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1. Introduction

Grobner bases and Grébner-Shirshov bases were invented independently by A.L. Shirshov [47,50]
for ideals of free (commutative, anti-commutative) non-associative algebras, free Lie algebras [48,50]
and implicitly free associative algebras [48,50] (see also [2,5]), by H. Hironaka [33] for ideals of the
power series algebras (both formal and convergent), and by B. Buchberger [19] for ideals of the poly-
nomial algebras.

The Shirshov’s Composition-Diamond lemma and Buchberger’s theorem is the corner stone of the
theories. This proposition says that in appropriate free algebra Ayx(X) over a field k with a free gen-
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erating set X and a fixed monomial ordering, the following conditions on a subset S of Ay(X) are
equivalent:

(i) Any composition (s-polynomial) of polynomials from S is trivial;

(i) If f €Id(S), then the maximal monomial f contains some maximal monomial s, where s € S (for
Lie algebra case, f means the maximal associative word of Lie polynomial f);

(iii) The set Irr(S) of all (non-associative in general) words in X, which do not contain any maximal
word s, s € S, is a linear k-basis of the algebra A(X|S) = A(X)/Id(S) with generators X and
defining relations S (for Lie algebra case, Irr(S) is the set of Lyndon-Shirshov Lie words whose
associative supports do not contain maximal associative words of polynomials from S).

The set S is called a Grobner-Shirshov basis of the ideal Id(S) of Ayx(X) generated by S if one of
the conditions (i)-(iii) holds.

Grobner bases and Grobner-Shirshov bases theories have been proved to be very useful in different
branches of mathematics, including commutative algebra and combinatorial algebra, see, for example,
the books [1,18,20,21,29,30], the papers [2,4,5], and the surveys [7,15-17].

Up to now, different versions of Composition-Diamond lemma are known for the following classes
of algebras apart those mentioned above: (color) Lie super-algebras [38-40], Lie p-algebras [39],
associative conformal algebras [14], modules [34,26] (see also [24]), right-symmetric algebras [11],
dialgebras [9], associative algebras with multiple operators [13], Rota-Baxter algebras [10], and so on.

It is well-known Shirshov’s result [46,50] that every finitely or countably generated Lie algebra
over a field k can be embedded into a two-generated Lie algebra over k. Actually, from the technical
point of view, it was a beginning of the Grobner-Shirshov bases theory for Lie algebras (and associa-
tive algebras as well). Another proof of the result using explicitly Grébner-Shirshov bases theory is
refereed to L.A. Bokut, Yuqun Chen and Qiuhui Mo [12].

A.A. Mikhalev and A.A. Zolotykh [41] prove the Composition-Diamond lemma for a tensor product
of a free algebra and a polynomial algebra, i.e., they establish Grobner-Shirshov bases theory for
associative algebras over a commutative algebra. L.A. Bokut, Yuqun Chen and Yongshan Chen [8] prove
the Composition-Diamond lemma for a tensor product of two free algebras. Yuqun Chen, Jing Li and
Mingjun Zeng [25] prove the Composition-Diamond lemma for a tensor product of a non-associative
algebra and a polynomial algebra.

In this paper, we establish the Composition-Diamond lemma for free Lie algebras over a polynomial
algebra, i.e., for “double free” Lie algebras. It provides a Grobner-Shirshov bases theory for Lie algebras
over a commutative algebra.

Let k be a field, K a commutative associative k-algebra with identity, and £ a Lie K-algebra.
Let Liex (X) be the free Lie K-algebra generated by a set X. Then, of course, £ can be presented as
K-algebra by generators X and some defining relations S,

L = Lieg (X|S) = Lieg (X)/1d(S).
In order to define a Grébner-Shirshov basis for £, we first present K in a form
K =K[Y|R] =K[Y]/Id(R),

where Kk[Y] is a polynomial algebra over the field k, R C K[Y]. Then the Lie K-algebra £ has the
following presentation as a k[Y]-algebra

L = Lieyy)(X|S, Rx, x € X)

(cf. E.S. Chibrikov [26], see also [24]).
Now by definition, a Grobner-Shirshov basis for £ = Lieg (X|S) is Grobner-Shirshov basis (in the
sense of the present paper) of the ideal Id(S, Rx, x € X) in the “double free” Lie algebra Lieyy)(X).
As an application of our Composition-Diamond lemma (Theorem 3.12), a Grobner-Shirshov basis
of L gives rise to a linear basis of £ as a k-algebra.
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We give applications of Grébner-Shirshov bases theory for Lie algebras over a commutative alge-
bra K (over a field k) to the Poincaré-Birkhoff-Witt theorem. Recent survey on PBW theorem see in
P.-P. Grivel [31]. A Lie algebra over a commutative ring is called special if it is embeddable into an
(universal enveloping) associative algebra. Otherwise it is called non-special. There are known classi-
cal examples by A.l Shirshov [45] and P. Cartier [22] of Lie algebras over commutative algebras over
GF(2) that are not embeddable into associative algebras. Shirshov and Cartier used ad hoc methods
to prove that some elements of corresponding Lie algebras are not zero though they are zero in the
universal enveloping algebras, i.e., they proved non-speciality of the examples. Here we find Grobner-
Shirshov bases of these Lie algebras and then use our Composition-Diamond lemma to get the result,
i.e.,, we give a new conceptual proof.

P.M. Cohn [28] gave the following examples of Lie algebras

Lp = Lieg(x1,X2,X3 | Y3X3 = y2X2 + Y1X1)
over truncated polynomial algebras
K=k P—=0,1<i<3
Y1,¥Y2, Y3 yl , 11X I,

where K is a filed of characteristic p > 0. He conjectured that £, is non-special Lie algebra for any p.
Lp is called the Cohn’s Lie algebra. Using our Composition-Diamond lemma we have proved that
L>, L3 and L5 are non-special Lie algebras. We present an algorithm that one can check for any p,
whether Cohn'’s Lie algebras are non-special.

We give new class of special Lie algebras in terms of defining relations (Theorem 4.6). For example,
any one relator Lie algebra Lieg (X|f) with a K[Y]-monic relation f over a commutative algebra K is
special (Corollary 4.7). It gives an extension of the list of known special Lie algebras (ones with valid
PBW Theorems) (see P.-P. Grivel [31]). Let us give this list:

. L is a free K-module (G. Birkhoff [3], E. Witt [53]),

. K is a principal ideal domain (M. Lazard [35,36]),

. K is a Dedekind domain (P. Cartier [22]),

. K is over a field k of characteristic 0 (P.M. Cohn [28]),

. L is K-module without torsion (P.M. Cohn [28]),

. 2 is invertible in K and for any x, y,z € £, [x[yz]] = 0 (Y. Nouaze and P. Revoy [42]).

DU WN =

P. Higgins [32] unified the cases 1-3 and gave homological invariants of special Lie algebras in-
spired by results of R. Baer, see also P. Revoy [44].

As a last application we prove that every finitely or countably generated Lie algebra over an arbi-
trary commutative algebra K can be embedded into a two-generated Lie algebra over K.

We thank Yu Li and Jiapeng Huang for some comments.

