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Let K be a finite extension of Q,, let L/K be a finite abelian Galois
extension of odd degree and let ©O; be the valuation ring of L.
We define A k to be the unique fractional O;-ideal with square
equal to the inverse different of L/K. For p an odd prime and L/Q,
contained in certain cyclotomic extensions, Erez has described
integral normal bases for Ar/q, that are self-dual with respect to
the trace form. Assuming K/Q, to be unramified we generate odd
abelian weakly ramified extensions of K using Lubin-Tate formal
groups. We then use Dwork’s exponential power series to explicitly
construct self-dual integral normal bases for the square-root of the
inverse different in these extensions.
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1. Introduction

Let K be a finite extension of Q, and let Ok be the valuation ring of K with unique maximal
ideal Bk and residue field k. We let L/K be a finite Galois extension of odd degree with Galois group
G and let O; be the integral closure of Ok in L. From [12, IV §2, Proposition 4], this means that the
different, ® /¢, of L/K will have an even valuation, and so we define A; i to be the unique fractional

ideal such that

—1/2
Ak = QL/K :
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We let Ty g : L x L — K be the symmetric non-degenerate K-bilinear form associated to the trace
map (i.e., Ty (x,y) =Trx(xy)) which is G-invariant in the sense that T,k (g(x), g(¥)) = Tr/k (X, y)
for all g in G.

In [1] Bayer-Fluckiger and Lenstra prove that for an odd extension of fields, L/K, of characteristic
not equal to 2, then (L, Ty/x) and (KG,I) are isometric as K-forms, where I: KG x KG — K is the
bilinear extension of I(g, h) = 8, for g, h € G. This is equivalent to the existence of a self-dual normal
basis generator for L, i.e,, an x € L such that L = KG.x and Tk (g(x), h(x)) = g p.

If M C KG is a free Ok G-lattice, and is self-dual with respect to the restriction of | to OkG, then
Fainsilber and Morales have proved that if |G| is odd, then (M,]) = (DkG,]) (see [6, Corollary 4.7]).
The square-root of the inverse different, A;/k, is a Galois module that is self-dual with respect to the
trace form. From [4, Theorem 1], we know that Aj/k is a free OxG-module if and only if L/K is at
most weakly ramified, i.e., if the second ramification group is trivial. We know that if [L : K] is odd,
then (L, T/x) = (KG,I). Therefore, if [L: K] is odd, (Ar/k, Ti/x) is isometric to (OxG, 1) if and only if
L/K is at most weakly ramified. Equivalently, there exists a self-dual integral normal basis generator
for Ak if and only if L/K is weakly ramified.

We remark that this problem has not been solved in the global setting. Erez and Morales show
in [5] that, for an odd tame abelian extension of Q, a self-dual integral normal basis does exist for
the square-root of the inverse different. However, in [13], Vinatier gives an example of a non-abelian
tamely ramified extension, N/Q, where such a basis for Ay,g does not exist.

We now assume K is a finite unramified extension of Q, of degree d. We fix a uniformising
parameter, 7, and let ¢ = p? = |k|. We define Kz n to be the unique field obtained by adjoining to
K the [rr™]-division points of a Lubin-Tate formal group associated to 7r. We note that K, ,/K is a
totally ramified abelian extension of degree g"~!(q — 1). In Section 2 we choose 7 = p and prove that
the pth roots of unity are contained in the field K 1, therefore any abelian extension of exponent p
above Kp 1 will be a Kummer extension.

Let yP~1 = —p. In [2, §5], Dwork introduces the exponential power series,

Ey(X) =exp(y X —yXP),

where the right-hand side is to be thought of as the power series expansion of the exponential
function. In [10] Lang presents a proof that E, (X)|x—, converges p-adically if v,(1) > 0 and also
that Ey, (X)|x=1 is equal to a primitive pth root of unity. In Section 3 we use Dwork’s power series to

construct a set {eg, ...,eq—1} C Kp 1 such that K, = Kp,](e(l)/p, e e;/_pl). In Section 3 we use these
elements to obtain very explicit constructions of self-dual integral normal basis generators for Apk
where M/K is any Galois extension of degree p contained in K .

