2(k—1)+1. Hence by Theorem
2.8, the homology of this interval is free and concentrated in degree t=n—k —4. Now
by Proposition 1.5, the relative homology is free and concentrated in degree s + ¢ + 2.

O

We now look at the case 2k + 2 = n.

Theorem 2.10. (i) The (2k — 2)-dimensional order complex of the poset Ilpiio <y is

homotopy equivalent to a wedge of spheres of dimension (2k — 3). In particular if

k is even then the (pure) poset Iaiir <y is not shellable. The Betti number of the

complex equals (2k)'k/(k + 1). (Hence it has the same homotopy type as A(le‘,:ll).)
(i) The Syii2-homology module is given by the representation (2.2),

Ho3(Iyks2.<k) = sgni ' [meq1] Tij’fg,;] [Toak+2-
(iii) There is an Sy 1-isomorphism in homology with the order complex of lefl;:lr
That is, the homology of 12 <k is Say1-isomorphic to the generalised Whitehouse
module Ty k41 given by Eq. (1.1).

Proof. Note that by Propositions 1.9 and 1.7, the homotopy type will follow if we
show that the integral homology of A(II;42<k) is free and vanishes in all degrees
except (2k — 3).

Write Cy for the poset IIr;12 <i. By Proposition 2.0, the order complex has dimen-
sion (2k — 2).
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By Proposition 2.6, 4(Cy) is homotopy equivalent to A(P\B), where P=113;, ., o\,
and B is the antichain of elements of type (k + 1,1¥*!). By Lemma 2.9 (parts (ii)
and (iv)), both P and the pair (P,P\B) have (relative) homology concentrated in
degree n — 4 =2k — 2, and this homology is free. Hence Proposition 1.5(ii) shows
that C; = P\B has nonzero homology at most in degrees 2k — 2 and 2k — 3. Invoking
Theorem 2.5(i), we conclude that homology is free and concentrated in degree (2k—3).
The Betti number can be computed, for instance, from formula (2.2) of Theorem 2.1.
The homotopy equivalence with A(Q’z‘kﬂl) follows from Theorem 1.2.

Part (ii) follows from formula (2.2) of Theorem 2.1, since the left-hand side of
(2.2) now reduces to H 2%—3(II2x12,<k ). (It can also be deduced directly from the exact
sequence of the pair above, since all the homotopy equivalences used, and the exact
sequence itself, preserve the action of S,,.)

Part (iii) follows from (2.2) by basic manipulations, using the fact that the restriction
of my) to Sy is the regular representation [18], and the fact that @4, restricts to 7oy
(see Theorem 1.4).

When £ is even, the discussion at the beginning of this section shows that the only
unrefinable chains from 0 to 1 in C; are those of length 2k. That is, the order complex
has no facets of dimension 2k — 3. (It is in fact pure.) By [6, Corollary 4.2], A(Cy)
cannot be shellable. [

Observe that part (iii) of the above theorem suggests that an (S;i-)homotopy
equivalence exists between the order complexes of 1y < and szk ‘1
We are now in a position to discuss two specific examples.

Example 2.10.1. First consider the pure poset Ils<,. It has rank 4, and hence deter-
mines a two-dimensional order complex. By Theorem 2.10 it is homotopy equivalent
to a wedge of 16 circles. In particular, by Remark 2.5.2, this poset is not shellable.

Now consider the poset ITg <3. This poset is not pure, and has maximal unrefinable
chains of lengths 6 and 5. (Any chain of length 5 must contain an element of type
(2,2,2,2).) It follows from Theorem 2.10 that the four-dimensional order complex of
IIg <3 is a wedge of 540 three-dimensional spheres.

We end this section with a discussion of the homology representation of the poset
I1, <y for general n and k. Write m, <, for the Frobenius characteristic (see [14]) of the
S,-representation on the Lefschetz module Alt(I1, <;). Also write 7, for the Frobenius
characteristic of the S,-module afforded by the unique nonzero homology of I1,, and 4,
for the Frobenius characteristic of the trivial S,-module. (Thus #, is the homogeneous
symmetric function of degree n, see [14].) The square brackets in the formula below
denote plethysm of symmetric functions.

Theorem 2.11. Let k > 2. We have

k—1 k
S k= hi—Y ki [Z(—l)i—‘ni] : (24)
i=1 i=1

n>k+1 i>1
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If pn <k denotes the Mdbius number of I, <y, then one has the generating function

k
l4+x— Z Mn<ikx"/n! = exp(Z(l)ilxi/i> . (2.5)

n>k+1 i=1

Proof. The plethystic formula (2.4) for the Frobenius characteristic of the Lefschetz
module follows by specialising [19, Theorem 3.5] to the poset II, <;. The generating
function (2.5) for the Mdbius number can be obtained by specialising [4, Corollary 3.5],
or directly from (2.4), by extracting the degree of the representations m, <x. [J

From (2.5) one obtains the following recurrence for the Mobius numbers: For n > 2,
min(n—2—k,k—1) n—1
Un.<k = Z; ( ; ) (=)' py—1—i<k- (2.6)
i—
In particular, when k =2, we have up<» =0, u3 <> =2 and for n > 4,
<2 = Mp—1,<2 — (n — Dptp—2 <2.
The case k =2 provides some interesting examples. Now Il 1 <> and I, <, are
clearly pure posets of rank (¢+1). By means of a standard symmetric functions identity

of Littlewood (see [14, Chapter 1, Section 5, Example 9(c)]), it follows from (2.4)
that

Maget<2 = (=171 Y (=172,
A

and

Mg <= (=17 Y (=1)PPs;,

where the sum runs over all self-conjugate partitions A of (2¢ 4+ 1) (respectively 2q)
and r(4) = max{i: A; > i} is the rank of the partition A.