2. Preliminaries

We start with some concepts and results from the literature concerning the Groébner-Shirshov
bases theory of a free Lie algebra Liegx(X) generated by X over a field k.

Let X ={x; | i € I} be a well-ordered set with x; > x; if i > j for any i, j € I. Let X* be the free
monoid generated by X. For u =x;,x;, - - - x;,, € X*, let the length of u be m, denoted by |u| =m.

We use two linear orderings on X*:

(i) (lex ordering) 1 >t if t # 1 and, by induction, if u =x;u’ and v =x;v’ then u > v if and only if
Xi >xj or x;=xj and u’ > v’;
(ii) (deg-lex ordering) u > v if |u| > |v|, or |u|=|v| and u > v.
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We regard Liei(X) as the Lie subalgebra of the free associative algebra k(X), which is generated
by X under the Lie bracket [u, v] =uv — vu. Given f € k(X), denote by f the leading word of f with
respect to the deg-lex ordering; f is monic if the coefficient of f is 1.

Definition 2.1. (See [37,46].) w € X* \ {1} is an associative Lyndon-Shirshov word (ALSW for short) if
(Vu,veX*uv#1) w=uv = w>vu

We denote the set of all ALSW’s on X by ALSW(X).
We cite some useful properties of ALSW’s ([37,46], see also, for example, [6,16-18,43,51]):

(I) if w € ALSW(X) then an arbitrary proper prefix of w cannot be a suffix of w;
() if w=uv € ALSW(X), where u,v#1 then u>w > v;
() if u, v e ALSW(X) and u > v then uv € ALSW(X);
(IV) an arbitrary associative word w can be uniquely represented as w = cic2...c;, Where
C1,...,cp €ALSW(X) and c1 < < -+ < Cp;
(V) if u' =uquy and u” = uyus are ALSW’s then u = uquous is also an ALSW;
(VI) if an associative word w is represented as in (IV) and v is an associative Lyndon-Shirshov
subword of w, then v is a subword of one of the words c1,c3,...,Cp;
(VII) if an ALSW w =uv and v is its longest proper ALSW, then u is an ALSW as well.

Definition 2.2. (See [23,46].) A non-associative word (u) in X is a non-associative Lyndon-Shirshov
word (NLSW for short), denoted by [u], if

(i) u is an ALSW;
(ii) if [u] = [(uq)(uz)] then both (uq) and (uy) are NLSW’s (from (I) it then follows that uq > uy);
(iif) if [u] = [[[u11][u12]][u2]] then uqz < us.

We denote the set of all NLSW’s on X by NLSW(X).

In fact, NLSW’s may be defined as Hall-Shirshov words relative to lex ordering (for definition of
Hall-Shirshov words see [49], also [52]).

By [37,46,50], for an ALSW w, there is a unique bracketing [w] such that [w] is NLSW: [w] = w if
|[w| =1 and [w] = [[u][v]] if |w| > 1, where v is the longest proper associative Lyndon-Shirshov end
of w and by (VII) u is an ALSW. Then by induction on |w|, we have [w].

It is well known that the set NLSW(X) forms a linear basis of Liex(X), see [37,46,50].

Considering any NLSW [w] as a polynomial in k(X), we have [w] = w (see [46,50]). This implies
that if f € Liex(X) C k(X) then f is an ALSW.

Lemma 2.3. (See Shirshov [46,50].) Suppose that w = aub, where w, u € ALSW(X). Then
[w] = [alucld],

where b = cd and possibly c = 1. Represent c in the form
c=cC1C2...Cn,

where c1,...,cp € ALSW(X) and ¢1 < ¢ < --- < ¢p. Replacing [uc] by [...[[u]llc1]]...[cn]] we obtain the
word [w]y = [a[...[[[ullc1]1[c2]]. .. [cn]ld] which is called the special bracketing of w relative to u. We have

Wy = w.
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Lemma 2.4. (See Chibrikov [27].) Let w = aub be as in Lemma 2.3. Then [uc] = [u[c1][c2]...[cn]], that is
(wl=[a[...[ulc1]] ... [cal]d].
Lemma 2.5. (See [18,27].) Suppose that w = aubvc, where w, u, v € ALSW(X). Then there is some bracketing
[Wla,v = [alulb[v1d]

in the word w such that

[W]u,v =Ww.
More precisely,
[w] z{mwmwmu if [w] = [a[uplqLvs]I],
u,v [alulc1]---[cely -+ - lenllup]l iflw] =Tlalulc1]---[ct]-- - [cn]llp] with v a subword of c;.

3. Composition-Diamond lemma for Lieyjy(X)

Let Y ={yj|j e J} be a well-ordered set and [Y]={yj,¥j,---¥j | ¥j; <¥j, <---<Yyj, [ >0}
the free commutative monoid generated by Y. Then [Y] is a k-linear basis of the polynomial alge-
bra k[Y].

Let the set X be a well-ordered set, and let the lex ordering < and the deg-lex ordering <x on X*
be defined as before.

Let Liegy1(X) be the “double” free Lie algebra, i.e., the free Lie algebra over the polynomial algebra
Kk[Y] with generating set X.

From now on we regard Lieyy)(X) = K[Y]® Liex(X) as the Lie subalgebra of kK[Y](X) = K[Y]®Kk(X)
the free associative algebra over polynomial algebra K[Y], which is generated by X under the Lie
bracket [u, v]=uv — vu.

Let

Ta={u=u"u"|u" e[Y], u* cALSW(X)}
and
Ty = {[ul=u?[u*] | u’ e (Y], [u¥] e NLSW(X)}.

By the previous section, we know that the elements of T4 and Ty are one-to-one corresponding
to each other.

Remark. For u = uYuX e Ty, we still use the notation [u] = uY[u*X] where [uX] is a NLSW on X.
Let kTy be the linear space spanned by Ty over K. For any [u], [v] € Ty, define

[ul[vl = Zaiuyvy[wf(],
where a; € k, [wX]'s are NLSW’s and [uX][v¥] =} a;[wX] in Liex(X).
Then K[Y] ® Liex(X) = KkTy as k-algebra and Ty is a k-basis of K[Y] ® Liek(X).

We define the deg-lex ordering > on

Y1x* = {u'u* [u’ e[Y], u¥ e X*}
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by the following: for any u, v € [Y]X*,
usv if (uX -x vX) or (uX =vXandu" >y vy),
where >y and >y are the deg-lex ordering on [Y] and X* respectively.

Remark. By abuse of notation, from now on, in a Lie expression like [[u][v]] we will omit the external
brackets, [[u][v]] = [u][V].

Clearly, the ordering > is “monomial” in a sense of [u][w] > [v][w] whenever wX #* uX for any
u,v,weTg.

Considering any [u] € Ty as a polynomial in k-algebra K[Y](X), we have [u]=u € T4.

For any f e Lieyy(X) C K[Y] ® K(X), one can present f as a K-linear combination of Ty-words,
ie, f =) o;[u;], where [u;] € Ty. With respect to the ordering > on [Y]X*, the leading word f of f
in K[Y](X) is an element of T4. We call f k-monic if the coefficient of f is 1. On the other hand, f
can be presented as Kk[Y]-linear combinations of NLSW(X), i.e, f=)_ fi(Y)[u,.X], where fi(Y) e k[Y],
[uX] e NLSW(X) and uf =x uX =x.... Clearly fX =uf and f¥ = f1(Y). We call f K[Y]-monic if the
f1(Y) =1. It is easy to see that k[Y]-monic implies k-monic.