When K =Qp and 7 = p the nth Lubin-Tate extensions are the cyclotomic extensions obtained
by adjoining p"th roots of unity to K. Hence the study of the Lubin-Tate extensions, K, n, can be
thought of as a generalisation of cyclotomy theory. In [3] Erez studies a weakly ramified p-extension
of Q contained in the cyclotomic field Q(¢,2) where ¢p2 is a p?th root of unity. He constructs a
self-dual normal basis for the square-root of the inverse different of this extension. It turns out that
the weakly ramified extension studied by Erez is, in fact, a special case of the extensions studied
in Section 3 and the self-dual normal basis generator that he constructs is the corresponding basis
generator we have generated using Dwork’s power series, so this work generalises results in [3].

2. Kummer generators

The construction of abelian Galois extensions of local fields using Lubin-Tate formal groups is
standard in local class field theory. For a detailed account see, for example, [9] or [11]. We include a
brief overview for the convenience of the reader and to fix some notation.

Let K be a finite extension of Qp, contained in a fixed algebraic closure K. Let v be a uniformising
parameter for Ok and let ¢ = |Ok /Pk| be the cardinality of the residue field. We let f(X) € XOk[X]
be such that

f(X)=nX moddeg2, and f(X)=X? modr.
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We now let Fg(X,Y) e Og[X, Y] be the unique formal group which admits f as an endomorphism.
This means F¢(f(X), f(Y)) = f(Ff(X,Y)) and that F¢(X,Y) satisfies some identities that correspond
to the usual group axioms, see [11, §3.2] for full details. For a € Ok, there exists a unique formal
power series, [a]f(X) € XOk[X], that commutes with f such that [a]f(X) =aX mod deg2. We can
use the formal group, Fy, and the formal power series, [a]f, to define an Og-module structure on

?{ = [J; B, where the union is taken over all finite Galois extensions L/K where L C K. We are
going to look at the s"-torsion points of this module. We let Ef, = {x € ‘135-(: [r"]f(x) = 0} and
Kz.n=K(Ef ). We remark that the set Ef , depends on the choice of the polynomial f but due to
a property of the formal group (see [11, §3.3, Proposition 4]), K , depends only on the uniformising
parameter 7. The extensions K5 /K are totally ramified abelian extensions. If we let K = Q, we can
let 7 =p and f(X) = (X+1)? — 1. We then see that K, = Qp({pn) Where ¢pn is a primitive p"th
root of unity.

We now let K be an unramified extension of Q, of degree d. We note that q = p¢ and that we
can take 7 = p. We can then let f(X) = X%+ pX and note that K, 1 = K(8) where BT =—p. If we
let y = g@~V/®=D then yP~1 = —p and K(y) € Kp 1. From now on we will let K(y) = K’. We will
use Dwork’s exponential power series to construct Kummer generators for K, > over Kp 1.

Definition 1. Let y?~! = —p. We define Dwork’s exponential power series as
Ey (X) =exp(yX —y XP),

where the right-hand side is to be thought of as the power series expansion of the exponential
function.

From [10, Chapter 14 §2], we know that E;, (X)|x=x converges p-adically when v,(x) > 0 and that
Ey(X)=1+yX mod y2. We know then that Ey (X)Ix=1# 1. We now raise Dwork’s power series to
the power p and see

exp(y X — y XP)” =exp(p(y X — y XP))
=exp(ypX — ypXP)
= exp(y pX) exp(—y pXP).

As exp(py X)|x=x converges when vp(x) > 0 we can evaluate both sides at X =1 and see
(exp(y X — y XP)P)|x=1 = exp(y pX)|x=1exp(—y pXP)|x=1 = 1. Therefore, E, (X)|x=1 is equal to a
primitive pth root of unity. This implies that K" = K(y) = K(¢p).

Let {31 be a primitive (g — 1)th root of unity. From [8, Theorem 25], we know K is uniquely
defined and is equal to Q,(¢g—1). From [8, Theorem 23] we then know that Ok = Zp[¢3—1]. We now
define {a;: 0<i<d—1} to be a Zp-basis for Ox where ap =1 and each g; is a (g — 1)th root of

unity. We also define e; = E;, (X)|x—q and let Ky = KpJ(eé/p, e}/p, e e;/f]). We will now show that
K2=Kp2.