It follows from this that I1, <, always has nonzero homology, and that it has homol-
ogy in at least two degrees when n=2¢g+1 and ¢ > 4, or when n=2¢q and g > 8. These
are the first instances when the Lefschetz module is not a true S,-module. (In fact (see
Theorem 2.12), these are also the smallest values of n for which homology appears in
more than one dimension.) In particular, the pure poset II, <, is not Cohen-Macaulay
for large enough n. Bouc [9] determined the rational homology of I, <, completely
(see Theorem 2.12 below), together with partial information on torsion. For instance,
the ith homology group of IT3;4 <> is cyclic of order 3 (see [9, Proposition 7]).

Theorem 2.12 (Bouc [9, Proposition 4]). The ith rational homology module I:I,-(H,,,Sg)
is the direct sum of the irreducible S,-modules indexed by all self-conjugate partitions
A of n of rank r(1) equal to n — 2i — 2.

By using the exact homology sequence of a pair as in Theorem 2.10, we can show
that the integral homology of the lattices II, <; for n =2k 47, r < k 4 2 is nonzero
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in at most two degrees, and is always free in the higher of the two degrees. Note that
Bouc’s work shows that there may be torsion in the lower degree.

First consider the order complex of ITy;i3 <k, which has dimension (2k — 1) for
k > 3, and is 2-dimensional if £ = 2.

Proposition 2.13. The integral homology of A(Iliy3<i) vanishes in all degrees ex-
cept 2k —2 and 2k — 3. It is free in degree 2k — 2. The reduced Euler characteristic
is (2k + 1)!I(k? —2)/(k + 1)(k + 2), and the Lefschetz module (in characteristic zero)
is given by

k Saks3 = = Sak+3
sgig, [Th1] Toyrs,, xss —M2kes = (Thr @ i) T sy -

Proof. By Proposition 2.6, ITy;13 <4 is homotopy equivalent to I15; ,; ., \B, where B
is the set of partitions of type (k+1,1%*2). By Lemma 2.9, the homology of I 5 <y
occurs only in degree 2k — 2, where it is free. In order to apply Proposition 1.5, we
must determine the relative homology of the pair (IT5; 3 <41, 15, 5 <, \B-) This was
calculated in Lemma 2.9 (take » =2k + 1 in Part (iv) of Lemma 2.9) to be free and
concentrated in degree (2k — 2).

Now by Proposition 1.5(ii), the homology of IT5, 3 ;. \B is nonzero only in de-
grees 2k — 2 and 2k — 3, and is free in the higher degree.

The Lefschetz module calculation follows from (2.4) as in the proof of Theo-
rem 2.1. 0

The preceding result confirms Bouc’s calculation for the case k=2. We have verified
for 2 < k < 6 that the Lefschetz module is indeed a true S,-module, and conjecture
that the rational homology of I3 < is in fact concentrated in degree 2k — 2.

Proposition 2.14. Let 4 <r <k +2. Then

(1) The integral homology of Iloiir<i vanishes in all degrees except 2k +r — 5
and 2k +r — 6. It is free in degree 2k +r — 5.

(i1) The Lefschetz module is given by

l/
Tok+r + Z (M1 @ Tokrej1) T —sg0G [Mr02] Tsyisy)s 7 =20 — 2k + 4,
—k
J p
/ = = —
sgn, [7/11] Tsalsi1xsi —Toktr — Z (Tj1 @ Topir—j—1) T, r=20—2k +3.
=%

Proof. (i) By Proposition 2.6, Ily,<; has the same Sy,.-homotopy type as
IT5, ., <41 \B, where B is the subset of partitions with a unique nontrivial block whose
size is k + 1. Note that I35, <4y is obtained from IToi,<k+1 precisely by removing
all partitions with two blocks of size k + 1.

Writing 2k +r = 2(k + 1) + (r — 2), we see that since 2 < r —2 < k
Lemma 2.9(iii) applies to show that II5,, ;. is in fact Sy,~homotopy equivalent
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to the (2k + r — 4)-dimensional order complex of ITyii,<k+1. Now Theorem 2.5(i)
implies that the homology of the latter vanishes in the top dimension 2k +r —4, and is
free in degree 2k +r—S5. Hence, the same is true of 115, ,, ;.. (Note that if » > k+1,
then the order complex of the latter poset has dimension 2k 4+ r — 5.)

Now consider the pair (H;k+r,<k+1’H;k+r,<k+l\B)' Taking n = 2k + r in
Lemma 2.9(iv), we conclude that the relative homology is free and concentrated in
degree 2k +r — 5.

For brevity, write IT* for IT5; , ;. Putting these observations together, we are now
in a position to invoke Proposition 1.5(ii), with P=1I*, and A=B, and d =2k +r —5.

We proceed by induction on r. For r = 4, the degree d in the exact homology
sequence (1.4) is 2k +r—5=2k — 1. By Theorem 2.10, the homology of II*, which is
homotopy equivalent to ITr;41)4+2,<k+1, 1S free and concentrated in degree 2(k + 1) —
3 =2k — 1. The result for » =4 now follows immediately from Proposition 1.5(ii).