Equipping with the above concepts, we rewrite Lemma 2.3 as follows.
Lemma 3.1. (See Shirshov [46,50].) Suppose that w = aub where w,u € T4 and a, b € X*. Then
[w] = [alucld],

where [uc] € Ty and b = cd.
Represent c in a form c =cicy...cp, Wherecq, ..., cp € ALSW(X) and cq < ¢ <--- < cp. Then

[w] = [a[ulc1]lc2] .. . [enl]d].
Moreover, the leading word of [w], = [a[- - - [[u][c1]][c2]]. .. [cn]]d] is exactly w, i.e.,
(Wly = w.
We still use the notion [w], as the special bracketing of w relative to u in Section 2.

Let S C Liekyy)(X) and Id(S) be the k[Y]-ideal of Lieky)(X) generated by S. Then any element of
Id(S) is a k[Y]-linear combination of polynomials of the following form:

(W)s = [c1llc2] - - - [enlsldq]ld2] - - [dm], m,n>0
with some placement of parentheses, where s € S and ¢;, dj € ALSW(X). We call such (u)s an s-word

(or S-word).
Now, we define two special kinds of S-words.

Definition 3.2. Let S C Lieyy;(X) be a k-monic subset, a,b € X* and s € S. If ash € T4, then by
Lemma 3.1 we have the special bracketing [asb]; of asb relative to s. We define [asb]s = [asb]s|[5}—s
to be a normal s-word (or normal S-word).

Definition 3.3. Let S C Lieyy(X) be a k-monic subset and s € S. We define the quasi-normal s-word,
denoted by |u]s, where u=asb, a,b € X* (u is an associative S-word), inductively.

(i) s is quasi-normal of s-length 1;
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(ii) If [u]s is quasi-normal with s-length k and [v] € NLSW(X) such that |v| =1, then [v][u]s when
V> Lujf and |u]s[v] when v < Lqu are quasi-normal of s-length k + L.

From the definition of the quasi-normal s-word, we have the following lemma.
Lemma 3.4. For any quasi-normal s-word |u|s = (asb), a, b € X*, we have [u]s = asb € Ta.

Remark. It is clear that for an s-word (u)s = [c1][c2]- - [cnls[d1]ld2]- - - [dm], (w)s is quasi-normal if
and only if (u)s =cq1¢z---cpSdids - - - dp.

Now we give the definition of compositions.

Definition 3.5. Let f, g be two k-monic polynomials of Liegyj(X). Denote the least common multiple
of f¥ and g¥ in [Y] by L=Icm(fY, g").
If g% is a subword of fX,ie., fX=agXb for some a, b € X*, then the polynomial

L L
Ci(f, 8w =7 v/ vl

is called the inclusion composition of f and g with respect to w, where w =1L fX = Lag*p.
If a proper prefix of gX is a proper suffix of fX, ie., fX =aag, ¥ =agh, a,b, a9 # 1, then the
polynomial

L
Co(f. 8w fY [fbl7 — [ag]

is called the intersection composition of f and g with respect to w, where w =1L fXb = LagX.
If the greatest common divisor of fY and g" in [Y] is not 1, then for any a, b, c € X* such that
w = Laf¥bgXc e T4, the polynomial

3(f, 2w fY [afbg c] =7 [af“xbgc]g

is called the external composition of f and g with respect to w.
If f¥ 1, then for any normal f-word [afb]f, a,b € X*, the polynomial

Ca(f)w = [af*b]lafb];
is called the multiplication composition of f with respect to w, where w = af*ba fb.
Immediately, we have that C;(—),, < w, i € {1,2,3,4}.

Remark.

1) When Y = #, there are no external and multiplication compositions. This is the case of Shirshov’s
compositions over a field.

2) In the cases of C; and Cy, the corresponding w € T4 by the property of ALSW’s, but in the case
of C4, w ¢ Ta.

3) For any fixed f, g, there are finitely many compositions C1{f, g)w, C2(f, g)w, but infinitely many
C3(f, 8w, Ca{flw
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Definition 3.6. Given a k-monic subset S C Liegyj(X) and w € [Y]X* (not necessary in T,), an
element h € Lieyy)(X) is called trivial modulo (S, w), denoted by h =0 mod(S, w), if h can be
presented as a K[Y]-linear combination of normal S-words with leading words less than w, i.e.,
h=73"; a;iBilaisibils;, where o €k, B € [Y], a;, bj € X*, s; € S, and fia;Sib; < w.

In general, for p, q € Liexjy(X), we write p =q mod(S, w) if p —q =0 mod(S, w).

S is a Grobner-Shirshov basis in Liegyj(X) if all the possible compositions of elements in S are
trivial modulo S and corresponding w.

If a subset S of Liegy;(X) is not a Grobner-Shirshov basis then one can add all nontrivial com-
positions of polynomials of S to S. Continuing this process repeatedly, we finally obtain a Grébner-
Shirshov basis S that contains S. Such a process is called Shirshov’s algorithm. S€ is called Grobner-
Shirshov complement of S.

Lemma 3.7. Let f be a kK-monic polynomial in Lieyjy)(X). Iff¥=10r f=gf where g ck[Y]and f' €
Liex (X), then for any normal f-word [afb]f, a,beX*, (wys= [afxb][afb]f has a presentation:

)y = [af*b]lafb]; = > aipiluily.
[uilp <@y
where oj €k, Bi e [Y].

Proof. Case 1. f¥ =1, ie, f = f¥. By Lemma 3.1 and since < is monomial, we have [afb] = [afb]; —
Zﬂ,-v,-<afb o;Bilvil, where «; €k, B; € [Y], vi € ALSW(X). Then

() =[afbllafbl; =lafbllafbl; + Y aipilafbllvil= Y aiilafblzlvil.
ﬂ,-v,-<afb ﬁ,-v,-<afb

The result follows since v; < afb and each [afb]f[v,'] is quasi-normal.
Case 2. f=gf’, ie, fX= f'. Then we have

()= [af’b][afb]f = g([af’b][af’b]f,).
The result follows from Case 1. O
The following lemma plays a key role in this paper.

Lemma 3.8. Let S be a k-monic subset of Liex[y(X) in which each multiplication composition is trivial. Then
for any quasi-normal s-word |u s = (ash) and w = asb = [u]s, where a, b € X*, we have

lu]s =[asb]s mod(S, w).

Proof. For w =5 the lemma is clear.

For w #35, since either |u]s = (asb) = [a1](azsb) or |u|s = (asb) = (asby)[by], there are two cases
to consider.

Let

5 _{|a1| if (asb) = [a1](azsb),
@) =) s_length of (asby) if (asb) = (ashq)[ba].

The proof will be proceeding by induction on (w, §sp)), where (W, m’) < (w,m) & w <w' or w =
w,m <m(w,w €Ty, m,m e€N).
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Case 1. |u]s = (asb) = [a1](azsb), where a; > a>5%b, a =aya, and (aysb) is quasi-normal s-word.
In this case, (w, §(sh)) = (W, |ai|).