Lemma 2. Nic, /x (K3) = () x (14 ‘Bf()for some uniformising parameter, w of Ok.
Proof. As E,,(X)=1+yX mod y2 we see that e; =1+ ya; mod y2. We define £ to be the set
E=(e; 0<i<d—1)(95,,)" /(95"

with multiplicative group structure. We have an isomorphism of groups £ => (Bx)/(pBk), using the
additive group structure of (Px)/(pPk), which sends e; to a;. We remark that here pPx = ‘Bf(. From
our selection of the set {a;: 0 <i<d-— 1} as a basis for Og we know that the e; must be linearly
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independent (multiplicatively) over F,. Therefore, we know that Gal(X’;/Kp 1) must be isomorphic
to ]_[?:1 Cp. From standard theory (see [11, §3]), we know Gal(K,2/Kp 1) = ‘pK/‘B?(, which is also
isomorphic to ], C,. Therefore, Gal(K/K) = Gal(Kp.2/K) = Cq_1x [T, Cp.

The extensions K/K and K, /K are both finite abelian extensions of local fields. By the Artin
symbol, (see [14, Appendix, Theorem 7]), we know that

K*/Nk, sk (K, ,) = Gal(Kp2/K) and  K*/Ni,/k (K;) = Gal(K2/K),
and so
1<X/N,<p'2/,<(1<;‘2) = K* /N, k (KK5).

From [9, Proposition 5.16] we know that NKp,z/K(pr,z) ={(p) x (1+ ‘,13%(). As K* is an abelian group
we must then have Nic,/x (K5) = (p) x (1+P%).

It is straightforward to check that KC;/K is totally ramified. Therefore, from [7, IV §3], we know
that K* /Ny, /k (K3) =D;/N,C2/K(D,XCZ) (2 Cg1x 1_[?:1 Cp). The group O = Cq—1x(1+Pk), so we
know that

d
(1+PB)/Nicyk (95,) =[] G-

i=1

As K/Qp is unramified and p > 2, the logarithmic power series gives us an isomorphism of groups,
log: 1+ P =Pk (= @?;01 Zyp), using the multiplicative structure of 14 Pk and the additive struc-
ture of Pk, see [7, Chapter IV, Example 1.4] for full details. The maximal p-elementary abelian
quotient of @?:1 Zy is given by @?:1 Zp/@le pZp = ]_[fl=1 Cp and the unique subgroup that gives
this quotient is EBL] pZp. We then have Py /pPy = ]_[‘ij=1 Cp and using the logarithmic isomorphism
we see (1+Px)/(1+Pg)P = ]_[f-i:1 Cp. This means that (14 Px)? is the unique subgroup of 1+ Pk
that gives the maximal p-elementary abelian quotient. As above we have (1 + Bg)? =1+ ‘Bf( and
therefore,

Nic/k (9k,) =1+ B

Let IT be a uniformising parameter for K. As K3/K is totally ramified, N, ;x(IT) = 7 must be a
uniformising parameter of K. Since Ni,,x(K5) is a group under multiplication we know that (i)
must be a subgroup. We have already seen that (1 + ‘B%() is a subgroup, so as Ny, (IC5) is abelian,
we must have

()% (14 PBE) S Nicy (K5).

The subgroups () x (1 + ‘Bi) and N,k (KC5) both have the same finite index in K*, therefore we
must have equality. O

To prove the next lemma we will use some properties of the pth Hilbert pairing for a field that
contains the pth roots of unity. For full definitions and proofs see [7, Chapter IV]. We include the
properties we will need for the convenience of the reader.

Definition 3. Let L be a field of characteristic 0 with fixed separable algebraic closure I and let Hp be
the group of pth roots of unity in L. Let p, € L. We define the pth Hilbert symbol of L as
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(Dpr: LXL* — uyp,

(AL(@)(b'/P)

(a,b) — bip

where A; : L* —> Gal(L%/L) is the Artin map of L (see [9, Chapter 6, §3] for details).

In [7, Chapter IV, Proposition 5.1] it is proved that if L’/L is a finite Galois extension of local fields,
then the Hilbert symbol satisfies the following conditions.