Similarly, the result for » =5 requires the truth of the statement for II5,.3 <, for
all values of m, (2k +r is now congruent to 3 modulo & + 1), and this was established
in Proposition 2.13.

Now assume the result holds for all values 7y > 4 smaller than r, and for all k. Thus,
by induction hypothesis, the homology of IT3, ., ., which is homotopy equivalent
t0 II(k41)+(-—2),<k+1, 1S nonzero only in degrees 2+ 1)+ (r—2)—5=2k+r—5
and 2(k + 1)+ (r —2) —6 =2k +r — 6, and is free in the higher degree. Now the
result is immediate as before from Proposition 1.5(ii).

(i1) It follows easily from the analysis of the relative homology in part (i) that
the Sy;4,-module structure of the relative homology is given by the induced module
(g1 ® Tpar—1) T;Zi %5, For convenience, we reproduce the first exact homology
sequence (1.4) in the present context:

0 — Hoppr—s(IT*\B) — Hoprr—s(IT*) — Hoprr—s(IT*, IT*\B)
— Hopir—6(IT"\B) — Hopir—6(IT*) — 0.
Hence, we obtain the following recurrence for the Lefschetz modules:
Alt(Ip i <i) = AT rcinn) + (= 1) (Mot ® Frsr) T80 -

Using the Lefschetz module computations in Theorem 2.10 and Proposition 2.13, the
result follows. We omit the details. [J

Corollary 2.15. The (3k — 3)-dimensional order complex of Isii2<y is homotopy
equivalent to a wedge of spheres of dimension 3k — 4. The S,-representation on the
homology is given by

(k=22
— - 3k—2)/2
T3k42 + E (41 @ Tyes1—;) T —sgng, P nski2] Tsiiswnals & even,
X 2
J=k

(Bk=1)/2

— - 3k—1)/2
Z (41 @ Tapr1—j) T +3ps2 — Sgn(s2 P 7341 ] TS:[Seinlxsis Kk odd.
N 2
Jj=k



S. Sundaram | Journal of Pure and Applied Algebra 155 (2001) 271-304 291

In particular, the Betti number is
(3k—2)/2

(3k +2)! 3%

— B ——, &k ,

jzk (+ DBk +1— )3k —) ( )3k—|—2 even
(Skim ex2) — et *ED e
= G+ DEk+1-/)3k—)) SEVSEEE :

Proof. Again by Propositions 1.7 and 1.9, it suffices to show that the integral homology
of ITs;42 <k is free and concentrated in degree 3k —4. This is the case r =k +2 of the
preceding proposition. In this case 2k +r—5=3k —3 is the dimension of A(IT3;42 <)
By Theorem 2.5(i), since 3k + 2 is not congruent to 1 modulo %, homology vanishes
in all degrees greater than 3k — 4, and is free in the latter degree. [J

In particular, this determines the homotopy type of the matching complex I3 <, to
be a wedge of 132 2-spheres (see also [5, p. 38]). The Betti numbers for k = 3,4 are
68, 256 and 91, 048, 320.

Remark 2.15.1. When n = 3k + 1 these formulas (for 3 < k& < 5) show that the
Lefschetz module of IT, < is not a true S,-module. Hence, in general, 1341 <x has
nonzero rational homology in both degrees 3k — 4 and 3k — 5.

The data for k =3 also show that for n > 3k + 2, the rational homology of II, <
is nonzero in at least two degrees (again, the Lefschetz module fails to be a true
S,-module in these cases).

Finally, for 2k + 3 < n < 3k, the Lefschetz module is a true S,-module in the cases
k=3,4.

The formula of Theorem 2.11 for the rational Lefschetz module of I1,<; can be
used to deduce the following identity, the enumerative version of which appears in the
recurrence (2.6). The up arrows indicate induction to S,_.

Proposition 2.16. Assume n > 2k + 1. As virtual S,_,-modules,

Alt(H)z,Sk) = Alt(nﬂ—laﬁk) - Alt(nn_z’gk) TS’HzXSI
NI (—l)k_lAlt(ank,gk) Ts,,_k xSk -

Proof. This follows by restricting the Frobenius characteristics in (2.4) to S,_;, and
using the fact that the restriction of =, is the regular representation [18]. [J

The exact homology sequence in [9, Lemme 7] reflects this identity in the case
k =2. This exact sequence plays a crucial role in Bouc’s determination of the rational
homology of II,, <». We now derive the analogue of Bouc’s exact homology sequence
for arbitrary k. Again, the modular elements in II,, i.e., the partitions with a unique
block of size greater than 1, play an important role.



292 S. Sundaram | Journal of Pure and Applied Algebra 155 (2001) 271-304

For each j =2,...,k, let B; be the set of partitions in II, of type (j, 1"=/), such
that the integer n occurs in the unique nontrivial block of the partition (thus 7 is not
a singleton).