Since w = asb = ajaxsb > azsbh, by induction, we may assume that (aysb) = [axsb]; +
> aiBilcisidils;, where Bic;Sid; < ax3b, a1, az, ci,d; € X*, s; € S, o e k and B; € [Y]. Thus,

Lu]s = (ash) = [a1][azsbls + Y _ eiBilarllcisidils,-

Consider the term [a1][c;sid;]s;-

Ifa; > ci§lxdi, then [a1][c;sid;]5; is quasi-normal s-word with ayc;5;d; < w. Note that g;a;c;sid; < w,
then by induction, Bj[a1][c;sid;]s, =0 mod(S, w).

If a1 < cﬁf‘di, then [a1][c;sidils; = —[cisidils;[a1] and [c;sidils;[a1] is quasi-normal s-word with
Bicisidiaq < Biazshay < Biajazsb = w.

If a1 = ciEIXdi, then there are two possibilities. For s;¥ =1, by Lemma 3.7 and by induction on w
we have gi[ai][c;sidils; = 0 mod(S, w). For si¥ #1, [a1][cisidils; is the multiplication composition,
then by assumption, it is trivial mod(S, w).

This shows that in any case, Bi[ai][c;sid;]s; is a linear combination of normal s-words with leading
words less than w, i.e., Bi[ai][cisid;]s; = 0 mod(S, w) for all i.

Therefore, we may assume that |u]s = (asb) = [a1][azsb]; and a; > wX > ay5%b.

If either |a;| =1 or [a1] = [[a11][a12]] and aq2 < a25%b, then [u|s = [a1][azsb]; is already a normal
s-word, i.e., |u]s = [a1][azxsb]; = [ai1azsb]; = [asb]s.

If [a1] = [[a11][ai2]] and a2 > a»5%b, then

X

Lu]s = [a1][azsb]s = [[a11][a12]][azsb]s = [a11][[a12][az2sb]s | + [[a11][azsb]s |[ar2].

Let us consider the second summand [[aq1][azsb]s][ai2]. Then by induction on w and by noting
that [a11][azsb]s is quasi-normal, we may assume that [a11][azsb]s = D «ifilcisidils;, where Bic;Sid; <
a11a25h, s; € S, aj €Kk, B €[Y], ¢, d; € X*. Thus,

[[a11]laasbls]laia] = ) eiilcisidils;[aral,

where aj1 > a1z > a;5%b, w = aj1a12a25b.

If a;x < ci§f(di. then [c;sid;l5;[ai2] is quasi-normal with w’ = Bjc;Sidiai < Biariazsha; < w. By
induction, Bi[c;sid;]s;[a12] =0 mod(S, w).

If a;p > cﬁ,xdi, then [c;sidils;[a12] = —[aq2][cisidils, and [aq2][c;sid;s, is quasi-normal with w’ =
Biaiacisidi < Biaiaajrazsb < w. Again we can apply the induction.

If a1 = ciEIXdi, then as discussed above, it is either the case in Lemma 3.7 or the multiplication
composition and each is trivial mod(S, w).

These show that [[aj1][azsb]s][ai2] = 0 mod(S, w).

Hence,

luls = [a11][[a12]lazsb]s] mod(S, w),

where aj7 > aip > a35%b.

Noting that [aq1][[a12][a2sb]s] is quasi-normal and now (W, 8ja;;11as, liazshls]) = (W, la11]) < (w, |az]),
the result follows by induction.

Case 2. |u]s = (asb) = (asb1)[b2] where a5Xb; > by, b =b1b, and (asb;) is quasi-normal s-word.
In this case, (w, 8(sh)) = (W, m) where m is the s-length of (asbq).

By induction on w, we may assume that

lu)s = (asb) = [asb11s[b2] + Y _ iBilcisidils;[b2].

where fjc;Sid; < asbq, si €S, o €K, pi €[Y], ¢i, dj € X*.
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Consider the term p;[c;s;d;]s;[b2] for each i.

If by < c,-§l?<d,-, then [c;s;d;]s, [b2] is quasi-normal s-word with g;c;sidib; < w.

If by > Ci§,.)<di, then [c;sid;l5;[b2] = —[b2][cisidils; and [b2][c;sid;ls; is quasi-normal s-word with
Bibacisid; < Bibaasby < Biasb1by = w.

If by = ciEIXdi, then as above, by Lemma 3.7 and induction on w or by assumption, g;[c;isid;]s;[b2] =
0 mod(S, w).

These show that for each i, gi[c;sid;l5;[b2] =0 mod(S, w).

Therefore, we may assume that |u|s = (asb) = [asbq]5[b2], a,b € X*, where b = bib, and
a§Xb1 > bz.

Noting that for [asbi]s = s or [asbi]s = [a1][a2sb1]s with ax5%b; < by or [ashq]s = [asbi1]s[b12]
with b1y < by, [u]s is already normal. Now we consider the remained cases.

Case 2.1. Let [asbq]s = [a1][azsb1]s with ai > a1a25%b1 > a25%b; > b,. Then we have

Luls = [[a11lazsb1]s](b2] = [[a11(b2]]lazsb1]s + [a1][[azsb1]s[b2]].

We consider the term [[a1][b2]][azsbq]s.

By noting that a; > by, we may assume that [ai][by] = Zui<01b2 o;[ui] where «; € k, u; €
ALSW(X). We will prove that [u;][azsbq]s =0 mod(S, w).

If u; > a;5%bq, then [u;][azshi]s is quasi-normal s-word with W’ = u;a,3b < a1baazshy < w =
a1a2§b1b2.

If u; < a5%bq, then [ui][azsb1]s = —[azsb1]s[u;] and [azsbq]s[u;] is quasi-normal s-word with w’ =
a;sbiuj < axsbiaiby < w, since aja;sby is an ALSW.

If u; = a,5%bq, then as above, by Lemma 3.7 and induction on w or by assumption, [u;][azsbi]; =
0 mod(S, w).

This shows that

lu)s = [a1][[azsb1]s[b2]] mod(S, w).

By noting that a; > a,5%b; > by, the result now follows from the Case 1.
Case 2.2. Let [asbq]; = [asb1115[b12] with a5¥b1; > asXb11b12 > b1z > by. Then we have

Lu]s = [[asb11]s[b12]][b2] = [[asb11]s[b2]][b12] + [asb11s[[b12]1[b2]].

Let us first deal with [[asbi1]5[b2]][b12]. Since asb11b; < asby1b12, we may apply induction on w
and have that

[lasb11]5[b2]][b12] = Zaiﬂi[cisidi]§,~ [b12],

where B;c;sid; < asby1b2, w =asb11b12ba.

If b1y < ci§f(di, then [c;sid;]5,[b12] is quasi-normal s-word with w’ = Bic;5;dib1a < w.

If b1 > cﬁfdi, then [c;sid;l5;[b12] = —[b12][cisidils; and [bi2][cisid;ls; is a quasi-normal s-word
with w’ = Bib12¢;Sid; < Bib12asb11by < asbi1b12by = w.