(1) (@, b)pr =1 if and only if a € NL(bl/p)/L(L(bl/p)X), and (a,b)pr =1 if and only if b e
NL(al/p)/L(L(al/p)X).

(2) (@,b)p,1r = (Npy(a),b)p, forae L™ and b e L*,

(3) (@, 1—a)p =1forall 1#aecl”,

(4) (@, b)p.L=(b,a),].

Lemma 4.

p € Nic,/k (K53).

Proof. First we show that (e;,{p —1p g =1forall 0 <i<d—1.

Recall that K’ = K(¢p) and consider the field extension K’/Qp(¢p). This is an unramified extension
of degree d. As {p —1 € Qp(¢p), we can use property 2 of the Hilbert symbol to show (e;, {p —1)p k' =
(N yQ,p) (€)s &p — Dp.@ycp)- Recall that e; = E} (X)|x=q; where the set {a;: 0 <i<p— 1} forms a
basis for Ok over Zp, all the a; are (p9 = 1)th roots of unity and ag = 1. The action of the Galois group
Gal(K/Qp) on each a; (which will be the same as the action of Gal(K’/Q,(¢p)) will be generated by
the Frobenius element,

¢K/Qp 14 > a,PA

k
We know that E, (X)|x=x converges when v,(x) > 0. As af € D;, we have that E},(X)lX ok con-
:ai

verges for all k € Z. Therefore EV(XPI<)|X=C,I, must converge and

k
¢£<(/Qp (en) = EV (Xp )|X=a,"

where gbg‘(/(@p is the Frobenius element, ¢x,q,, applied k times. We can now make the following
derivation.

d-1
Nevguepen = [ gen=]ekuq,e
gEGal(K//Qp(:p)) k=0
d-1 . d—1 . "
= 1_[ EV (Xp )‘X:ﬂi = l—[ eXp('}/Xp - yxl’ )‘X:ai
k=0 k=0
=exp((yX —yXP)+ (yXP - yxpz) 4ot (J/Xpd_1 — X"d))|X=ai

=exp(y X — )/Xpd)]xzai.

We now consider raising to the power p and see
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exp(y X — yXpd)p =exp(p(yX — yXpd))
—exp(py X — py X”")
— exp(py X) exp(—py X*").

The power series exp(py X)|x=x will converge when v,(x) > 0 so we can evaluate at X =a; and
see, (NK//Qp({p)(e,-))P = 1. Therefore Ng//q,«, (i) is a pth root of unity for all 0 <i<d—1.If
Ng/ g, (i) =1 then (Nk//Quz €)1 = &p)p.@ycy) = (1,1 = &p)p.Qy,) =1, SO we now assume
Ng/q,,) (i) is a primitive pth root of unity. From property 3 of the Hilbert symbol we know that
1 k
(¢p:1 = p)p.Qp(cy) = 1. We know that for 1 <k < p — 1, then Qp(g“p)(ip/p) = Qp(é‘p)(g“p/p), and
so from property 1 of the Hilbert symbol we know that ({I’D‘,l — {p)p.Qy(z,) = 1. This means that
. 1

(ei,1—¢p)p=1Tforall 0 <i<d—1. We now let & K/(el./p) be such that NK,(eil/p)/K,(Si) =1-2¢p.
As p is odd, NK,(el;/p)/K,(—éi) =¢p — 1, and therefore

€, ¢p—Dpx =1

forall0<i<d—1.

Next we show that ¢, —1 € Ni, k' (KC5). We have just shown that ¢, —1 € NK,(EW)/K,(K/(e(])/p)x).
0
We assume, for induction, that
1/p 1/p\*
tp—1e NK,(e(])/p,‘“e}/p)/K,(I</(eo see ) ) )
. 1 1
for some 0<j<p—1 Let ne I</(e0/‘[',...,ej/p)X be such that NK’(e}J“’,...e}/P)/K/(n) =¢p — 1. As

ej11 € K’ we can make the following derivation:

=p—1,ej11)p,x

= (js1.5p— Dyl =1

Therefore,
MEN @, ek, .. e}“’>(K/(eg)/p’ e,
and so
@p =D EeNgr o) o (K (eg" s efh)).