Write C; = Urk:j B,, for 2 < j <k, and Cy,; = 0. Now consider, for 2 < j <k, the
inclusions

Hn,gk\cj — Hn,gk\cj-H- (27)

We apply Proposition 1.5 to the pair (P,P\A) where P =11, <;\Cj;1, and 4 = B;.
For any a € A, the interval (0,a)p is isomorphic to IT j» and hence has free integral
homology concentrated in degree j—3. Hence, by Proposition 1.5, for n—j > k+1, the
ith relative homology of the pair in (2.7), is a free module over the integers, given by

@ H;5(0,a)® Hi_ji1(a,1). (2.8)
acB;

Note that B; is the S,_;-orbit, under the action of the subgroup of S, which fixes n, of
the element ay € B; whose singletons are 1,...,n—j. The stabiliser of ag is isomorphic
to the Young subgroup S,_; xS;_; of §,—1. Now §;_; acts on I:Ij-,3((A), ay) =~ I:Ij,3(Hj)
like the regular representation (see, e.g., [18]). Since the interval (ay, i)p is isomorphic
to I'AI,,, j.<k» provided n — j > k + 1 (it is contractible otherwise), we conclude that,
when n—j > k+ 1, there is an S,_;-module isomorphism of the ith relative homology
of (2.7) with the induced module

Hi*j“rl(Hl‘lfj,Sk) Tsnﬂ.xsl/*' :

Now consider the inclusion IT,_; <4 < II, <;\C», obtained by viewing IT,_; <4 as
the subposet of II, < in which the element # is a singleton. We claim that this induces
an S,_;-homotopy equivalence of order complexes. Indeed, for any x € IT, <;\C, the
fibre of elements less than or equal to x in II,_; <, contains x if n is a singleton in
x. If not, then the fibre has a greatest element, namely the unique element covered by
x in which »n is a singleton. (The latter statement uses the fact that x is not an atom
of IT,.) Hence the fibres are (S,_1-)contractible.

We have thus arrived at the following exact sequences of homology S,_;-modules,
which refine the identity of Proposition 2.16.

Proposition 2.17. Assume n > 2k + 1. For the rational homology of I, <k, one has
for j=2:

= Hi(Iy—y <) = Hi(I1,<\C3) = Hi o \(IT—a<k) T— -+
for3<j<k-1:
- — Hi(I1,<i\Cj) — Hi(I1, < \Ci1) — Hig1j(I_j<i) T— -+
and finally for j=k:
s — Hi(I1, < \By) — Hi(Il, <) — Hipr (I g<i) T— - -
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These exact sequences give an alternative proof of the results on the homology
distribution of II, <, for n < 3k + 2. Using (2.8), they can also be used to show
further that:

Corollary 2.18. The integral homology of 313 <y is distributed in degrees 3k — 3
and 3k — 4, while that of Ispi4 <y is distributed in degrees 3k —2, 3k —3 and 3k —4.

Note again that this confirms the behaviour in the case k =2 (see [9]).

3. The relative arrangement with intersection lattice IT, <,

In [29], Welker introduced the concept of relative arrangements. Let M, ; denote, for
k > 2, the set of all points in complex n-space such that not more than & coordinates
are equal. This is the complement of the k-equal arrangement (see [8]). For £ > 3,
the space M,,\M, ; of all complex n-tuples with at least 2 but not more than k
coordinates equal, is an example of a relative arrangement. In [29] a formula is given
for the cohomology of the relative arrangement in terms of other complements and the
Whitney homology of the relative intersection lattice, which in this case is the lattice
IT, <. From our work on this lattice we can therefore conclude:

Proposition 3.1. Let k > 3. Then the integral cohomology of the space of all complex
n-tuples with at least 2, but not more than k coordinates equal, is free for n < 2k+2
and for n=3k + 2.

4. Partitions with one forbidden block size

Let 3 <k < n—1. In this section we consider the subposet I1, 4 of II, consisting
of partitions in which no block has size equal to k. (For the case k =2 see [8,23].)
For k =n — 1, the poset coincides with the poset Q! of Section 1. It is not hard to
see that when k > 3, I, 4 is pure of rank (n—1) if k is odd, and may not be ranked
if k is even. In fact if k£ > 3 is even, then II, 4 is pure unless n is a multiple of k/2,
in which case a maximal unrefinable chain from 0 to 1 containing a partition with all
block sizes equal to k/2, has length n + 1 —2n/k. Thus for n>k >3, A(Il, ) is pure
of dimension (n — 3) unless k is even and » is a multiple of /2, in which case there
are facets of dimension (n — 1 — 2n/k) as well as (n — 3).

The formula given in [19] for the Lefschetz module Alt(P) of a partition poset P
with restricted block sizes, specialises in this case to a very simple form, which we
give at the end of this section (Theorem 4.5). For the moment we record the following
consequence of this formula.

Theorem 4.1. Let m,; denote the generalised Whitehouse module (1.1), i.e.,

_ Sy .
T,k = T TSkx(Slx-nxS]) T
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Assume 2k + 1 > n > k. For 2k > n there is an isomorphism of S,-modules

(=) Al(IT, ) = T i (4.1)
Let 2k = n. There is an isomorphism of (possibly virtual) Sy,-modules

(=D A Al (Mo p) ~ Mok — sgng [m] Tk, - (4.2a)
Let 2k + 1 =n. There is an isomorphism of (possibly virtual) Sy, 1-modules

(=D P AN Top11) 2 ot + (M @ ) Tﬁ;*;‘skxsl —T; Tgﬁ“‘ . (4.2b)

Proof. These facts are extracted from [19, Theorem 3.5]. See the appendix for details.
O

Thus, (—1)”_4Alt(H,1,¢k) turns out to be a true S,-module for 2k > n > k.