If by = c,~§f<d,~, then as above, by Lemma 3.7 and induction on w or by assumption,
Bilcisidils;[b12] = 0 mod(S, w).

These show that

Lu]s = [asb11]5[[b12][b2]] mod(S, w).

Let [b12][b2] = [b12b2] + Zu,-<a1b2 ai[u;] where «; € k, u; € ALSW(X). By noting that a5¥bq; >
b1b,, we have [asbq1]5[u;] =0 mod(S, w) for any i. Therefore,

lu]s = [asbi1]5[b12b2] mod(S, w).
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Noting that [asb11]s[b12b2] is quasi-normal and now (W, 8ashy;1s[b1aba]) < (W, Sjash 15[b,1)» the result
follows by induction.
The proof is complete. O

Lemma 3.9. Let S be a k-monic subset of Liexy)(X) in which each multiplication composition is trivial.
Then any element of the K[Y]-ideal generated by S can be written as a K[Y]-linear combination of normal
S-words.

Proof. Note that for any h € Id(S), h can be presented by a k[Y]-linear combination of S-words of
the form

(w)s = [c1]lca]- - - [cklsldq]ld2] - - - [d] (1)

with some placement of parentheses, where s € S, ¢;,dj € ALSW(X), k,1 > 0. By Lemma 3.8 it suffices
to prove that (1) is a linear combination of quasi-normal S-words. We will prove the result by induc-
tion on k +1I. It is trivial when k+1=0, i.e., (u)s = s. Suppose that the result holds for k 4+[=n. Now
let us consider

(u)s = [cn1]([c1lc2] - - [exlsldi]1[d2] - - - [dn—k]) = [Cas11(V)s.

By inductive hypothesis, we may assume without loss of generality that (v)s is a quasi-normal
s-word, i.e., (v)s = |v]s = (csd) where c5d € Ty, c,d € X*. If ¢;1 > ¢5%d, then (u)s is quasi-normal.
If cpe1 < c5%d then (u)s = —|v|s[cnp1] where |[v]s[chyq] is quasi-normal. If ¢,y = c5¥d then by
Lemma 3.8, (u)s = [cn+1](csd) = [cp+1][csd]s. Now the result follows from the multiplication compo-
sition and Lemma 3.7. O

Lemma 3.10. Let S be a K-monic subset of Liex[y(X) in which each multiplication composition is trivial. Then
for any quasi-normal S-word |asb|s = [ai][az]- - - [ak]|V]s[b11[b2]- - - [b;] with some placement of paren-
theses, the three following S-words are linear combinations of normal S-words with the leading words less
than asb:

(i) wq = lasb]s|ig;~[c) where c < a;;
(ii) wy = |_CleJ5|[bj],_>[d] whered < bj;
(iii) ws = lasb]s| |y g v Where [V']s < [V]s.

Proof. We first prove (iii). For k + [ =1, for example, |asb|s = |v]s[b1], it is easy to see that the
result follows from Lemmas 3.9 and 3.7 since either |V’ |s[bq] or [b1]|V']s is quasi-normal or ws is
the multiplication composition. Now the result follows by induction on k + L.

We now prove (i), and (ii) is similar. For k +1=1, |asb|s = [a1]|v]s and then wq = [c]|v]s. Then
either |v]s[c] or [c]|Vv]s is quasi-normal or wq is equivalent to the multiplication composition with
respect to w = [v]X[v]s. Again by Lemmas 3.9 and 3.7, the result holds. For k +1 > 2, it follows
from (iii). O

Let s1, s, € Lieggy(X) be two k-monic polynomials in Liexjy(X). If as¥bs¥c € ALSW(X) for some
a,b, c € X*, then by Lemma 2.5, there exits a bracketing way [a§fb§§c]§{<’§§ such that [a§fb§§c]§{<’§%< =

as§bs¥c. Denote

- Y[ <XpeX
las1bsacls, 5, =5, [051 bs) C]gf,gg ![5{]»%1’
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[asleZC]51 5 = Sl [asl bsz ] X sX |[s X5y

[asleZC]§1,§z = [asl bsz C]E%(j%( ’[s ]p—)gl [52 s

Thus, the leading words of the above three polynomials are as{bs,c = s1 52 asj bs2
The following lemma is also essential in this paper.

Lemma 3.11. Let S be a Grébner-Shirshov basis in Lieyy1(X). Forany s1,s; € S, B1, f2 € [Y],a1,a2,b1, b €
X* such that w = B1a151b1 = B2a252b, € T4, we have

Bilaisib1ls, = B2lazsabals, mod(S, w).

Proof. Let L be the least common multiple of 5! and 5¥. Then wY' = ;5] = B,5) = Lt for some
te[Y], wX =a15] Xb; =059 Xb, and

L L
pilaisib1ls, — B2lazsabals, f( lais1bi]s, — 57[0252132152)-
51 2

Consider the first case in which 5¥ is a subword of by, i.e., wX =a;5¥as5b, for some a € X* such
that by =as;) Xb, and ay = a151 a. Then

L
Bilaisib1ls, — B2lazsabzls, = f(sy [a1s1a5% bz]
1

L _
— [a1sfaszb2]§2)

2
C3(s1,82)w’

if L#s s1 sz, where w’ = LwX. Since S is a Grébner-Shirshov basis, C3 (s1,52) =0 mod(S, LwX). The
result follows from w = th =tw'.
Suppose that L = sl 52 By noting that —[a151a52b2]sl 5, and ,Y [a1s]a52b2]51 5, are quasi-normal,

by Lemma 3.8 we have

- L =Y =X /
la151a52b2 ], 5, =355 [a15105) bz]§1 mod(S, w'),

< Y[ oX
[a151as2b2]s, 5, = 51 [@157 aszb2 ], mod(S, w).

Thus, by Lemma 3.10, we have

Bilaisibqls, — Balazsabals,

=t(53 [ars1a55 bz] — 5y [a15Faszba . 5

=t((§§[a1s1a§2 bz] —[a151a52b2]5, 5,) + ([a1s1as2b2]5, 5, — [a151a52b2]5, 5, )
(51 [ar5] a52b2] — [ai51as2b2]5, 5,))

[a1(s1 — [51])aszbz];

— ([ays1as2b2]s, 5, — [a151as2b2]s, 5,

)
)
) -
=t((5Y [ws1a33D,];, — [@15105:b2]5, 5,) + 5.5
— [ais1a(s2 — [52])b2]$] 5 — (57 [aﬁfaszbz]gz — [a151as2b2];5, 5,))

=0 mod(S,w).
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Second, if 55( is a subword of §1 , i.e, s1 =as; Xb for some a, b € X*, then [azs2b3 15, = [ajasabbq]s,.
Let w = LE{(. Thus, by noting that [aq[as2b]s,b1] is quasi-normal and by Lemmas 3.8 and 3.10,

pilaisib1ls, — B2lazsabals,

L L
= ( v laisibils, — g—y[a1052bb1]§2)
2

L L
f( [aisib1ls, — ¥[01S1b1]§1 |51|—>[aszb1§2> - g([maszblﬁkz —la1s1b1]5, |51»—>[aszb]§2)

L
t[a ( y[aSzb]sz>b1] o (laraszbbils, — a7 laszbls;bi ])
2

L
=t[a1Ci(s1.52)wb1] — g—y([alaszbbﬂ;z — [a1laszbls,b1])
2

=0 mod(S,w).