By induction on j we see that (¢, — 1) € N,k (K3).

Finally we note that the minimal polynomial of ¢, — 1 over K is f(X) = ((X + 1)? —1)/X. The
constant term in f(X) is equal to p and K’ is the splitting field of f(X). Therefore, as [K’ : K] is even,
Ngr/k (¢p —1) = p. The norm map is transitive, so we know that p € Ni,/x (K3). O

Theorem 5.

Kp2=Kpi(eg" e/, .. el").
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Ky

a/p

Af = I(p_l(.’l’,'l/p)

r
K, = K(8) K'(z'/?)

X

g—1

. P M

K'=K(y) = K({) P
\

K

Fig. 1. Abelian extensions of K.

Proof. From Lemma 2 we know that N,k (K5) = () x 1+ 9% where 7 = up for some u € OF.
From Lemma 4 we know that p € Nyc,,x (K5) and therefore that N,k (KC)') = (p) x 1+ P%. From [9,
Proposition 5.16], we know that NKp,Z/K(KZ;Z) =(p)x (1+ ‘,13%). As K»/K and Kp /K are both finite
abelian extensions of local fields contained in K and Nvaz/K(K;z) = N;CZ/K(ICZX), from [14, Appendix,
Theorem 9], we know that K =K, 2. O

3. Explicit self-dual normal bases for Ay,

We begin this section by describing the intermediate fields of Kp »/K that we are going to study.
The extension Kp2/Kp 1 is a totally ramified abelian extension of degree q. There will be (q — 1)/
(p — 1) intermediate fields, N; such that [Kp > :Njl=q/p and [N;: K, 1] = p. The pth roots of unity
are contained in Kp 1, so for each j, the extension N;/K, 1 will be a Kummer extension. We recall
that {a;: 0<i<d—1} is a Zp-basis for Ox where ap =1 and all the a; are (g — 1)th roots of

K(e(])/p,el/p,. 1/p

unity. We have shown that K > = ..e41), where the e; = Ey (X)|x=q;. Therefore each

Nj= Kp,l(x}/p) for xj = ]_[?:_(} e?" for some 0 < n; < p — 1, not all zero. We now note that for all

X = ?;01 e?i as above, we have x € K'(= K(y) = K(¢p)). Therefore K/(x}/p) is the unique extension

of K’ of degree p contained in Nj. There is also a unique extension of K of degree p contained

in Nj, we shall call this extension M; and let Gal(K/(x}/p)/Mj) = Aj. From now on we will drop the

subscript for Nj, x;, M;j and Aj as the following results do not depend on which x; = ?;01 el we

pick. To clarify, we will describe these extensions in Fig. 1.
We also let Gal(K’(x!/P)/K’) = G, and as all the groups we are dealing with are abelian we will
use an abuse of notation and write Gal(M/K) = G and Gal(K'/K) = A.
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Let Apm/k = @;,,%? be the square-root of the inverse different of M/K. The aim now is to show
that (1+ Tra(x'/P))/p is a self-dual normal basis for Apx.

We remark that if K = Qp, then K’ = Kp 1, Ny = Kp2 = K’(x1/?) and the only choice for x is
Ey(X)Ix=1 = ¢p. In [3] Erez shows that in this case (1 + TrA(;“;/p))/p does indeed give a self-dual
normal basis for Ay k. So the situation we describe generalises the work in [3].

Before we proceed to the main results of this section we must make some basic calculations about
the field extensions to be studied.

Lemma 6.
vm(Am/k) =1-p.
Proof. We first calculate the ramification groups of K >/K, 1. We recall that f(X) = X%+ pX. If we

let u € pg—1 U{0}(=k), clearly [u](X) =uX and [up](X) =u[p](X). Let a be a primitive [p2]-division
point for F¢(X,Y). We see that

(F(ulp)(@), @)
(f(ulpl(@). f(@))
(uf?(@), f(@)
().

f(lup + 1]())

1]
~ ™ ™ =

Therefore [up + 1](c) is another primitive [p2]-division point and the Galois conjugates of « over
Kp,1 are given by [up + 1](«) for u € pg—1 U {0}.