Recall from Section 1 that QF is the subposet of IT, obtained by removing all
elements of type (k, 1"7%). Clearly QF contains II, . Also recall from Theorem 1.2
that the homology of the (n — 3)-dimensional order complex of QF is concentrated in
degree (n — 4). Exploiting this observation, we have

Proposition 4.2. Let n >k > 3. The reduced integral homology of the (n — 3)-
dimensional complex A(Il,) vanishes in the top dimension. In particular, if k is
odd, or if k is even and n is not a multiple of k/2, then the pure poset II, 4 is not
Cohen—Macaulay unless it is contractible.

Proof. This is a consequence of the preceding remarks and the following general
observation. If 4 is a simplicial complex of dimension d, whose homology vanishes
in the top dimension, then for any subcomplex A4’ of 4, the homology of A’ is also
zero in degree d. [J

Theorem 4.3. Let 2k > n > k. The (n — 3)-dimensional order complex of Il,_4 1is
S,-homotopy equivalent to the order complex of QF. Hence, it has the homotopy type
of a wedge of spheres of dimension (n—4). The Betti number is (n— 1)/ (n—k)/k. (In
particular, if 2n # 3k then I, 4 is a pure poset and hence is not Cohen—Macaulay.)
The homology representation is given by the generalised Whitehouse module m, .

Proof. We proceed essentially as in the proof of Proposition 2.6. For r =1,...,n — k,
denote by B, the subset of partitions in II, of type (k,w,pb,...,p ), Where pu =
(u1, 2, ...) is an integer partition of n — k with exactly » nonzero parts.

Note that OF = I1,\B!",*, while IT, 4 = 0}\ """ B} ,.

Consider the inclusions

T .
n—k—j n—k—j—1

or \ U B—or\ U B j=t..n-k-1
r=1

r=1

4.3)
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and
— Ak
Q;ﬁc \B rlz,k - Qn .
The hypothesis that n—k < k guarantees that all parts of u are strictly less than k. This
observation allows us to show, using Theorem 1.6(iii) and Lemma 2.2, that each of

these inclusions induces an S,-homotopy equivalence of order complexes. The results
are now immediate from Theorem 1.2. [J

Corollary 4.4. The posets Il <i—1, szk_l and Iy 14 have homotopy equivalent
order complexes and Sy, 1-isomorphic homology modules (in degree (2k —5)).

Proof. This is clear from Theorems 2.10 and 4.3. [

Let m,_4 denote the Frobenius characteristic of the representation of S, on the
Lefschetz module Alt(I1, ). We have the following generating function for the (de-
gree n-) symmetric function m,_4. The square brackets in the formula below denote
plethysm (see [14]).

Theorem 4.5. Let k > 2. Let ; denote the representation of S; on the unique nonzero
homology of the partition lattice I1;. Then

Y ma=y (=D 'mlm 4+ (=D ml. (4.4)
n>1,ntk i>1
If pnu denotes the Mébius number of 11,, then one has the generating function
> tpx"/nt =log(1+x + (=1)*x¥ k). (4.5)
n>1,n#k
In particular,

(—D" -1k, k+1<n<2k—1,
k= & (2k — 1)1EZL n =2k, (4.6)
> k

—QIN? —k = 1)Jk*, n=2k+1.

Proof. The plethystic formula (4.4) for the Frobenius characteristic follows by spe-
cialising [19, Theorem 3.5] to the poset II, ;. The generating function (4.5) for the
Mobius number can be obtained by specialising [4, Corollary 3.5], or directly from
(4.4), by extracting the degree of the representations 7, . [

One also obtains the following recurrence for the Mdbius numbers. For n > 1, and
fixed k > 1, define a function f,; by the recurrence

oA nfue == () frmrmaa(=1 Gk = DL

valid for n > k, subject to the conditions f, ; =u(Il,)=(—1)""'(n—1)!, if n < k and
fix =0. Then for all n > k,

:u(Hn,#k) = fn,k-
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A closer look at the Lefschetz module formula (4.4) gives further insight into the
topology of the posets I1,_4. From (4.4) we deduce, by basic manipulations, the
following identity for the Lefschetz module. The down and up arrows signify restriction
and induction of modules respectively.

Proposition 4.6. Let n > k + 1.
(1) If n # 2k, then as (virtual) S,_i-modules,
Al(IT, z) + AT,y 4) s, o T
= (Alt(ITy) @ Al —kz) Ls, ) Tskxsﬂ

(i1) As Sy_1-modules,

Alt(HZk,#k) = fJZk_5(I'[2k_1’#k) lS2k72 TSZk—l .

k=1 "

These identities suggest that the topological investigation should be pursued in the
following direction: Let 4, denote the antichain in I1,_4 consisting of partitions of
type (n —1,1) such that n is not a singleton. Observe that if a € A4,, the interval
(0,a) is poset isomorphic to IT,_ 1,4, while (a, 1) is empty. Hence, the Homotopy
Complementation Formula (Theorem 1.6) yields

AT 20)/ AT \Aw) ~ \/ susp A(IT,_1 4), (4.72)
acA,

and Proposition 1.5 gives (over the integers)

Hig\(Iy e, i \Aw) = (n — DH (I, _z).