One more case is possible: A proper suffix of 5 is a proper prefix of 5%, i.e., 5 =ab and 5% =bc
for some a,b,c € X* and b # 1. Then abc is an ALSW. Let w’ = Labc. Then by Lemmas 3.8 and 3.10,
we have

pi1laisibils, — B2lazsabals,

L L
=t| ylaisichzls, — laasabzls,
51 52

L L
= S—y([alSlez]s1 [a1[s1c]5,b2]) — fg—y([chaszbzk2 — [a1las2]s,b2]) + t[a1Ca(s1, s2)wb2]
1 2

=0 mod(S,w).
The proof is complete. O

Theorem 3.12 (Composition-Diamond lemma for Lieyy;(X)). Let S C Liexyj(X) be a nonempty set of k-
monic polynomials and 1d(S) be the K[Y]-ideal of Lieyy1(X) generated by S. Then the following statements
are equivalent.

(i) S is a Grobner-Shirshov basis in Lieyjy)(X).
(ii) feld(S)= f=pasheTxforsomeseS, Be[Y]anda,be X*
(iii) Irr(S) = {[u] | [u]l € TN, u # Basb, forany s € S, B € [Y], a,b € X*} is a K-basis for Lieyxy)(X|S) =
Liexgy1(X)/1d(S).

Proof. (i) = (ii). Let S be a Grobner-Shirshov basis and 0 # f € 1d(S). Then by Lemma 3.9 f has
an expression f =) «a;fila;sibils,, where o; €k, B € [Y], a;, b € X*, s; € S. Denote w; = Bi[a;sib;ls;,
i=1,2,.... Then w; = B;a;S;b;. We may assume without loss of generality that

Wi=Wop= =W >Wy1F=WypF= -
for some [ > 1.

The claim of the theorem is obvious if [ =1.
Now suppose that [ > 1. Then B1ai51b1 = w1 = wy = f2a252b,. By Lemma 3.11,
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a1 Bilaisibils, + a2 Balazsabals, = (@1 + a2)B1larsibils, + a2 (B2lazsabals, — Bilaisibils,)

= (a1 +az)pilaisib1ls, mod(S, wy).

Therefore, if o7 + o3 # 0 or [ > 2, then the result follows from the induction on [. For the case
o1 +o =0 and [ =2, we use the induction on w1. Now the result follows.
(ii) = (iii). For any f € Liexy)(X), we have

f= ) aiBilasibils+ Y @jlujl,

Bilaisibils, < f wjl<f

where a,-,a} ek, Bi e[Y], [u;] €elrr(S) and s; € S. Therefore, the set Irr(S) generates the algebra
Liey[y)(X)/1d(S).

On the other hand, suppose that h = )" «;[u;] =0 in Liexy (X)/Id(S), where o; € k, [u;] € Irr(S).
This means that h € Id(S). Then all «; must be equal to zero. Otherwise, h= uj for some j which
contradicts (ii).

(iii) = (i). For any f, g € S, we have

C(f,@w= Y, aipilasibils + Y olujl.

Bilaisibils; <w fujl<w
For T =1, 2, 3,4, since C+(f, g)w € 1d(S) and by (iii), we have

Ce(f.Ow= Y. «aipilaisibils.

Bilaisibils; <w
Therefore, S is a Grobner-Shirshov basis. O
4. Applications

In this section, all algebras (Lie or associative) are understood to be taken over an associative and
commutative k-algebra K with identity and all associative algebras are assumed to have identity.

Let £ be an arbitrary Lie K-algebra which is presented by generators X and defining relations S,
L = Liex (X|S). Let K have a presentation by generators Y and defining relations R, K = K[Y|R]. Let
>y and >x be deg-lex orderings on [Y] and X* respectively. Let RX = {rx |r € R, x € X}. Then as
Kk[Y]-algebras,

L= Liel([y|R](X|S) = Liek[y](X|s, RX).

As we know, the Poincaré-Birkhoff-Witt theorem cannot be generalized to Lie algebras over an ar-
bitrary ring (see, for example, [31]). This implies that not any Lie algebra over a commutative algebra
has a faithful representation in an associative algebra over the same commutative algebra. Following
P.M. Cohn (see [31]), a Lie algebra with the PBW property is said to be “special”. The first non-special
example was given by A.L Shirshov in [45] (see also [50]), and he also suggested that if no nonzero
element of K annihilates an absolute zero-divisor, then a faithful representation always exits. Another
classical non-special example was given by P. Cartier [22]. In the same paper, he proved that each Lie
algebra over Dedekind domain is special. In both examples the Lie algebras are taken over commu-
tative algebras over GF(2). Shirshov and Cartier used ad hoc methods to prove that some elements
of corresponding Lie algebras are not zero though they are zero in the universal enveloping algebras.
P.M. Cohn [28] proved that any Lie algebra over kK, where char(k) = 0, is special. Also he claimed
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that he gave an example of non-special Lie algebra over a truncated polynomial algebra over a filed
of characteristic p > 0. But he did not give a proof.

Here we find Grobner-Shirshov bases of Shirshov and Cartier’s Lie algebras and then use Theo-
rem 3.12 to get the results and we give proof for PM. Cohn’s example of characteristics 2,3 and 5.
We present an algorithm that one can check for any p, whether Cohn’s conjecture is valid.

Note that if £ = Liex(X|S), then the universal enveloping algebra of £ is Ux(L) = K(X|S)
where S is just S but substituting all [u, v] by uv — vu.

Example 4.1. (See Shirshov [45,50].) Let the field k= GF(2) and K =K[Y|R], where
Y={yi,1=0,1,2,3}, R={yoyi=yi(i=0,1,2,3), yiyj=0(, j#0)}.
Let £ = Liegx(X|S1, S2), where X ={x;, 1<i< 13}, S; consists of the following relations
X2, x1]=x11,  [X3,x1]=X13,  [x3,X2] =X12,

[X5,x3] = [x6, X2] = [X3, X1] = X10,

[xi,xj1=0 (for any otheri > j),

and S; consists of the following relations

yoxi=x (i=1,2,...,13),

X4 = y1X1, X5 = Y2X1, X5 = y1X2, X6 = Y3X1, X6 = y1X3,
X7 = Y2X2, Xg = y3X2, Xg = y2X3, X9 = y3X3,
Y3X11 = X10, Y1X12 = X10, Y2X13 = X10,

v1ix,=0 (k=4,5,...,11,13), yaxe =0 (t=4,5,...,12),
y3x =0 (1=4,5,...,10,12,13).

Then L is not special.