Given f(X) € Og[X] such that f(X)=pX mod deg2 and f(X)= X9 mod p, the standard proof
in the literature of the existence of a formal group F(X,Y) € Og[X, Y] such that F commutes with
f uses an iterative process for calculating Fy. See, for example, [11, §3.5, Proposition 5] or [9, III,
Proposition 3.12]. The ith iteration calculates F(X,Y) mod deg(i + 1) and passage to the inductive
limit gives F(X,Y). We will use this process to calculate the first few terms of F(X, Y).

We will let Fi(X,Y)= F(X,Y) mod deg(i + 1) and define E; to be the ith error term, ie., E; =
fFI=Y(X,Y)) — FI=1(f(X), f(Y)) mod deg(i 4+ 1). From [11, §3.5, Proposition 5] we then have

Ei

FHI(X,Y)=F(X,Y) - —————.
K== a

F(X,Y) is a formal group, so F1(X,Y)= X + Y. We then see

FIFYX ) = FYfX), F(N)) =X+ V)T +p(X+Y) — (XT+pX + Y? + pY)
q—1
= <q>xiyq—i.
i=1 !

So the error terms will be E; =0 for 2<i<q—1and Eg= Y| (9)X'ya". From [11, §3.5, Proposi-
tion 5], we then get

Z ()quz

FOCY) =X4Y = =i

mod deg(q+1).
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We now substitute X =« and Y = u[p](X) = u(a? + po) into our expression for F(X, Y) and see that

97 (et (u(@d + pa))d-T

[1+upl(@) = +u(a? + pa) — o = p=T) mod 97!
a—1 ypya—i (@
=(1+up)a+ (u - Z}’;}%—M)M mod o947,

Let I" = Gal(Kp 2/Kp,1). We know that « is a uniformising parameter for Ok,, and that p € &Bq(q D,
An element s € I" is in the ith ramification group (with the lower numbering), I3, if and only
if s(@)/o =1 mod ‘B’kp»z, see [12, IV §2, Proposition 5]. We have shown that for 1 # s e I then
s(@)/a=1+ua?! mod P}, . Therefore, I' =1} for 0<i<(q—1) and Iy = {1}.

To calculate the ramlﬁcatlon groups of N/K, 1 we need to change the numbering of the rami-
fication groups of Kp>/Kp 1 from lower numbering to upper numbering. From [12, IV §3] we have
r'=r, r°=ryand r*™ = 3, where ¢(m) = “11 >, Tl A straightforward calculation then
shows that the upper numbering is actually the same as the lower numbering. From [12, IV §3, Propo-
sition 14] we then know that Gal(N/Kp 1) = Gal(N/K, Difor0<i<(qg—1).and Gal(N/Kp 19 ={1}
and switching back to the lower numbering we have Gal(N/Kp 1) = Gal(N/Kp 1); for 0 <i< (g —1).
and Gal(N/Kp 1)q = {1}.

From [12, IV §2, Proposition 4], we have the formula,

VNN/K,.) = Y _(|Gal(N/Kp 1)i| — 1),
i>0

and so vN(®nyk,,) =q(p — 1). The extensions N/M and Kp 1/K are both totally, tamely ramified
extensions of degree g — 1, so from the formula above we know that vN(Dn/m) = vk, Dk, ,/k) =
q—2. From [8, 1l1.2.15] we know, for a separable tower of fields L” O L’ D L, the differents of these field
extensions are linked by the formula D/ =D, Dy; . We therefore have vy (Dm/k) =2(p — 1),
and so vy (Am/k)=1—-p. O

Remark 7. We remark that this lemma implies that M/K is weakly ramified.
We now prove a very useful result that makes finding self-dual integral normal bases much easier.

Lemma 8. Let a be an element of Ay that is self-dual with respect to the trace form, (i.e, Ty k (g(a), h(a)) =
‘Sg,h forall g, h € G), then AL/K = 9Ok[G].a.

Proof. Let a € Ay be as given. The square-root of the inverse different, A/, is a fractional ©;-ideal
stable under the action of the Galois group, G, therefore Og[G].a C Ay /k.