Clearly this gives the S,_-isomorphism (over the rationals)

[_Ii+1(Hn,7£ka Hn,#k\An) A [:Ii(Hn—l,#k) lSn_z TSH?I . (47b)

Thus our next goal is to obtain information about the homotopy type of IT, 4 \A,.

Examining (4.7b) for the case n = 2k, we see that part (ii) of Proposition 4.6 says
that the quotient complex A(ITo 4 )/A(ITo 4 \A2i) and the complex A(IT ) have
Sk —1-isomorphic Lefschetz modules. This further suggests the following.

Lemma 4.7. The order complex of Iy s \Ax is (Sw—1)-contractible.

Proof. This is clear by inspection for £k =2, so we assume k& > 3. We claim that
all partitions such that 2k is in a block of size 2 or more, can be removed without
affecting the homotopy type. By definition, IT>;\A2 contains the unique partition
into two blocks in which (2k) is a singleton. It follows immediately that the poset is
contractible.

In what follows we write n=2k. Forn—j #kand 2 <j<n—2, let B} denote the
partitions in II, 4 of type (n— j, i1, 2, ..., i), such that the block of size n — j(# k)
is distinguished by the fact that it contains the integer n. Here p = (uy, tip,...) is an
integer partition of j with exactly » nonzero parts.
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For brevity, write P = IT, 4 \A4,. Let C; = U'rj:1 Bj. We shall show by induction on
j that Ul/: , Ci can be removed from P without affecting the homotopy type. For this
it suffices to show that the appropriate fibres are contractible.

We begin with j = 2. Here we have the inclusions

P\C, = P\(B} UB3) — P\B; — P.

For the right-most inclusion, consider, for a € B3, the fibre F, = {x € P\B3: x > a}.
Since a is of type (n — 2,1,1) and # is in its nontrivial block, by definition of the
set A4,, this fibre contains a unique maximal element, viz., the one in Bé obtained by
merging the two singleton blocks in a.

For the other inclusion, we consider, for b € B), the fibre F*={x € P\B3\B}: x < b}.
This is poset isomorphic to P1/><\P2\{(i,ﬁ)}, where Py ~ II,_» 4 and P, ~ II,. By
Theorem 1.6(iii) it is contractible.

Now assume we have shown that the inclusions P\ |J., C; — P\|J/5,' C; induce
homotopy equivalences, for j < m — 1, and n —m # k. For the induction step we must
examine the inclusions

m m—1
P\U Ci— <P U Cz)
i=2 i=2

induced by removing first the set B, then (in this order), the sets B} B2,..., B!,
For the first inclusion, consider, for a € B, the fibre F,={x € P\ U:";zl Cix > a}.
Now a is of type (n —m,1™) and n is in its nontrivial block. The crucial observation
is that we have already removed all partitions in which » is in a nontrivial block of
size larger than n — m. Hence this fibre contains only partitions obtained by merging
the singleton blocks of a, and in particular it contains a unique maximal element, viz.,
the one in B!, obtained by merging all the singleton blocks of @ into one block of size

m, provided of course that
m # k. (4.8)

However when n =2k, we have m =k iff n — m =k, and hence this never happens.
For the remaining inclusions, we look at fibres F' b below the element b € B, r<m,
proceeding in increasing order of r. The partition b now has one block of size n — m
which contains the integer n, and the remaining » blocks are of sizes corresponding
to an integer partition p of m. Now the crucial point is that in the preceding step, the
element of type (n — m, 1) was removed. The fibre is F” thus poset isomorphic to

//r\ A A
Hn—m,#k X (Xizln,‘liy?ék)\{(]’o)}ﬂ

and this is contractible as before by Theorem 1.6(iii).
It is easy to see that all the homotopy equivalences are S,_i-equivariant. This com-
pletes the induction step and hence the proof. [
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Theorem 4.8. A(Ily 4 ) has the homotopy type of a wedge of 2k — )k — 1)/k

spheres of dimension 2k — 4. The Sy-homology representation is given by the right-

hand side of (42a). As an Sy—_i-module it is isomorphic to the induced module
Sak—1

Hops (Mog—1,2) lsz,tszSZk—', i.e., to (k— 1) copies of the induced module m; Tsk

Proof. By Lemma 4.7, the observation (4.7a) and Theorem 4.3, the homology of
A(I 4 ) is concentrated in degree (2k — 4). In fact, by Theorem 1.6, parts (i) and
(ii), we have the (S;—;)-homotopy equivalence

A1) ~ \/ susp A1k —1 4 )-
a€Azy
Now the result follows from Theorem 4.3 (see also (4.6) for the Betti number). The
representation-theoretic statements follow from (4.2a). [J

It was pointed out in the proof of Lemma 4.7 that the sequence of homotopy equiv-
alences breaks down at the step (4.8) if n # 2k. For n # 2k, with notation as in
the proof of Lemma 4.7, one arrives at the following topological explanation for the
Lefschetz module identity of Proposition 4.6.