Proof. L = Liex (X|S1, S2) = Lieyjy)(X]S1, S2, RX). We order Y and X by y; > y; if i > j and x; > x;
if i > j respectively. It is easy to see that for the ordering > on [Y]X* as before, S =51 US; URX U
{y1x2 = y2X1, Y1X3 =y3X1, Y2X3 = y3X2} is a Grébner-Shirshov basis in Liey;(X). Since x1qg € Irr(S)

and Irr(S) is a k-basis of £ by Theorem 3.12, x190 #0 in L.
On the other hand, the universal enveloping algebra of £ has a presentation:

Uk (L) = K(XS{7, So) =kIY1(X]S{, S2, RX),
where 557) is just S1 but substituting all [uv] by uv — vu.
But the Grébner-Shirshov complement (see Mikhalev and Zolotykh [41]) of ng) U S, URX in

KIY](X) is

s¢= Sg_) USy URX U{y1xa = yaX1, Y1X3 = y3X1, Y2X3 = y3X2, X10 = 0}.

Thus, £ is not special. O
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Example 4.2. (See Cartier [22].) Let k = GF(2), K = K[y1,Y2,¥3 | yi2 =0, i=1,2,3] and £ =
Lieg (X|S), where X = {x;j, 1<i<j<3}and

S = {[xii. xjj1 = xji (i > J). [xij, Xia] = O (otherwise), y3x33 = y2x22 + y1X11}.
Then L is not special.
Proof. Let Y ={y1, y2, ¥3}. Then
L = Lieg (X|S) = Liey (XIS, y2xu = 0 (Vi, k, ).
Let y; > yj if i > j and x;j > xy if (i, j) >pex (k, 1) respectively. It is easy to see that for the ordering >

on [Y]X* as before, S’ =SU {yizxk, =0 (Vi,k,1)} USy is a Grobner-Shirshov basis in Liegy;(X), where
S1 consists of the following relations

Y3X23 = Y1X12, Y3X13 = Y2X12, Y2X23 = Y1X13, Y3Y2X22 = Y3Y1X11,
y3yix12=0,  y3y2x12=0,  y3y2y1x11=0,  y2y1x13=0.
The universal enveloping algebra of £ has a presentation:
Uk(L) = K(XISTO)=KIYIXIST), yZxq =0 (¥i, k, ])).

In Uk (L), we have (cf. [22])

0= Y§X§3 = (y2x22 + y1x11)° = y%X%z + Y%X% + Yayilx22, X111 = y2y1X12.
On the other hand, since y,y1x12 € Irr(S’), y2y1X12 # 0 in L. Thus, £ is not special. O

Conjecture 4.3. (See Cohn [28].) Let K = K[y1, ¥2, ¥3 | yf =0, i =1,2,3] be the algebra of truncated
polynomials over a field k of characteristic p > 0. Let

Ly = Lieg (X1, X2, X3 | Y3X3 = y2X2 + Y1X1).
Then Ly, is not special. We call L, the Cohn'’s Lie algebra.
Remark. (See [28].) In Ux (Lp) we have
0= (y3x3)" = (y2x2)P + Ap(y2x2, y1x1) + (y1x0)F = Ap(y2%2, y1x1),

where Aj is a Jacobson-Zassenhaus Lie polynomial. PM. Cohn conjectured that A,(y2x2, y1x1) #0
in Lp.

Theorem 4.4. Cohn’s Lie algebras Ly, L3 and L5 are not special.

Proof. Let Y = {y1,y2.y3}, X = {x1,X2,x3} and S = {y3x3 = yax2 + y1x1, y'x;=0, 1<i,j<3}
Then L, = Liegy)(X|S) and Uk (L) = K[Y](X]S). Suppose that S€ is a Grobner-Shirshov complement
of S in Lieyy)(X). Let SX,, C Lp be the set of all the elements of S€ whose X-degrees do not exceed p.
First, we consider p =2 and prove the element Ay = [y2X2, Y1x1] = y2¥1[x2x1]1 # 0 in L;.
Then by Shirshov’s algorithm we have that Sy consists of the following relations
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Y3X3 = Y2Xo + y1X1, yixj=0 (1<i,j<3), Y3YaXxa = y3y1X1, y3y2y1%1 =0,
Valx3x2] = y1lx3x1], y3yi1lx2x11=0, Y2y1lx3x1]1=0.

Thus, A; is in the k-basis Irr(S€) of £,.
Now, by the above remark, £, is not special.
Second, we consider p =3 and prove the element A3 = y%yl[xzxz)q] + yzy%[xle)q] #0in Ls.
Then again by Shirshov’s algorithm, Sy3 consists of the following relations

Y3X3 = YaX2 + Y1X1, J/,-3Xj =0 (1<i,j<3), Viyax2 = yiyix, y3ysy1x1 =0,
yalxsxal = —yilxsxal,  yiyilxxi1=0,  y3yilxsxi]1=0,
Y3y%[X2X2X1] = y3Yyay1[xax1x1], Y3Y%Y1 [x2x1x1] =0, Yy3y2y1lxaxax1] = Y3Y%[X2X1X1].

Thus, y3y1[x2x2x11, y2y3[x2x1%1] € Irr(SC), which implies A3 # 0 in Ls.
Third, let p = 5. Again by Shirshov’s algorithm, Sys consists of the following relations

1) y3x3=y2X2+ y1x1,

N

yxj=0, 1<i,j<3,

w

Vayaxa = —y3y1x1,

S

ygng1X1 =0,

)]

Yalx3xa] = —y1[x3x1],

(=2}

yay1lxx1=0,

~

y3y1lx3x11=0,

(o]

y3yalxaxaxi] = y3yayilxaxixil,

10)  y3yayilxaxax1] = y3y3[xaxix1],
11)  y1lx3x2x3%1] =0,
12)  y1lxsx1x2x1] =0,
13)  yilxsxaxax1] = —y1[x3x2x1X2],
14)  y2[x3x1x2%1]1 =0,
2.3 92,2 2. .2
15)  y3y3[xax2x2%1] = 2y3Y5¥1[x2X2X1X1] — Y3 Y2y [X2X1X1X1],
16) y3y3y3lxax1x1x1]1 =0,

2

17)  yiy3yilxoxaxaxi] = 2y3y2yixaxaxixa] — Y3y3lxoxixixil,

)
)
)
)
)
)
)
)
9) y3¥3y1lxax111 =0,
)
)
)
)
)
)
)
)
18)

J@y‘zllﬁ[xle?ﬁxl] =0,

1
19) yiysyilxoxaxixi] = EY§Y§Y%[X2X1X1X1],
20)  y3yilxaxaxixax1] =0,

21)  y3yayi1lxex1xox1x11 =0,



28)

29)
30)

31)

32)

33)
34)
35)

36)

Thus, As(y2X2, y1x1) = ¥5¥1[X2%2X2%2%11 € Irr(S©), which implies As #0 in £5. O
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3.2
y3yilxax1x2%1%1]1 =0,

3.2 —0

Y3y5[x2x1x2%1%1]1 =0,

2.2 2. .2
Y3Y5y1lxaxax1x2%1] = —y3y2y1[X2X1X2X1X1],
2. .2 2.3

Y32y [xaxax1x0%1] = —y3y7[X2X1X2%1%1],

yiy‘z‘y%[xlexmxl] =0,

V3Y3lxaxaxaxaxi] = 3y3y3y1[xexaxax1x1] — y3y3yi[Xaxaxixax1] — 3y3y3y3[xaxax1X1%1 ]