The inclusion of Og-lattices, Og[G].a S Ap/k, means that AL/K C (Dk[Gl.a)® where D denotes
the Ok-dual taken with respect to the trace form. As Ay x = AL/K, we have Ap /g C (Ok[Gl.a)P. We
know that Ok[Gl.a is Ok-free on the basis {g(a): g € G}, so (Ok[Gl.a)P is Ok-free on the dual
basis with respect to the trace form, which is {g(a): g € G}. Therefore (Og[G].a)P? = O[Gl.a and
AL/K C Ok[G].a, and so AL/K =9Ok([Gla. O

For each x = fl " el with 0 <n; < p—1 not all zero, we know that there exists u € O such that
x=14uy mod y2. The element y is a uniformising parameter for O, therefore, x € Oy and x—1
will also be a uniformising parameter for O.. Using the binomial theorem we note that (x'/P —1)P =
x— 14 py where vy 1/p)(y) > 0. Therefore v 1/, ((x"/P = 1)P) = p and vy /p) (x/P — 1) =1, s0
x'/P — 1 is a uniformising parameter for O :(1/p;.
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Lemma 9.

14 Tra(x1/P)

€ Amy/k.
p

Proof. We have just shown that x!/? — 1 is a uniformising parameter for Oy 1/p). As K'(x'/P)/M is
a totally, tamely ramified extension, we know that Trp (x!/P — 1) € Py so vy (Tra(x'/P — 1)) > 1. We

know that

Tra(x'? = 1) =Tra(x!/?) — (p = 1) = (1 + Tra (/7)) — p.

Therefore, vy (1 +Tra(x1/P)) > 1 and vM(%) >1-p. Since vm(Am/k) = 1—p, we must have

1/p
LI ¢ gy, O

Lemma 10. Let x = ]‘[f;(} el for some n; € Z*, and let § € A = Gal(K'(x'/P)/M). Let § : y > x (8)y with
X (8) € tp—1, then §(x) =xX ¥,

Proof. As x (8)P = x(8), for all § € A we have the following equality:

3y X)P
exp(X (9)y X — x(©)y X”) = exp((X(S)yX) . %)

As x(8) is a unit we know, from [10, Chapter 14, §2] that exp((x (§)y X) + M)l)‘:y will con-
verge when vp(y) > 0. Therefore, exp(x (8)y X — x (8)y XP)|x=q will converge. We can now make the
following derivation:

(Ey (01x=a)*® = (exp(y X =y XP)[ . )"
=exp(x () (y X — v XP))[ 1,
=exp(X®)y X = x Oy XP)|y_,-
As q; is fixed by all § € A we see that
S(yX =y XP)|y_g = BNX = 8XP) [y = (X Oy X = x @Oy XP)[y_,.-
As exp(x (8)y X — x (8)y XP)|x—q, converges we must then have
exp(X ()Y X = X Oy XP)|_y, = exp(31)X = 8(1XP)]
=8(exp(y X =y X")[x_,)
=8(Ey (X)|x=q;)-
Therefore, §(e;) = (e;)*® for all 0 <i < (d — 1), which means §(x) =xX©®. O

Lemma 11. Let g € Gal(M/K), then

1+ Tra(x/P) (14 Tra(xi/P)
Tm/k » . 8 » =d1,g.
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Proof. First we observe that Tr(x'/P) = dec g(xi/Py =x1/p Zf:_g ;;;j =0 for all p|i. The trace map
is transitive, so Trg(Tra (x'/P)) = Tra (Trg (x/P)) = Tra (0) = 0 for p |i. We make the following deriva-

tion:
1+ Tra(x'/P) 14 Trax/P)
mol (5 )(H5)

((1 T TrA(xl/p)) (1 + g(Tra(x'/P)) ))
:TT'(; ) )

1+ Tra(xVP) 4+ g(Tra(x'/P)) 4+ Tra (x'/P) g(Tra (x'/P))
Trg p2
(1 + TrA(xl/")g(TrA(xl/"))>
= TT'G >
p
P+ Trg(Ira(x/P)g(Tra (x1/7)))
- = ,