Lemma 4.9. Let n # 2k, n > k + 2. Write Py for the poset I, 4 \A, and P, =
PA\US, Cj. Then
(i) A(Py) ~ A(P2).
(il) A(P,\BFX_,) is contractible.
(ii1) There is an S,_1-homotopy equivalence

APy~ \/ susp AT, —gp) * A(IT).

aEB:,k
(iv) There is an S,_1-homotopy equivalence

AT, )/ A1) ~ \[ susp AT, -1 ).
acA,

Proof. Part (i) follows by observing that for arbitrary n # 2k, the proof of Lemma 4.7
goes through up to the step m =k — 1, as pointed out in (4.8). Part (ii) follows by
observing that the definition of P, allows the remainder of the proof of Lemma 4.7 to
be applied to P,\B) ,. Thus we have

n—2
APNBE )~ 4P\ |G .
Jj=k
and the latter poset is contractible: we have removed all elements in which #n is in a
nontrivial block, and the remaining poset has a greatest element in its proper part, viz.,
the unique two-block partition in which #» is a singleton.
For part (iii), use part (ii) and invoke Theorem 1.6(i) and (ii), observing that if a €
B* ., then a has a distinguished block of size n — k containing n, and all remaining



S. Sundaram | Journal of Pure and Applied Algebra 155 (2001) 271-304 299

blocks have size 1. Hence, the interval (O,a) is isomorphic to I1,_j ., while (a, i) (in
P>\B¥_,) is isomorphic to IT;. Part (iv) was addressed in (4.7a). L[]

Lemma 4.9 can be used to recover the homology result of Theorem 4.3 when k42 <
n < 2k — 1. (In this case, by parts (iii) and (iv) of Lemma 4.9, both the homology
of P and the relative homology of the pair (II,,P;) are free and concentrated in
degree (n —4). Hence the same is true of I, 4.) By analysing the relative homology
via Proposition 1.5, we also obtain

Proposition 4.10. Let 2k + 1 < n < 3k. Then the integral homology of II, is
distributed in degrees n — 4 and n — 5. It is free and nonzero in degree n — 4. The
Euler characteristic is given by

— 2k +1
(=D —1) (kz—k—<n 2k+ ))/k{ 2k+1<n<3k-—1,

(=1 43k — 1)! (k ; 1>/k2, n =3k

If 3k + 1 < n < 4k, the integral homology of I, is distributed in degrees
n—4, n—5 and n — 6, with Euler characteristic

(1) — 1)) (k(k—l)(?k—z'?—z)/“(n_3k+2)>/k3’

3
3k+1<n<dk—1,
(=D¥*34k — DIk — D)(K* + k —3)/(3k>), n=4k

Proof. The Euler characteristics can be calculated from the recurrence for the numbers
Sk, or, in the given form, more easily by substituting (—x) for x in (4.5), taking
derivatives and dividing by (1 — x).

With the notation of the preceding proposition, the exact homology sequence of the
pair (P, P;) gives

-+ — H(P1) — H{(P) — H(P,P) — Hi_1(P1) — -+ . (4.9)

First assume n < 3k. Lemma 4.9(i) enables us to determine the homology groups
of P;. Since k + 1 < n—k < 2k, we know by Theorems 4.3, 4.8, and Lemma 4.9(iii)
that the homology of P; (and of P,) is free and concentrated in degree

l+(m—k—4)+1+(k—-3)=n->5. (4.10)

(The suspension and join each contribute 1 to the degree.)

Note that for n =2k + 1, by Lemma 4.9(iv), the relative homology is determined by
I, and is free and concentrated in degree 1+ (2k — 4) =2k — 3. By (4.10), the
homology of P; is all in degree (2k —4). It follows that the only nontrivial segment in
the sequence (4.9) occurs for i=2k —3. In particular, this only reproduces our previous
finding that the integral homology of 1511 is distributed in degrees 2k — 3, 2k — 4,
and is free in the higher degree.
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Assume by induction on n > 2k that the conclusion holds for all values up to
n—1<3k—1. By Lemma 4.9(iv), the relative homology is determined by II,_ 4,
and is now distributed in degrees 1 +(n—1)—5,1+(n—1)—4. Also it is free in the
higher degree. Thus by (4.10), the only nontrivial segment in the sequence (4.9) is

0 — H,_4(P) — Hy,_4(P,Py) — H,_s(P1) — H,_s(P) — H,_s5(P,P;) — 0.
4.11)

Now the result is clear for n < 3k. Since the Euler characteristic has the same sign
as (—1)"74, it follows that the homology is nonzero in degree (n — 4.)

The final statement follows by a similar analysis; now we pick up one more degree
of homology for Py, viz., (n — 6), in (4.10). [

Computations using formula (4.4) show that for 3 < k£ < 5, the Lefschetz module
is a true module for n < 3k. However n =3k + 1 presents the first example where the
Lefschetz module is not (plus or minus) a true module.

We have verified (using Heckenbach’s Homology program)? by computer that
A(I17.43) has free homology concentrated in degree 3, of rank 400 as predicted by
(4.6). This leads us to the following conjecture, which is also supported by A(Il5):

Conjecture 4.11. A(I1yy14) has the homotopy type of a wedge of (2k)\(k*—k—1)/k*
spheres of dimension 2k — 3.

We conclude with a brief discussion of the possible topological connections between
I, < and I, 4. From Corollary 4.4, one might infer the existence of a “natural” ho-
motopy equivalence between the order complexes of I1y;_; .« and Iy, <x—;. The next
observation hints at a topological connection between the posets Iy 4 and Ilppq i <k—1.
Note that both order complexes have nonzero homology distributed between the degrees
2k — 4 and 2k — 5.