—2y3y2 2 [xax1%0%1X1) + Y3Y2 Y3 [XaX1X1X1X1],

99

V3¥3y1lxax0x2%0%1] = 3y3y3 Y3 [xax0X0X1%1] — Y3Y3 YA Xaxax1x2%1] — 3Y3Y2Y3 [XoXax1 X1 X1 ]

—2y3y2¥3[xx1%0X1X1] + Y3y lxax1x1X1%1 ],
V3Y53Yilxaxix1x1x1]1 =0,

y2y3y3xoxixxix] =0,

4.2 2 49 1. 33
Y3y, y1lxXaxax1x1%1] = —§Y3yzy1 [X2x1X2X1X1] + §y3y2y1 [X2x1X1X1X1],
4 1. 4 3.2
Y3Y3¥1lXaXxaxax1X1] = §y3y2y1 [X2X2X1X2X1] + Y3Y5 Y [X2X2X1X1X1]

Z 3.2 _l 2.3
+3y3y2y1[X2X1XzX1X1] 3y3y2y1[sz1X1X1xl],

3.2

V3Y1[x3%3%1x3%1]1 =0,
3.2

Y3 Y1[X3%1x3%1%1]1 =0,

V3y3yilxaxix1x1x1]1 =0,
2
3

2

3}’%}’§Y?[X2X1X1X1X1]~

Viyayilxaxoxixixi] = —= y3yayalxaxixaxixg ] +

Remarks. Note that the Jacobson-Zassenhaus Lie polynomial A,(y2x2, y1x1) is of X-degree p. Then
Ap(Y2X2, y1X1) € Irr(S€) if and only if Ap(y2x2, y1x1) € Irr(Sxp). Since the defining relation of £ is

homogeneous on X, Syp is a finite set. By Shirshov’s algorithm, one can compute Sxp» for £p.

Now we give some examples which are special Lie algebras.

Lemma 4.5. Suppose that f and g are two polynomials in Lieyy1(X) such that f is K[Y]-monic and g =rx,
where r € K[Y] and x € X, is k-monic. Then each inclusion composition of f and g is trivial modulo {f} UrX.

Proof. Suppose that f = [axb] for some a,b € X*, f = f + f’ and g =Fx+ r'x. Then w = Faxb and

Ci(f, g)w=7f —[alrxib];,
=T7f"—1'[axb]
=rf' —r'f
=0 mod({flUrX,w). O
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Theorem 4.6. For an arbitrary commutative k-algebra K = K[Y|R], if S is a Grébner-Shirshov basis in
Liex[y)(X) such that for any s € S, s is K[Y ]-monic, then L = Liex (X|S) is special.

Proof. Assume without loss of generality that R is a Grobner-Shirshov basis in k[Y]. Note that £ =
Liegyj(X|S, RX). By Lemma 4.5, SURX is a Grobner-Shirshov basis in Liegy(X).

On the other hand, in Ug (£) = K[Y](X|S), RX), S URX is a Grébner-Shirshov basis in K[Y](X)
in the sense of the paper [41].

Thus for any u € Irr(S U RX) in Lieyy)(X), we have i € Irr(S) URX) in K[Y](X). This completes
the proof. O

Corollary 4.7. Any Lie K-algebra L = Liex (X| f) with one monic defining relation f = 0 is special.

Proof. Let K = K[Y|R], where R is a Grobner-Shirshov basis in k[Y]. We can regard f as a k[Y]-monic
element in Liegyj(X). Note that any subset of Liexjy;(X) consisting of a single K[Y]-monic element is
a Grobner-Shirshov basis. Thus by Theorem 4.6, £ = Liex (X| f) = Liexjy(X| f, RX) is special. O

Corollary 4.8. (See [3,53].) If L is a free K-module, then L is special.

Proof. Let X = {x;, i € I} be a K-basis of £ and [x;,x;] = Zafjxl, where ozfj € K and i, j € I. Then
L = Lieg (X|[x;, x;]— Zafjx,, i>j, i, jel). Suppose that K =K[Y|R], where R is a Grobner-Shirshov
basis in K[Y]. Since S = {[x;, x;] — Zafjx,, i>j, i,jel}is a k[Y]-monic Grobner-Shirshov basis in
Lieygy1(X), by Theorem 4.6, £ = Liek (X|S) = Lieyy(X|S, RX) is special. O

Now we give other applications.

Theorem 4.9. Suppose that S is a finite homogeneous subset of Liey(X). Then the word problem of Lieg (X|S)
is solvable for any finitely generated commutative k-algebra K.

Proof. Let SC be a Grébner-Shirshov complement of S in Liex(X). Clearly, S consists of homoge-
neous elements in Liex(X) since the compositions of homogeneous elements are homogeneous. Since
K is finitely generated commutative k-algebra, we may assume that K = K[Y|R] with R a finite
Grobner-Shirshov basis in k[Y]. By Lemma 4.5, S U RX is a Grébner-Shirshov basis in Lieypy (X).
For a given f € Liex (X), it is obvious that after a finite number of steps one can write down all the
elements of S¢ whose X-degrees do not exceed the degree of fX. Denote the set of such elements
by Sfx. Then Sfx is a finite set. By Theorem 3.12, the result follows. O

Theorem 4.10. Every finitely or countably generated Lie K-algebra can be embedded into a two-generated Lie
K-algebra, where K is an arbitrary commutative K-algebra.

Proof. Let K =K[Y|R] and L = Lieg (X|S) where X ={x;, i € I} and I is a subset of the set of nature
numbers. Without loss of generality, we may assume that with the ordering > on [Y]X* as before,
SURX is a Grobner-Shirshov basis in Lieyjyj(X).

Consider the algebra £’ = Liexjy1(X, a, b|S") where S’ =SURXUR{a, b} U {laab'ab] — x;, i € I}.

Clearly, £’ is a Lie K-algebra generated by a,b. Thus, in order to prove the theorem, by using
our Theorem 3.12, it suffices to show that with the ordering > on [Y](X U {a, b})* as before, where
a>b>x;, x; € X, §' is a Grobner-Shirshov basis in Lieyy;(X, a, b).

It is clear that all the possible compositions of multiplication, intersection and inclusion are trivial.
We only check the external compositions of some f € S and ra € Ra: Let w = Luq fXuyaus where
L=L(fY,r) and u; fXuraus € ALSW(X, a, b). Then

[u1 fXuz(rayus]

=] =~

L
C3(f,ra)w = F[ulfUZauﬂf_ -
1
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-
=1~

L _
= (ﬁ[ulfuzau3]f - [uleuZGUB]fx>

=]~

_ L. -
<_ [u1 fXuz(rayus] — r?[uleUZGUB]fx>

() [t o,

%([U1fXU2GU3] - [u1fxu2au3]]—cx)

= [u1C3(f,rx)wuzauz] mod(S’, w)

—r

for some x occurring in fX and w’ = LfX. Since S URX is a Grobner-Shirshov basis in Lieyy;(X),
C3(f,rx)y =0 mod(S URX, w’). Thus by Lemma 3.10, [u1C3(f, rX)y uzau3] =0 mod(S’,w). O
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