The right-hand side of this equation equals 1 if and only if Tr¢(Tra (x'/P)g(Tra(x'/P))) = (p — Dp,
and it equals 0 if and only if Trg (Tra (x'/P)g(Tra (x1/P))) = —p. Therefore it is sufficient to show

—1p ifg=id,
TrG(TrA(xl/p)g(TrA(x”p))):{(_pp )P :fﬁ#:d

From Lemma 10 we know that §(x) = xX®. This means that §(x!/P) = ¢;xX®/P for some ¢s € p.
We know that wp_1 C Z; so we can write x(§) = j(6) mod p, for some 1< j(§) < (p — 1) and note
that j(8) = j(8’) if and only if § =§’. We can therefore define a set of constants {Xjs) € Okt § € A}
such that 8(x'/P) = 1j5x/®/P. We now define o € A to be the involution such that x (o) = —1
and j(o) =p —1 and note that o' (¢,) =¢,'. We consider the double action of o on x'/P. We have
o (x1/P) = g;xX©@)/P = ¢, x~1/P 50

o*(x"P) =0 (¢5)o (x1/P)
= o (k7))

= Cn_l (fax_]/p)71

2.1
= %xP.
As o is an involution, x1/? = ¢2x1/P, so we have ¢, = 1. Therefore, o (x!/P) = x~1/P = (1/x)x(P—1/P,
and so Ap_1 =1/x.

For g € G we know that g(x!/P) = ¢ix1/P for some 0 <i< p —1 with i =0 when g = id. Using
this notation we make the following derivation:

T (1 (/)12 (/7)) =T ( L £60)) (2 )

EeA neA

—tre( X 67)sn(e7))

EeAneA
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= Trc< > E(xl/p)ng(xl/p)> as G x A is abelian

EeAneA
:TTG(ZZ%:(Xl/P)SSg(Xl/P)> WhEFE(S:f_]r]
EeA e
_TT(;(Z%'(Z l/P (Sg( l/p)))
EeA  “SeA
:TerA<Z(X1/p)5g(x1/p))
SeA
—ZTrch ]/P ag( 1/p))
seA
= Lo ()55 7)
seA
_ZTrch 1/P 1/p)8(;_;'7))
SEA
—ZTrch )»](a)X’(‘”/P);g(‘”)
seA

—ZTrch 1/p Xj/p);;f)

p_] ..
=S )

j=1
Now Tr(;xA((x(j“)/p)Ajgl",j) = Tra (Ajgli,j(TrG (xU+D/Py)) as aj, ;,';j € K’ and we saw above that
Trg (xU+1/P) = 0 apart from when j = p — 1. Using this and that fact that A,_1 = 1/x we see that

1
Trg (Tra (x'/7) g (Tra (x'/7))) = Tra (/06" (Tre ()
=pTra(¢™).

Therefore,

—1 if g=
(s g (rra 7)) = | 7P HE

as required. 0O

Theorem 12. For all x; = ;j (} e; “ with 0 < n; < p — 1 not all zero,

1+TrAj(x}/")
p

is a self-dual normal basis generator for Ay /.



E.J. Pickett / Journal of Number Theory 129 (2009) 1773-1785 1785

Proof. From Lemma 9 we know that (1 + Tra ’ (x}/ Py) /p € Amyk. From Lemma 11 we know that

14 TrAj(x}/") 1+ Tra, (x}/p)
Tm/x » , 8 » =01

for all g € Gal(M/K). Therefore, using Lemma 8 we know that (1 +Tra; (x}/p))/p is a self-dual normal
basis generator for Amjk. O

Remark 13.

(1) We remark that for every Galois extension, M’/K, of degree p contained in K}, » we can construct
a self-dual normal basis generator for Ay k in this way.

(2) Let M = ]_[j M; be the compositum of the field extensions M; for all j (M is actually equal
to ije{ei: Ogigd—l}Mi)' This is a weakly ramified extension of K of degree q. The product

]_[?;g (14 Tra (e,.l/p))/(p) is then a self-dual element in M and seems like the obvious choice
for a self-dual integral normal basis generator for A k. However v a((Aprq k) =1 —¢q, and so

I"[?;& 1+ TrA(eg/p))/(p) ¢ Aayk so generalisation up to M is not as straight forward as one
might hope.
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