Proposition 4.12. As Syi-modules, the following relationship holds between the Lef-
schetz modules:
Alt(ITop 4 ) = Alt(Iog1,<k—1) + Thr1 ngk .
k+1 XS[
Proof. Proposition 2.12 gives the representation of Sy;+; on the Lefschetz module of

IIk+1<k—1. A computation now shows that the restriction to Sy satisfies the above
identity. [

Let B; denote the set of partitions in ITy; of type (k + 1,1¥~!). By considering
the quotient complex A(IIy s )/A(I2k4x\Br), one sees that there is an Sy-module
isomorphism between the Lefschetz modules of A(ITax4 \Bx) and A(ITzx41,<k—1). This
in turn suggests that the latter complexes have the same homology, a speculation

21 thank V. Welker for writing a program to generate the facets.
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supported by computer calculations for the case £k =3. While it is unclear how this can
be used to obtain more information about the homology of ITy;; 1 <¢—1, the connection
is nevertheless curious.

Appendix A. Calculation of Lefschetz modules

Theorem 2.1 is deduced from this formula for the Lefschetz module of II, <; by
using elementary facts about computing plethysms (see [14]). Here 4, and e, denote
respectively the homogeneous and elementary symmetric functions of degree n. Also
 denotes the involution defined by w(h,) = e,.

Proof of Theorem 2.1. We shall need the following well-known identity of Cadogan
([10]; see also [19, Example 3.6]):

S o | Y (=1 =h. (A.1)

i>1 i>1

Let A4, x denote the degree n term in

k
Y ohi | Y (=D

i>1 i>1
The identity (A.1) may thus be rewritten 4, ., =/;. We also deduce the formulas
Ak =0, k>n>2, Apsre = —(=1)*mepr. (A2)

Recall from [20] that if A =[], i”  n denotes an integer partition of n with m;
parts of size 7, then the degree n term in the left-hand side of (A.l) is obtained by
computing the following sum of products of plethysms:

> TIAnl=D"'m (A3)

Arn i
=TT

The key observation now is that, from (2.4) and (A.1), the Frobenius characteristic
T,<k can also be computed as the sum of the terms in (A.3) corresponding to partitions
A with at least one part greater than k.

For part (i) of Theorem 2.1, we assume n > 2(k + 1). Consequently, we need to
compute terms in (A.3) corresponding to partitions with exactly one part greater than
k. First consider the terms of (A.3) in which the largest part A; of A is between &k + 1
and n — 2. All other parts of A must be strictly smaller than k. Using the rules of
plethysm, it follows that for each such /, the contribution in (A.3) may be written

-1
(=), Ap iy ke

Since £k > n — 1; > 2, by (A.2) this vanishes identically.
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To complete the calculation of 7, <x, we need to look at the contribution in (A.3)
from terms corresponding to partitions /4 of n with largest part equal to n and n — 1.
These yield respectively the terms (—1)"~'n, and (—1)""2hym,_1, whose sum (up to
a sign) is precisely the characteristic of the Whitehouse module (1.2), (—1)""27,.

Next consider part (ii) of Theorem 2.1, namely, the case n = 2k + 2. Here the
contribution in (A.3) from partitions 4 with largest part greater than k+1 is (—1)"27,,
exactly as before. There are two partitions 4 with largest part 4, =k + 1. For 1=
(k+ 1,k + 1), the contribution in (A.3) is

hal(=1)*me 1],
while the term corresponding to partitions 4 with exactly one part equal to £ + 1 and
all other parts strictly less than k£ + 1 is

(*1)k7fk+1 <Akt
Using the rules of plethysm, we obtain, as the final result,

k -
Tok+2,<k = —ea[(—1) " mps1] + Topt2s

which is indeed minus the Frobenius characteristic of the representation (2.2). [J

Proof of Theorem 4.1. As in the proof of Theorem 2.1, the degree n term in the
plethysm in (4.4) is obtained by computing a sum of products of plethysms. We refer
the reader to [20, Lemma 1.5] for a more detailed exposition. The sum ranges over
integer partitions A=(1", k") of n with parts equal to 1 and k. We must then compute
the restriction of 7, 1, to the Young subgroup S, X S,,.

When m; = n, (thus m; = 0), the contribution is (—1)""'x,,.

When my =1 (so that m; =n—k), this restriction is simply the regular representation
of S,_; tensored with the trivial S;-module, and hence the contribution from the
plethysm is

(=1 = m (=D e = (= 1)"hy . (A.4)
If n < 2k this accounts for all such integer partitions of n with parts 1 and k. If
n = 2k, there is, in addition, the partition (k?), and the corresponding term in the
plethysm (4.4) is
(=Dl ],
If n =2k + 1, there is also the partition (k, k, 1), and the corresponding term in the
plethysm (4.4) is

RL(=1) I
Formulas (4.1) and (4.2a), (4.2b) now follow. [
Proof of Proposition 4.12. To compute the restriction of Alt(/1yt13<k) to Sy4o, take

partial derivatives with respect to the first power-sum p; in the formula of Propo-
sition 2.13. This gives

2 1
O (h) M1 ] + Toksa k2 — Thpy = Toksa ks — O (h2)[mps1].



S. Sundaram | Journal of Pure and Applied Algebra 155 (2001) 271-304 303

On the other hand, we have from (4.2a),

1
Toki2, k41 = Tokg2 ki1 — O () [Tpp1].

Subtracting and using the formula (1.1) now gives the result. [
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